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HacTOHin,HH tgkct npe^CTaBjiaeT co6oii nepHOBHK nepBoro TOMa yne6HHKa no MaTeMaTHnecKOMy aHa- 
jiH3y, KOTopbift aBTop HafleeTCH ony6jiHKOBaTb b o6o3phmom 6ynyra;eM. EnaBHyio nejib H3jio»ceHHH aBTop 
BHflHT b nocTpoenHH yHHBcpcuTCTCKoro Kypca aHajiH3a, Karc aKCHOMaTHnecKoft CHCTeMbi. npHmpmH- 
ajibHO flOKa3biBaiOTCH Bee (HeTpHBHajibHbie) (popMyjinpyeMbie yTBepjKfleHHH, 3a HCKjnoneHHeM necKOjib- 
khx (paKTOB o6in,eMaTeMaTHHecKoro SHaieHna (TaKnx, KaK TeopeMa Fe^ejia o HenojiHOTe hjih napa,n;0KC 
BaHaxa-TapcKoro), npHBO/niMbix b TeKCTe tojibko ajih npoHCHennH mothbhpobok, h hhk&k He nposBjia- 
iomnx ce6a b jiornnecKon CTpyKType Kypca. 

Ilo cnoco6y noflann MaTepnaji ^ejiHTCH Ha ochobhoh, H3jiaraeMbiH tckctom b oflHy KOjiOHKy, h hjijho- 
CTpaTPiBHBiH , npeflCTaBjieHHbiii flByMH ko jiOHKaMH . Pa3HHna Meamy TeM h ^pyrHM coctoht b tom, hto 
ochobhoh MaTepnaji 3a,zryMaH, KaK jiorniecKH nocjie^OBaTejibHoe H3jiojKeHHe ochobhbix yTBepacflennn 

TeOpHH, B KOTOpOM, B HaCTHOCTH, He flOnyCKaiOTCH CCblJIKH Ha yTBepjKfleHHH, He flOKa3aHHbie Ha MOMeHT 
HHTHpOBaHHH. 

B HjijuocTpaTHBHOM MaTepnajie, Hao6opoT. npnopnTeTOM CHHTaeTCH oSecne^eHHe HHTaTejia floCTaTon- 
HbiM KOjiHnecTBOM npHMepoB h y np a jKHeHHH fljia CKopeftniero npnBbiKaHHH k Hcnojib3yeMbiM b ochobhom 
TeKCTe noHHTHSM h npneMaM, h, KaK cjie/i,CTBHe, ypoBeHb jiornnecKoii CTporocTH 3,n,ecb CHKacaeTca. 0,n,- 
HaKO, He HaMHoro, a tojibko toh njiaHKH, Ha KOTopoii HeKOTopbie hohhthh no3BOjiHeTCH ynoMHHaTb 
cymecTBeHHO paHbine, neM ohh 6yzryT (popMajibno onpeflejieHbi (HanpHMep, noHHTHe nocjieflOBaTejibHO- 
cth BnepBbie ynoMHHaeTca Ha c !22[ xoth onpeflejiaeTCH tojibko Ha c J79)l . a hckotopbim yTBepjKfleHHHM 
no3BOjiaeTCH 6biTb cepopMyiiHpoBaHHbiMH 3aflOJiro ,0,0 Toro, KaK ohh 6ynyT aKKypaTHO ,n;0Ka3aHbi b TeK- 
CTe (TaKOBbi, HanpHMep, (popivryjibi pjin npocTeftHinx reoMeTpnnecKHx b&jihihh b rjiaBe [5] - njiom;aflH 
npaBHjibHOH o6jiacTH Ha njiocKOCTH, oSiaeMa Tejia BpameHHH h T.n. - KOTopbie mm no TpaflHiniH npnBO- 
flHM paHbme, neM 3th BejinnHHbi cpopMajibHO 6yzryT onpeflejieHbi, n KaK cjieflCTBHe, ,a;oKa3aTejibCTBO sthx 
cpopMyji nepenocHTCH Ha hcckojibko raaB Bnepe/i). IIpH TaKOM no#xo,a,e, b nacTHOCTH, Bee, hto CBjraano c 
McHucjienueM, BKjno^aa onpeflejieHna sjieMeHTapHbix (/cTaHflapTHbix) tpyHKniiii, onncaHne (popMajibHbix 
onepannn Hafl hhmh h ,n,OKa3aTe.jibCTBO cbsbh sthx onepan,nn c ^xHcpcpepeHnnpoBaHHeM h HHTerpnpoBaHH- 
eM, nona^aeT b ^ByxKOjiOHOHHbiH tckct, nocKOJibKy HfleojiorHHecKH npeBpainaeTca b HjijnocTpaTHBHbin 
MaTepnaji. 

Ilpn pa6oTe Ha,n tckctom aBTop Hcnojib30Baji MHorne H^en flOKa3aTejibCTB, a TaKsce HeKOTopbie 3a- 
,naHH h ynpajKHeHHH H3 yne6HHKOB h noco6Hii, BbixoflHBninx b pa3Hbie roflbi b Pocchh, b nacTHOcrn: 

1) r. H. ApxnnoB, B. A. Ca/jOBHHHHH, B. H. Hy6apnKOB. JleKUHH no MaTeMaranecKOMy aHajiroy, 
M.: Bbicinaa inKOjia, 1999. 

2) 3. B. BnH6epr. Kypc ajire6pbi. M.: OaKTopnaji-npecc, 2001. 

3) B TpayspT. H. JIh6, B. Qnniep. ^HcpcpepeHnnajibHOC n HHTcrpajibHoe ncnncjieHne. M.: Mnp, 
1971. 

4) B. A. 3opnn. MaTeMaTHnecKHfi aHajin3, M.: <3>a3HC, T.l-2, 1997. 

5) A. H. KojiMoropoB, C. B. Qomhh, 3jieMeHTbi Teopnn cpyHKnnn n <pyHKHHOHajibHoro aHajiroa. 
M.: HayKa, 1972. 

JI. JX- KyflpHBn,eB. Kypc MaTeMaTHnecKoro aHajiH3a, M.: Bbicniaa niKOjia, T.l-2, 1981, T.3, 
1989. 

JI. fl,. Kyn,pHBn,eB, A. J\. KyTacoB, B. H. HexjiOB, M. H. DIa6yHHH. C6opHHK 3aflai no MaTe- 
MaTHnecKOMy aHajiH3y, M.: <I>H3MaTjiHT, T.l-3, 2003. 

8) y. Pyn,HH. Ochobm MaTeMaTnnecKoro aHajin3a. M.: Mnp, 1976. 

9) M. CnHBaK. MaTeMaTHnecKHii aHajiH3 Ha MHoroo6pa3HHx. M.: Mnp, 1968. 
10) E. TnTHMapin. Teopna cpyHKii^HH. M.: HayKa, 1980. 

Abtop 6yn,eT npH3HaTejieH HHTaTejiHM 3a jno6bie 3aMenaHHH n npe,n,jiojKCHHa no yjiy^iniCHHio TeKCTa. 



OrjiaBjieHne 



I OYHKIJHH OAHOrO nEPEMEHHOrO 111 

HHCJIA H MHOJKECTBA 

§ 1 MHOJKecTBa n OTo6pa:sceHHH 

06 HCTOpiIH TeOpHH MHOJKeCTB 

CorjiaineHHa n jiorHnecKaa: CHMBOjiHKa 

«HaiiBHaa» Teopna mhojkcctb 

nepece^eHiie, o6 r beflHneHne n pa3HOCTb mho^kcctb 

ynopHflOHeHHbie napbi n flexapTOBO npoii3Be^,eHiie mho)kgctb 

OTo6pa»;eHHa 

CeMeftcTBa mhojkgctb h aKCHOMa Bti6opa 

§ 2 Bein,ecTBeHHbie nncjia h HHCJiOBtie MHoacecTBa 

(a) Bein,ecTBeHHbie nncjia K 

H3MepeHHH no STajiOHy n BemecTBenntie Hncjia 

Akchomh TeopHH BemecTBeHHbix nnceji 

Co6cTBeHHbie o6o3Ha x icHHa pjlsl nnceji h nncjiOBbie paBeHCTBa 

(b) HiicjiOBtie MHOJKecTBa 

Ajire6paHHecKHe onepannn Ha^; hiicjiobmmii MHO»cecTBaMH n HepaBeHCTBa 
Mexpy HHMH 

MfflfflMyM H MaKCHMyM HHCJIOBOrO MHOJKeCTBa 

Mhhhmym h MaKCHMyM ^Byx HHCejI 

HHJKHHH H BepXHHH rpaHH HHCJIOBOrO MHOJKeCTBa 

(c) Moflym, 

Ajire6pan T recKiie TOJKflecTBa c MO,n;yjieM 

Ajire6paH T iecKHe HepaBeHCTBa c MOflyjieM 

PeineHHe HepaBeHCTB c MOflyjieM 

§ 3 HaTypajibHBie nncjia h KOHenHbie MHOJKeCTBa 

(a) HaTypajibHbie nncjia N h nejitie HeoTpnnaTejibHbie nncjia Z + 

OnpeflejieHne naTypajibHbix nnceji N 

IipHHinin MaTeMaTHHeCKOH HH/ryKHHH 

CBOiicTBa HaTypajitHbix nnceji 

L[ejibie HeoTpHH,aTejibHbie nncjia Z + 

OnpeflejieHHH no HH^yianiH 

floKasaTejibCTBO cbopMyn no HHflyKinin 

HH^yKTHBnaa cyMMa X)fc=i a k H HHflyKTHBHoe npon3Be,n,eHHe o-k ■ ■ ■ 
npimnnn ApxnMC^a 

(b) KoHenHbie MHOJKeCTBa 

IIpHHrpin ^npnxjie h ero cjieflCTBHH 

MoiIXHOCTb KOHCHHOrO MHOJKeCTBa 

KoHenHbie MHOJKeCTBa b! 

KoHembie MHOJKeCTBa bN 

(c) BecKOHennbie MHO»cecTBa 

§ 4 Uejibie HHCjia, flejinMOCTb n pannonajiBHtie mcjia 

(a) D;ejiBie nncjia Z 

OnpeflejieHne MHOJKeCTBa nejitix nnceji 

CTeneHH c nejitiM noxasaTejieM 

Uejiaa n ^po6HaH nacra nncjia 

/lecaTHHHaH 3anncb nejitix nnceji 



3 



4 



Orji&Bjieime 



(b) flpjietme c ocTaTKOM h flejiHMOCTb 66| 

flejiemie c octrtkom 6y 

flejiHMOCTb b MHOJKecTBe N HaTypajibHbix HHceji 67j 

Haii6ojibiHHH o6ihhh flejiiiTejib h HaHMeHbinee o6mee KpaTHoe 67] 

OcHOBHaa TeopeMa apucpMeTiiKii 7l| 

(c) PainiOHajibHbie HHCJia Q 73 

OnpeflejieHne h CBOiicTBa panHOHajibHbix nnceji 73j 

HecoKpaTHMbie ppo6n 7J 

Cym,ecTBOBaHHe HpparniOHajibHbix Hnceji 75l 

Paii,HOHajii>Hbie Hiicjia c HeneTHbiM 3HaMeHaTejieM 2 n-i 3 

1 nPE^EJI nOCJIE^OBATEJIbHOCTH [te" 

§ 1 HncjiOBbie nocjie/i,OBaTejibHOCTH h hx npe/i,ejibi 7£ 

(a) MncjiOBbie nocneflOBaTejibHOCTH 7£ 

Cnoco6bi onncaHHH hhcjioboh nocjieflOBaTejibHOCTH 79 

Cnoco6bi H3o6pajKGHHH hhcjioboh nocjieflOBaTejibHOCTH 

(b) 'TIohth Bee nef 

(c) Ilpefleji hhcjioboh nocjieflOBaTejibHOCTH 

OKpeCTHOCTb TOHKH 

KoHeiHbiii npefleji nocjieflOBaTejibHOCTH 

BecKOHe^Hbiii npe^eji nocjie^OBaTejibHOCTH 

(d) BecKOHenHO Majibie h 6ecKOHeHHO 6ojibHnie nocneflOBaTejibHOCTH 

(e) ApiKpMeTHiecKHe onepannn c npe/jejiaMn 

(f) OrpaHHneHHbie nocjieflOBaTejibHOCTH 

(g) BbiHiicjieHiie npe^ejiOB 

§ 2 KjiaccinecKiie TeopeMbi o nocjie^OBaTejibHOCTHx 

(a) IIpeAeJibHbiH nepexo,a, b HepaBencTBax l9£ 

(b) MoHOTOHHbie nocjieflOBaTejibHOCTH h TeopeMa BeiiepiHTpacca lOll 

(c) TeopeMa o Bjio>KeHHbix OTpe3Kax 104 

(d) no^nocjieflOBaTejibHOCTH h TeopeMa BojibHaHO-BciiepniTpacca 10a 

(e) KpiiTepiifi KoniH cxo/himocth nocjieflOBaTejibHOCTn 103 

(f) TeopeMa UlTOjibiia 1121 

§ 3 npiijiojKCHHH npe^ejia nowieflOBaTejibHOCTH 114 

(a) ^ecHTHHHaa 3anncb BemecTBeHHbix ^nceji 1141 

(b) Hhcjio Henepa e lid 

2 OYHKipra, EE HEIIPEPblBHOCTb H nPE^EJl Eli l 

§ 1 HllCJIOBbie CpyHKnilH 1191 

(a) Onpeflejiemie cpyHKiniH n npnMepbi 113 

(b) QyHKITHH C CHMMCTpHHMH 12ll 

HeTHbie h HeneTHbie cpyHKiniH 121 

IlepHOflHHecKHe cpyHKrpra 123l 

(c) CBOiicTBa (pyHKHiiii, CBH3aHHbie c OTHOineHiieM nopa^Ka 120 

OrpaHirceHHbie cbyHKniin h TOHHaa rpaHb cbyHKinrH Ha MHO»cecTBe 1261 

MOHOTOHHbie CpyHKIHlH 128l 

§ 2 HenpepbiBHbie cbyHKniin 13ll 

(a) Hto Taxoe HenpepbiBHaa cbyHKniiH? 131 

(b) HenpepbiBHOCTb h MOHOTOHHbie nocneflOBaTejibHOCTH 1341 

(c) OnepaniiH Ha,a, HenpepbiBHbiMH cbyHKnHHMH 13a 

ApHcpMeTH^iecKHe onepaniin c HenpepbiBHbiMH cbyHKHHHMH 1351 

HenpepbiBHOCTb KOMno3nnnH 130 

§ 3 KjiaccHnecKHe TeopeMbi o HenpepbiBHbix cbyHKHHHx 1371 

(a) TeopeMa o coxpaHeHHH 3naKa 137] 

(b) TeopeMa Kohih o npoMejKyTOHHOM 3HaneHHH 1381 

(c) TeopeMbi BeiiepiHTpacca 133 

TeopeMa BeiiepiHTpacca 06 orpaHnneHHOCTH 1391 

TeopeMa BeiiepiHTpacca 06 SKCTpeMyMax 140 

(d) TeopeMa Kanropa o paBHOMepHoii HenpepbiBHOCTH 1421 

(c) TeopeMbi o mohotohhmx cbyHKniiHx 143l 



OrjiaBjieiiiie 



5 



MoHOTOHHbie (pyHKnnn Ha OTpe3Ke 

MoHOTOHHbie (pyHKnnn Ha HHTepBajie 

§ 4 Ilpefleji (pyHKHini 

(a) Onpe/i,ejieHHe npeflejm cpyHKHHH 

(b) Haxo»c^,eHHe npe^ejia cpyHKHHH no onpe,n,ejieHHio 

(c) Cbjob Me»c^;y o,h,hoctopohhhmh h flBycTopoHHHMH npeflejiaMH 

(d) Ilpe/],eji cbyHKn,HH h mohotorhbig nowieflOBaTejiBHOCTn 

(e) Ilpefleji mohotohhoh (pyHKnnn 

(f) KjiaccnnecKHe TeopeMBi o npe^ejiax 

Cbh3b Meayry iiohhthgm npe/i,ejia h HenpepBiBHOCTBio 

TeopeMa o 3aMeHe nepeMeHHOit nofl 3HaKOM npe^ejia 

ApHcpMeTirrecKiie onepainm Hafl npe^ejiaMH 

KpiiTcpHH KoniH cymecTBOBaHHH npe^ejia (pyHKnnn 

§ 5 5l3BiK e-5 Koihii 

(a) Onpe/i,ejieHHe npeflejm cbyHKHnn no Konin 

(b) PaBHOMepHaa HenpepBiBHOCTB cpyHKHHH no Konin 

3 CTAH^APTHblE OYHKI^HH 

§ 1 3jieMenTapHBie (pyHKinni 

(a) CieneHH c Hen,ejibiM noKa3aTejieM n jiorapncpMBi 

CTeneHHoe OTo6pajKeHne 

Kopmi 

CTeneHHaa cbyHKinia 

IIoKa3aTejiBHaa cbyHKinia 

JIorapncpM 

OopMyjiBi, CBH3BiBaionu,He noKa3aTejiBHBie cbyHKinin n jiorapntpMBi c pa3HBi- 

MH OCHOBaHHHMH 

3KcnoneHTa e x n HaTypajiBHBin jiorapnepM In a; 

(b) TpHrOHOMCTpHHCCKHC CpyHKHHH 

AKCHOMa TpHrOHOMGTpHH 

CnHyc n Kocnnyc 

TaHreHC n KOTaHreHC 

06paTHBie TpnroHOMeTpHHecKne cbyHKnnn 

§ 2 Hhcjiobbic BBipajKCHHH n CTaH^apTHBie cbyHKHHH 

(a) Co6cTBeHHBie o6o3HaHeHHH pjm cpyHKHHH 

HncjiOBBie BBipajKeHna 

IlepeMeHHBie n napaivreTpBi 

(b) 06jiacTB flonycTHMBix 3HaneHHii ncpcMCHHBix. CTaH,n,apTHaH cpyHKHHH. PemcHne 
ypaBHeHHH n HepaBencTB 

06jiacTB ,n,onycTHMBix 3HaneHnn 

CTaHflapTHaa cbyHKHHH. onpe^ejiHeMaH BBipa>KCHHCM 

YpaBHeHHa, HepaBencTBa h ycjiOBHH, onpeflejiaeMBie BBipajKenneM 

"TpexcjiojKHoe onpeflejieHHe" 

(c) PaBeHCTBO BBipajKCHHH 

§ 3 CiaHflapTHBie cpyHKHHH b nponfleHHBix TeMax 

(a) MncjiOBBie nocjie/i,OBaTejiBHOCTH. onpe^ejiHeMBie CTaH^apTHBiMn (pyHKiniflMH . . . 

MeTOfl MaTeMaTHHecKofi HH/jyKnnn 

Ilpefleji nocjieflOBaTejiBHOCTH 

IIocjieflOBaTejiBHOCTH, 3a/i,aHHBie peKyppcHTHO 

Ilo^noc jieflOBaTejiBHOCTH 

(b) HenpepBiBHOCTB CTaH^apTHBix cbyHKnnn 

(c) BBiHHCjieHne npeflejiOB 

Cynu,ecTBOBaHHe npe^ejia 

ilpHHniin noflCTaHOBKH 

BBiHHCJieHne ynpomcHneM 

3aMeHa nepeMeHHOit nofl 3HaKOM npe^ejia 

nepBBiit 3aMeHaTejiBHBifi npe^eji 

BTopofi saMe^iaTejiBHBin npefleji 



6 



OrjiaBjieHHe 



4 nPOH3BO,Zj;HAH 1207 

§ 1 npoiQBOflHafl n ee BbinncjieHne 208 

(a) IIpoH3BO^,Haa ii /nidpcpepeHinipyeMOCTb 208 

(b) IIpoH3BOflHi>ie sjieMeHTapHbix dpyHKiniii 211 

(c) IIpaBHjia BbiHiicjieHiiH npoH3BO,n;Hbrx 213 

ApiicpMeTirqecKiie fleiiCTBHH c npon3BO,n,HbiMH 213 

IIpOH3BOflHaH KOMn03HHHH 215 

(d) ^ncbcbepeHnnajibHoe iiciiicjieHiie: npon3BO,inmH, KaK (popMajibHaa onepauiiH . . . 217 

IIpoii3BOflHafl HiicjiOBoro Bbipa:sceHHH 217 

BbiHHCjieHiie npoii3BOflHOii 22C 

§ 2 Kjiaccii^iecKiie TeopeMbi o ^ndicbepeHniipyeMbrx cpyHKHiisix 222 

(a) TeopeMa OepMa 222 

(b) TeopeMa Pojijih 223 

(c) TeopeMa Jlarparoica 223 

(d) TeopeMa Kohiii 06 OTHOineimii npnpaineHHn 224 

§ 3 IIocTpoeHiie rpaepHKa 225 

(a) Mohotohhoctb n SKCTpeMyM 225 

Mohotohhoctb 225 

3KCTpeMyM 228 

(b) BbinyKjiocTb ii neperii6 22S 

BBinyKjiocTb 22S 

neperii6 23C 

(c) AciIMIITOTbl 231 

(d) 06inaH cxeMa nocTpoeHiiH rpacpnKa cbyHKnnn 232 

(e) rpacpiiKii c CHMMeTpHHMH 234 

HeTHbie ii HeneTHbie (pyHKinin 234 

IlepHOfliiHecKiie cpyHKrpra 235 

§ 4 rtpaBiijio JIonHTajiH 236 

(a) PacKpbiTiie HeonpeflejieHHOCTen Tana 8 236 

(b) PacKpbiTiie HeonpeflejieHHOCTeit Tuna — 238 

(c) PacKpbiTiie HeonpeflejieHHOCTeii • oo, oo — oo, 0°, 1°°, oo° 24C 

(d) ripaBiijio JIoniiTajia pjin nocTpoenna rpacbiiKOB |241 

5 HEOnPE^EJIEHHblH HHTErPAJI [243 

§ 1 HeonpcflCjiCHHbiii iiHTerpaji 243 

(a) O^HopoflHbie fliicpepepcHHiiajibHbic BbipajKCHHH CTeneHii 1 243 

OnpeflejieHiie 243 

PaBeHCTBO oflHopoflHbix flncbcbepeHniiajibHbrx BbipajKeHnii CTeneHH 1 244 

HyjieBoe o,n,Hopo,zi,Hoe /nidpcbepeHiniajibHoe BbipajKeHne CTeneHH 1 245 

KoHCTaHTbi 246 

3KBIIBajieHTHOCTb HHCJIOBblX BbipajKCHIlfi 247 

(b) IIepBOo6pa3HaH ii HeonpeflejieHHbiH iiHTerpaji 247 

(c) BbinncjieHne HHTerpajia 25C 

IIpiiMeHeHiie cbopMyji a/rjniTHBHOCTii n o^Hopo/nrocTH 25C 

IIpiiMeHeHiie cbopMyjibi 3aMeHbi nepeMeimoii 25C 

HHTerpiipoBaHiie no nacTHM 251 

§ 2 CneiniajibHbie MeTO#w BbinnaneHnji Heonpe/iejieHHbix HHTerpajiOB 253 

(a) PexyppenTHbie cbopMyjibi 253 

(b) HHTerpnpoBaHne parniOHajibHbix cbyHKinin 254 

HHTerpnpoBaHne npocTeninnx /rpo6eii 254 

HHTerpnpoBaHne npaBnjibHbix /rpo6eii 256 

HHTerpnpoBaHne HenpaBnjibHbix flpo6en 26C 

(c) HHTerpnpoBaHne painiOHajibHbix TpnroHOMeTpnnecKHx cpyHKinin 261 

yHiiBepcajibHaa TpnroHOMeTpnHecKaH no^CTaHOBKa 262 

HacTHbie TpnroHOMeTpnnecKne noflCTaHOBKn 262 

(d) HHTerpnpoBaHne TpnroHOMeTpnnecKnx npoH3Be^eHHH 263 

HHTerpnpoBaHne (pyHKinin sin ax • cos ax, sin ax • sin ox, cos ax • cos ax .... 263 

HHTerpnpoBaHne (pyHKinin sin" x • cos 13 x 263 

(c) HHTerpnpoBaHHC neKOTopbix ajire6pannecKnx nppan,HOHajibHOCTen 1264 



OrjiaBjieiiiie 



7 



HHTerpiipoBaHiie cpyHKiniii R{x, sfx), n€ff 1264 



HHTerpnpoBaHHe dpyHKiniii R (x, \J~^^^j , n £ N [26 

HHTerpnpoBaHHe cpyHKiniii -^=p=== l26ir 

HHTerpnpoBaHHe cpyHKiniii R (x, \J ax 2 + bx + c) |26£ 

HHTerpnpoBaHHe cpyHKiniii x m ■ (a + bx n ) p , m,ii,j)£Q \26t 



6 OnPE^EJIEHHblH HHTErPAJI 1268 

§ 1 OnpeflejieHHMH HHTerpaji |268| 

(a) OnpeflejieHiie onpe,n,ejieHHoro HHTerpajia |268| 

Pa36HCHiiH OTpe3Ka [26 

OnpeflejieHiie onpe,nejieHHoro HHTerpajia [26 



(b) Korjra cymecTByeT onpeflejieHHbiH HHTerpaji? 272 

CyMMbi ,Z[ap6y |273| 

KpHTepnii HHTerpnpyeMOCTH |2T. ' 



OrpaHHieHHOCTb HHTerpnpyeMOH cbyHKnnn 1277 

HHTerpHpyeMOCTb mohotohhoh cpyHKiniH |278| 

HHTerpHpyeMOCTb HenpepbiBHOii cbyHKniin 127 



(c) CBOiicTBa onpejj,ejieHHoro HHTerpajia |28 



j 2 OopMyjia HbiOTOHa-JIeii6HHHa 1287 

(a) OcHOBHbie pe3yjibTaTbi 287 

^HcbcbepeHinipyeMbie cbyHKnnn h nepBOo6pa3Haa Ha OTpe3Ke 1287 

ijiajrKne cbyHKiniH h HHTerpaji c nepeMemiMM BepxHHM npejrejiOM Ha OTpe3Kej28 
CDopMyjia HbK>TOHa-JIeii6HHna [29 



(b) HHTerpaji no opncHTHpoBaHHOMy OTpe3Ky h BbinncjieHHH 291 

OpueHTHpoBaHHbie OTpe3KH b R 291 

HHTerpaji no opneHTHpoBaHHOMy OTpe3Ky 1292 

HHTerpnpoBaHHe no nacTHM nn 

(c) BbiHHCjieHHe reoMeTpiiHecKHx bcjihhhh 1297 

njiomajxb npaBHjibHoii o6jiacTH Ha njiocKOCTH 297 

njioinajrb o6jiacTH, orpaHnneHHoii napaMeTpn30BaHHoii kphboh |29 ' 

njiomajxb o6jiacTH b nojiapHbix KOopjrnHaTax [30 

,II,JIHHa KpHBOH [30 

OSteM Tejia BpameHHH [30 

njioinajrb noBepxHOCTH BpameHHH [30 

(d) HHTerpnpoBaHHe KyconHO-HenpepbiBHbix h KycoHHO-rjiajrKHx cpyHKirnii [30 

KycoHHO-HenpepbiBHbie cbyHKniiH [30 

KycoHHO-rjiajjKHe cpyHKniin [30 



j 3 HexoTopbie cjieflCTBHH cbopiviyjibi HbiOTOHa-JIen6Hnn;a 1311 



(a) nepBOo6pa3Haa Ha HHTepBajie 1311 



(b) JleMMa AjiaMapa |312| 



HECOBCTBEHHblE HHTErPAJIbl 1313 

§ 1 OnpeflejieHHH Heco6cTBeHHoro HHTerpajia h ero CBOiicTBa El 

(a) Bnjrbi Heco6cTBeHHbix HHTerpajiOB 1314 

Heco6cTBeHHbiii HHTerpaji no KOHenHOMy npoMexcyTKy 131 

Heco6cTBeHHbiH HHTerpaji no 6ecKOHeHHOMy npoMexcyTKy [31 



(b) Heco6cTBeHHbie HHTerpajibi ot CTeneHHOii h noKa3aTejibHoii cpyHKiniii [31 



(c) 3aMeHa nepeMeHHOii b Heco6cTBeHHOM HHTerpajie 317 

j 2 npH3HaKH cxojthmocth Heco6cTBeHHbix HHTerpajiOB |31 

(a) npH3HaKH CXOJTHMOCTH 3HaKOnOCTOHHHbIX HHTerpajiOB [31 

KpHTepnii cxojthmocth 3HaKonojioJKHTejibHoro HHTerpajia [31 

npH3HaK cpaBHeHHH HHTerpajiOB [32 



(b) KpHTepnii Kohih cxojthmocth Heco6cTBeHHoro HHTerpajia 322 

(c) npH3HaK a6cojnoTHoii cxojthmocth 13231 

(d) <I>opMyjia Bohhc h npH3HaKH ^npnxjie n A6ejia jijih HHTerpajiOB 13241 



8 



OrjiaBjieHHe 



HHCJIOBblE PH^bl 1328 

§ 1 OnpeflejieHiie HncjiOBoro pa,n,a n ero CBoiiCTBa 13281 

(a) Onpeflejiemie HHCjiOBoro pa,a,a |32_ 



(b) ApHipMeTHHecKHe CBoiiCTBa hhcjiobbix paflOB |33 



ITpiI3HaKH CXOflHMOCTH pHflOB 1331 

(a) CxOflHMOCTb 3HaK0n0CT0HHHMX pHflOB [33 

KpnTcpnii cxo,zi,HMOCTH 3HaKonojio>KHTejibHoro pa,a,a [33 

HHTerpajiBHbiii npn3HaK Koihh h nocroaHHaa 3ftjiepa [33 

IIpH3HaK cpaBHeHHa pa^OB [33 



IIpH3HaK ,3,ajiaM6epa 1337 

PaflHKajiBHMH npH3HaK KoniH [33 

(b) KpHTepHH KoniH cxo^hmocth pa,a,a [34 



(c) 06iHiie npn3HaKii cxo^hmocth pa,n,OB 1341 

Heo6xo/niMoe ycjiOBHe cxo,z];hmocth 1341 

IIpH3HaK a6cOJHOTHOH CXOflHMOCTH 1342 

(d) CneLpiajibHbie npn3HaKH cxo,zi,hmocth pa,n,OB [34 

IlpH3HaK JIeii6HHLi,a [34 



IIpeo6pa30BaHHe A6ejia n npraHaKii /Jnpnxjic n A6ejia /rjia pa/i,OB 13451 

9 OYHKIJHOHAJIbHblE nOCJIE^OBATEJIbHOCTH H PHflbl liiiiol 



: 1 IIoTOHeHHaa cxoahmoctb 1351 

(a) OyHKijiiOHajibHaa nocneflOBaTejibHOCTb h ee o6jiacTb cxo^hmocth 1351 

(b) <J>yHKD,HOHajibHbiH pafl h ero o6jiacTb cxo^hmocth 135 

: 2 PaBHOMepHaa cxo/niMOCTb [35 

(a) PaBHOMepHaa Hopivia cbyHKnnn [35 

(b) PaBHOMepHaa cxoahmoctb (pyHKiniOHajibHbix nocjieflOBaTejiBHOCTeii [35 

CBoiiCTBa paBHOMepHO cxoflamirxca (pyHKinioHajibHbix nocjiejOBaTejibHOCTeH 135 

KpHTCpHH KOIHH paBHOM6pHOH CXOflHMOCTH (pyHKIHIOHajIbHOH nocjieflOBa- 
TejIbHOCTH 



361 



(c) PaBHOMepHaa cxo/niMOCTb (pyHKnnoHajibHoro pa,a,a [36 

CBOHCTBa paBHOMepHO cxo/raiHHxca epyHKnHOHajibHbix paflOB [36 

KpHTepnn Koihh paBHOMepHoii cxo/himocth cbyHKiniOHajibHoro pa/ja [36 

Heo6xo,n,HMoe ycjiOBHe paBHOMepHofi cxo/himocth pa,a,a [36 

IIpH3HaK BefiepuiTpacca paBHOMepHofi cxo^hmocth [36 

IIpH3HaK JIeii6HHH,a paBHOMepHoii cxo/i,hmocth [37 



IIpH3HaKH ,HHpHXjie h A6cjih paBHOMepHoii cxo,h;hmocth 1371 

(d) Bciofly HenpepbiBHaa, ho mnyje He flHepcbepeHinipyeMaa cbyHKHiia [37; 

PaBHOMepHaa no npoH3BO,n,HbiM cxoflHMOCTb [37 



(a) PaBHOMepHaa no npon3BO,a,HbiM nopMa cbyHKnnn [37 



(b) PaBHOMepHaa no npoH3BO,n;HbiM cxoflHMOCTb cbyHKHHOHajibHbix nocjiejOBaTejibHOCTe a377 

(c) PaBHOMepHaa no npon3BOflHbiM cxoflHMOCTb (byHKn;HOHajibHbix pa^OB 1377 

(d) KoHTpnpnMepbi b Kjiacce rjiaflKnx cpyHKnnn l37§ 

AnnpoKCHManna 1381 

(a) IIpH6jiHJKeHHe HHTerpnpyeMbix cpyHKinin 1381 

HHTerpajibnaa HopMa (pyHKirnn 1381 

IIpH6jIH}KeHHe HHTerpHpyeMOH CpyHKHHH KyCOHHO nOCTOHHHblMH [38 

IIpH6jiH}KeHHe HHTerpnpyeMOH cpyHKHHH HenpepbiBHbiMH [38 



(b) CBepTKa [384 

(c) IIpH6jiH}KeHHe HenpepbiBHbix (pyHKHiiii |39 

AnnpoKCHMaTHBHaa e^mmna \39< 

AnnpoKCHManna rjia/ntnMH cpyHKnnaMH |39£ 

AnnpoKCHManna ajire6paHnecKHMH MHoronjieHaMH |39£ 

AnnpoKCHManna TpHroHOMeTpnnecKHMH MHoronjieHaMn 1394 



OrjiaBjieiiiie 

10 CTEIIEHHblE PH^bl H AHAJIHTHHECKHE OYHKI^HH 

§ 1 CTeneHHbie phjtbi 

(a) 06jiacTb cxo/himocth CTeneHHoro pa^a 

(b) PaBHOMepHaa cxo^hmoctb CTeneHHoro pa^a h ee cjieflCTBira 

PaBHOMcpHaa cxojthmoctb CTeneHHoro pima 

HenpepBiBHOCTb cyMMBi CTeneHHoro psfla 

^HepcbepeHinipoBaHHe n HHTerpnpoBaHne CTeneHHBix ph^,ob 

(c) BbiiHCjieHHe cyMMBi CTeneHHoro pHjj,a 

§ 2 AHajiHTiiHecKJie nocjieflOBaTejiBHOCTH h npoH3BO,ii,HiHHe cbyHKiniH 

(a) OnpejrejieHne aHajiHTnnecKon nocjie^OBaTejiBHOCTH 

(b) Ajire6panHecKHe onepannn c aHajiHTHnecKHMH nocjie^OBaTejiBHOCTHMH 

(c) IlpoH3BOflsmaa (pyHKnna 

(d) IIopH^,OK aHajiiiTiraecKoft nocjieflOBaTejiBHOCTn 

(e) CpaBHGHiie aHajinTniecKnx nocjie^OBaTejiBHOCTeii 

(f) Mo^yjiB aHajiHTHHecKofi nocjie^OBaTejiBHOCTH 

(g) CieneHB aHajinTnnecKoii nocjieflOBaTejiBHOCTH 

(h) Komiio3hd;hh aHajiiiTHHecKiix nocjiejjpBaTejiBHOCTeii 

§ 3 Pflfl Teiijiopa n aHajinTnnecKne cpyHKiniH 

(a) OopMyjiBi Teiijiopa 

TeopeMa 06 ocTaTKe 

OopMyjia Teiijiopa c ocTaTOHHBiM hjichom b (bopMe JIarpaHJKa 

OopMyjia Teiijiopa c ocTaTOHHBiM hjichom b (bopMe Koihh 

(b) /THcpcbepeHnnaji dpyHKum h cro BBinncjieHHe 

^HepcbepeHiniaji cpyHKrpiH n 3anncB cbopMyjiBi Teiijiopa c ero noMOinBio . . 

^iiebcbepeHipiajiBHBie BBipajKeHHH 

PaBeHCTBO fliicp(pepeHii;HajiBHBix BBipajKemiii 

HyjieBoe flHcbcbepeHiniajiBHoe BBipajKeHiie 

Pa3jio»ceHHe ii,H<p(pepeHiniajiBHoro BBipa»ceHHH no CTeneHHM ajieMeHTapHoro 

iipcbcbepeHrniajia 

Cbh3b MejK/ry jirxcbtpepeHnnajiOM cbyHKiniH n flncbcpcpeHnnajiOM BBipajKeHira 

(c) Pa,n, Teiijiopa 

KoHTpnpiiMepBi 

Bchkhh cxo/lhih,hhch CTeneHHOii psm ecTB pHjj, Teiijiopa CBoeii cyMMBi. . . . 

Cxojthmoctb pHjia Teiijiopa 

CTaHflapTHBie pa3jio>KeHHH MaKjiopeiia 

(d) AHajiiiTiiHecKiie cpyHKrpiH 

Onepaniiii Hajj; aHajiHTHnecKHMn cpyHKrpisiMH 

§ 4 IIpiijiojKeHHa CTeneHHBix phjtob 

(a) /I,OKa3aTejiBCTBO h36bitohhocth Akchombi CTeneHcii 

QyHKiniH exp 

OyHKinia In 

Onpe^ejieHne CTeneHeii a b n jrpKa3aTejiBCTB0 Akchombi CTeneHeii 

(b) /I,OKa3aTejiBCTBO h36bitohhocth Akchombi TpnroHOMeTpHH 

(c) 3HaneHHe hhcjki tt 

(d) Mncjia <I>H6oHaHHH 

11 TPHrOHOMETPHHECKHE PH^bl 

§ 1 Cxojthmoctb pajia <J>ypBe b cpe/nieM KBajrpaTHHHOM 

(a) OcHOBHaa TeopeMa 

CKajiHpHoe npoH3Bejj,eHHe cbyHKiniii 

OpToroHajiBHOCTB TpHroHOMeTpiiHecKoii CHCTeMBi h cbh3b CKajiapnoro npo- 

H3Bejj,eHHH c KOScbcbnnneHTaMH OypBe 

MimiiMajiBHoe cbohctbo MHoronjieHOB OypBe 

IIojiHOTa TpHroHOMeTpnnccKoii chctcmbi 

HepaBeHCTBO Beccejra 

PaBeHCTBO ITapceBajiH 

,U,0Ka3aTejiBCTB0 ochobhoh TeopeMBi 

§ 2 IIoTOHeHHaH h paBHOMepHaa cxojthmoctb pajia OypBe 

(a) KycoHHO-HenpepBiBHBie h KyconHO-rjia/paie cpyHKiniH Ha R 



10 



OrjiaBjieiiiie 



454 



455 



456 



457 
457 
458 



(b) CyMMiipoBaHiie pflfla Oypte 06i.iHHi.iM cnoco6oM 

JleMMa PnMaHa 

5Inpo J^wpwxjie 

HHTerpajibi ^Hpnxjie 

IIoTOHeHHaH cxoflHMOCTi. psfla Oypbe 

^Q,H(pcbepeHii,HpoBaHHe pa^a Oypbe 

PaBHOMepHaH cxo/niMOCTb pafla Oypi.e HenpepbiBHOft KycoHHO-rjianKoft cbyiiK- 

HHH [46 

PaBHOMepHaa no npoH3BO/nibiM cxo^hmoctb pa^a Oypbe HenpepbiBHOii KycoHHO 
rjiaflKOfl: cpyHKiniH 

(c) CyMMHpoBaHne pa^a Oypbe MeTOjrpM apncpMeTHnecKHx cpe/niHx 

.Hnpo Oeiiepa 

HHTerpaji Oeiiepa 

IIoTOHeHHaH cxoflHMOCTb MHoroHjieHOB Oeiiepa 

PaBHOMepHaH cxojjHMOCTb mhotohjichob cpeiiepa 

PaBHOMcpHan no npoHSBO/nibiM cxojxHMOCTb MHoroHjienoB Oeiiepa. . . . 



j 3 IIpHMepbi 



Pa3jiojKeHHe <J>ypbe npoH3BOjibHoii 27r-nepHOHHHecKOH (py hkhhh . . . . 
Pa3jiojKeHHe <J>ypbe nerabix h HeneTHbix 27r-nepHO,z];HHecKHx (pyHKnini. 
Phhi.1 Qypbe cbyHKHHH c npoH3BOjii.Hi.iM nepnoflOM 



46C 
461 



462 



463 



463 



465 
466 
466 



466 



468 



471 



472 



12 ACHMIITOTHHECKHE METO^bl 1472 

§ 1 AcHMnTOTHnecKne othohichhh h (bopMyjibi 

(a) AcnMnTOTHHecKHe othoihchhh 

AcHMnTOTHnecKaa SKBHBajieHTHOCTb cbyHKniiii (chmboji ~) 

AcHMnTOTHnecKoe cpaBHCHHC cbyHKiniH (cnMBOjibi <C h o) n niKajia 6ecK0- 



472 
472 



HeHHOCTeit 

IIpHHHHn Bi.ijj,ejieHHH rjiaBHoro cjiaraeMoro 

3KBHBajieHTHOCTb MOflyjieft, CTeneHeii h jiorapncbMOB 

(b) AcnMnTOTHHecKHe cbopMyjibi 

CBH3b MejKny CHMBOJiaMH ^ H O 

CBOiicTBa CHMBOJia o h ynpomeHne acHMnTOTHHCCKHx cbopMyji 

Bi.iHHCJieHHe npejrejiOB c noMombio acHMnTOTnnecKHx cbopMyji 

j 2 OopMyjii.1 IleaHO h acHMnTOTHKa 

(a) OopMyjibi IleaHO 

OopMyjia Tefljiopa-IIeaHO 

OopMyjibi MaKjiopeHa-IIeaHO 

BbiHHCjieHHe npejj,ejiOB b noMombio cbopMyji MaKjiopeHa-IIeaHO 

(b) AdlMnTOTHKa 

CTeneHHaa nocjieflOBaTejibHOCTb b nyjie 

CTeneHHaa nocjieflOBaTejibHOCTb Ha 6ecKOHenHOCTn 

flpyrne acHMnTOTnnecKne nocjie^OBaTejibHOCTH 

j 3 AcHMnTOTHKa HHTerpajiOB h cyMM c nepeMeHHbiM npe^ejiOM 

(a) AcHMnTOTHKa HHTerpajiOB 

AcHMnTOTHHCCKaH SKBHBajieHTHOCTb HHTerpajiOB 

AcHMnTOTHHCCKOe cpaBHCHHe HHTerpajiOB 

HHTerpnpoBaHHe acHMnTOTnnecKHx cpopMyn 

HaxoacneHne acHMnTOTHKn HHTerpupoBaHHeM no nacTHM 

(b) AcHMnTOTHKa cyMM 

AcHMnTOTHHeCKaH SKBHBajieHTHOCTb pHflOB 

AciiMnTOTHnecKoe cpaBHenne pHflOB 

CBH3b c neco6cTBeHHbiMH HHTerpajiaMH h cpopMyjia cyMMHpoBaHHH 3fuiepa. 

TOHHOC BbiHHCjieHHe CyMM 

j 4 OopMyjia CTHpjiHHra 



474 



476 



478 
47S 
48C 



481 



484 



486 



486 
486 



488 



489 



494 



495 
495 
495 



497 



497 



497 
501 
504 



505 



507 



507 



511 
514 



52C 



52C 



MacTb I 

oyHKu;ra o^Horo 

nEPEMEHHOrO 



11 



rjiaBa 

HHCJIA H MHO>KECTBA 



OBteKTaMH H3yneHHa b MaTeMaTHnecKOM aHajiH3e hbjihiotch incjiOBbie (pyHKHHH, nosTOMy yMecTHO 
Ha^aTb yne6HHK c Bonpoca: umo manoe hucao? 

^jia HHTaTejia sto mojket 6bitb hoboctbio, ho otbct Ha stot Bonpoc, npn Bceft ero npocTO/ryiHHOH Ha- 
hbhocth, coBceM He npocT. HMeiOTCH flOBOjibHO cjiojKHbie TeopHH, o6 r bHCHHiOH] 1 He , Kax npaBHjibHO wie/jyeT 
onpe/i,ejiHTb HaTypajibHbie, nejibie, paHHOHajibHbie h BemecTBeHHbie HHCjia, OTTajnaiBaHCb, HanpHMep, ot 
noHHTHH MHOJKecTBa. CoBpeMeHHbiii B3rjiHfl Ha 3Ty TeMy ccpopMHpoBajica b KOHH,e 19 - Hanajie 20 Beica, 
h, BonpeKH HHTyHTHBHbiM OMflaHHaii, nojiyneHHoe HayKoii penieHne stoh npo6jieMbi, ynpBjieTBopHioiHee 
cneHiiajiHCTOB, OKa3ajiocb HacTOjibKO rpoM03,z];KHM h xHTpoy mhmm , hto oStHCHHTb ero HecneiniajiHCTy b 
HaniH flHi CTajio coBepnieHHO h6bo3mojkho. 

HMeHHO nosTOMy, kbk moket 3aMeTHTb HHTaT&jib, b yne6HHKax no MaTeMaTHnecKOMy aHajiH3y onpede- 
jienue noHSTHio nncjia HHr^e He ^aeTCH, a caMO noHHTHe bbo/hitch aKcuoMamuuecKu (c pa3H0ii CTeneHbio 
CTporocTn). 1 3to 03HanaeT, hto, hc o6T>HCHHa tohho, hto Taxoe hhcjio, BaM roBopHT, hto hhciki o6pa- 
3yiOT HeKoe mhojkcctbo, o6jia,zi,a:EOiHee «bot TcIkhmh CBOiicTBaMH» - h flajiee npHBO,n;HTca cnncoK cbohctb 
HHceji, H3 kotopmx 3aTeM BbiBOflHTCH Bee ocTajibHbie yTBep^K^eHHH TeopHH. TaKHM o6pa30M, Hcnojib3y- 
eTCH tot jke npneM, hto h b reoMeTpHH, r^e hohhthhm tohkh h npsMoii hhkjikhx onpeflejieHHii, Kax 
H3BecTHO, ne flaeTCH, a nepeHHCjiaiOTCH jinnib npocTeHHiHe CBOiicTBa sthx o6 r beKTOB - HHTynTHBHO no- 

HHTHbie aKCUOMU, - H3 KOTOpblX 3aTeM C nOMOIHbK) JIOrHHeCKHX yM03aKJHOHeHHH BblBO/JHTCH CJieflCTBHH 

- meopeMu, nacTO aobojibho cjiojKHbie h HeoneBH/nibie . 

TaKoft noflxofl b MaTeMaTHKe Ha3biBaeTCH aKcuoMamunecKUM MemodoM, h sthm nyTeM noftfleM h mm. 

§ 1 MHO^cecTBa h OTo6paxceHHa 

AKCHOMaTHnecKHe TeopHH b MaTeMaTHKe ^ejiHTca Ha pp& rana: Te, hto ctpohtch HenocpeflCTBeHHO H3 
npaBHji MaTeMaTHHecKoft jiorHKH — k hhm othochtch, HanpHMep, coBpeMeHHaa «(popMajibHaa» apncp- 
MeTHKa h coBpeMeHHaa TeopHH mhojkcctb, — h Te, KOToptie Hcnojib3yiOT b cbohx KOHCTpyKiniax ysce 
nocTpoeHHbie aKCHOMaTHHeciaie TeopHH — k hhm npHHa^;jie>KHT aKCHOMaTHHecxaH TeopHH BemecTBeH- 

HblX HHCejI, KOTOpyiO, B 3aBHCHMOCTH OT BKyCa, MOJKHO BblBOflHTb JIH60 H3 (pOpMajIBHOH apHCpMeTHKH (tO 
eCTb aKCHOMaTHHeCKOH TeopHH HaTypajIBHBIX HHCejl), JIH60 H3 (aKCHOMaTHHeCKOft) TeopHH MHOJKeCTB. C 

tohkh 3peHHH noTpe6HOCTeii anajiH3a BTopoft nyTb npe/niOHTHTejibHee, nocKOjibKy b stoh HayKe nocTO- 

HHHO npHXOflHTCH HM6Tfc flejIO C MHOJKBCTBaMH, OnCpaHHSMH Ha/I, HHMH, HX OTo6pa»CeHHHMH, H nOSTOMy 

Mbi Bbi6HpaeM ero. 

06 HCTOpHH TeopHH MHCOKeCTB. HHTaTejIb HaBepHHKa 3HaKOM C nOHHTHeM MHOJKeCTBa nO HIKOJie, 

nosTOMy mm MOJKeM otjiojkhtb Ha HeKOTopoe BpeMH o6cyjK,n,eHHe SToro TepMHHa (cm. hhjkc nyHKT "Ha- 
HBHaa Teopna mhojk6ctb" Ha c !15[) . HanoMHHB jinnib ero HHTyHTHBHoe onpeflejieHHe: «coBOKynHOCTb» 
06136x108, 3a/i;aHHbix KaKHM-HHDyzrb npaBHjiOM. 

3Ta nacTb MaTeMaTHKH po^Hjiacb b 19 BeKe, h H3HanajibHO npeflCTaBjiajia H3 ce6a CHCTeMy ^OBOjib- 
ho HecTpornx noflxoflOB h npneMOB, Hcnojib3yeMbix MaTeMaTHKaMH b cjiynaax, Kor/i,a Hysoio norjiHfleTb 
Ha MaTeMaTHHecKHfi o6T>eKT, xax Ha «KOjijieKH,HK)» 6ojiee mcjikhx o6 r beKTOB (sjieMeHTOB) , 3a6biBaa: (Ha 
BpeMH, hjih coBceM) 060 Bcex ocTajibHbix ero CBOHCTBax. HecMOTpa Ha BHflHMyio HenpHTH3aTejibHOCTb 

1 Mbi He npHHHMaeM b pacneT «onpe^,ejieHH5i» Tuna «eeui 1 ecmeeHHUM hucaom na3ueaemcH 6ecKOHeHH(UL decjimuuHafi 
dpo6b», noTOMy hto nocjie 3toh cppa3i>i b Bos^yxe noBiicaeT Bonpoc «a nmo maKoe 6ecKOHeHHaji decjirnuHHafl, dpo6t?», 
hjih, nKcmamu, n daeno xomeji Koso-Hu6ydt cnpocumb, httio maKoe eoo6mfi dpo6 , b?» 
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Tclkiix HaMepeHHii, b KOHne 19 - Hanajie 20 bckob B/rpyr o6Hapysaijiocb, hto H3-3a ynoMHHyToii HecTpo- 
tocth b TorjianiHCH «HaiiBHOH» TeopHH MHOJKecTB noaBjiHroTCH npoTHBope^na, nojiyHiiBHiiie na3BaHHC 
napadoKcoe hjih awmuHOMUu. 



Ahthhomhh Paccejia. CaMoe, no-BHflHMOMy, 
apKoe H3 TaKHx npoTHBopeiHii 6mjio HaiiixeHO b 
1902 ro^y aHrjiniicKHM msitgmeitiikom BepTpanoM 
PaccejiOM. Hto6m ero onncaTb, HyjKHO BcnoMHHTb 
npocTeftniHe o6o3Ha x ieHHa h noHHTiia TeopHH mho- 
jKecTB. HanoMHHM, hto ecjiH o6T>eKT x npHHa^jie- 
jkht MHOJKecTBy A (hjih, hto to »ce caMoe, x hbjih- 
eTCH dJieMewmoM A) , to 3anHCMBaeTCH 3to Tax: 

x e A 

Hao6opoT, ecjiH x He npHHajijiejKHT A, to nnniyT 
x i A 

B TeopHH MHOJKeCTB CHHTaeTCH, HTO CaMH MHO- 

>KecTBa MoryT 6biTb sjieivreHTaMH flpyrnx mho- 
»cecTB: ecjiH A - Kaxoe-TO mhojkcctbo, to mm mo- 
jKeM nocTpoHTB KaKoe-HH6yn,b jjpyroe mhojkcctbo 
B, pjisi KOToporo A 6ya,eT sjieMeHTOM: 

A e B 

Hao6opoT, B mojkho Bbi6paTb Tax, hto6m A He 6m- 
jio ero ajieMeHTOM: 

A i B 

H BooGme, ecjin HaM jiaHM jxBa MHOJKecTBa A h 
B, hhhto He MeniaeT HaM 3a,n,aTbCH BonpocoM, 6y- 
fleT jih A sjieMeHTOM B: 

Ae B hjih A £ B ? 

Ilpn 3tom, noHHTHoe flejio, H3 caMoro onpeflejieHHH 
ciiMBOjia ^ cjie^yeT, hto ppe 3th bo3mojkhocth hc- 
KjnonaiOT ,npyr flpyra: He 6biBaeT Tax, ito6m A € B 
h oflHOBpeMeHHO A (fi B. 

B nacTHOCTH, ^jih npoH3BOjibHoro ^aHHoro mho- 
>KecTBa A Mbi moxkm 3aflyMaTbca, He HBjiaeTCii jih 
oho ajieMeHTOM caMoro ce6a:: 

Ae A hjih A $ A ? 



OcTaBHB b CTopoHe Bonpoc, 6biBaeT jih BOo6iHe, 
hto6m A e A, iiaBaHTe paccMOTpHM mho jKecTBO , 

KOTOpOe Mbi 06o3HaHHM 6yKBOH i?, H KOTopoe co- 
CTOHT H3 BC6B03MOJKHbIX TaKHX MHOJKeCTB A, flJIH 

KOTopbix Bepno A ^ A. To ecTb, 3a^,aji,HM R npaBH- 
jiom: 

Ae R A - MHOxecTBO, n A ^ A (0.1.1) 

C TOHKH 3peHH3 «HaHBHOH» TeOpHH MHOJKeCTB, R 

6ya,eT hckhm mhokcctbom, h nosTOMy mm TaKJKe 
MOJKeM cnpocHTb ce6a, He 6ya,eT jih oho sjieMeHTOM 
caMoro ce6a: 

Re R hjih R£ Rl 
Tax bot, napaflOKC Paccejia coctoht b tom, hto 

3TH yTBepjKfleHHS SKBHBajieHTHbi: 

BcnoMHHaeM 
onpe^ejieHHe R 

no.i.u 

R e R (i? - opfio H3 Tex A, .zrjis 

KOTopbix BbinojiHHeTCH A ^ A) R ^ R 

t 

ynpomaeM 

BbICKa3bIBaHHC 

Ha nepBbift Bsrjisfl sto Ka>KeTCH KaKHM-TO MaTe- 
MaTHnecKHM cpOKycoM, co(pH3MOM, Bpoji,e Tex, HTO 
mm npHBO^HjiH b 'TlpeflHCjiOBHH jijih npeno^aBaTe- 
jieft". Ho BHHMaTejibHO npoaHajiH3HpoBaB xofl Ha- 
hihx paccyjKji,eHHH, mojkho y6e,n;HTbca, ito HHKa- 
khx cpopMajibHbix ohih6ok 3/i,ecb HeT. ToHHee cica- 
3aTb, hx He 6y,n;eT, ecjiH ncxaTb hx, onnpaacb Ha 
npeji,CTaBjieHHH o MHOJKecTBax h onepau;HHx Hajj, 

HHMH, CJIOJKHBIHHeCH KO BpeMeHH, KOriia nOHBHJICH 

3tot napaji,OKC. 



06Hapy»ceHHe ahthhomhh, KaK mojkho ,noraji,aTbCH, 6mjio BecbMa HenpaaTHbiM OTKpbiTHeM ji,jih Ma- 
TeMaTHKOB, nocKOjibKy nocTaBHjio nojj, coMHeHne caMO noHHTHe hcthhhocth b stoh nayice: KaK mojkct 
MaTeMaTHK 6biTb yBepeHHMM, 'ito ,noKa3aHHaa hm TeopeMa BepHa, ecjiH Hcnojib3yeMbie hm MeTOflbi b co- 
ceflHeii o6jiacTH TaK jierKO h Harjia,n;HO npHBOjiHT k OHeBH/niOMy a6cyp,i];y? ^Jjia pa3peincHHa B03HHKinero 
KpH3Hca ocHoeanuH MameMamuKu — to ecTb Ta nacTb HayKH, KOTopyio, KaK Ha6op pa6o x iHx HHCTpyMeH- 
tob, hbho hjih HeHBHO Hcnojib3yK)T b cbohx nocTpoeHHHx Bee MaTeMaTHKH, a HMeHHO, MaTeMaTHnecKaa: 
jioniKa h Teopna mhojkcctb (sth o6jiacTH, coGctbchho roBopa, Torjia tojibko h CTajiH oepopMjiHTbca KaK 
CTporne MaTeMaTiinecKiie flHCi^HnjiHHbi) — 6mjih no^,BeprHyTM 6e3JKajiocTHOMy nepecMOTpy. 

Pa6oTa 3Ta 6bijia HanaTa b 20-x ro^ax 20 BeKa rpynnoii hcmci^khx MaTeMaTHKOB bo rjiaBe c ^a- 
BHflOM FHjib6epTOM, KOTopbiii nocTaBHji nepefl co6oii sa^a^iy (popMajiH30BaTb MaTeMaTHKy TaK, hto6m 
napa,n;0KCM Bpo^e paccejiOBCKoro nc^iesjiH h 6ojibnie y»ce He noHBjiajiHCb b 6yaym;eM. Hepe3 HCKOTopoe 
BpeMH ero nporpaMMa npHHecjia onpeji,ejieHHbie nojio>KHTejibHbie pe3yjibTaTbi: noflxoflamHM yTOHHeHHeM 
onpeji,ejieHHH h BBejxeHHeM hobmx CTpornx npaBHji ji;jih nocTpoeHHH hobmx o6 r beKTOB yn,ajiocb ji,o6HTbca 
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yCTpRHGHIIH BCeX HaKOnjieHHMX B MctTGMcLTHKe npOTHBOpeHHH. OflHaKO HOBMM HenpHHTHMM CK>pnpH30M, 
CTaBUIHM OflHEM H3 rjiaBHMX HTOrOB BCefi 3TOH fleHT&IIbHOCTH, HBHJiaCb npHHITHnHajIbHaH HeB03MOJKHOCTb 

,u;0Ka3aTb, hto no,ii;o6HMe npoTHBopenHH He bo3hhkhyt b 6y,ayineM. 

3tot pe3yjiBTaT HacTOiibKO BajKeH, hto 6mjio 6m HenpHjiHHHO He npHBecra ero. fljia SToro Han no- 
Ha,u;o6HTCH ^Ba TepMHHa H3 MaTeMaTHHecKoii jiorHKH. AKCHOMaTHnecKyio Teopnio T jiorHKH Ha3MBaK>T 
npomueopeuueou, ecjin b Heii mojkho flOKa3aTb Ka%oe-Hu6ydt> yTBepjKfleHHe P h o,n,HOBpeMeHHO ero OTpn- 
naHne ->P. O^hh h3 npocTeftninx pe3yjibTaTOB stoh HayKH rjiacHT, hto ecjin Taxoe bo3mojkho (to ecTb, 
ecjiH T npoTHBope^HBa) , to b T BOo6me Jiw6oe BbiBO/niMoe yTBepjK,n;eHHe P o6jia,naeT sthm cbohctbom: 

BMeCTe C P BblBO^HMO H -i P. 

Hao6opoT, aKCHOMaTHHecKaa TeopHH T Ha3MBaeTCH nenpomueopeHueou, ecjin b Heii He 6biBaeT Tax, 
hto6m BMecTe c yTBepjK^eHHeM P mojkho 6mjio BMBecTH h ero OTpnnaHHe ->P. Tax bot, b caMbiii pa3rap 
pa6oT no HaBefleHHio nopa/nta b ocHOBaHHHx McItcmcIthkh HHKOMy HeH3BecTHbiM mojioamm aBCTpniicKHM 
MaTeMaTHKOM KypTOM Te^ejieM 6bijia ,a,OKa3aHa cjie/ryioinaH 3aMeHaTejibHaa TeopeMa. 

TeopeMa 0.1.1 (BTopan TeopeMa Te^ejia o HenojiHOTe). Ecau Kaxasi-mo ancuoMamuHecKasi meoputi 
T Henpomueopenuea, eKAWuaem e ce6fi apucpMemuKy u uMeem KoneHHuu (uau, 6ojiee o6m,asi cumya- 
v,um, man H03ueaeMuu nepenucjiuMuu) na6op ancuoM, mo ymeepmcdenue o ee nenpomueopeuueocmu 
Heeo3MOOKHO doKa,3amh cpedcmeaMU cclmou amou meopuu. 

3to yTBep>KfleHHe 03HanaeT, hh mhoto, hh Majio, hto HenpoTHBopcHHBOCTb apncpMCTHKH, TeopHH 

MHOJKeCTB, a BMeCTe C HUME H MilTGMclTEKH B H,ejIOM, flOKa3aTb HeB03MOJKHO. /JeHCTBHTejIbHO, flJIH flOKa- 

3aTejibCTBa HenpoTHBopennBOCTH jik>6oh 6ojiee hjih MeHee co/iepjKaTejibHOH TeopHH T (to ecTb, TeopHH, 

BKJHOHaiOIHeH apHCpMeTHKy, KaK, CKajKCM, TeopHH MHOJKeCTB) HyjKHO, KaK BMHCHHeTCH, CTpOHTb HOByiO 

(6ojiee HinpoKyio) Teopnio T', nocjie nero HeMe/yieHHO BCTaeT Bonpoc o tom, He 6yn,eT jih T 1 caMa npo- 
THBopeHHBa. 3to BajKHO, noTOMy hto ecjin T 1 npoTHBope^HBa, to b Heii BMecTe c yTBepjK,n,eHHeM o 

HenpOTHBOpeHHBOCTH T CTaHOBHTCH BMBOflHMMM H yTBepjKfleHHe O npOTHBOpeHHBOCTH T (h T&KHM 06- 

pa30M, TeopeMa «H3 T' ejie/ryeT HenpoTHBopennBOCTb T» o6een,eHHBaeTCH npoTHBonojiojKHOH TeopeMoii 
«H3 T 7 cjie^yeT npoTHBopenHBOCTb T»). 

KaK cjieflCTBne, rapaHTHfi, hto b 6yzryineM b MaTeiviaTHKe He hohbhtch hobhx npoTHBopenHii, 6biTb He 
MOJKeT. C /rpyroii ctopohm, ecjin Taxoe npoTHBopenne 6ya,eT Korfla-HH6yn,b HaiifleHO, to 3TOMy hh TeopeMa 
Teflejia, hh KaKHe-jin6o /rpyrne pe3yjibTaTbi b MaTeMaTHHecKOH jiorHKe He npenaTCTByiOT, h 03Hanajio 6bi 
3to co6biTne jiHHib, hto npefljiojKeHHaa b 20 Bexe (popMajiH3an,HH ocHOBaHHft McItcmcIthkh Heyn,aHHa, h 
cjie^yeT hckbtb flpyryio. 

Pe3yjibTaTbi Teppjisi no cymecTBy noxoponnjiH Ha^ejKflbi rnjib6epTa h ero e/nrHOMbiiHjieHHHKOB, h 
e/i,HHCTBeHHoe yTeineHHe b stom OTHonieHHH ^jih MaTeMaTHKOB c Tex nop coctoht b tom, hto npeflnpHHH- 
Tbie jiorHKaMH BCJie^ MHoroHHCjieHHbie nonbiTKH HaiiTH Taxoe «HeycTpaHHMoe» npoTHBopenne b hoboh 
«nepecTpoeHHOH» MaTeMaraice TaKJKe He yBeHnajincb ycnexoM, h b HacTOHm;ee BpeMH 3flecb flOMHHHpyeT 
y6ejK,n;eHHe, hto nopp6nbie noncKH 6e3Hafle>KHbi. 

CorjiameHHH h jiornnecKaH chmbojikks. Ilocjie onncaHHbix flpaMaTHnecKHx co6mthh HHTaTejiro 
noxajKyTCH nojiHofi epyHfloii tc npo6jieMbi, H3-3a KOTopbix mm, co6ctb6hho roBopa, h HanajiH pa3roBop 
o MHOJKecTBax c SToro HCTopHnecKoro SKCKypca. ^Hejio b tom, hto em;e o^hhm HenpnaTHbiM HToroM hc- 
cjieflOBaHHH b 3toh o6jiacTH HBHjiocb to, hto b CBoeM hobom BHfle TeopHH MHOJKeCTB npeBpaTHjiacb B 
HeojKH,n;aHHO rpoM03/i,Kyio /nicniinjiHHy, o6yHHTb KOTopoii 6biCTpo h6bo3mojkho — fljia 3Toro Tpe6yeTCH 
MHHHMyM ceMecTpoBbift Kypc jieKH,Hfi no MaTeMaTHnecKoii jiorHKe. Hmchho nosTOMy aKCHOMaTHHecKaa 
Teopna MHOJKeCTB o6bmHO He H3jiaraeTCH b Kypcax aHajiH3a: npHxoflHTca npn3HaTb pa3yMHbiM orpaHHHH- 

BaTbCH CBe/I,eHHHMH H3 «HaHBHOH» TeOpHH MHOJKeCTB. MejIOBeKa 3HaKOMHT Ha npHMepaX CO CTaHflapTHbIM 

Ha6opoM cooTBeTCTByiomHx npaBHji h npneMOB, nocjie nero CHHTaeTCH hto oh 6yn,eT cnoco6eH Bocnpn- 
HHMaTb Bee, hto KacaeTCH MHOJKeCTB b Kypce aHajiH3a. 

HaM, ecTecTBeHHO , HHnero He ocTaeTCH, KaK c^ejiaTb to jKe caMoe. B stom naparpaepe mm h3jiojkhm 

OCHOBbI HaHBHOH TeOpHH MHOJKeCTB, Ha KOTOpOH nOTOM 6yH,eM CTpOHTb TeOpHED BeiHeCTBeHHblX HHCejI. 

Heyflo6cTBOM TaKoro no,n,xo,ii,a, npaB^a, 6y,n,eT to, hto mm HHor^a 6yzi,eM npHBOflHTb b KanecTBe npnMe- 
poB o6T>eKTbi (TaKne KaK mhojkcctbo Bem;ecTBeHHMx nnceji R hjih mhojkcctbo HaTypajibHbix nnceji N), 
KOTopbie cpopMajibHO 6y,i];yT onpeflejieHM TOjibKO b cjieflyronnrx naparpacpax. 3to HyjKHO HCKjiiOHHTejibHO 
pjisi Toro, hto6m He o6epjisiTi> Ha6op HjijHOCTpan,HH H3jiHHiHefl: noroHeft 3a CTporocTbio: ^ejio b tom, hto, 
ecjin cjieflOBaTb (popMajibHMM npaBHjiaM, to Bee coflepjKaTejibHbie npnMepbi mhojkcctb h OTo6pajKCHHH 
(to ecTb HHCjiOBbie MHOJKecTBa h cpyHKn,HH) cjie^yeT npHBO^HTb TOjibKO Kor^a nncjia yjKe onpe/i,ejieHM, 
to ecTb ropa3/i,o no3JKe, neM bboahtch co6ctb6hho hohhthh MHOJKecTBa h OToGpajKeHHH. 

Mm HapyniaeM sto npaBHjio, cjie^ryn oGmeft ycTaHOBKe, hto b HjijimcTpan;HHx TaKoe ^onycTHMO (h, 
KaK h 3aflyMaHO, noMemaei-i sth npnMepbi, BMecTe c ocTajibHMMH, b tckct c flByMH KOjiOHKaMn). Tot JKe 



§ 1 . MHomecTBa 11 OTo6pax:eHiifi 



15 



npiieM mm 6yfleM npHMeHHTB b flpyriix MecTax, b h&cthocth , b npHMepax OTo6pajKeHnii, cpyHKHHH, h b 
rjiaBe [51 iyje 6yzryT o6cyjK,u;aTbca npnjiojKeHHH onpe^ejieHHoro HHTerpajia. 

Ha npoTa»ceHnn Been khhth mm 6yn,eM nojn>30BaTbCH CTaHflapTHbiMH ciiMBOjiaMii H3 MaTeMaTHnecKoii 
jiorHKH, cmmcji KOTopbix 5IC6H H3 cjieflyromero nepeHHCjieHHH: 



JIOrHHeCKHII CHMBOJI 



k 
V 



V 
3 



ero CMbicji 
«He» 

«H» 
«HJIH» 

«BjieneT 3a co6oh» 

<OKBHBajICHTHO» 

«p r jisi j±io6oro» 
«cym,ecTByeT» 



Ha3BaHiie 

jiorHnecKoe OTpnn;aHHC 
jioriinecKoe nepeceneHHe 
jiorHnecKoe o6T>e,zniHeHHe 
HMnjiHKan,Ha 

JIOrilHeCKaH SKBHBajieHTHOCTB 

KBaHTop Bceo6m;HOCTH 

KBaHTOp CymeCTBOBaHHH 



« HanBHaa » TeopHH MHO»cecTB. B3rjiafl TeopHH MHOJKecTB Ha Miip 3aKjnoHaeTCH b tom, hto ero 
oGteKTbi HaxoflHTCH flpyr c ,npyroM b OTHOineHHH npiiHa/^jie jkhocth : ecjiii mm paccMaTpiiBaeM nporo- 
BOjibHbie flBa o6 r beKTa A h B, to HenpeMeimo flojrsaio 6mtb hcthhhbim hjih jiojkhbim (hjih He3aBiiCHMHM 
ot Hcnojib3yeMOH HaMii CHCTeMbi aKCHOM) yTBcpjK,n;eHHe, 3ByHamee i&k: 

«A npuHadAewcum B». 

ECJIH OHO HCTHHHO, TO nHHiyT 

A e B, 

a eCJIH JIOJKHO, TO 

A £ B. 

Hto6m OTjinnaTb o6T>eKTbi TeopHH MHOJKecTB ot Tex, hto paccMaTpHBaiOTCH b /rpyrnx Hayxax, a TaioKe 
,n,ji5i yn,o6cTBa nocTpoemis peneBtix KOHCTpyKiniii, bboahtch flBa TepMHHa: BO-nepBtix, caMH o6T>eKTM 
Ha3MBaK>TCfl MHojfcecmeaMu, a, bo-btopbix, ecjin A 6 B, to roBopaT, hto A HBjiaeTCH sjieMenmoM B. 

IIpo OTHonieHHe npHHa^jiejKHOCTH H3BecTH0, hto oho ynpBjieTBopaeT HeKoeMy cnncKy ycjiOBHii, Ha- 
3biBaeMbix aKcuoMaMu meopuu Mnootcecme. 3th aKCHOMbi o6pa3yiOT aobojibho cjiojKHyio CHCTeMy, 06- 
CToaTejibHoe H3yHeHHe KOTopoii, KaK mm ysce nncajin, 3aHHjio 6bi cjihihkom MHoro BpeMeHH. Mm nosTOMy 
He 6yfleM BbinHCMBaTb Bee 3th aKCHOMti 2 , a npHBe^eM TOjibKO Tpn H3 hhx, HaH6ojiee BajKHbie: aKCHOMM 
oSteMHOCTH, BbiflejieHHH h Bbi6opa. TpeTbio H3 hhx (aKCHOMy Bbi6opa) mm cmojkcm ccpopMynnpoBaTb 
TOjibKO b KOHne SToro naparpacpa (na c J23|l . ho nepBbie ppe ^aflHM npaMO ceirrac: 

AxcHOMa o6teMHOCTH: dea Muootcecmea A u B coenadawm, ecAu u moji&KO ecAu ohu «uMie- 
wm oduHdKoeuu na6op 3AeMenmoe», mo ecrnt ecAu cnpaeedAueo eucKasueanue 

Vx (x <E A •<=> x e B) 

Akchomh Bi>i/i,ejieHHH: ecAu dano name-mo nepeMennoe eucKa3ueanue 3 P(x) (nyda e kcl- 
necmee x mookho nodcmae-AJimb UMena o6seKmoe meopuu MHoafcecme, mo ecmt> UMena MHo- 
otcecme), mo (fiopMyAa 

A = {x : P(x)} 

onpedeAnem neKoe Mnootcecmeo A, npo Komopoe u36ecmtio, umo oho cocmoum U3 mex u moAt>- 
ko mex o6seKmoe x, dAH Komopux eucKaatieanue P(x) ucmuHHO. 

2 3aiiHTepecoBaHHoro mhteltgjih mm OTCBijiaeni 3a no/],po6HOCTH k yne6HHKy /JjK.Jl.KeiuiH no o6meft TonojiorHH (KenjiH 
J\yK.Jl. 06nj,a5i Tonojiorira. M.: HayKa, 1981.), r^,e (b ^oGaBjieHHH) b komiiiikthoh, xots h hcckojibko cyxoii, (popivie npn- 
bo^iitch nojiHBiii cnHCOK aKCHOM TeopHH MHOJKecTB (hx y KejuiH 9) h o6cy>KflaiOTC5i hx cjie^CTBHH. Ilpeflynpe^HM tojibko, 

HTO HCXOflHBIMH o6 r beKTaMH B "CTpOrOft" TeopHH MHOJK6CTB 5IBJI5IIOTC5I TaK Ha3BIBa6MBie KJiaCCbl, no/; KOTOpBIMH nOHHMaiOTCH 

o6pa30BaHHH, 6ojiee o6m,He, ieM MHO>KecTBa. 

3 B norHKe TaKne BBiCKa3BiBaHHH, 3aBHC5iin;He ot OflHOH nepeMeHHOH, Ha3BiBaiOTC5i odnoMecmHUMU npeduKamaMU. 
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Tjitusa, 0. HMCJIA H MHOMECTBA 



HacTHbiM cjiynaeM KOHCTpyKiniH, oniicbiBaeMofi b aKCHOMe BbmejieHHH CHHTaeTCH 3anHCb Bii^a 

{...;...;...;...} 

o6o3HaHaioin,aH mhojkcctbo, ajieMeHTbi KOToporo nepeHiicjieHbi BHyTpii (pnrypHbrx cko6ok nepe3 TO^iKy 
c 3anHT0ft. HanpHMep, ecjiii ,n,aHbi Tpii oS^eRTa a, 6, c (HeBajKHO KaKoii npnpo,zi,bi, ho oGbihho noji. hh- 
mi noHHMaiOT KaKHe-TO MHOJKecTBa, noTOMy hto b HaiiBHOft TeopHH mhojkcctb CHHTaeTca, hto flpyrnx 
06^.6x108 He 6biBaeT), to 3amicb 

{a;b; c} 

o6o3Ha ii iaeT mhojkbctbo, cocToamee H3 Tpex 06136x106 a, 6, c: 

{a; b; c} = {x : x — a\l x — b\l x ^ c\ 

Ecjih o6 r beKTOv pp&, a h 6, to no^i, {a, b} noHHMaeTCH mho jkgctbo , cocTOHinee H3 a h b. Tohho TaioKe, 
ecjiH hmgctch Bcero o/hih o6i>eKT, a, to no^i, {a} noHHMaeTCH mhojkbctbo H3 o/nioro sjieMema a. 



o 0.1.1. FlycToe mhojkgctbo. Cjie/ryioiHaH cpop- 
Myjia onpeflejiaeT TaK Ha3biBaeMoe nycmoe Mnoatce- 
cmeo: 

= {x : 1/ x}. 

B COOTBGTCTBHH CO CCpOpMyjIHpOBaHHblM npaBHJIOM, 

paciHH(ppoBbiBaeTCH 3Ta 3anHCi> Tax: sjieMeHTaMH 

MHOJKeCTBa CHHTaiOTCH Te H TOJIbKO Te x (o6T>eK- 
Tbl TeOpHH MHOJKeCTB), KOTOpbie He paBHbi caMOMy 

ce6e. IIocKOjibKy Taxnx x He 6biBaeT (BbiCKa3biBa- 
Hne x = x CHHTaeTCH BepHbiM Bcerfla), mhojkcctbo 
BOo6me He co,a,ep}KHT hhkrkmx sjieMeHTOB (oTne- 
ro h Ha3biBaeTCH nycTbiM) . 

o 0.1.2. MHOxecTBa, nopo^K^aeMbie nycTBiM. 

He BnojiHe oneBH/nibiH cpaKT (sto Ha6jno,n,eHHe npn- 
nHCbiBaeTCH MaTeMaTHKy ,H,>KOHy <pOH HeftMaHy) 

COCTOHT B TOM, HTO H3 nyCTOrO MHOJKeCTBa MO)K- 

ho CTpoHTb pa3Hbie flpyrne MHOJKecTBa, npnneM hx 
6ya,eT 6ecKOHeHHO mhoto. B KanecTBe nepBoro npn- 

Mepa MOJKHO paCCMOTpeTb MHOJKeCTBO 

{0} = {x : x = 0} 

(cocTOHinee H3 Taxnx x, KOTOpbie coBna^aiOT c 0, 
to ecTb coflepjKamee TOjibKO o/hih sjieMeHT: x = 0). 
3to 6y^,eT HOBoe MHOJKeCTBO, He coBnaflaioiHee c 0, 

^ {0} 

«HarjIHflHO» o6 r bHCHHTb 3TO MOJKHO TeM, HTO {0} 
CO^epjKHT OflHH SJieMeHT, a - HH OflHOrO. 
3aTeM MOJKHO paCCMOTpeTb MHOJKeCTBO 

{0, {0}} = {x : x = V x = {0}}. 

Ero sjieMeHTaMH 6yzryT flBa MHOJKecTBa - h {0} 
- h 3to 6yn,eT HOBoe mho jkcctbo . 

nocjie 3Toro mojkho onpeflejiHTb MHOJKeCTBO H3 
Tpex sjieMeHTOB 

{0,{0},{0,{0}}} = 

= {x : i = 0Vi = {0} Vi = {0, {0}}}, 

4 nOflpo6HO 06 3TOM MOJKHO npO^HTaTb B y>Ke ynOMHHaBL 



h TaK flajiee. 

IIomhmo MHOHcecTB, nojiyHaioiHHxca tjikhm cno- 

C060M, MffiKHO paCCMOTpeTb MHO>KeCTBa BEfla 

{{0}}, {{{0}}}, ... > 

r,a,e KajKiiaH napa cko6ok {...} oSosHanaeT mhojkc- 
ctbo, eflHHCTBeHHbiM sjieMeHTOM KOToporo HBJiaeT- 
ca MHOJKeCTBO, jiexamee BHyTpn cko6ok. 3th mho- 
jKecTBa TOJKe 6yayT OTjinnaTbca flpyr ot flpyra (h 
ot MHOJKecTB , nocTpoeHHbix BbiHie), xoth Bee 6yn,yT 
co^epjKaTb no o/i,HOMy ajieMeHTy. 

B flefiCTBHTejIbHOCTH, XOTb 3T0 H CTpaHHO 3By- 

hht, nycToe mhoskcctbo cjiyjKHT oGteKTOM, H3 ko- 
Toporo 3aTeM KOHCTpynpyiOTca BOo6m;e Bee Ha 
CBeTe HHCjia (HaTypajibHbie, n;ejibie, pain-iOHajib- 
Hbie, BemecTBeHHbie) b toh TeopHH nnceji, koto- 
pyio ctpoht Ha <pyH,n,aMeHTe coBpeMeHHOii TeopHH 
MH0»cecTB (6ojiee Toro, npn TaKOM no/rxo/i,e boo6- 
m,e Bee o6T.eKTbi b MaTeMaTHKe OKa3biBaiOTCH (pop- 
MajibHO nocTpoeHHbiMH H3 nycToro MHOJKecTBa 0, 

nOCKOJIbKy HBHO HJIH HeHBHO OHH KOHCTpyHpyiOTCH 

H3 HHceji). HaM 3to He noHa,i];o6HTCH b flajibHeii- 
nieM, nosTOMy no^,po6HO ocTanaBjinBaTbCH Ha stom 
mh He 6yn,eM, ho, hto6h 3aHHTpnroBaTb ^HTaTejra, 

OTMeTHM, ^ITO B 3TOH TeOpHH HaTypajibHbie HHCJia 

(to ecTb HHCjia, KOTOpbie b 6ojibiHHHCTBC yneGHH- 
kob npHHHTO CKyno onpe,u;ejiHTb KaK "nncjia BH^a 
1,2,3,...") onpe/i,ejiHiOTCH b tohhocth, KaK Ta ch- 

CTeMa MHOXKCTB, Ha KOTOpyK) MM 06paTHJIH BHH- 

MaHiie 3,necb BHanajie: 4 

:= 0, 

1 :={0} = OU{O}, 
2:={0,{0}} = 1U{1}, 
3:={0,{0},{0,{0}}} = 2U{2},... 

Mhojkcctbo onpeflejiaeMbix t9,khm cnoco6oM ih- 
ceji, HanHHaa c 1, Ha3biBaeTCH namypaM>HUM pn- 
3om, o6o3HaHaeTCH cneiniajibHbiM chmbojiom N, h 
aKKypaTHoe onpe,n,ejieHHe eMy (oflHaKO, KaK yBH^HT 

HC5I HclMH B nOflCTpOIHOM IIPIIMCMclHHH [2] KHHJKKe KejlJlH. 



§ 1 . MHomecTBa 11 OTo6paxeHiis 
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HHTaTejib, b flpyroM CTHjie, onnpaacb Ha aKCHOMa- 
TH^ecKH BBOfliiMyio CHCTeMy Bein,ecTBeHHbix HHceji) 
mm fla/niM HHJKe Ha CTpaHnne 1391 

0.1.3. HucjiOBbie MHO»cecTBa. IfeBecTHbie hh- 

TaTejHO CO HIKOJIM HHCJIOBbie MHOJKeCTBa, TaKne KaK 

MHOJKecTBO R Bcex BemecTBeHHbix HHceji, hjih mho- 
jkgctbo N HaTypajibHbix HHceji, TaK»ce mojkho npn- 
BO/niTb b KanecTBe npHMepoB, o/niaKO hx onpeflc- 
jienne b paMKax caMoii TeopHH mho jkgctb , KaK mm 
ysce roBopajiH, cjihihkom cjiojkho, hto6m ero mojk- 
ho 6mjio flaTb b y ii ie6HHKe no aHajiH3y (b cjie,zryio- 
in,eM naparpacpe mh HfleM jrpyrHM nyTeM — bbo- 
flHM K aKCHOMaTHnecKH, a 3aTeM b |§ 2| (a) onpefle- 
jiaeM N, ncxo/yi H3 aKCHOMaTHKH M). IIosTOMy mh 
jiHHib npe^jiaraeM HHTaTejno noBepHTb, hto, tobo- 



pH O MHOJKeCTBaX, BnOJIHC MOJKHO flCpjKaTb B BO- 

o6pajKCHHH npiiBbiHHbie npHMepbi hhcjiobmx mho- 
jKecTB - h He TOjibKO K hjih N, ho h OTpe3KH [a; b], 
HHTcpBajibi (a, b), KOHe^HBie mhojkgctb a, nnceji, h 
TaK flajiee. 

o 0.1.4. TeoMeTpHHecKHe o6teKTBi. Tohho TaK- 
JKe, reoMCTpHHecKHe o6i>eKTbi, nsy^iaeMbie b hiko- 
jie, TaKne KaK (pnrypbi Ha njiocKOCTH (TpeyrojibHH- 
kh, npHMOyrojibHHKH, Kpyrn), hjih o6 r beMHbie cpH- 
rypbi b TpexMepHOM npocTpaHCTBe, — tojkc mojk- 
ho npeflCTaBjiHTb ce6e KaK npHMepbi mhojkcctb , xo- 
th hx aKKypaTHoe onpeflejieHHe b paMKax TeopHH 
MHOJKecTB 6yn,eT eme 6ojiee cjiojKHbiM, h, KaK cjie^- 
CTBne, mm ero TaKJKe He npHBO/niM. 



IlepeceHeHHe, oGte^HHeHHe h pa3HOCTt mhojkgctb. Ecjih A h B — pp& MHOJKecTBa, to hx ne- 
peceueHueM Ha3MBaeTCH MHOJKecTBO A n B. cocToamee H3 sjieMeHTOB, npHHafljiejKaiHHx o6ohm 3thm 

MHOJKeCTBaM 

AnB = {x : x E Akx EB), 
a o6&eduHeHueM - MHOJKecTBO A U B, cocToamee H3 sjieMeHTOB, npHHafljiejKaiHHx xoth 6bi o^HOMy H3 

HHX 

AUB = {x : x £ A\/ x E B}. 

Pa3HOCTb A\B MHOJKecTB An B onpe,n,ejriieTCH KaK mho JKecTBO , cocTOHmee H3 Tex ajieMeHTOB MHOJKecTBa 
A, KOTopbie He npHHa^jiejKaT B: 

A\B = {x: x E A&x B} 
HarjiHflHO 3th noHHTiia o6mhho HjijHOCTpnpyiOTCH cjie/ryioiHHMH KapTHHKaMH: 



Ecjih KajK^biH ajieMeHT MHOJKecTBa A HBjiaeTCH TaKJKe sjieMeHTOM MHOJKecTBa B, to ecTb cnpaBe,n;jiHBO 
BbiCKa3biBaHHe, 3anHCbiBaeMoe Ha H3MKe npe/niKaTOB (popMyjioii 

Vx [x E A ==> x E B), 

to roBopHT, hto A codepoKumcsi bBh 3anHCbiBaK>T sto TaK: 

A C B 

CooTBeTCTByiomaH KapTHHKa BbirjiaflHT TaK: 



IIohhtho, hto MHOJKecTBa A h B coBnaflaiOT Torfla h TOjibKO TOiyja, Korfla A C B h B C A: 

A = B ^> ACB & BU (0.1.2) 



o 0.1.5. ,H,OKajKeM paBeHCTBO ^eiicTBHTejibHO, 

x E {A\B)DC <^> x E A\B hxEC 
(A\B)nC = (AnC)\B (0.1.3) <S=> xEA&x^BkxEC 
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x £ AnC kx^B x e (AnC)\B 



Tji&b& 0. HMCJIA H MHOMECTBA 
» 0.1.1. ^I,OKa>KHTe paBeHCTBa: 

AU(B\C) = (AUB)\\(BDC)\a] (0.1.4) 



ynopsiflOHeHHbie napti h fleKapTOBO npon3Be/i,eHHe MHO»cecTB. IlycTb x h y — KaKHe-HH6yzp> 
,u;Ba o6 r beKTa (neBajKHO KaKoii npnpoflbi, ho mojkho cnnraTb, hto flBa MHO»cecTBa, noTOMy hto b HaiiBHOft 
TeopHH MHOJKecTB CHHTaeTCH, hto flpyrax 061.6x106 He 6biBaeT) . 

• ynopsidouefmou napoil bxhj/ Ha3biBaeTCH mhojkcctbo 

(x,y) := {{x};{x;y}} 

(cocToamee H3 flByx sjieMenroB, nepBbiM H3 KOTopbix 6yn,eT oflnoajieMenTHoe nhkgkbctbo {x}, 
a BTopbiM — ,n,Byx3jieMeHTHoe mhojkcctbo {x;y}). 



CBoficTBa ynopaflo^eHHbix nap: 

1°. Paeencmeo (x, y) — (it, v) eunojinsiemca moAbteo ecAu x — u u y = v. 
2°. Paeencmeo (x,y) = (y,x) eunojinnemcsi moAtKo ecAu x = y. 

JJoKaaameAbcmeo. 3aMeTHM cpa3y, hto 2° cjie/ryeT H3 1°: ecjin 1° ^,OKa3aHO, to paBeHCTBO (x,y) = (y,x) 
6ya,eT 03HanaTb, hto x = y h y = x, to ecTb hto x = y. 

TaKHM o6pa30M, ocTaeTCH ,a,0Ka3aTb jihhib 1°. PaBeHCTBO (x,y) = (it, v), 03HaHaioin,ee 

{{x};{x;y}} = {{u};{u;v}}, 

(popMajibHO mojkbt BbinojiHHTbca TOjibKO b ,a,Byx cnTyannax: 

— jih6o ecjin 

{x} = {u} 
{x;y} = {u;v} 

h TOiyja mh nojiynaeM 

J {x} = {u} =^> x = u 1 J x = u 1 

\ {x;y} = {u;v} J \ y = v J 

— jih6o ecjin 

{x} = {u;v} 
{x;y} = {u} 

ho TaKoe HeB03MOJKHO, noTOMy hto mho^kcctbo c o^hhm sjicmchtom {x} He mojkct 6biTb paBHO 
MHO»cecTBy c ppyMa sjieMenraMH {u;v} (h tohho TaK*;e {x;y} He mojkbt 6biTb paBHO {u}). 

3HanHT ocTaeTCH ofliH BapnaHT: x — u, y = v. □ 

• /JeKapmoeuM npouseedenueM flByx mhojkcctb X h Y Ha3biBaeTca mhojkcctbo X x Y Bcex 
ynopa,a,OHeHHbix nap BH^a (x, y), r^e x £ X, y £ Y: 

XxY :={(x,y); x£X,y£Y} 



O 0.1.6. npOH3Be,fl,eHHH KOHeiHMX MHOXeCTB. 

ECJIH MHOJKeCTBa X H Y KOHeHHbl, TO HX fleKapTOBO 

nponsBefleHHe XxY TaioKe kohchho, h nosTOMy ero 
sjieMeHTbi mo)kho npocTO BbinncaTb. HanpnMep, ec- 

JIH 

X = {a;b;c}, F = {a;/3} 
to ,n,eKapTOBO npon3Be,n,eHHC XxY coctoht h3 nie- 



cth ynopa,u;OHCHHbix nap, b KOTOpbix Ha nepBOM Me- 
CTe ctoht KaKOH-HH6yflb sjieMeHT H3 X, a Ha bto- 

pOM — H3 Y: 

(a, a), {a, 13), (b, a), (6,/3), (c,a), (c,/3) 
JXjisi TaKHx cjiynaeB cneiniajibHO npn^yMaH cnoco6 

H306pajKeHHS flaHHblX B BHfle Ta6jIHH,bI, 3anojiHaa 



§ 1 . MHO>KecTB& a OTo6pa,yKeHiis 

KOTopyio HeB03MOJKHO KRKyio-TO napy 3a6tiTi>, hjih 
BbinHcaTb jihieihioio: 



\ Y 
x \ 


a 


/3 


a 


(a, a) 


(a,/3) 


b 


(6, a) 


(M) 


c 


(c,a) 


(c,/3) 



o 0.1.7. fleKapTOBa iijiockoctb. CaMbift ynoTpe- 
GiiTejibHbiH npHMep ,u;eKapTOBa npoH3Be,a,eHHH — ,a,e- 
KapTOBa njiocKOCTb, 3HaKOMaa HHTaTejno co hiko- 
jibi. 3to njiocKOCTb c cpHKcnpoBaHHoft Ha Heft ch- 
CTeMoft fleKapTOBbix KOopjxHHaT, to ecTb flByMH nep- 

neHflHKyjIHpHBIMH npHMblMH, Ha3bIBaeMbIMH OCRMU 

Koopdunam, o/ipa H3 KOTopbix CHHTaeTCH ropH30H- 
TajibHoft (h Ha3biBaeTCH ocbio a6cnHCc), a jxpyraa 

- BepTHKajIBHOH (h Ha3bIBaeTCfl OCbK) OpflHHaT), 

h npaBHjiOM, no KOTopoMy nepBoft KOopzpniaToft x 
BcaKoft tohkh A Ha njiocKOCTH CHHTaeTCH ee OpTO- 
roHajibHaa npoeKHHH Ha ocb aGcinicc, a BTopoft y — 
opToroHajibnaa npoeKinis Ha ocb op/ninaT. 



,HeKapTOBa njiocKOCTb CHHTaeTca npnMepoM ^e- 
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KapTOBa npoH3Be/i,eHHH X x Y, noTOMy hto OHa 
npeflCTaBjiaeT co6oft yn,o6Hyio HarjiH/niyio peajiH3a- 
hhk> cjiynaa, KOiyja X h Y coBna,n,aiOT c hhcjioboh 
npaMoft 

X = Y = M 

ITohhtho, hto b TaKOM cjry^iae sjieMeHTaMH flexap- 
TOBa npoH3Be/i,eHHH 6yzryT ynopimoneHHbie napbi 

HHCejI 

(x,y), xeRjeM, 
KOTopbie yflo6HO npeflCTaBjiHTb ce6e KaK KOopjxHHa- 

Tbl TO^eK Ha fleKapTOBOft njIOCKOCTH, hjih KaK caMH 
TOHKH Ha njIOCKOCTH. 

o 0.1.8. YMHO^KeHHe Ha nyeroe MHO»cecTBO. 

HeojKH^aHHO BajKHbiM c MeTOflHnecKoft tohkh 3pe- 
hhh npniviepoM jijih 6ynyiHero hbjihctch jreKapTO- 
bo npoH3Be,n,eHHe nycToro MHOJKecTBa Ha nporo- 

BOJIbHOe MHOJKeCTBO Y. IloCKOJIbKy, KaKHM 6bl HH 

6bijio Y, napbi BH,n,a 

(x,y), xe0, y eY 

cymecTBOBaTb He MoryT (TaK KaK He 6biBaeT TaKnx 
x. hto6h x € 0), ^eKapTOBO npoH3Bejj,eHHe x Y 
coctoht H3 nycToro na6opa sjieivieHTOB , to ecTB ca- 
mo HBjiaeTCH nycTbiM mho^kcctbom : 

0xF = (0.1.5) 



OTo6pa>KeHHH. IIoMHMO CaMHX MHOJKeCTB Ba>KHbIM nOHHTHeM TeOpHH MHOJKeCTB HBJIJHOTCH TaK Ha- 

3biBaeMbie OTo6pajKeHHH. Onpe,u;ejiaiOTCH ohh TaK: ecjin flaHbi p&& MHOJKecTBa X h Y, h jj,aHO jiornnecKoe 
npaBHjio, KOTopoe mojkho o6o3HanHTb, CKajKeM, 6yKBOft F, h KOTopoe KajKjjpMy sjieMeHTy x MHOJKecTBa 
X CTaBHT b cooTBeTCTBHe HeKHft (oflHOSHanHO onpeflejieHHbift jijih ,a,aHHoro x) sjieMenT F(x) MHOJKecTBa 
Y, to TaKoe npaBHjio F Ha3biBaeTca omo6pamcenueM (MHOJKecTBa X b mhojkcctbo Y), h kopotko sto 
3anncbiBaeTCH TaK: 

F : X -> Y 

MHOJKeCTBO X npn stom Ha3bmaeTCH o6jiacm,hK> onpedeJienu.fi, a Y - o6Aacmbw 3nanenuu OToSpajKCHHH 
F. MHOJKeCTBO ?Ke ynopimoneHHbix nap BHjj,a 

(x,F(x)), xeX 

o6pa3yeT HeKoe nojxMHOJKecTBO b jreKapTOBOM npoH3Bejj,eHHH XxY , Ha3biBaeMoe gpacfjuKOM OToSpajKCHHs 
F:X^Y. 

IlpHHHTOe HaMH H3HaHajIbHO COrjiaHieHHe CJieflOBaTb HaHBHOft TeOpHH MHOJKeCTB (C COOTBeTCTByiOIHHM 

eft ypoBneM CTporocTn) He no3BOjiaeT BnojiHe hcho yjiOBHTb He6pe?KHOCTH b sthx cjiOBax. B fleftcTBHTejib- 
hocth, TaKoe onpeflejieHne OTo6pajKeHna Hejib3H CHHTaTb CTporHM H3-3a HeKOToporo npoH3BOjia b noHH- 
MaHHH Toro, hto cjiejxyeT CHHTaTb « jiorHnecKHM npaBHjiOM». MTo6bi o6oiith 3Ty Tpy^,HOCTb b «CTporoft» 
TeopHH MHOJKeCTB npHHHT flpyroft cnoco6 onpe/i,ejiHTb OTo6pajKeHHe, b kotopom He jrejiaeTCH pasjinnnft 
Me>Kfly caMHM OTo6pa»ceHHeM h ero rpacpHKOM: CHHTaeTca, hto OToGpajKCHne F : X — > Y ecTb no^MHO- 
>KecTBO b jj;eKapTOBOM npoH3Be,n;eHHH X x Y , ynpBjieTBopflioiHee HeKoeMy Ha6opy ycjiOBHft (h npn TaKOM 
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rjiaisa 0. HMCJIA H MH02KECTBA 



noflxofle McLTeMctTiiK H36aBjiaeTca ot Hyatflbi ccbijiaTbca b onpeflejieHHH OTo6pajKCHHH Ha hobmh tcpmhh, 
«jiorHHecKoe npaBHjio», KOTopbifi cpopiviajibHO TO»ce Ha^o onpe^ejurrb). ToHHaa »ce cpopMynnpoBKa 3Toro 
onpeflejieHHa BbirjiafliiT TaK: 

• Omo6paotceHueM F : X — > Y 113 MHOJKecTBa X b mho^kcctbo Y Ha3biBaeTCH bchkog mhojkcctbo 
F b ^GKapTOBOM npoH3Be,n;eHHH X x Y , ynpBjieTBopinomee cjie/ryioiinrM flByivr ycjiOBHHM: 

1) onpe^ejieHHOCTt BCio^y Ha X: pjisi jiio6oro x G X hmggtch HeKOTOpbifi y G Y 
TaKoK, hto (x;y) € F 

\fx G X 3y G y (x,y)eF 

2) 0flH03HaiHaa 3aBHCHMOCTt ot x G X: ecjiii pjisi HeKOTopbix xEXny,zEY 
BbinojiHHiOTCH BKjiiOHeHHH (x; y) G F h (x; z) G F, to y = z: 



Vx G XVy,z EY 



( (z.y) G F & z) G F ) 



y = 2 



ECJIH 3TH yCJIOBHS BbinOJIHeHbl, TO flJIH BCHKOTO o6T>GKTa X G X CyiHeCTByeT eflHHCTBeHHblH 

o6T.eKT y G Y TaKoii, hto napa (a;, y) jiesKHT b mhojkgctbg F. TaKoii o/nrosHaHHO onpeflejiaeMbiii 
o6T.eKT y Ha3biBaeTCH o6pa30M o6T>eKTa x npn OTo6pajKeHHH F:I->7h oGosHa^aeTCH F(x): 

{x, y) G F <^=> F(x) := y 

,H,ByMH BajKHHMH xapaKTepiiCTHKaMii OTo6pajKeHHa HBjiaiOTCH ero o6jiacTb onpeflejieHira h o6jiacTb 3Ha- 
Hemm: 

• fl^-ria bchkoto OTo6pa»;eHHa / : X — > Y 

MHOJKecTBO X Ha3biBaeTCH o6jiacmbfo onpedeAenuM OTo6pa»ceHHH /, pjisi Hero no- 
jie3HO HMeTb cneiniajibHoe oGosHaneHHe: 

D(/) ~X 

mhojkbctbo Y Ha3biBaeTCH o6Aacmt>K> 3Ha%eHuu OTo6pa:*ceHHH / (h oho hhk3,k He 
o6o3HaHaeTca), 

a noflMHOJKecTBO b Y, cocToamee H3 Tex y, pjisi KOTopbix cymecTByeT x G X TaKoii, 
hto y = f(x) Ha3biBaeTCH o6pa30M OTo6pa»;eHHa /, h o6o3HaHaeTca oho TaK: 

S(/) := {y G Y : 3x G X y = f(x)} 

Kpoivie toto, 

ecjiH A C X, to MHOJKecTBO Tex y G Y, /tjih KOToptix cymecTByeT x G A TaKoii, hto 
y = f(x) Ha3biBaeTCH o6pa30M MHoatcecmea A npu omo6paotceHuu f h o6o3HanaeTca 

f(A) :={yeY: 3xeA y = f(x)} 

(0HeBHflH0, f(X) = 5(f)), 

ecjiH B C Y, to MHOJKecTBO Tex x G X, ,zyia KOTopbix f(x) G B Ha3biBaeTCH npoo6- 
pa30M MHOOtcecmea B npu omo6paatceHuu f h o6o3HanaeTca 

f~\B) :={xeX: f(x)eB} 

(oHeBH fl HO,.r 1 (r) = X = D(/)). 

Cpe/ni OTo6pajKeHHH hmciotch Tpn BajKHbix Kjiacca: HHteKTHBHwe, ciop'beKTHBHbie h 6HeKTHBHbie: 

• OTo6pa»ceHHe F : X — > Y Ha3biBaeTCH 

UHveKmueHUM, ecjiH o6pa3bi jno6brx flByx pa3JiHHHbix sjieMeHTOB X TaKHte pa3JiHH- 
hm: 

Va,beX a^b F(a)^F(b) 

cwpveKinueHUM, ecjm bchkhh sjieMeHT y G Y HBjiaeTCH o6pa30M KaKoro-HH6yn,b 
sjieMema x G X: 

My G Y 3iel F(x) = y 



§ 1 . MHomecTBa 11 OTo6pax:eHiifi 



21 



— 6ueKmU6HUM, eCJIH OHO HHT>eKTHBHO H CIOptGKTHBHO . 

Ecjih OTo6pa?KeHHe / : X — » Y Ghckthbho, to tobopht TaKJKe, ^tto / ocymecTBjiHeT b3&hmho 
oflHOSHaHHoe cootbctctbhg Mesyry IiF. B stom cjiynae npaBHjio 

y = f(x) <S=^ ,g(y) = x (i£ljer) 

onpe^ejiaeT Tax Ha3braaeMoe o6pamHoe omo6paatceHue g : Y — > X. 

• KoMnosui^ueu omo6paDfceHuu f:X~^Yvig:Y^Z Ha3biBaeTCH OTo6pajKGHiie go f : X — > Z , 
onpeflejiaeMoe npaBiuiOM 

(gof)(x)=g(f(x)), xeX (0.1.6) 



o 0.1.9. OTo6pa»ceHHH KOHeHHbix mhcokbctb 

hbjijhotch, no-BHflHMOMy, npocTeiiiHHMH npnMepa- 
mh OTo6pa»ceHHH. PaccMOTpHM b KanecTBe hjijiio- 
CTparniH flBa MHOJKecTBa 

X = {A,B,C}, Y = {B, C, D, E} 

Tflfi A, B,C, D, E - HenoBTopflroiiniecs: o6 r beKTbi 
TeopHH mhojkcctb, HCBajKHO KaKHe, HanpHMep, 

A = 0, B = {A}, C = {B}, D = {C}, E = {D} 

H onpeflejiHM OTo6pa>KeHHe 

f:X^Y 

npaBHjiOM 

At-> D, B^B, C^E 

TO eCTb 

f(A) = D, f(B)=B, f(C) = E 

3to ^eiicTBHTejibHO 6ya,eT OTo6pa>KeHHe mhojkc- 
CTBa X b MHO»cecTBO Y , noTOMy hto Ka>KflOMy ajie- 

MeHTy X OHO CTaBHT B COOTBGTCTBHG HGKHH (flajKe 
HBHO yKa3aHHblfi) 3JIGM6HT Y. 

OTo6pa>KeHHH kohchhmx MHOJKecTB y,u;o6HO 
onHCbiBaTb b BH,a,e Ta6jinnbi, h b HaineM cjiynae 3Ta 
Ta6jiHH;a BbirjiH/niT Tax: 



X 


A 


B 


C 


m 


D 


B 


E 



OneBHflHO, 3TO 0T06pajKGHHe HHteKTHBHO , HO He 

ciopT>CKTHBHO. HcTpyznro npHBecTH TaKsce npHMep 

HCHHTjCKTHBHOrO OTo6pajKCHHH: 



X 


A 


B 


C 




D 


D 


E 



Oho Taicace He 6yneT ciopteKTHBHO , Tax KaK fljia 
Haninx MHOJKecTB X vlY BOo6me HHKaKoe OTo6pa- 

JK6HHC / : X — > Y He MOJKeT 6bITb CIOpTjeKTHBHblM 

(n3-3a Toro, hto hhcjio sjieMeHTOB Y 6ojibnie, neM 

HHCJIO SJieMeHTOB X). Hto6m nOCTpOHTb dOptCK- 

THBHoe OTo6pa»ceHHe mojkho paccMOTpeTb b Kane- 
CTBe Y MHO»cecTBO c He 6ojiee neM TpeMH ajieMeH- 
TciMH, HanpHMep, 

Y = {C,D,E) 



Toiyja, HanpHMep, dop-beKTHBHoe OTo6pajKeHHe / 
X — > Y mojkho 6yn,eT onpe^ejiHTb Ta6jinncH 



X 


A 


B 


C 


f(x) 


C 


D 


E 



MejK/ry npo^HM, sto OTo6pa:sceHHe 6yn,eT TaKJKC 

HHteKTHBHO , H nOSTOMy 6neKTHBHO. CoOTBeTCTBy- 

romee o6paTHoe OTo6pa:sceHHe g : Y — > X 6yn,eT 
onpeflejiHTbca «o6paTHOii» Ta6jiHHen: 



y 


c 


D 


E 


g{y) 


A 


B 


C 



o 0.1.10. HHCJioBfeie 4>yHKi];HH. Ba>KHbiM npn- 
MepoM OTo6pa»ceHHH hbjihhdtch HHCjiOBbie (pyHK- 
h,hh. Mbi noxa He onpe/i,ejiHjiH sto noHHTHe (sto 
/jejiaeTCH HH»ce b § 1 1 , nosTOMy ynoMnnaHHe o HeM 
BbirjiaflHT npejKfleBpeMeHHO, oflHaKO, KaK h c hhc- 

JIOBblMH MHOJKeCTBaMH (npHMep Ha C. I17[) . 3TO TOT 

cjiynaii, Kor^a CTporoe cjieflOBanne (popMajibHbiM 

npaBHJiaM CJIHIHKOM yTOMHT&JIbHO, h, hto6bi He 

3jioynoTpe6jiHTb TepneHHeM HHTaTejia, jierne npo- 
cto npefljiojKHTb eMy noBepHTb, hto 3naKOMoe eMy 
co niKOjibi noHSTHe (pyHKn,HH ecTb nacTHbiii cjiynaii 
OTo6pa»ceHHH, h ero mojkho npeflCTaBjiHTb ce6e KaK 
npHMep. 

CKajKCM, (popMyjia 

f(x) - x 2 

onpeflejiHeT OTo6pa>KeHHe (KBa^paTHHHyio cpyHK- 
nino) MHOJKecTBa R Bcex Bem,ecTBeHHbix nnceji b 
ce6ii: 

/:R^M 

3to OTo6pa>KeHHe He 6y [ n I eT hh HHT>eKTHBHbiM (no- 

TOMy HTO /(— 1) = 1 = /(l)), HH CHDpTjeKTHBHblM 

(noTOMy hto hh npn KaKOM x £ R mm He nojiy^HM 
x 2 = —1), nosTOMy y Hero HeT o6paTHoro OTo6pa- 

JKeHHH. 

HanpoTHB, OTo6pa»ceHHe 

„3 



fix) 



HBJIHeTCH 6HeKTHBHbIM (tO eCTb HHT>eKTHBHbIM H 

ciopT>CKTHBHbiM) , h ero o6paTHoe OTo6pa»ceHHe 3a- 
,a,aeTCH (popMyjioil 



9 



g(y) = \/y 
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o 0.1.11. IIocjie^oBaTejibHOCTH. Bchkhh ciihcok 
o6T>eKTOB, 3aHyMepoBaHHbix HaTypajibHbiMH ihc- 
jiaMii, Ha3biBaeTCH nocAedoeameAbHocmbm. Hanpii- 
Mep, flecaTiiHHaa 3anncb nncjia 

476 

(KaK ii jiio6oro jrpyroro HaTypajibHoro Hiicjia) ecTb 
nocjieflOBaTejibHOCTb iniepp (b flaHHOM cjiyiae ,h,jih- 
hbi 3). Ha nepBOM MecTe b Hen ctoht 4, 3aTeM 7 
ii b KOHu;e 6. Ecjih 3anncaTb sto npaBiuio b Bii^e 
Ta6jniHbi 



1 


2 


3 


4 


7 


6 



(rjre, HanpiiMep, 1 b BepxHeii CTpoHKe yKa3bma- 
eT MecTO, Kyjia cjiepyei 3aniicbiBaTb ynoMHHaeMyio 
BHii3y inieppy 4), to CTaHCT noHHTHO, hto nocjie- 
,u;oBaTejii>HOCTb mojkho CHiiTaTb OTo6pa»ceHiieM (b 
3tom npiiMepe — H3 MHOJKecTBa Hiiceji {1,2,3} b 
MHOJKecTBO uii<pp {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}). 

Ecjih hiicjio nejioe, to cooTBeTCTByromaH eMy 
nocjieflOBaTejibHOCTb jrecHTH^Hbrx ciimbojiob kohch- 
Ha, ho ecjiH oho Heuejioe, to nocjieflOBaTejibHOCTb 
MOJKeT 6biTb h 6ecKOHeHHOii. HanpHMep, hiicjio -y 
b ^ecHTHHHOii 3anncH hmcct bha 

— = 2, 142857142857142857... 
7 

KoHe^HO, b 3tom cjrynae Ta6jiHiry nojiHOCTbio bbi- 
nHcaTb HeB03MOJKHO, ho npaBHjio mojkho oim- 
caTb cjiOBaMH: Ha nepBOM MecTe ctoht 2, Ha bto- 
poM - 3anHTaH, noTOM nocjie,a,OBaTejibHO chmbojim 
1,4,2,8,5,7, h 3Ta KOM6HHairHH 3aTeM nepHO/niHecKH 

nOBTOpHeTCH. 

IIocjieflOBaTejibHOCTHMH 3anHCbiBaiOTCH hc 
TOjibKO painiOHajibHbie HHCjia (to ecTb He TOJib- 
ko HHCjia BHfla 21 rpp m,n — nrejibie). CxajKCM, 
HHCJia y/2 h 7r 3anHCbiBaiOTCH Tax: 

V2 = 1,4142135623730950488016887242097... 

7T = 3, 1415926535897932384626433832795... 

CjIOJKHOCTb 3fleCb TOJIBKO B TOM, HTO npaBHJia, 

oniicbmaioiHiie 3th nocjiejrpBaTejibHOCTH, jtobojibho 
rpoM03jj,KH, nosTOMy mm hx He 6yn,eM npiiBO/niTb. 
IIohhtho, hto Ka»c,n,aH 6ecKOHeHHaH nocjiejrpBa- 

TejIbHOCTb 

O-l, 0,2, O.3, ... 

TaKJKe HBjiaeTCH OTo6pa»ceHHeM, ho tojibko Tenepb 
ee o6jiacTbio onpejrejieHiis: 6yn,eT mhojkcctbo N Bcex 



HaTypajibHbix hhccji: 

f:H->A, f(l) = a l , f(2) = a 2 , ... 

(3jj,ecb chmbojiom A oSosHaneHO KaKoe-HH6yn;b mho- 
jKecTBO, cojj,epjKani;ee Bee sjieivreHTbi {a n ; n € N}). 
Pa3yMeeTca, nocjieflOBaTejibHOCTH cobccm He 

06iI3aTejIbH0 flOJIJKHbl COCTOHTb H3 HHceji — 6bl- 

BaiOT nocjieflOBaTejibHOCTH mhojkcctb , nocjieflOBa- 
TejibHOCTH cpyHKiniH, OTo6pajKeHHH, h BOo6ni;e JIIO- 

6bIX MaTeMaTHHeCKHX 06T>eKT0B. 

Hhkto ne 3anpemaeT Taicsce paccMaTpHBaTb no- 
cjieflOBaTejibHOCTH HeMaTeMaTH^ecKHx o6 r beKTOB, h 
jiio/hi o6hhho Tax h flejiaiOT: b jkh3hh nocjiejj,o- 
BaTejibHOCTb fleftcTBHii Ha3biBaeTca njiaHOM, no- 
cjieflOBaTejibHOCTb chmbojiob ajupaBHTa (HMeioinaa 
cmhcji) — cjiobom, nocjieflOBaTejibHOCTb cjiob (Tax- 
ace ocMbicjieHnaa) — pe^ibio h t./j;. 

O 0.1.12. ^BHJKeHHH B reoMeTpHH. Mbl OnHTb 

ace, He MOJKeM cennac onpeflejiHTb 3to noHHTHe, ho 

0/J,HIM H3 npHMepOB OTo6pajKeHHH HBJIHMTCH flBH- 

jKeHHH. KaK, HaBepHoe, iiomhht HHTaTejib, sto npe- 
o6pa30BaHHa njiocKOCTii (hjih TpexMepHoro npo- 
CTpancTBa), coxpaHaiomHe paccTOHHiie. HanpiiMep, 
CflBHr Ha BeKTOp, hjih n;eHTpajibHaa: chmmetphh hb- 

JIHIOTCH JJ,BHJKeHIIHMH. 

o 0.1.13. IlycToe OTo6pa»ceHHe. 5>opMajibHbiM 

3aKOHaM JIOrHKH He npOTHBOpe^IHT KOHCTpyKD,HH 

OTo6pa»ceHHH, onpeflejieHHoro Ha nycTOM mhojkc- 
CTBe: 

F : -> Y 

IIo/i, TaKOBbiM ecTecTBeHHO noHHMaTb noflMHOJKe- 
ctbo b jreKapTOBOM npoii3Bejj,eHHH x Y, yn,OBjie- 
TBopHiOHi;ee ycjiOBHSM 1) - 2) Ha c !20l IlocKOjibKy, 
b CHjiy (jO.l.Sp . MHOJKecTBO 0x7 nycTO, 

x Y = 0, 

b HeM cymecTByeT ejxHHCTBeHHoe nojj,MHOJKecTBO 
F C x Y, a HMGHHO 

F = 0. 

YCJIOBHH 1) - 2) flJIH HerO BbinOJIHHIOTCH BbipOJK- 

,jj,CHHbiM o6pa30M: nocKOjibKy He cymecTByeT x € 
X = 0, /i,jih TaKHx x BbinojiHaeTCH Bee hto yroflHO, 

B TOM HHCJie 1) H 2). 

TaKoe OTo6pa>KeHHe F : — > Y Ha3biBaeTCH ny- 
cmuM omo6pacnceHueM, npnneM oho e^HHCTBeHHO, 
noTOMy hto F — 0, xaKHM 6bi hh Smjio Y. 



CeMeftcTBa mhojkgctb h aKCHOMa Bti6opa. 

• IlycTb A - KaKoe-TO mhojkcctbo h KajK^OMy sjieMeHTy a G A nocTaBjieHO b cooTBeTCTBHe 
MHOscecTBO X a . Taxoe cooTBeTCTBHe a <— > X a Ha3biBaeTCH ctMeucmeoM MHOotcecme, h o6o3na- 



§ 1 . MHomecTBa 11 OTo6paxeHHs 
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naeTca oho Tax: 

{X a ; a e A} 

IIohhtho, hto ceMeiicTBO, to ecTb npaBHjio a i— ^ X a , ecTb npocTO no-flpyroMy oGosHa^eHHoe 
OTo6pa»:eHHe (c oSjiacTbio onpejrejieHHa A, ho BMeero /(a) mm nnnieM X a ). 

• Ecjih {X a ; a G A} - ceMeiicTBO mhojkcctb, to chmbojim IJ q6 ^ X a h f^ GA X a oGosHaiaiOT 
MHO»cecTBa, Ha3biBaeMbie o6seduHeHueM h nepeceueuueM mhojkcctb X a h onpeflejiaiOTCH Tax: 

(J X a = {x : 3a e A x £ X a } P|I a = {x: Vaei x G X a } 

OTMeTHM cjieflyromiie (popMyjibi: 

(\Jx a )\Y= (J (x q \f) (f|x a )\y= n (*a\y) (0.1-7) 

y \{ u x «) = n n( n x «) = u (o- 1 - 8 ) 

a£A aeA a£A a£A 

JJoKa3ameAbcmeo. 3th (popMyjibi ,n,OKa3i>iBaiOTCH o^,HHaKOBO. IIoKajKeM, nanpHMep, KaK sto jrejiaeTCH b 
cjiynae c nepBoii cpopMyjioii b (|0.1.8[) : 

yeY\(\JX a ^ <^=> yeY k $aeA yeX a <^ y eY k \/a e A y i X a <^=> 

a£A 

^ y EY k V«£ A y £ X a <S=> e A y E Y k y X a <=> 

«=► Va G A j, G Y \ X a «=> y G f| (V \ X Q ) 

□ 

Tenepb mm mojkcm ccpopMynnpoBaTb o6emaHHyio Ha c !15l aKCHOMv Bbi6opa. HHTyHTHBHO sto yTBep- 

JK^eHHe BbirjIHflHT JTOBOJIbHO GCTGCTBGHHbIM, nOSTOMy MOJKCT 6bITb HCOJKHflaHHMM, HTO OHO OKa3MBaeTCH 
He3aBHCHMbIM OT OCTajIbHblX aKCHOM TeOpHH MHOJKeCTB. 

Akchomh Bti6opa: 3am aw6ozo ceMeilcmea nenycmux Mnomcecme {X a ; a G ^4} naudemcn 
(xorriM 6u odno) omo6pamcenue F : A — > {J a&J ^X a , ydoeAemeopKwmfie ycAoeuto: 

Vq£ A F{a) G X a 



Akchomh cieTHoro Bti6opa. 

• Ecjih b KanecTBe HH^eKCHoro mho jkgctb a A 6e- 
peTCH MHOJKecTBO N HaTypajibHbix HHceji (Ha- 

nOMHHM, HTO HaHBHO MM onpeflejiHjiH N Ha 

c !16l a aKKypaTHoe onpejrejieHHe noo6ema.jiH 
^aTb Ha c !39[) . to mm nojiynaeM nacTHbifi cjiy- 
naft ceMeiicTBa - nocAedoeameAtHocmb mho- 
Mcecme {X n }. 

06 r be r n,HHeHHG h nepeceneHHe nocjie/jOBaTejibHO- 
cth MHOJKecTB {X„} HMeiOT cnenHajibHbie o6o3na- 
HeHHa: 

oo 

U X n := |J X n = {x : 3n G N x G X n } 

n=l neN 

oo 

f] X n := f]X n = {x: Vn G N z G X„} 

,Hjih nocjieflOBaTejibHOCTeii mhojkectb mm nojiy- 
naeM HacTHbiii cjiy^iaii aKCHOMbi Bbi6opa, Tax Ha3bi- 



BaeMyio ancuoMy cuemHozo eu6opa: 

Akchom3 CHeraoro Bti6opa: 3ak aw6ou 
nocAedoeameA&Hocmu nenycmux Mnomcecme 
{X n ; n G N} naudemcsi (xomn 6u odna) no- 
CAedoeameAbHocmb {x n ] n G N} C \_} n=1 X n 
maKasi, nmo 3ak bckkozo n G N o6&eKm x n 
sieAfiemcsi 9AeMenmoM MHootcecmea X n : 

VneN x n G X n 

BeCKOHeMHOKpaTHBIH BBlGop. HCTOpHieCKH B 
aHajIH3e yTBepflHJICH CTHJIb, B KOTOpOM aKCHOMa 

Bbi6opa (h flaxe ee ocjia6jieHHbiH BapnaHT, aKCHO- 
Ma cneTHoro Bbi6opa) npHMeHaeTCH noHTH hckjho- 
HHTejiBHO b KOM6HHan;HH c (popMyjinpyeMbiMH HH- 
me TeopeMaMH 10.3.61 h 10.3.71 06 onpe^ejieHHHx noji- 
hoh h nacTHOit HHjj,yKH,Heii. IIosBjiHiomHHca b pe- 
3yjibTaTe npneM 6ecKOHeuHOKpamHozo eu6opa, 6e3 

CCblJIOK Ha MOTHBBI, nO KOTOpbIM erO CTaHOBHTCH 
B03MO>KHbIM HCn0JIb3OBaTb, Cpa3y npenOflHOCHTCH 



24 



Tjiajsa, 0. HMCJIA H MHOMECTBA 



cjiyinaTejiio, KaK ecTecTBeHHbifi HHCTpyMeHT jiorii- 
kh, Hano/;o6He ynoTpe6jieHHH jiofhhcckhx cbh30k 
hjih KBaHTopoB, a b chcthom cjiynae (to eCTb TaM, 
rjre npHMeHaeTca aKCHOMa cneTHoro Bbi6opa) o6t>- 
HBjiaeTCH npocTO oflHiM H3 ciioco6ob paccyjK^eHHH 
no HHflyKD,HH (TepMiiHOjiorH^ecKH flajice He flejiaeT- 
ch pa3jiHHHii MejKfly Hcnojib30BaHHeM caMHx Teo- 
peM 10.3.61 11 10.3.71 11 nx KOM6nHaniiH c aKCHOMOii 
Bbi6opa - 11 tot, 11 flpyroii npiieM o6mhho Ha3bma- 
eTCH onpedeAenueM no UHdyKU,uu; KaK cjiejxcTBHe, 
HanpHMep, cnoco6 onpeflejiiiTb cpaKTopiiaji n\ npa- 
bhjiom (10.3. 106p noflaeTca KaK cpopMajibHO tot >Ke 
caMbift npiieM, hto h, CKajKeM, cnoco6 ,noKa3aTejib- 
CTBa KpiiTepna 6ecKOHeHHOCTH (TeopeMa 10.3.131) ) . 
9to 3aTyineBi>iBaeT pojib aKCHOMbi Bbi6opa h sthm 
oGtacHaeTCH, noneMy y MaTeMaTHKOB TaK nacTO 
B03HiiKaeT BnenaTjieHiie, hto 3Ta aKCHOMa BOBce He 
npHMemieTca b KjiaccnnecKOM aHajiH3e, 3a hckjiio- 
HeHiieM HecKOJibKiix sksothhcckhx CHTyaincH:, Bpo- 
KOHCTpyKi^iiii BiiTajiii Heii3MepiiMoro no JIe6ery 
MHOJKecTBa, 3HaMeHHTbix KaK pa3 pa3ropeBniHMHca 
BOKpyr hhx cnopaMH o 3aKOHHOCTH npHMeHaeMbix 

3/],eCb MeTOflOB. 

Mbi nocTapaeMca y6e,zniTb HHTaTejra b ohih- 

6onHOCTH 3TOrO MH6HHH Ha npHMepe HeCKOJIbKHX 

nepBbix yTBep?K/i,eHHH, b ;xpKa3aTejibCTBe kotopmx 
npuMCHHeTca: aKCHOMa Bbi6opa: b KpHTepnn 6ec- 
kohchhocth MHOJKecTBa (TeopeMa 10.3. 13|) , 3aTeM b 
rjiaBeQ]npH flOKa3aTejibCTBe cbohctb 2° n 3° no/nio- 
cjieflOBaTejibHOCTeii fc ll05[) 11 HaKOHeu,, npn ppvjisa.- 
TejibCTBe TeopeMbi BojibnaHO-BeiiepiHTpacca 11.2.61 
B hhx mm npocTO npefljiojKHM jijih cpaBHenna jxbb. 
Tnna flOKasaTejibCTBa: KjiaccnnecKoe, ocHOBaHHoe 
Ha 6ecKOHeHHOKpaTHOM Bbi6ope, h 6ojiee cpopMajib- 
Hoe, c aBHbiMH ccbijiKaMH Ha aKCHOMy Bbi6opa h 
TeopeMbi 06 onpe,i];ejieHHH HH/ry KiriieH . 

B flajibHeiiiHeM mm Bee »ce 6yn,eM npHixepjKH- 

BaTbCH Tpa^HHHOHHOrO CTHJI3, 6eCCnOpHbIM JXOCTO- 
HHCTBOM KOTOpOrO HBJIHeTCH erO HarjIHflHOCTb. Mbi 

nojiaraeM, hto o6cy:>K r z];eHHbix npHMepoB 6yn,eT pf> 
CTaTOHHO, hto6m noKa3aTb HHTaTejno, hto bchkuu 
pa3, Kozda e doKaaameAbcmee npucymcmeyem 6ec- 
KOHeHHOKpamHuu eu6op, nod hum CKpueaemca aK- 
cuoMa eu6opa, o6uhho e KOM6unau,uu c meopeMa- 
mu 06 onpede.jie.nuu undyKu,ueu. BHHMaTejibHbifl ne- 
jiobck, KaK mbi HafleeMCH, CMOJKeT nocjie Haninx 
oG^HCHeHHii BOCCTaHOBHTb npn Heo6xO,I];HMOCTH aK- 
KypaTHoe ,i],0Ka3aTejibCTBO, n mm CHHTaeM, 3Toro 
floCTaTOHHO jijih ocMbicjieHHoro npnMeHeHHH npn- 
eMa 6ecKOHeHHOKpaTHoro Bbi6opa. 

AjitTepHaTHBa: aKCHOMa fleTepMHHHpoBaH- 
hocth. 3aBO^yi penb 06 aKCHOMe Bbi6opa, Hejib- 
3H He ynoMHHyTb o cnopax, KOTopbie OHa nopo- 
jxiijia cpe/i,H MaTeMaTHKOB. Byaynn npefljiojKeHa b 
1904 rojxy BpHecTOM UepMejio, KaK HHCTpyMeHT, 
no3BOjiaioiHHH BnojiHe ynopsflOHHTb npoH3BOjibHOC 
MHO»cecTBO, 3Ta aKCHOMa cpa3y ace CTajia oGiaeK- 

TOM KpHTHKH H3-3a CBOHX MHOrOHHCJieHHMX CJiejJ,- 



CTBHH, HCKOTOpbie H3 KOTOpblX (KaK ynOMHHyTMH 

Bbinie npHMep BnTajin) npoTHBOpenaT HHTyHTHB- 
hmm o»cH/i,aHHJiM h co3flaiOT BnenaTjieHHe, hto ot- 
Ka3 ot 3toh aKCHOMbi hjih 3aM6Ha ee Ha hto-to 
6ojiee noflxoflamee, no3BOjiHjiH 6m cymecTBeHHO 
ynpocTHTb o6ni,yio KapTHHy MaTeiiaTHKH. 

ABTopy OHeBHflHO, hto rjiaBHyio pojib b sthx 
cnopax Cbirpaji ynoMiiHaBHiHiica Bbinie Tpajj,Hn,H- 
ohho He6pejKHbiii CTHjib ,zi,0Ka3aTejibCTB b aHajin- 
3e, npn kotopom 6ecKOHenHOKpaTHMH Bbi6op ohih- 
6onHO o6 r baBjiiieTca CTaHflapTHbiM npneMOM jiorn- 

KH, JIH60 npHMMM CJieflCTBHCM MeTOfla MaTeMaTH- 

^ecKoii HHflyKnHH:, 6e3 ccmjiok Ha aKCHOMy (xoth 
6m cneTHoro) Bbi6opa. Bo bchkom cjiynae, hmchho 
sthm cjie^yeT o6 r bHCHHTb to, *ito fla»ce cefinac, cny- 
cth CTOJierae, ynpeKH b "HeKOHCTpyKTHBHOCTn" to- 
ro hjih HHoro flOKa3aTejibCTBa Bee eme mojkho cjim- 

HiaTb OT MaTeMaTHKOB. 

CMMCJI SnHTeTa "HeKOHCTpyKTHBHMH", KOTOpbIM 

npHHHTO BbipajKaTb rjiaBHyio npeTeH3Hio k aKCHOMe 
Bbi6opa, noHSTb, no-BHflHMOMy, hcbo3mo}kho. Ho 
nbiTaTbca noHHTb, neM 3Ta aKCHOMa MO»ceT He no- 
HpaBHTbca, mojkho, h 3Ta 3aflana flaxe CTaHOBHT- 
ch jierKoii, ecjin nepe/i, rjia3aMH HMeeTCH ajibTepHa- 
THBa, cnoco6Haa 3aMeHHTb KpnTHKyeMoe peineHHC 
neM-TO 6ojiee npeflnoHTHTejibHMM. 

TaKaa ajibTepnaTHBa 6bijia npefljioxceHa HaMHO- 
ro no3>Ke, neM caMa aKCHOMa Bbi6opa, b 1962 ro^y 
5Ihom MbinejibCKHM h Tyro njTeiiHray30M, h Ha- 
3MBaeTCH OHa cikcuomou demepMUHupoeannocmu. 
Hto6m o6 r bHCHHTb, hto 3to TaKoe, o6o3HanHM CHM- 

BOJIOM N N MHOJKeCTBO BCeB03MOJKHMX 6eCKOHeHHMX 

nocjieflOBaTejibHOCTeii HaTypajibHbix Hnceji: 

{x n ; n e N} e N N ^ Mn € N x n G N 
AKKypaTHaa tpopMyjinpoBKa aKCHOMM fleTepMHHii- 

pOBaHHOCTH BbirjISflHT flOBOJIbHO CJIOJKHO! 

AKCHOMa fleTepMHHHpoBaHHOCTH: d/isi JIW- 
6ozo MHoatcecmea X C N N eunoAHMemcsi odno 
U3 cjiedywu^ux deyx ymeepwcdenuu: 

mu6o cyuificmeyem omo6paatceHue a, ko- 
mopoe Kacncdou KoneuHOu noc/iedoeamejib- 
nocmu namypaAbnux uuceA nemnou djiu- 
HU, a maKotce nycmoMy Mnootcecmey 
(paccMampueaeMOMy KaK nocjiedoeameji&- 
Hocmb Hyjieeoii dnunu) cmaeum e coom- 
eemcmeue namypaA-bHoe hucao 

J0 1 y ct(0) e N 

\(xi,...,X2k) !-> ...,X 2 k) € N 

maKUM o6pa30M, umo 3asi ak>6ou nocAe- 
doeame/ibHOcmu {b n } E N N nocAedoea- 
meAt>Hocnib {a n }, onpedeAennasi undyK- 
muenuM npaeuAOM 

ai = cr(0) 

afc+i = cr(ai,bi,...,ak,bk) 



§ 2. BemecTBeHHbie hhcji& a nacjiOBbie mho^kgctbq, 
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nopoMcdaem nocAedoeameAmocmb 

(01,61, Ofc, 6fc, ...) 
npunadjieoKamyw X; 

au6o cymecmeyem omo6pacnceHue t, ko- 
mopoe Kaotcdou KoneuHOu nocjiedoeamejib- 
Hocmu HamypcubHUX uuceji HenemHou 
d/iunu cmaeum e coomeemcmeue namy- 
paAbuoe HUCAO 

(X!,...,X2k-l) (r(xi, ...,X2k-l) € N 

maKUM o6pa30M, umo 3ah ak>6ou nocAe- 
doeameAbnocmu {a n } € N N nocAedoea- 
meAbHoemt {b n }, onpedeAennasi undyK- 
muenuM npaeuAOM 

&i = o-(ai) 

fefe+l = o-(oi, 61, 02,62, — ,afe) 

nopooKdaem nocAedoeameAbHocrrib 

(ai,6i, ...,afe,6fe, ...), 

we npuHadAeotcaw,yw X. 

Cmmcji SToro rpoM03,n,Koro yTBepjK^eHHH CTa- 
hobhtcs noHSTeH, ecjiH ero HHTepnpcTHpoBaTb, KaK 
rnnoTe3y o bo3mojkhi>ix BapHaHTax pa3BHTHH hcko- 
eii GecKOHeHHOinaroBOH nrpbi. ITpeflCTaBiiM ce6e, 
hto HaM flano Hexoe mhojkcctbo X Ggckohghhbix 
nocjieflOBaTejibHOCTeii HaTypajibHbix nnceji. 3Haa 
onHcaHne stoto MHCOKecTBa X, /nm nrpoKa A h B 
Be/i,yT nrpy, npaBHjia KOTopofi Bbirjis^HT Tax: CHa- 
najia iirpoK A 3aniicbiBaeT HaTypajibHoe hhcjio a\, 
3aTeM iirpoK B (rjisms Ha a\ ) 3anHCbiBaeT hhcjio 61 , 
3aTeM A (rjiHflH Ha ai h 61) 3anHCbiBaeT hhcjio 02, 
h Tax ^ajiee. Ilocjie GecKonenHoro nncjia xoflOB no- 
jiynaeTCH Hexaa 6ecK0HenHaji nocjieflOBaTejibHOTb 

(01,61,02,62,03,63,-) 

Ecjih 3Ta nocjieflOBaTejibHOCTb jicjkht b mhojkgctbg 
X, to CHHTaeTCH, hto Bbinrpaji HrpOK A, B npOTHB- 
hom cjiynae no6e/i,HTejieM CHHTaeTCH HrpoK B. 

AxcHOMa fleTepMHHHpoBaHHOCTH yTBepjKflaeT, 
hto, kcikum 6u hu 6uao ucxodnoe MHoofcecmeo X , 



au6o y uzpoKa A, au6o y uzpona B naudemcji eum- 
pueawmasi cmpamezuH. J\na nrpoKa A TaKoii CTpa- 
Teraen 6yn,eT OToGpajKeHne 

1 y cr(0) e N 
(xi,...,x 2 k) ^ a(xi,...,X2k) € N 

no3BOjiHK>mee n P H jhoGbix xo,n;ax npoTHBHHKa 
61, 62, ... flejiaTb onepeflHOH xofl no npaBHjiy 

Oi = <t(0) 

a-k+i = a(ai,bi,...,a k ,b k ) 

h npn 3tom flOJBKHO nojiynnTbCH, hto HToroBaa no- 
cjieflOBaTejibHOCTb 

(ai, 61, Ofc, 6fe, ...) 

JICJKHT B X. 

A fljia Hrpoxa B TaKOit CTpaTernen 6yn,eT oto6- 
pajKeHHe 

(xi, ...,x 2 k-i) i-> v(xi, ...,X 2 k-l) e N 

no3BOjiaiOLLi,ee npn jiioGmx xo,u;ax npoTHBHHKa 
ai, 02, ... flejiaTb onepeflHOH xo^ no npaBHjiy 

61 = a(ai) 

b k+ i = (7(01,61,02,62, —,CLk) 
Tax, hto HTore nojiynnTCH nocjieflOBaTejibHOCTb 

(oi, 61, a k , 6fe, ...) 

Hao6opoT, He jiejKamaH b X. 

yflHBHTejIbHblH (paKT COCTOHT B TOM, HTO 3Ta 3K- 

30TnnecKaa rnnoTe3a o cymecTBOBaHHH BbinrpbiBa- 
iom,OH CTpaTernn b HenoHHTHO KOMy HyjKHOii cpop- 
MajibHoii nrpe, KaK OKa3biBaeTCH, MO»ceT cocTaBHTb 
KOHKypeHirnio Ha nepBbiii B3rjiHfl ropa3,n,o 6ojiee 
npocToii n ocMbicjieHHOii aKCHOMe Bbi6opa. Mbi yno- 
MHHeM 3flecb TOJibKO o,ii,hh pe3yjibTaT, HTo6bi 3ann- 
TpHTOBaTb (no/i,roTOBjieHHOro) HHTaTejia: 5 ecAU 3a- 
MeHumt> CLKCiWMy eu6opa clkcuomou demepMUHupo- 
eaHHOcmu, mo ecnnoe MHOMcecmeo na npHMoii R 
cmaHem u3MepuMUM no JIe6ezy. 



§ 2 BemecTBeHHbie HHCJia h HHCJioBbie MHO^cecTBa 
(a) Bem,ecTBeHHi>ie HHCJia K. 

H3MepeHHH no 3TajiOHy h Benj,ecTBeHHBie MHCJia. IIoHHTHe Bem,ecTBeHHoro nncjia HBjiaeTCH ecTe- 
CTBeHHbiM pa3BHTHGM Hflen ii3MepeHiifi no 9TajiOHy, yxo,n,Hm,eH kophhmh b rjiy6oKyio ^peBHOCTb h onn- 
paK)m,efl:ca Ha cjie^yiomHe ,n;Ba cpyHflaMeHTajibHbix flonymeHHH. 

5 nOflpo6HOCTH MOXHO npOHHTaTb B KHHJKK6; B.r.KaHOBeft, AKCHOMa BI>l6opa H aKCHOMa fl6T6pMHHIipOBHHHOCTH. M.: 

Hayxa, 1984. 
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Tji&b& 0. HMCJIA H MH02KECTBA 



1. IlepBoe H3 hhx — B03MO}KHOCTb cp&bhiib&tb c 3t&jiohom — 3aKjnonaeTCH b tom, hto cpedu 
3HaneHuu q°)U3UHecKou eeAUHUHU momcho eu6upamb amaAOHHue, to ecTb TaKne, kotopmmh 
mojkho (b nejibix Hnciiax) oneHHBaTb Bee ocTajibHbie 3HaneHHH stoh BejinnnHM. HanpnMep, 
Hitea 3TajiOH ,h,jihhm - M6Tp - mojkho pjivmy x jiio6oro cpnsnnecKoro Tejia oneHHBaTb b MeTpax 
(to ecTb HafiTii, ckojibko MeTpoB b 3TOH fljiHHe yKjiaflbiBaeTCH, a ckojibko - hct): 

k < x < k + 1. 

IlpH 3tom Ba>KHO, hto opraHH30BaTb MeTOflbi H3MepeHHH mojkho Tax, hto6m pe3yjibTaTbi He 
3aBHcejiH ot nonbiTOK. 

2. BTopoe JKe — bo3mo^khoctb Msmejiwiemia 3t&jiok& — npe/niojiaraeT, hto aw6ou amaAon momcho 
deAum-b na paenue uacmu (moHHee, na npou360At>Hoe QiuKcupoeaHHoe hucao paenux uacmeu), 
Komopue maKOKe mookho npunuMamb 3a smaAonu. Ife stoto npiiHinina cjie/ryeT, nTO mm 
MOJKeM no,n,ejiHTb Hani hcxoahmh STajiOH ajihhm, CKajKeM, Ha 10 paBHbix nacTeii, npnHHTb nx 
fljiHHbi 3a HOBbie STajiOHbi, h nocjie SToro norjumeTb, He Boii/ryT jih b ocTaBinyiocji nacTb ,h,jihhm 
x — k (Kyn,a ysce He Bxo,zniT Hani hcxo,h,hmh STajiOH) HOBbie, MeHbinne STajiOHbi: 

I ,1 + 1 

TaKHM o6pa30M, mm nojryrnM y»ce on,eHKy b ^ecHTbix ,h,ojihx STajiOHa (to ecTb mojkho 6yn,eT 
CKa3aTb, CKOjibKO flecHTbix flojieii STajiOHa yKjiaflbiBaeTCH b BejinnnHe, KOTopyio mm H3MepaeM): 

I , / + 1 

IlocKOjibKy (corjiacHO BTopoMy flonymeHnio) H3MejibnaTb STajiOH mojkho CKOjib yro/nro ,ii;ojiro, mm 
nojiynaeM, hto <pH3nnecKyio BejiHHHHy x mokho oneHHBaTb CBepxy h CHH3y pannoHajibHMMH nncjiaMn 
(KOjinnecTBOM flojieft STajiOHa) 

m m + 1 

— < x < , 

n n 

npnneM c jik>6oh TonHOCTbio (to ecTb Tax, nTo6bi HHCjia — h OTjinnajiHCb flpyr ot flpyra KaK yro/nro 
Majio) . B 3tom coctoht npHMeHHeMbiii b ecTecTB03naHHH aAzopumM u3Mepenu.H <f>u3u%ecKou eeAununu no 
amaAony, h HHTepnpeTnpoBaTb ero yflo6Hee Bcero, KaK npn6jin:s<:eHHe k HeKoeMy H^eajibHOMy 3HaneHHio, 
H3HanajibHO HMeiomeMycH y flaHHOft H3MepaeMOH BejiHHHHM x. 

Pa3yMeeTCH, He BCHKaH (pH3HHecKaa BejiHHHHa flonycKaeT H3MepeHHe no 3TajiOHy TaK, KaK mm sto 
onncajiH. HanpnMep, y BeKTopHbix bcjihhhh (TaKHx, KaK CKopocTb hjih cnjia) oneHHBaTb npn H3Mepe- 
hhh Heo6xoflHMO He OflHy, a cpa3y HecKOjibKO xapaKTepncTHK (HanpnMep, npoeKHHH ,n,aHHOH BejinnnHM 
Ha 3apaHee Bbi6paHHbie KOop^HHaTHbie ocn), a y n;ejio x iHCjieHHMx BejiHHHH (TaKnx, KaK KOjinnecTBO o^- 
HOTnnHMx npe/i,MeTOB b ^aHHOM o6T>eMe npocTpaHCTBa) ,n;onym,eHHe o ^ejinMOCTH STajiOHOB He 6yj\eT 
cnpaBe^jiHBMM . Bojiee Toro, pa3BHTne cpH3HKH noKa3ajio, hto /jajKe fljia BejinnnH, H3MepeHHe kotopmx 
TpaflHirnoHHO opraHH3yeTCH hmchho cpaBneHneM c STajiOHOM (TaKnx KaK fljinHa, Macca hjih o6t.6m) , ^e- 
jieHHC STajiOHa TOJKe He moskct 6biTb GecKOHenHMM, noTOMy hto, kotrel Bm floxoflHTe ^,0 njiaHKOBCKnx 
pa3MepoB, flajibHeiiniee flejieHne yTpannBaeT cmmcji (to ecTb nonpocTy CTaHOBHTca HenoHHTHO, hto 3Ha- 
hht flejiHTb flajibuie). 

TeM He MeHee, Bepa b sth npHHH,Hnbi (hjih, TonHee CKa3aTb, HeB03MO>KHOCTb Ha ^aHHOM 3Tane pa3- 

BHTHH HayKH 3aMeHHTb HX HeM-TO 6ojiee 3(p(peKTHBHMM) npHBOflHT K TOMy, HTO (pH3HneCKaH BejIHIHHa 

npeflCTaBjiaeTca TaKOH, hto ee mojkho c jiio6oh tohhoctbio on,eHHBaTb paniiOHajibHMMH nncjiaMH b 3Ta- 
jiOHHbix c/i,HHHri,ax H3MepeHHa. CaMO no ce6e 3to eui,e He 03HanaeT, hto 3HaneHHH (pH3nnecKon BejinnnHM 
flOjBKHM HenpeMeHHO onncbiBaTbca: Ben^ecTBeHHMMn nncjiaMn, KcIkhmh hx H3o6pajKaiOT b MaTeMaTHne- 
ckom aHajiH3e (flejio b tom, ^to b MaTCMaTHKe hmciotch ajibTepHaTHBHbie Teopnn, HanpnMep, «HecTaH- 
flapTEbifi aHajiH3», r,n,e nncjia onncbiBaiOTCH HHane). Ho npn ,n,onojiHHTejibHMx npeflnojiojKeHnax, hto 
BejinnnHM MoryT 6biTb OTpnHaTejibHMMn, n hto b KanecTBe STajiOHa mojkho Bbi6HpaTb jno6oe HeHyjie- 
Boe 3HaHeHne (pn3nnecKon BejinnnHbi, MaTeMaTHnecKaa Teopna, (popMajiH3yiOHi,aa: nfleio H3Mepenna: no 
STajiony, OKa3MBaeTCH eflHHCTBeHHon, n ee aKCHOMaTHKa BbirjiHflHT cjieflyioniHM o6pa30M. 

Akchomm Teopnn BemecTBeHHbix HHceji. HTaK, npo BemecTBenHbie nncjia roBopnTca:, hto ohh 
o6pa3yiOT MHOJKecTBO, o6o3HaHaeMoe chmbojiom R, h yupBjieTBopaioiHee cjie^yioni,HM AByM rpynnaM 
cbohctb I n n. 

I. ApncpMeTHHecKHe onepau,HH Hafl Bem,ecTBeHHBiMH HHCJiaMH 

^jih jho6mx flpyx Bem,ecTBeHHbix nnceji a n b onpe/i,ejieHM, n npnTOM eflHHCTBeHHbiM o6pa30M, ppa, 
HHCjia a + b (cyMMa) h a ■ b (npou3eedeHue) , npnneM bmhojihhiotch cjieflyioni;He npaBnjia. 



§ 2. BemecTBeHHbie hhcji& h nacjiOBbie mhcukgctbcl 
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Al. KoMMyiaTHBHOCTb cjic»KeHHH: jiio6bix ^Hceji a h b BbinojiHaeTca paBencTBO 

a + b = b + a (0.2.9) 

A2. AccoijHaTHBHOCTB cjio>KeHHH: jiioGmx iHceji a, be BbinojinaeTCH prbchctbo 

(a + b)+c = a+(b + c) (0.2.10) 

A3. KoMMyiaTHBHOCTb yMHoaceHHH: pjm jiio6bix nnceji a h b BbinojiHaeTca paBeHCTBO 

a-b = b-a (0.2.11) 

A4. Accou,HaTHBHOCTb yMHoaceHHa: fljia: jiK>6bix nnceji and BbinojiHaeTca paBencTBO 

(a-6)-c = o-(6-c) (0.2.12) 

A5. ,HHCTpH6yTHBHOCT&: ,ii,jih jho6mx HHceji a, &, c BBinojiHHeTCH paBeHCTBO 

(a + b)-c = a-c + b-c (0.2.13) 

A6. CymecTBOBaHHe Hyjin: cymecTByeT hhcjio Taxoe, hto 

a + = a (0.2.14) 

A7. CymecTBOBaHHe npoTHBonojiojKHoro HHCJia: pjisi jiioGoro nncjia a cymecTByeT TaKoe hhc- 
jio — a (Ha3biBaeMoe npomueonoAOOKHUM hucaom k HHCjiy a) hto 

a+(-o) = (0.2.15) 

A8. CymecTBOBaHHe e/j,HHHu,ti: cymecTByeT hhcjio 1^0 TaKoe, hto /yra jiio6oro HHCjia a ^ 
cnpaBe^jiHBO paBGHCTBO 

a-l = a (0.2.16) 

A9. CymecTBOBaHHe o6paTHoro MHCJia: pjix. jiioGoro HHCjia cymecTByeT TaKoe hhcjio a -1 
(Ha3biBaeMoe o6pamHUM hucaom k nncjiy a) , hto 

a-a _1 = l (0.2.17) 

II. CpaBHerae BemecTBeHHtix nnceji 

^jia jho6mx BemecTBCHHtix HHceji a h b HMeeT cmbicji BbiCKa3biBaHHe «a MeHbine, jih6o paBHO &», 
3anHCbiBaeMoe a ^ b. Oho mojkct 6biTb BepHO hjih HeBepHO, ho npn stom BbinojiHHiOTCH cjieflyioiHHC 
npaBHjia. 

A10. PecpjieKCHBHOCTt: jno6oro nncjia a cnpaBe^jiHBO a ^ a. 

All. TpaH3HTHBHOCTt: ecjiH a ^ 6 h b ^ c, to a ^ a 

A12. AHTHCHMMeTpHMHOCTb: ecjiH a ^ 6 h 6 $J a, to a = b. 

A13. JlHHefiHOCTb: ^jih jno6bix Hnceji a h 6 BepHO o/i,ho H3 flByx: 
jih6o a ^ b; 
jih6o b ^ a. 

A14. Mohotohhoctb cjio>KeHHH: ecjiH a ^ b, to fljia jiio6oro c cnpaBefljiHBO a + c ^ b + c. 

A15. CoxpaHeHHe 3Haica + npn yMHO»ceHHH: ecjin ^ o h O, to ^ a • 6. 

A16. HenpeptiBHOCTt BemecTBeHHOH npHMofi: nycTb X h Y - ppa MHO»cecTBa BemecTBeHHbix 
iHceji, npnneM p/in jno6bix nnceji x G X h y G Y BbinojiHaeTCH HepaBeHCTBO x ^ y; Tor^a 
cymecTByeT xoth 6bi ojxho hhcjio c TaKoe, hto pjisi jno6bix x G X h y G y BbinojiHseTCH 
HepaBeHCTBO x ^ c ^ y. 

H3 aKCHOM Al - A16 cjie/ryiOT Bee ocTajibHbie CBOiicTBa BemecTBeHHbix HHceji (h, b nacTHOCTH, Bee 
TeopeMbi MaTeMaTHnecKoro aHajiH3a). 

IloMHMO OTHonieHHa «MeHbHie, jih6o paBHO» a ^ b Ha MHOJKecTBe BemecTBeHHbix nnceji R bbo/jhtch 
eme Tpn othohichhh, a hmchho, 
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Tjiasa, 0. HHCJIA H MHOMECTBA 



- «MeHbine» a < b, osiraiaiomee, hto a b h o^hobpgmghho a b\ 

- «6ojibine, jih6o paBHO» a ^ 6 osHa^iaiomee, hto b ^ a; 

- «6ojibnie» a > 6, osHanaiomee, hto o ^ a h oflHOBpeMeHHO b =/= a. 

H3 aKCHOMM jihhchhocth A13 cne/iyeT, hto MHOJKecTBO Bein,ecTBeHHbix HHceji R ynp6HO H3o6pa:HcaTb 
b BHfle npaMoii, a caMii Bein,ecTBeHHbie Hiicna - b Bii,n,e ToneK Ha Heft. HivieHHO TaK h flejiaiOT MaTeiiaTHKH: 



o 0.2.1. IIoKa>KeM, hto h3 aKCHOM A6 (o cyme- 
CTBOBaHHH Hyjia) h Al (KOMMyTaTHBHOCTn) cjiefly- 
eT, hto Hyjib eflHHCTBeneH. fleftcTBHTejibHO, ecjiH 
h - flBa pa3Hbix o6 r beKTa co CBOftcTBaMH Hyjia 



Va a + = a, 



(0.2.18) 
(0.2.19) 



Va a + = a 
to mm nojiy^HjiH 6bi 

= (10.2. 181) = + = (Al) = + = (|0.2.19ll = 

(b CKo6Kax mm yKa3biBaeM cpopMyjibi hjih aKCiio- 
mm, KOTopbie b flaHHbift MOMeHT Hcnojib3yeM b cbo- 
hx paccyjK^eHHHx) . 

o 0.2.2. IIoKajKeM, hto fljra ^aHHoro nncjia a npo- 
THBonojiojKHoe hhcjio —a, cymecTBOBaHHe KOTOpO- 
ro nocTyjiHpyeTCH b aKCHOMe A7, TO»ce flOjracHO 
6biTb e^HHCTBeHHO. ^eifcTBHTejibHO, ecjiH 6m cyme- 
CTBOBajiH flBa HHCjia x h y co CBOftcTBaMH a + x = 
h a + y = 0, to mm nojiyHHjiH 6bi 

x = (A6) = x + = x + (a + y) = (A2) = 
= (x + a)+y = (Al) = (a + x) + y = + y = 

= (Al) = y + = y 



> 0.2.1. ^OKa^KHTe paBeHCTBo: 
-0 = 



(0.2.20) 



o 0.2.3. IIoKa>KeM, hto cnpaBefljiiiBa cjie,nyio- 
in,aa 3KBHBajieHTHOCTb, osHanaioiHaa, hto ypaBHe- 
hhh BHfla a + x = b o^HOSHaiHO pa3peiiiHMbi b M.: 



a + x = b < 
/J,OKa3ameAbcmeo. 



x = b+ (-a) 



(0.2.21) 



a + x = b 



t 

x + (a+(-a)) = b+(-a) 

t 

x + Q = b+ (-a) 



x = b + (—a) 



o 0.2.4. CnpaBefljiHBbi cjieflyroiuHe TOJKflecTBa: 



□ 



0-a = (0.2.22) 

- (-a) = a (0.2.23) 

(-l)-a=-a (0.2.24) 

(-a)-(-a)=a-a (0.2.25) 

J^OKa3ameAbcmeo. 1. ,H,OKa)KeM (|0.2.22p : 

0-a=(0 + 0)-a = 0-a + 0-a 

■J). 10.2.211 

0-a+(-0-o)=0-a 

4 (A7) 

= ■ a 

2. fljis (|0.2.23p ,n,OKa3aTejibCTBO Bbirjia/niT Tax: 
a + (-a) = 

(-a) + a = 
a - npoTHBOnojio>KHoe hhcjio fljia —a 



' y — a He mcokct \ 
6biTb AByx \ 

npOTMBOnOJIOJKHblX I 

v hhccji / 



(a + x) + (-a) = b+ (-a) 
(x + a) + (-a) = 6+ (-a) 



a = —(—a) 
3. fljis (|0.2.24p ,a,OKa3aTejibCTBO Taxoe: 

(A7) 

i + (-i) = o 



§ 2. BemecTBeHHbie nncjia m HiicjiOBbie mhoikgctbcL 
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(l + (-l))-a = 0-a 

JJ. (A51. I0.2.22I 

l-a+(-l)-a = 

a- 

a+(-l) -a = 

(—1) • a - npoTHBonojiojKHoe hhcjio jijih a 

(— 1) • a = —a 
4. ^OKajKeM (10. 2. 25ft : 



(-a) ■ (-a) = = ((- 1 ) ' «) ' (-«) - 

= (A3) = (o»(-l))-(- o) = (A 4) = 

= B .((-i).(-fl)) = pa| = 

= a ■ (-(-a)) = (|0.2.23p = a • a 



□ 



> 0.2.2. /I,OKa>KHTe, no aHajiornn c npHMcpoM 
10.2.11 hto e^,HHHD,a 1, cymecTBOBaHiie KOTopoii no- 
CTyjiHpyeTCH b aKCHOMe A8, tojkc ejjHHCTBCHHa. 



> 0.2.3. flpKnyKnie paBeHCTBo: 
l- 1 = 1 



(0.2.26) 



> 0.2.4. IIo aHajiornn c npHMepoM 10.2.21 aoKaacH- 
Te, hto fljra flaHHoro nncjia a ^ o6paTHoe hhcjio 

a _1 (o KOTOpOM HflfiT peHb B aKCHOMe A9), flOJBKHO 

6bitb e^HHCTBeHHO (to ecTB, ne MOJKeT cymecTBO- 
BaTi psyx HHceji x h y co CBOHCTBaMH a ■ x = 1 h 
o-y = 1). 



> 0.2.5. floKajKHTe TOJKflecTBo: 



o 0.2.5. CnpaBefljiHBO TOJK/i,ecTBO 

(-ay 1 = -a- 1 (0.2.28) 
/J,OKa3ameAt>cmeo. 

(-a,- 1 ) ■ (-a) = (|0.2.25p = a" 1 • a = 1 



/ B CHJiy 

ynpa>KHeHHM |Q.2.4| 



y — a He MoxceT 
6bitb flByx 
o6paTHt>ix 
iHceji 



/ 



(-a)" 1 = -a 



□ 



> 0.2.6. /J,OKa>KHTe cjie/ryionnie yTBepjKfleHiia: 



x < y = 

x • y = =>■ 

a; > & y > 

a; < & y < 

x < & y > 
1 > 



Va £ + a < y + a 







V y = 

x ■ y > 

x ■ y > 

x ■ y < 



- 1<0 
Z < y = 
x>0 = 
x < = 
< x < y 
x < y < =► 
x < y & a > 
x < y & a < 
a > 1 <*= 



> -y 

x- 1 > 



a;" 1 < 



> y" 



x 1 > y 1 



< a < 1 



fa- 1 )" 1 =a 



(0.2.27) 



x > & a > 1 = 
z > & < a < 1 



a ■ x < a ■ y 
a ■ x > a ■ y 

a ■ x > x 

a ■ x < x 



(0.2.29) 
(0.2.30) 
(0.2.31) 
(0.2.32) 
(0.2.33) 
(0.2.34) 
(0.2.35) 
(0.2.36) 
(0.2.37) 
(0.2.38) 
(0.2.39) 
(0.2.40) 
(0.2.41) 
(0.2.42) 
(0.2.43) 
(0.2.44) 
(0.2.45) 



Co6cTBeHHBie o6o3HaHeroiH flJiH MHceji h HHCJioBtie paBeHCTBa. ByKBbi jiaTHHCKoro ajicpaBHTa 
a,b,c - KOToptiMH mbi o6o3HaHajiH nncjia b aKCHOMax Al - A16, hbjihiotch nepeMenHUMu. 3to 03HanaeT, 
hto c hx noMombio onHCbiBaiOTCH o6iinie CBOiiCTBa Bcex oG^eKTOB flaHHofi Teopnn (hjih nacra sthx 
o6"beKTOB, ecjiH yxa3aHa o6jiacTb H3MeHeHHH nepeMeHHbix) . 

Ho iiomhmo nepeMeHHbix, Hrpaioiinix b MaTeMaranecKOM H3biKe pojib «HMen napHH,aTejibHbix», b HeM 
Hcnojib3yiOTca TaKJKe «HM6Ha co6cTBeHHbie», HyjKHbie pflsi o6o3HaneHHH «KOHKpeTHbix o6T>eKTOB» (b npo- 
THBonojiojKHOCTb «o6 r beKTaM BOo6me» hjih «o6 r beKTaM H3 3ajj;aHHoro MHO»cecTBa»). ^jih Taxnx o6o3Hane- 
hhh Hcnojib3yeTCH o6mhho TepMHH «KOHCTaHTa», ho b MaTeMaTHKe ero cmmcji, KaK npaBHjio, HecKOjibKO 
Hinpe, neM tot, hto HaM HyjKeH, nosTOMy mm 6yjj,eM Hcnojib30BaTb flpyroii — HMeHa co6cTBeHHbie b 
MaTeMaTHnecKHx (popMyjiax mh 6yn;eM Ha3biBaTb co6cmeeHHUMu o6o3nauenusiMu. 

IIpHMepaMH co6cTBeHHbix o6o3HaneHHH hbjijhotch chmbojiw Hyjia h ejj,HHHH;bi 1, onpejj,ejienHbie 
aKCHOMaMH A6 h A8. 3to cjie^yeT H3 npHMepa (|0.2.ip h ynpajKHeHHH (10.2.2p . r^e mm OTMenajin, hto 
Hyjib h ejj,HHHH;a onpejj;ejieHbi ojxH03HanHO. HencKynieHHOMy HHTaTejno mojkct noKa3aTbca: HeojKHflaHHbiM, 
ho Bee ocTajibHbie co6cTB6HHbie o6o3HaneHHH jj,jih nnceji ctpohtch h3 h 1 c noMombio onepai^Hii h 
othohichhh, onucbiBaeMbix aKCHOMaMH Al - A16 (c Toft TOjibKO oroBopKoii, hto He Bcerfla HyjKHoe Te6e 
hhcjio, KaK, HanpHMep, hhcjio tt, mojkho onpe^ejiHTb cpa3y - HHor/i,a ^jih stoto Hyaoia npejj;BapHTejibHaa 
pa6oTa b BH/i,e chctcmbi o6o3HaneHHH, onpeflejieHHit h TeopeM). 
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Hwcjia 2, .... 10. HanpHMep, hhcjio 2 mojkho cpa- 
3y onpeflejiHTb paBeHCTBOM 

2:= 1 + 1 (0.2.46) 

(chmboji := 3/i,ecb 03HanaeT, hto 3to coothohichhc 
cjieflyeT noHMMaTb KaK onpe^ejieHHe, to ecTb KaK 
/jeKjiaparniio, corjiacHO KOTopoii chmboji cjieBa ot 
:= 6yneT Hcnojib30BaTbCH b TeKCTe BCiqzry pjin 060- 
3naHeHHH o6 r beKTa, jiejKamero cnpaBa ot SToro 3Ha- 
Ka). 

Tohho TaKJKe, hhcjki 3, 4, 5 mojkho onpejxejiHTb 

paBCHCTBaMH 

3:=1 + (1 + 1), 

4 := 1 + (1 + (1 + 1)), (0.2.47) 

5:=1 + (1+(1 + (1 + 1))) 

Ba>KHoe Ha6jiiofleHHe 3jj,ecb coctoht b tom, hto o,n,- 
ho h to JKe hhcjio mojkho onpeflejiaTb no-pa3HOMy. 
HanpHMep, 3, 4, 5 mojkho HHane onpeflejiHTb Tax: 

3 := (1 + 1) + 1, 

4 := ((1 + 1) + 1) + 1, (0.2.48) 

5:=(((1 + 1) + 1) + 1) + 1 

Ciporo roBopa, sto 6ynyT jrpyrne onpeflejieHHH, 
noTOMy hto 3anncH b (|0.2.47|) h (|0. 2.48ft He ojth- 

HaKOBBI (flejIO B TOM, HTO, C TOHKH 3peHHH H3bIKa, 

nocjieflOBaTejibHOCTb chmbojiob 1 + (1 + 1) — coBceM 
He to jKe caMoe, hto nocjieflOBaTejibHOCTb chmbojiob 

(1 + 1) + 1). 

TeM He MeHee, onpejj,ejieHHH (|0. 2.47ft h (|0.2.48ft 

SKBHBajICHTHbl, nOTOMy HTO H3 aKCHOM Al - A16 
MOJKHO JIOrHHeCKHMH CpeflCTBaMH BblBeCTH, HTO 

HHCjia, onpe/i,ejiHeMbie (popMyjiaMH (|0.2.47ft — Te 
JKe caMbie, hto nncjia, onpeflejiaeMbie (popMyjiaMH 
(|0.2.48ft . ^eiicTBHTejibHO, SKBHBajieHTHOCTb onpc- 
nejieHHii jijih HHCjia 3 nojrynaeTCH noflCTaHOBKOii b 

TOJK^,eCTBO H3 aKCHOMbl A2 BMeCTO a, 6, C, CHMBOJia 

1: 



(l + l) + l = (o + ft)+c 



a = 1 
b = 1 
c = 1 



(A2) = 



(6 + c) 



= 1 + (1 + 1) 

a — 1 v ' 



6 = 1 
c = 1 



(chmboji I 03HaHaeT nojj,CTaHOBKy, a cpparMeHT = 
(A2) — ecTb ccbijiKa Ha aKCHOMy A2, npiiMeHaeMyio 
b 3tot momcht) . 3Ty 3anncb mojkho coKpaTHTb TaK: 

(1 + 1) + 1 = (A2) = 1 + (1 + 1) 

- 3flecB HHTaTejuo npe/rjiaraeTCH caMOMy /i,ora- 
flaTbCH, KaKoii jjpjiJKHa 6biTb no^CTaHOBKa, hto6m 

MOJKHO 6bIJIO npHMCHHTb aKCHOMy A2. MnTaTejib 

Tenepb mojkct caMOCTOHTejibHO pacinncppoBaTb co- 
KpameHHyio 3anncb ,n;0Ka3aTejibCTBa SKBHBajieHT- 
hocth onpeflejieHHH nncjia 4: 



((1 + 1) + 1) + 1 = (A2) = (1 + 1) + (1 + 1) = 
= (^2)=1 + (1 + (1 + 1)) 

Hto JKe KacaeTCH nncjia 5, to HaM Tenepb jxpcTa- 
tohho CKa3aTb, hto SKBHBajieHTHOCTb onpeflejieHHft 
/tjih Hero flOKa3biBaeTca no anajiorHii. 

HTaK, ojihh h Te JKe co6cTBeHHbie o6o3HaneHHH 
mojkho 3a^aBaTb cpopMajibHO no-pa3HOMy, HyjK- 
ho TOjibKO cjie^HTb, hto6m BbinHCbiBaeMbie To6oii 
onpejxejieHHH pjin o/nioro h Toro JKe CHMBOJia 6bijiH 
SKBHBajieHTHbi. EcTecTBeHHbiii (h caMbiii pacnpo- 
CTpaHeHHbiit) cnoco6 bboahtb HOBbie o6o3Ha x ieHHa 
- TaK Ha3biBaeMbiii nocjieflOBaTejibHbift, b kotopom 
npn onpeflejieHHH hoboto o6o3HaneHHH Hcnojib3y- 
iotch o6o3HaneHHH , BBefleHHbie paHee. HanpHMep, 
HHCjia 3, 4, 5, 6, 7, 8, 9, 10 mojkho nocjienpBaTejib- 
ho onpeflejiHTb TaK: 



= 2 
= 4- 
= 6- 



4 


= 3n 


-1, 


G 


= 5n 


-1, 


8 


= 7- 


- 1, 


10 


= 9- 


-1 



Hncjia BH/i,a —a. Kor,n,a onpe^ejieHbi hhcjki 
1,...,10, hx npoTHBonojiojKHbie hhcjki — 1,..., — 10 
onpejxejiHTb yjKe He HyjKHO, nocKOjibKy ohh aBTO- 
MaTHnecKH onpeflejiaiOTca aKCHOMOii A7 o cyme- 

CTBOBaHHH npOTHBOnOJIOJKHOrO HHCJia (flejIO B TOM, 

hto, KaK mm OTMenajiH b vnpajKHeHHH IUT2~2l H3 aK- 
chomm A7 h jrpyrnx aKCHOM cjiejiyeT, hto npoTHBO- 
nojioJKHoe hhcjio onpeflejiaeTCH ejriiHCTBeHHbiM 06- 
pa30M) . 

Boo6me, bchkhh pa3, Korjia mm ,najiH co6ctbch- 
Hoe o6o3HaneHHe a KaKOMy-HH6ynb nncjiy, aKCHOMa 
A7 onpejj,ejiHeT ero npoTHBonojiojKHoe hhcjio h ^a- 
eT eMy co6cTBeHHoe o6o3HaneHHe —a. 

Hncjia BHjj,a a -1 . Tohho TaKJKe, bchkhh pa3, ko- 
r/i,a mm flaeM co6cTBeHHoe o6o3HaneHHe a KaKOMy- 
HH6yn,b nncjiy (a ^ 0), aKCHOMa A9 jiaeT co6ctbch- 
Hoe o6o3HaneHHe o6paTHOMy nncjiy a -1 . B nacTHO- 
cth, o6paTHbie nncjia k 2, 10 HMeiOT co6ctbch- 
Hbie o6o3HaneHHH 2 _1 ,...,10 -1 . 



,Hpo6H onpeflejiaiOTca paBeHCTBOM 



(6^0) 



HanpHMep, 

-:=2"\ -:=2-3- x , - := 3 • 5" 1 
2 ' 3 '5 

> 0.2.7. ^OKajKHTe TOJKjj,ecTBa: 

a c a • d+b • c 

b + d = 



b-d 

a c a • d — b • c 

b~d = b~d 
a c a • c 

b ' d ~ b~d 



(0.2.49) 

(0.2.50) 
(0.2.51) 
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(b) HncjiOBfaie MHoacecTBa 

KaK mm ysce roBopHjni, HHCJia TaK»ce o6pa3yiOT MHOJKecTBa. ITpn stom, nocKOjibKy mm ctpohm Teopnio 
BemecTBeHHBix hhccji, onnpaacb Ha Teopnio mhojkcctb, hsm He HyjKHO jiaBaTb CTporoe onpejrejieHHe 
STOMy noHHTHio. 3/i,ecb mm npHBe^eM npocTeHnme npHMepbi hhcjiobmx mho^kcctb h oScyzniM HeKOTopbie 
hx CBoficTBa, KOToptie noHa/i,o6aTca b jjajibHefiHieM. 



o 0.2.6. MHC»KecTBa, onpe^ejiaeMtie hbhbim 
nepeHHCJieHHeM cbohx ajieivieHTOB. 3to caMbift 
npocToii npHMep hhcjiobmx mhojkcctb. HanpHMep, 
3anncb 

o6o3HaHaeT mhojkcctbo, cocTOHinee H3 Tpex sjie- 
MeHTOB: — 1, 2 ii 3. 

o 0.2.7. HncjiOBBie MHOxecTBa, onpe^ejiHe- 
MBie OTHomeHHHMH nopsiflKa. Othohichhh ^ , < 
, ^, > onpe,n;ejia:iOT Ha npHMOft R MHO»cecTBa, H3- 
BecTHbie KaK HHTepBaji, OTpe30K h nojiyHHTepBajibi: 

(a, b) = {x e R : a < x < b} 
[a,i] = {i(El: a sC x sC b} 



(a, 6] = 


{iel 


a < a; < 6} 


[a, b) = 


{a; e R 


a ^ 2; < 6} 


(a, +oo) = 


{a; e R 


a < x} 


[a, +oo) = 


{iel 


a < x} 


(-00,6) = 


{iel 


x < 6} 


(-00,6] = 


{a; e R 


x < 6} 



ToHHee, b stom cnncKe mhojkcctbo (a, &) Ha3MBa- 
eTCH unmepeaAOM, [a, b] - ompesKOM, (a, b] - noAy- 
UHmepeajioM c 3aMKHymuM npaeuM kohv,om, [a, b) 
— nojiyHHTepBajiOM c 3aMKHyTbiM jkbmm kohhom, 
(a, +00) - OTKpbiTbiM nojiyHHTepBajiOM c 6ecKOHen- 
HbiM npaBbiM kohh,om, [a, +00) - 3aMKHyTbiM nojiy- 
HHTepBajiOM c 6ecKOHe i iHMM npaBbiM kohh,om, h TaK 
jiajiee. 



Ajire6paHHecKHe onepau,HH Hafl hhcjiobbimh MHOxecTBaMH h HepaBeHCTBa Meac,ny hhmh. 

• ECJIH ICI — HHCJIOBOe MHOJKeCTBO h a £ R - HHCJIO, TO 

chmbojiom —X o6o3HaHaeTCH mhojkcctbo, cocTOHiuee H3 hhccji, npoTHBonojiojKHbix 

HHCJiaM H3 X: 

-X := {y e R : 3x e X - x = y} (0.2.52) 

CHMBOjiaMH X+a h X— a o6o3HanaiOTCH hhcjiobmc MHOJKecTBa, nojiynaeMbie cjiBHroM 
X Ha a BnpaBO h bjicbo: 

X + a = {yeR: 3xeX x + a = y}, (0.2.53) 
X - a = {y eR: 3x e X x - a = y} (0.2.54) 

CHMBOjiaMH a ■ X h X ■ a o6o3HaHaeTCH hhcjioboc mhojkcctbo, nojiynaeMoe yMHOJKe- 
hhgm X Ha a: 

a- X = X ■ a = {y eR: 3x e X a-x = y}, (0.2.55) 

HepaBCHCTBO 

as^X, (0.2.56) 
03HaHaeT, hto jho6oh sjicmcht MHOJKecTBa X He MeHbine nncjia a 

\/x e X a ^ x; 

tohho TaK }Ke cpopMyjibi 

a < X, X ^ a, X < a 

HBJIHIOTCH COKpaH],eHHbIMH 3anHCHMH CJiejXyK>in,HX yTBCpjKflCHHH COOTBCTCTBCHHO: 

Va;el a < x, Va;el x ^ a, Va;el x < a 

• ECJIH X H Y — JXBa HHCJIOBMX MHOJKCCTBa, TO 
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CHMBOJiaMH X + Y , X — Y, X ■ Y, y o6o3HanaK)TCH mho^kgctbr, onpeflejiaeMbie 
cjjopMyjiaMH 

X + Y = {z e M : Bx e X By e Y x + y = z} (0.2.57) 
X-Y = {zeR: 3xeX By e Y x - y = z} (0.2.58) 
X ■ Y = {z e M : Bx e X By e Y x ■ y = z) (0.2.59) 

Y = jz e R : Bx e X ByeY ^ = z| (0.2.60) 

HepaBCHCTBO 

no onpeflejieHHio 03HaHaeT, hto jik>6oh sjieMeHT mho jkgctb a X He npeBoexo/niT jno- 
6oro ajieMeHTa MHoacecTBa Y: 

Viel VyeF xs^y 

a HepaBeHCTBO 

X < Y 

- hto jiio6oh ajieMeHT MHOJKecTBa X MeHbHie jno6oro ajieMeHTa MHOJKecTBa Y: 

\fx e X \/y e Y x <y 



> 0.2.8. IIpoBepbTe cnpaBefljiHBOCTb paBeHCTB: (a;b) + c = (a + c;b + c) 

[a;b] + c = [a + c: b + c] 
(a; +00) + c = (a + c; +c 
(—00; a) + c = (—00; a + c) 



-l;i;3) + 4=f 3 ;|;7) [a;b] + c= [a + c;b + c] 

2 J I 2 J (a; +00) + c = (a + c; +00) 



MjIHHMyM H MaKCHMyM HHCJIOBOrO MHffiKeCTBa. 

• IlycTb X — HHCjiOBoe mhojkcctbo. Hhcjio a Ha3biBaeTca MunuMyMOM MHOJKecTBa X, ecjiH a 
npHHa^jiejKHT X, h Bee ocTajibHbie sjieivieHTbi X ne MCHbHie a: 

a£l & a < X (to ecTb a£l aVi6l a^i) 

B TaKHX cjiynaax nnniyT 

a = min X 

• AHajiorHHHO, hhcjio & Ha3t>iBaeTCH MaKcuMyMOM MHOJKecTBa X, ecjin b npHHafljiejKHT X, h Bee 
ocTajiBHbie sjieMeHTbi X He 6ojH>nie b: 

beX & (to ecTb beXmMxeX x^b) 

h b TaKHX cjiynaax nnniyT 

b = max X 



OO 0.2.1. HeTpyZHiO COo6pa3HTb, HTO MHHHMyM H 

MaKCHMyM OTpe3Ka X — [a:b] coBnaflaiOT c ero koh- 
H,aMH: 

a = min[a; b], b = max[a; b] 

Ho npn 3tom y HHTepBajia X = (a; b) HeT hh mhhh- 
MyMa, hh MaKCHMyMa: 

|min(a;6), ^max(a;6) (0.2.61) 



«HarjiH/i,Hoe» oGtacHeHne STOMy Bbirjia^HT TaK: 

MHHHMyMOM MHOJKeCTBa (a; b) MOJKeT 6bITb TOJIb- 

ko hhcjio a, ho oho He npHHafljiesKHT (a; 6); h to »ce 
caMoe c MaKCHMyMOM. 

Pa3yMeeTca, TaKHe paccysc,zi,eHHfl HejiB3a chh- 
TaTB CTporHM flOKa3aTejii>CTBOM. Hto6bi npoBecTH 
aKKypaTHbie BbiKjia/niH Hail noHa,n,o6HTCfl cjieflyio- 
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m,ee yTBepjKfleHiie: 
x < y =^> 



x< ^±y <y . (0.2.62) 



^jia ero flOKa3aTejii>CTBa b cboio onepeflB noimflo- 
6htch bot ttto: 



< a 



0<-<a. 



(0.2.63) 



3to ^,OKa3MBaeTCH Tax: c o/i,hoh CTopoHbi, 113 
(|0.2.3ip nojiy^aeM 



< a 



a 

0< 2 



OTCiOfla, b CHjiy (|0. 2.29ft cjie^yeT 



a a a a 

2 =0+ 2 < 2 + 2 =a 



h BMecTe 3to flaeT (|0.2.63p . 

Tenept H3 (|0.2.63|) cnepyei (|0.2.62l) : 

x < y 
4 



< i/ — x 

J| 10.2.631 

Q<^-<y-x 

HaKOHen;, flOKa3biBaeM (|0.2.61D : 
c = min(a; b) 

c 6 (a; 6) 

a <c <b 

J| 10.2.621 

a + c 

dz = — - — € (a; 0) z < c 

c 5^ min(a; 6) 
H to *;e caMoe c MaKCHMyMOM. 



CBoiicTBa min h max: 
1° Mohotohhoctb: ecAU MHoatcecmea X uY UMewm MUHUMyM (MaKCUMyjvi) , mo 



X C Y 



min X > min 1" ( max X < max 1" 



(0.2.64) 



2° HHBapHaHTHOCTb OTHOCHTejitHO c,n;BHra: ecAU MHOJtcecmeo X UMeem MUHUMyM (m(ikcu- 
Myu), mo mo6ou ezo cdeuz X + a mootce UMeem MUHUMyM ( M&KCUMyM ) , npuueM 



i(X + a) = (min X) + a ^ max(X + a) = (max X) + cij 



(0.2.65) 



3° ,HBOHCTBeHHOCTB: ecAU MHOMcecmeo X UMeem MUHUMyM (MaKCUMyM), mo npomueonoAoatc- 
noe MHoafcecmeo —X UMeem MUKCUMyM ( MUHUMyM ), u 



max(— X) = — min X ^min(— X) = — maxlj 



(0.2.66) 



/JoKa3ameAbcmeo. Mbi ^OKajKCM nepByio nojiOBHHy KajKfloro yTBepjK,n;eHHa (BTOpaa ,i];OKa3biBaeTCH no 
aHajioraii) . 

1. nycTb X CY. Tor fl a 



a = min X 



a £ X CY 



a ^ mini" 



p = min X 
3. 

p = min X 



pe X & p^ X =>■ 

=> p + aeX + a k p + a^X + a 



P ex & P ^x 



-pe-x & -p^-x 



p + a = min(X + a) 



-p = max(— X) 



□ 
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MiiHMMy m h MaKCHMyM AByx HHCejI. 

• H3 aKCHOMbi A13 cjie^yeT, hto cpopMyjibi 



A b := 



aV b 



a, 


a 


b 


b, 


a 


> b 


b, 


a 


s: b 


«, 


a 


> b 



(0.2.67) 
(0.2.68) 



KoppeKTHO onpcjxcjisnoT jxbc onepannn Ha/; Be- 

meCTBeHHblMH HHCJiaMH. 

TeopeMa 0.2.1. ffjisi mo6ux deyx uuceji oiel 
MHoatcecmeo {a, 6} o6jiadaem muhumijmom u mcik- 
cuMtjMOM, u cnpaeedAueu cfiopMyAu: 

a A 6 = min{a, b} (0.2.69) 
a V b = max{a, 6} (0.2.70) 

J^oKa3ameAt>cmeo. Ho aicciiOMe A13, BbinojiHaeTca 
ojtho H3 AByx: jih6o a ^ b, jih6o a > b. 

B nepBOM cjrynae (KOiyja a ^ b) Mbi nojiynnM: 



A b = a = 



i{a,b}. 



3^ecb nepBoe paBeHCTBO BbinojiHaeTCH no onpefle- 
jienHio a A b, a BTopoe - noTOMy hto a G {a, 6} 11 
a ^ {a, 6}. H tohho TaK see 

a V b = b = max{a, b}, 

h nepBoe paBeHCTBO BbinojinaeTCH no onpejrejicHHio 
flVft. a BTopoe - noTOMy hto b G {a, b} n {a, b} ^ 6. 
A bo btopom cjiynae (xorjia a > b) mbi nojiyna- 

CM 

a A b = b = min{a, b}, 

r^e BTopoe paBCHCTBO BbinojiHHeTCH noTOMy hto 
6 G {a, 6} h {a, b} ^ b. H, c jrpyron ctopohbi, 

a V 6 = a = max{a, 6}, 

r,n,e BTopoe paBeHCTBO BepHO noTOMy hto a G {a, 6} 
h a ^ {a, b}. □ 



o 0.2.8. OieBH,n;HO, 

A 1 = 0, 

OA (-1) = — 1, 



V 1 = 1 
V (-1) = 0. 



> 0.2.9. /I,OKa>KHTe, hto BbinojmaiOTCH cjiejxyroiinic 
TO»c^,ecTBa: 

a A b = b A a 

a V 6 = 6 V a 
(a A 6) A c = a A (6 A c) 
(aVd)Vc = oV(tVc) 
(a A b) V c = (a V c) A (0 V c) 
(a V b) A c = (a A c) V (b A c) 



> 0.2.10. ^OKa^KHTG , hto He cymecTByeT nncjia 
b G R TaKoro, hto paBencTBO 

a A b = a 

BBinojiHHjiocb 6bi fljia Bcex a G R. 

t> 0.2.11. ^OKasKHTe, hto He cymecTByeT nncjia 
b G R Taxoro, hto paBeHCTBO 

a V b = a 

BbinojiHHjiocb 6m fljiH Bcex seK. 

t> 0.2.12. IIpoBepbTe, Kaiaie H3 cjieflyionnrx tojk- 
,n,ecTB BepHbi: 

(a A b) + c = (a + c) A (b + c) 
(a + b) A c = (a A c) + (b A c) 
(a V b) + c = (a + c) V (b + c) 
(a + b) V c = (a V c) + (b V c) 

IIpe,a,jio}KeHHe 0.2.1. Ecau uucAoeue mhomcc- 
cmea A u B 06a o6Aadawm MUHUMyMOM (mclkcu- 
mx/mom), mo ux o6seduHeHue AL) B mocuce o6Aada- 
em MUHUMyMOM (MdKCUMyMOM,) , npuneM eunoA- 
HHemcsi paeencmeo: 

min(A U B) = (min A) A (min B) (0.2.71) 
( max(A U B) = (max A) V (max B)j (0.2.72) 



Hn*HflH H BepXHHH rpaHH HHCJIOBOrO MHOJKeCTBa. 

• ToBopHT, hto HHCjiOBoe MHOJKecTBO X ozpaHuueno mu3y, ecjm cymecTByeT HHCJIO s TaKoe, HTO 
fljia BCHKoro x G X BbinojiHseTCH HepaBeHCTBO s x. KopoTKO 3to ycjiOBne mojkho 3anncaTb c 

nOMOIHbK) HepaBCHCTB, B KOTOpblX CpaBHHBaiOTCH HHCJia H MHOJKeCTBa (MM OnpeflejIHJIH TaKHC 

nepaBeHCTBa Ha c J3ip : 

3s G R s < X. 

B TaKHX cjiynaax npnHHTO roBopnTb TaKace, hto hhcjio s ozpanuHueaem MnoMcecmeo X cnu3y. 

• AHajiornHHO, roBopaT, hto HncjiOBoe MHOJKecTBO X ozpanuneHO ceepxy, ecjin cynrecTByeT hhc- 
jio t TaKoe, hto fljia BCHKoro x G X BbinojiHaeTca HepaBeHCTBO x ^ t. 3to mojkho 3anncaTb 



§ 2. BemecTBeHHbie hhcji& a nacjiOBbie mhcukgctbcl 
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Tax: 

3t e M X < t. 

B Tclkhx cjiynaax npHHSTO roBopnTb TaKsce, hto hhcjio d oapanuHueaem MHootcecmeo X ceep- 
xy. 

• Ecjih MHOJKecTBO X orpaHHneHO h CHH3y, h CBepxy, to roBopsT, hto mhojkcctbo X orpaHiineHO. 

• Tohhou Huofcneu zpawbio (hjih moHHoil nuoKHeu zpanuufiu) inf X hhcjioboto MHOJKecTBa X 
Ha3biBaeTCH 

chmboji — oo, ecjiH X He orpaHH^eHO CHH3y; b stom cjiynae TOHHaa hhjkhhh rpaHt 
He HBjiaeTCH hhcjiom: 3anHCb 

inf X = — oo 

npocTO 03HaHaeT, hto mhojkbctbo X He orpaHHHCHO CHH3y; 

HaH6ojibHiee H3 Hnceji s, orpaHHHHBaioiHHx X CHH3y, ecjiH X orpaHHHCHO CHH3y: 

inf X = max{s E R : s sC X} (0.2.73) 

3anHCb 

inf X > — oo 

npHHHTO HCnOJIB30BaTB B CJiyHaHX, KOrfla HyjKHO KOpOTKO flaTb nOHHTb, HTO MHOJKe- 

ctbo X orpaHHneHO CHH3y. 

• Tohhou eepxneu zpaubto (hjih moHHOu eepxneu zpanuupu) sup A uncjiOBoro MHOJKecTBa X 
Ha3biBaeTCH 

chmboji +oo, ecjiH X He orpaHnueHO CBepxy; omiTt »ce b stom cjiynae TOHHaH hhjk- 
hhs rpaHb He HBjiaeTCH hhcjiom: 3anncb 

inf X = +oo 

npocTO 03HaHaeT, hto mhojkcctbo X He orpaHHueHO CBepxy; 

HaHMeHbuiee H3 nnceji t, orpaHHHHBaioiinix X CBepxy, ecjin X orpaHnneHO CBepxy: 

sup X = min{t eR: X ^ t} (0.2.74) 

3anncb 

sup A < +oo 

npHHHTO Hcnojib30BaTb b cjiynaHx, Kor^a mhojkcctbo X orpaHHHeHO CBepxy. 



o 0.2.9. nycTb X = (a,b) 

CTBeHHOH npHMOH R. 



HHTepBaji Ha Beme- 



JlerKO BHfleTb, hto jno6oe hhcjio t ^ b orpa- 
HHHHBaeT MHOJKecTBO X CBepxy. A HaHMeHbniee H3 
Bcex TaKHx HHceji, to ecTb hhcjio B = b 6yn,eT toh- 
hoh BepxHeA rpaHbio MHOJKecTBa X. C jrpyroii cto- 



poHbi, jno6oe hhcjio s ^ a orpaHHHHBaeT X CHH3y. 
A HanGojibHiee H3 Bcex Taicnx Hnceji, to ecTb hhcjio 
A = a 6ya,eT tohhoh hhjkhch rpanbio MHOJKecTBa 
X. TaKHM o6pa30M, 

inf (a, b) = a sup(a, b) = b 

Tohho TaKJKe fljra 0Tpe3Ka h nojiyHHTepBajiOB 

inf [a, b] = inf (a, b] — inf [a, b) = a 

sup[a, b] = sup(a, b] = sup[a, b) = b 



TeopeMa 0.2.2. Ecjiu Mnootcecmeo X o6jiadaem muhumi/mom (mclkcumdmom) , mo oh coenadaem c 
moHHOu nuoKHeu (eepxneu) zpawbw 9mozo MHO&cecmea: 

3 min X => min X = inf X ( 3 max X max X = inf X ) 
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TeopeMa 0.2.3 (o tothoh rpaHinje). Ecjiu X - nenycmoe ozpanuueHHoe CHU3y MHOcncecmeo, mo oho 
UMeem mouHyw hudkhww zpanb. AnaAozuuno, ecjiu X - nenycmoe ozpanuuennoe ceepxy Mnoofcecmeo, 
mo oho UMeem mounyio eepxnww apanb. 

/JoKaaameJibcmeo. PaccMOTpiiM cjiyHaii, KOiyja X - HenycToe orpaHHHCHHoe CBepxy mhojkcctbo (cjiy- 
Haii, Kor/i,a X orpaHHHCHO CHH3y paccMaTpHBaeTca aHajiorHHHo) . 06o3HaHHM 6yKBOii Y mhojkectbo Bcex 
nnceji, orpaHHHHBaioin,Hx X CBepxy: 

Y = {y G K : X sC y} = {y £ R : Vx £ X x < y} 

(nocKOjiBKy X orpaHHHeno CBepxy, xoth 6bi ojtho Taxoe hhcjio y cymecTByeT, h 3HanHT, Y - HenycToe 
MHOJKecTBo). Tor,a,a 

Viel \/y £Y x ^y 
h no aKCHOMe HenpeptiBnocTH BemecTBeHHOii npHMOH A16, Hait^eTCH Taxoe hhcjio c, hto 

\/x £ X £ Y x ^ c y 

IlepBoe HepaBCHCTBO 3,n,ecb 03HanaeT, hto c orpaHHHHBaeT X CBepxy, to ecTb, hto c £ Y . A BTopoe - hto 
c ecTb HaHMeHbinee hhcjio, jie»caiiiee b 7. To ecTb c = mmY — min{?/ 6R: X ^ y} — swpX. □ 



CBoficTBa inf h sup: 
1° Mohotohhoctb: ecAuX uY ozpanuHenu cnu3y (ceepxy), mo 

ICY inf X ^ inf Y ( sup X < sup Y 

2° HHBapnaHTHOCTt OTHOCHTejiBHO cflfiura: ecAu MHootcecmeo X ozpanuueno cwusy (ceep- 
xy), mo aw6ou eeo cdeuz X + a mootce ozpanuuen CHU3y (ceepxy), npuueM 

vaZ(X + a) = (infX)+a (sup(X + a) = (supX) + aJ 

3° ,HBOHCTBeHHOCTB: ecAu MHOotcecmeo X ozpanuneno cnusy (ceepxy), mo npomueonoAOMcnoe 
MHoofcecmeo —X ozpanuneno ceepxy (cnu3y), u 



sup(-X) = - inf X ( sup(-Jf) 



infX 



/JoKaaameAbcmeo. 3^,ect Mbi TaiQKe flOKaaceM TOjibKO nepByio nojiOBHHy KajK^oro yTBep»cfleHHH (npefl- 
jiojkhb HHTaTejiio caMOCTOHTejibHO no aHajiorHH jj,OKa3aTb BTopyio) . 

1. B nepBOM cjiynae nojiynaeM nenoHKy: 

X CY 

{ceM: c<y}C{ceM: a:x} 

4J- (cbohctbo 1° Ha c. 1331 ) 

inf Y = max{c £ R : c < Y} < max{c £ R : c < X} = inf X 

2. 06o3HaHHM 

B = {b£R: bs^X}, C = {c£R: c < X + a} 
Toiyja nojiynaeM nenoHKy 

b£B b^X <*=S> b + a^X + a <*=^> b + a£C 

B + a = C 

^inf X^j + a = ^maxi?^ + a = (cbohctbo 2° Ha c.[33j) = max(_B + a) = maxC = inf(Jf + a) 



§ 2. BemecTBeHHbie nncjia m HiicjiOBbie mhoikgctbcL 



37 



3. 06o3H£LHHM 

B = {fc£l: bs^X}, C = {ceR: -X c} 

Torfla nojiynaeM ijenoHKy 

ceC -x^c -c^x <^=> -ceB <^ ce-s 

— inf X = — max5 =(cbohctbo 3° Ha c. [SSj) = min ( — B^j = minC = sup(— X) 



□ 



(c) Mo^yjib 

ModyAeM (hjih a6coAK>m,Hou eejiuuutiou) BemecTBeHHoro Hiicna iel Ha3biBaeTCH hhcjio |x|, onpeflejia- 
eMoe (popMyjion 

{x, ecjiH x ^ , 
^ (0.2.75) 
a;, ecjiH x < L) 

HiiJKe Ha c !120l mm otmethm, hto OTo6pa»ceHHe x H ► |x| HBjiaeTCH cpyHKiTHeii. CBOficTBa stoh (pyHKOHH 
Tax nacTO Hcnojib3yiOTca b aHajiH3e, hto hx ErayieHHio mbi iiocbhtiim iiBjiwii pa3fleji. 

TeopeMa 0.2.4. CnpaeedAueo momcdecmeo 

\x\ = max{-i;4 = (-x) V x, i£l (0.2.76) 

/^OKa3ameAbcmeo. 3,necb Hy>KHO paccMOTpeTb Tpii cjiynaa:: 

1) ecjiii x > 0, to |sc| = x h, c flpyroii CTopoHbi, max{— x; x} = x, nosTOMy \x\ = max{-i; x}; 

2) ecjiii x = 0, to \x\ = = x h, c ^pyroit CTopoHbi, max{— x; x} = = x, nosTOMy |a;| = 
max{— x; x}; 

3) ecjiii x < 0, to |x| = —x ii, c flpyroft CTopoHbi, max{— x; x} = —x, nosTOMy |x| = max{— x;x}. 
Mbi nojiynaeM, hto, (|0.2.76p BbinojimieTCfl H63aBiiciiMO ot 3HaKa x. □ 

Ajire6paHMecKHe TO>K,a,ecTBa c Mo^yjieM. 

TeopeMa 0.2.5. fl^jw jiw6ux x,y € R, n G N cnpaeedAueu cAedyminue paeencmea: 

\x>y\ = \x\-\y\ (0.2.77) 
|x™| = |x|™ (0.2.78) 

/JoKasameAbcmeo. 1. IIpii ,n,OKa3aTejibCTBe 6° ynoTpe6jiHiOTCH Te :sce paccyscflemiH, hto h b cjiynae c 2°: 
ecjiH o6a 3HaKa y x h y nojiojKiiTejibHbi, nojiy^aeM 



1x^0 

Bo-btophx, ecjiii o6a 3Haxa OTpHE,aTejibHbi, 

fx < 



|x • y| = |x| • \y\ 



\ x ■ y\ — m ■ \y\ 



x ■ y —x — y 

HaKOHeu,, ecjiii 3HaKH pa3Hbie, HanpuMep, x 0, a y 0, to 

— a; • y x —y 

2. Cbohctbo 7° nojiynaeTca HH^yKi^HGH H3 6°. □ 
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Ajire6paHHecKHe HepaBeHCTBa c MO,a;yjieM. 

TeopeMa 0.2.6. fljin ak>6ux ijet cnpaeedAueu cjiedymuiALe nepaeencmea: 

\x\ > 0, npuueM \x\ = <^=> x = (0.2.79) 
\x\-\y\^\x + y\^\x\ + \y\ (0.2.80) 
-\x-y\^\x\-\y\^\x-y\ (0.2.81) 

JJoKa3ameAbcmeo. 1. Ecjih x ^ 0, to |x| = x 0. Ecjih »ce a; < 0, to \x\ = —x > 0. ^ajiee, ecjiH x = 0, 
to |x| = max{0; 0} = 0. H Hao6opoT, ecjiH |x| = 0, to jih6o |x| = x = 0, jih6o |x| = —x = 0, to ecTt 
onHTb x — 0. 

2. ^OKa»ceM CHanajia npaByio nojiOBimy (j0.2.80l) : 

\x + y\^\x\ + \y\ (0.2.82) 

Bo-nepBbix, ecjiH o6a 3Haxa y x h y nojiojKHTejibHM, nojiynaeM 



1x^0 

\v>o 

Bo-BToptix, ecjiH o6a 3HaKa OTpHHaTejibHM, 

jx < 
1 2/ < 



|as + y| < M + |y| 



a: + V 



\x + y\ ^ \x\ + \y\ 

II II II 

-(x + y) -x -y 



HaKOHen,, ecjiH 3HaKH pa3HBie, HanpiiMcp, x 0, a y $J 0, to 

H3 (|0.2.82p Tenepb nojiynaeM jieByio nojiOBHHy (|0.2.80p : 

N = |(a: + I/)-y|< \x + y\ + \-y\ = \x + y\ + \y\ => |x| - |y| < |z + y| 
3. ^OKa»ceM npaByio nojiOBimy (I0.2.81[) : 

|g| = \(x - y) + y\ < US < |a - y[ + |y| =>■ N - |y| < |x - y| 
Ilocjie 3Toro CTaHOBHTCH ohgbh/^hoh jieBaa nojiOBHHa: 

|y| - M < ly-^l -M + M > — la/ — ^1 = -\x-y\ 

□ 

PeineHHe HepaBeHCTB c MO,a,yjieM. 

TeopeMa 0.2.7. CnpaeedAueu c/iedywu^ue npaeiuia peuieHUH nepaeencme c ModyjieM: 

\x\ < e x G (-£,£) <^ |x| G (-e,e) (0.2.83) 
|x| > e <^> x G (-00; -e)U(e; +00) <*=^> |x| G (-00; -e) U (e; +00) (0.2.84) 

J^oKa3ameAt>cmeo. 6. Ecjih x 0, to |x| = x, h nenonKa (|0.2.83[) CTanoBHTCH OHeBH/nroii: 

|x| < e e,e) |x| G(— e, e) 

$ II 

^ x < e x 

Ecjih jke x 0, to |x| = — x, h nojiynaeTca 

|x| < e xe(-e,e) |x| G (— e, e) 

$ II 

5$ —a; < e —a; 

$ 

> x > — e 



§ 3. HarypajibHbie HHCJia a KonenHbie mho^kgctbh 
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7. To jke caMoe c 3°: ecjiH x ^ 0, to |a;| = x, h nenonKa (10.2. 84[) npno6peTaeT bha, 
|x| > e •*=>■ x e (— oo; e) U (e; +oo) |x| e (— oo; e) U (e; +oo) 




a ecjiH x ^ 0, to | xc j = —a;, h nojiynaeTCH 

\x\ > e a; € (— oo; e) U (e; +oo) <^=> |x| € (— oo; e) U (e; +oo) 




□ 

§ 3 HaTypajibHbie HHcna h KOHeHHbie MHO^cecTBa 

(a) HaTypajifaHfaie HHCJia N h u,ejifaie HeoTpHii,aTejii>Hfaie HHCJia Z + 

Onpe/jejiemie HaTypajibH&ix HHceji N. B HiKOjibHOM Kypce MaTeMaTiiKii o6 r bHCHHeTca, hto HaTy- 
pajibHbie HHCjia - 3to HHCjia BH^a 1, 2, 3, ... O^riaKO, b sthx cjiOBax hmgctch HeKOTopoe jiyKaBCTBO, noTOMy 
hto TaKoe «onpeflejieHHe» Hejib3H CHHTaTb MaTeMaTHnecKH CTporiiM. fleiiCTBHTejibHO, noneMy, HanpnMep, 
hhcjio 5 HBjiaeTCH HaTypajiBHBiM? 3flecb npo Hero HHnero He CKa3aHO, h noaTOMy cpopMajibHO y Hac HeT 
bo3mo>khocth npoBepHTb, 6yfleT oho HaTypajibHbiM, hjih HeT. To jkb caMoe mojkho cica3aTb npo nncjia g, 
7r h jiio6bic /rpynie. 

B 3tom pa3/i,ejie mm o6t>hchhm, KaK onpeflejiaiOTca HaTypajibHbie nncjia, hcxojxh H3 aKCHOM Al — A16. 
Bee HamraaeTca c Tax Ha3biBaeMbix HHjxyKTHBHbix mhojk6ctb: 

• MHOJKecTBO BemecTBeHHbix HHceji X Ha3biBaeTca undyKmuewbiM, ecjiH 

1) X COflepjKHT ejTHHHHy (o KOTOpOH TOBOpHTCH b aKCHOMe A8): 

1 G X 

2) BMecTe c KajKjxbiM hhcjiom i£l eMy npHHajijiejKHT TaioKe hhcjio x + 1: 

Vx E X x + leX 



OO 0.3.1. CaMO MHOJKeCTBO R HBJIHeTCH HHJTyKTHB- 

HbiM. FIojiyHHTepBajibi BH^a (a, oo) r^e a < 1, hjih 
[a, oo) iyje a ^ 1 Taitsce hbjihiotch HHjxyKTHBHbi- 



mh MHOJKecTBaMH. Hao6opoT, CKa»ceM, MHoacecTBa 

(l,Oo), [2,Oo), [0,5] He HBJIHIOTCH HHijyKTHBHblMH. 



Tenepb rjiaBHoe onpeflejieHHe: 

• HanMeHbHiee HHjryKTHBHoe MHOJKecTBO o6o3HanaeTCH chmbojiom N h Ha3biBaeTCH MHOotce- 
cmeoM HamypaAbHux uuceA, hjih HamypaAtnuM pjidoM. Cjiobo "HanMeHbHiee" 3flecb 03HaHaeT, 

HTO BbinOJIHHIOTCH ppa, ycjiOBHa: 

({) N SBJIJieTCH HHJXyKTHBHbIM MHOJKeCTBOM; 

(ii) ecjiH X - KaKoe-HH6yn,b flpyroe HHjryKTHBHoe mho jKecTBO , to N cojrepjKHTCH b X. 

/JoKa3ameAt>cmeo cyu^ecmeoeauufi u eduncmeeHHOcmu. 1. FIoKa^KCM CHanajia, hto TaKoe MHOJKecTBO N 
fleficTBHTejibHO cym,ecTByeT. 06o3Ha T iHM nepe3 N nepeceneHHe Bcex HH/ryKTHBHbix mhojkcctb X: 

N= p| X 

X — HHflyKTHBHOe 
MHOJKeCTBO 

HHblMH CJIOBaMH, 

y G N y npHHajj,jiejKHT jno6oMy HH^yKTHBHOMy MHO>KecTBy X 

Torfla mm nojiyHHM: 
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1) 1 € N, noTOMy hto 1 jicjkht b jho6om mhojkcctbc X, h 

2) ecjiH x G N, to ecTb iff) pjisi BCHKoro HHflyKTiiBHoro MHOJKecTBa X, to x + 1 G X (nocKOjibKy 

X HHflyKTHBHo); 3HaHHT, Z + 1 G X fljlfl BCHKOrO HHflyKTHBHOrO MHOJKeCTBa X, nOSTOMy 

TaKHM o6pa30M, N - HH/iyKTiiBHoe mhojkcctbo. C flpyroit CTopoHbi, N coflep>KHTca b jiio6om mhojkc- 

CTB6 X, TO eCTb, B JIK>60M flpyrOM HH/TyKTHBHOM MHOJKeCTBe. 3HaHHT, N KaK pa3 H eCTb MHOJKeCTBO 

HaTypajibHbix hhccji. 

2. y6e^HMCH, hto MHO»cecTBO N onpe^ejiHeTCH o,i];H03HaHHO. ^chctbhtcjibho, ecjiH 6bi HaM 6mjio ^,aHO 
Kaxoe-TO flpyroe mhojkbctbo N c tcmh ace CBOHCTBaMH, to mm nojiyHHjiH 6m, hto, BO-nepBbix, 

N C N 

(nOTOMy HTO N COflepjKHTCH B JIK)60M HH^yKTHBHOM MH05KCCTBG , B HaCTHOCTH, B N), H, BO-BTOpMX, 

N C N 

(noTOMy hto N co,n,ep}KHTCfl b jihd6om HHflyKTHBHOM MHOJKecTBe, b nacTHOCTH, b N). BMecTe 3to 03HanaeT 

(b CHJiy l[DX2jl ). HTO 

N = N. 

□ 

IIpHHn,Hn MaTeMaTHHecKoii HH^yKi(HH. 

Teopeivra 0.3.1 (npHimnn MaTeMaTmecKoS vmpyKisfin b aGcTpaKTHOH cpopMe). Tlycmb E 
Ka,Koe-Hu6ydb nodMHoatcecmeo e N, o6Aadamui 1 ee ceoucmeaMu: 

(a) 1 G E 

(b) Vn G E n + 1 G E 
Tozda E = N. 

/JoKa3ameJit>cm60. C Oflnoii ctopohm, HaM ,n,aHO, hto E C N. C flpyroft :sce ctopohm, CBOiicTBa (a), (6) 
03HanaiOT, hto E hbjihctch HHflyKTHBHbiM MHOJKecTBOM. IIoaTOMy, b CHjiy ycjiOBHH (ii) onpeflejieHHH 3.2, 
N coflepjKHTCH b E: N C E. HiaK, 

to ecTb, E = N. □ 

Ha npaKTHKe yn,o6HO nojit>30BaTbCH cjieflyioiHeH nepecpopMyjinpoBKOii npHHin-ina MaTeMaTHHecKoii 
HHflyKrpm. 

TeopeMa 0.3.2 (npHHirHn MaTeMaTHHecKoft HH^yKi^im ) . Tlycmb dana nocJiedoeamejibHocmb ymeep- 
wcdcnuu 

<P n n G N (0.3.85) 

co CAedymvutAiMU ceoucmeaMu: 

(a') nepeoe ymeepotcdenue <l>i ucmuHHo; 

(&') ea/iw npu KaKOM-nu6ydb n G N uculuhho ymeepotcdenue <P n , mo ucmuHHo u ymeepotcdeHue 
$n+i ■ 

Tozda ece ymeepmcdcnusi <T n ucmuwHU (djisi ecex n G N). 

JIoKa3ameAbcmeo. 06o3HanHM nepe3 E mhojkcctbo Bcex Taxnx hhccji n G N, pjm kotopmx yTBep:sc,zi,eHHe 
<P n hcthhho. Torfla ycjiOBHe (a') 6ypfiT SKBHBajieHTHO ycnoBHio (a) TeopeMbi l0.3.1l a ycjiOBne (6') 6yn,eT 

SKBHBajieHTHO yCJIOBHK) (6). 3HaHHT, E — N, TO eCTb # n HCTHHHO flJIH KajK/i,oro neN. □ 

CBoiicTBa HaTypajiBHtix HHceji. IlepBoe cjieflCTBHe H3 npHHH^Hna MaTeMaTHHecKoii HH^yKHiiH bm- 
rjiaflHT TaK: 

TeopeMa 0.3.3. Mnoatcecmeo N HamypaMbHux uuceji 3aMKHymo omHocumeJibHO CMoatcenuM u yMno- 
McenuM: ecjiu m, n G N, mo m + n £ N u m • n G N. 
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/JoKaaameAbcmeo. 1. 3acpiiKCiipyeM to G N h o6o3HaHiiM nepe3 MHO»cecTBO Hiiceji n G N TaKirx, hto 
to + n G N: 

£ = {n€N: TO + nGN} 

HaM HyjKHO y6e,n,HTijCfl:, hto _E = N. 3to /jejiaeTCH iiH/ry khiich . CHanajia 3aMeHaeM, hto 1 e £, noTOMy 
hto H3 to G N cjie^yeT m + 1 G N. 3aTeM 6epeM KaKoe-Hii6yzi,i> fc G E, to ecTb 

m + k G N 

ii 3aMeHaeM, hto Tor,n,a fc + 1 G E, noTOMy hto 

to + (k + 1) = (m + k) + 1 G N 

Ilo npiiHininy iiH^yKijiiii Bee 3to 03HaHaeT, hto = N. 

2. OnsiTb (pHKcnpyeM to G N ii o6o3HanaeM nepe3 E MHO»cecTBO niiceji n G N TaKiix, hto m ■ n G N: 

£ = {neN: to • n G N} 

HaM HyjKHO y6e^,HTbCH, hto _E = N. 3to Toxte ^ejiaeTca inmyKinieii. CiiaHajia 3aMenaeM, hto 1 G E, 
noTOMy hto H3 m G N cjie^yeT m ■ 1 = m G N. 3aTeM 6epeM KaKoe-Hii6yn,B fc G -B, to ecTb 

TO • fc G N 

ii 3aMeHaeM, hto TOiyja k + 1 G E, noTOMy hto h3 tojibko hto ,n,OKa3aHHOii 3aMKHyTOCTii N OTHOCiiTejibHO 
cjiojKeHHH cjie^yeT 

m-fcGN => m • (fc + 1) = (to • fc) + m G N 
CHOBa no npiiHininy HH/iyKiniH E = N. □ 
HiDKe HaM noHa,n;o6HTCH ein,e hcckojibko yTBep:st,zi,eHiiH 06 N. 

• /JucKpemnuM unmepeajioM c KOHuaMii to G N h n G N Ha3biBaeTca MHOxcecTBO 

{to, n} := {k G N : to < k < n} 

(oneBHflHO, ecjiii to > n, to {to, = 0). 

• HauajibHUM ducKpemmiM unmepeajioM Ha3biBaeTCH fliiCKpeTHtiii iiHTcpBaji, y KOToporo jicbbih 
KOHeu; paBGH 1: 

{l,...,n} = {k G N : k ^ n} 

CBoficTBa HaTypajitHBix HHceji 

1°. JJam ecHKozo n G N euno/iHHemcH n ^ 1. IIoamoMy, 

minN = l (0.3.86) 

2°. i?cyiu neNun^l,mon-leN. 

3°. /fjui Jito6ozo n G N MHOotcecmeo uuceji x G N, 6oAt>mux n—l, uMeem HauMemmuu ajieMtnm, 
a UMenno n: 

min{x G N : n - 1 < a;} = n (0.3.87) 
4° . Kaotcdoe nenycmoe nodMHootcecmeo MCN o6Aadaem MUHUMOA'bHUM ajieMenmoM. 
5°. ak>6ux to, n G N cnpaeedjiueu uMruiuKauuu: 

m<n+l rns^n (0.3.88) 

rn<n m+Hn (0.3.89) 

6° . i?c/iu to, h 6 N u in < n, mo n — to G N. 

7°. Ilycmb I - nodMHootcecmeo e hclhoawom unmepeajie {l,...,n}, ydoejiemeopsiww,ee ycAoeufiM 
(a) lei 

(6) yk < n (k G I => fe + 1 G 
mozda I = {1, n}. 
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8°. nycmt E - nodMHOotcecmeo e N, ydoeAemeopsimuifie ycAoeuMM 

(a) l€E 

(b) VkeE {l,...,k}CE 
Tozda 

jiu6o E = N. 
— jiu6o E - HanajibHuu unmepeaA: 

3neE {l,...,n} = E (0.3.90) 

floKa3ameA"bcmeo. Bee sth yTBepjKflCHna ,a;0Ka3biBaK)TCH MaTeMaTHnecKoii HH/ryKHHeft. 

1. OopMyjia n ^ 1 BepHa fljin jiio6oro n G N, noTOMy hto, BO-nepBbix, OHa BepHa npii n = 1: 1 ^ 1. 
H, BO-BTopbix, ecjiH OHa BepHa npn HeKOTopoM n = m, m ^ 1, to h npn n = m + 1 OHa tojkc BepHa: 
m+ 1 > 1 + 1 > 1. 

2. PaCCMOTpHM MHOJKeCTBO 

£ = {1}U(N+I) = {iel: i = 1 V 3ii e N x = n + l} 

h 3aMeTHM, hto _E = N. ^eflcTBHTejibHO, BO-nepBBix, le£, a bo-btopbix, ecjiH m € £, to jih6o m = 1, h 
Tor/i,a m + 1 G N + l C E 1 , jih6o m = n+1 HexoToporo n € N, h Tor^a m + 1 = (n + l) + l G N + l C B. 
Tenept H3 _E = N nojiynaeM: ecjiH n G N = E = {1} U (N + 1) h n + 1 1, to n G N + 1, to ecTb n = k + 1 
fljia HeKOTOporo fc G N. 

3. 06o3HanHM X n = {a; G N : n — 1 < h 3aMeTHM, hto 

= ^+_1 (0.3.91) 

{V e N :" 7J < y} e K : 3a; £ X„ 7/ = x + 1} 

^eiiCTBHTejibHO, c oflHoii CTopoHti, X n + 1 C X n+ i, noTOMy hto 

y G X n + 1 => 3sel„ y = x + 1 =$> 3x G N n — l<a;&2/ = a; + l ==^> 

=>■ 3xGN n < a; + 1 = y =£• y G X n+i 

a, c ^,pyroii - X n+ i C X„ + 1, noTOMy hto 

y G X n+1 =>■ y G N & n < y ==> 3.TGN y = x + 1 & n< x + 1 =>■ 

y > minN = 1 

4 

2° 
JJ- 

x := j/ - 1 E N 

=> 3x G N y=x+l&n-l<x =$> 3x E X n y = x + 1 y G X n + 1 

Tenepb flOKa3biBaeM (|0. 3.871) no HH/ryKinni. Bo-nepBbix, y6ejK/i,aeMCH, hto 3Ta (popMyjia BepHa npn 

n = 1. /JeHCTBHTejIBHO. 

x G N ^4 a; ^ 1 > 



N C X a 

Xi = N 
!$■ 

min Xi = min N = 1 
JX&jiee npeflnojiaraeM, hto (|0.3.87p BepHa npn n = m: 

mmX m = m (0.3.92) 
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h flOKajKeM, hto Tor^a OHa BepHa npn n = m + 1: 

minX m+ i = (|0.3.9ip = min(X ro + 1) = (minX m ) + 1 = (|0.3.92)) = m + 1 

4. IlycTb MCNeM^ 0. Ecjih 1 G M, to ,n,OKa3biBaTb Henero, noTOMy hto TOiyja 1 = minM. 
IIosTOMy 6yn,eM CHHTaTb, hto 1 ^ M. Tor^a MHO»cecTBO E = N \ M, Hao6opoT, ^ojijkho co,n,ep:>KaTb 1: 

1 G E 

HoKajKeM, hto cymecTByeT Taxoe n G N, hto 

{l,.,,n}C£ & n + l£E (0.3.93) 

^eiicTBHTejibHO, ecjni 6bi sto 6mjio He Tax, to ecTb npn jik>6om n G E Mbi nojrynajiH 6bi, hto H3 {1, n} C 
-E cjie,nyeT n + 1 G to sto 03Hanajio 6m, hto _E = N, to ecTb M = 0. 

Tenepb, B03BpamaHCb ot E k M, yciiOBHe (|0. 3.93ft mojkho nepeepopMynnpoBaTb Tax: 

{l,...,n}nM = & n + lel 

9to h 03HanaeT, hto n + 1 = minM. 

5. IlycTb m, n G N h m < n + 1, to ecTb m — 1 < n. Toiyja n 6 {i 6 N : m-l<x}ino CBOiicTBy 3° 
nojiynaeM n min{a; G N : to — 1 < a;} = to. 3to ,n;0Ka3MBaeT HMnjiHKainiio (j0.3.88[) . A H3 Hee cjie^yeT 

10.2.291 H0.3.88H , ^ 

m < n m + 1 < ?i + 1 =^> to + 1 ^ n 

6. IlycTb m G N. PaccMOTpHM mhoxkctbo 

E = {1, ...,m} U (N + m) 

H 3aMeTHM, HTO £" = N. ^eftCTBHTejIbHO, BO-nepBbIX, 1 6 £, a BO-BTOpbIX, eCJIH fc G £7, TO B03MO}KHbI Tpil 

cjiynaa, b KaxflOM H3 kotopmx nojiynaeTCH + 1 £ £: 

1) fc < to — (to — 1) + 1 =>■ (npHMCHSCM 5°) =>■ fc ^ to — 1 fc + 1 ^ to =>• 
HleE; 

2) fc = to =^ k + 1 = 1 + to G (N + to) C E 1 ; 

3) fc > to => fc ^ {1, .... m} fee (N + to) =>■ k = n + m (n G N) => 
fc + l = (n + l)+m (n + leN) =^ fc + 1 G (N + to) C E; 

TaKHM o6pa30M, nojiynaeTCH hto N = E = {1, ...,to} U (N + to), h nosTOMy ecjin n G N, ti > to, 

TO, nOCKOJIHKy 71 ^ {1, ...,TO}, HMeeM 71 G N + TO, TO eCTb 71 = TO + fc, fc G N, HJIH, HHblMH CJIOBaMH, 

n — to = fc G N. 

7. PaccMOTpHM MHOJKecTBO M = N \ I. Toiyja nanynaeM ueno^iKy 



I C {!,... ,n} =>• ra + l^I =S> eM =4> minM 




HaM HyjKHO y6e/niTbCH, hto minM = n+1: TOiyja nojiyHHTCH, hto {1, TijnAf = 0, to ecTb {1, 71} C 

I II SHa^IHT / = {1, 71} . 

IIpeflnojiojKHM, hto 3to He Tax: minM n + 1. Tor^a min M < 71 + 1, n no CBOiicTBy 5° minM ^ u. 
C flpyroii CTopoHbi, b cnjiy (a), 1 £ J, nosTOMy 1 ^ M, h 3HanHT minM > 1, to ecTb no CBOiicTBy 5°, 
min M — 1 ^ 1, h 

2 ^ minM ^ 71 

Ecjih Tenepb nojiojKHTb fc = minAf — 1, to nojiynaeTCH bot hto: 

ls^fc<n & fc^Af =>■ fc G / & fc<7i =^> fc + l = minM G J 

t 

HGB03M0>KH0, 

noTOMy 1TO 
M n J = 

8. Ecjih E N, to HafifleTCH x G N Taxoe hto x ^ E. To ecTb MHOJKecTBO 

M = {a; G N : x i E} 
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HenycTO. 3hrhht, no ysce ^0Ka3aHHOMy CBOiicTBy 4°, M hmcgt MHHHMajibHMH sjieMeHT: 

m = min M 

Ho ycjiOBino (a), 1 G E, n nosTOMy 1 ^ M . C ^pyroii cropoHM, no y»ce jj,OKa3aHHOMy CBOiicTBy 1°, 1 ^ m. 
3HanHT, 1 < m. HosTOMy no CBOiicTBy 6°, hhcjio n = m — 1 tojke jie>KHT b N: 

n=m-leN 

Torjja, BO-nepBbix, n ^ M (noTOMy hto HHane hhcjio m = n + 1 He 6mjio 6m MHHHMyMOM ^jih M), h 
3HannT ft G E, OTKya,a b cnjiy (b), 

{l,..,n}C£ (0.3.94) 
A, BO-BTopbix, pjisi i£N cnpaBe^jiHBa HMnjniKainiH 

x > n =*> x <£ E, (0.3.95) 

noTOMy hto HHane mh nojiynnjin 6m 

n < x x <E E 

HO. 3. 891 Jj. J| (b) 

rn = n+l^x {1, x} C i? 



m £ E 

a 3to HeB03MOJKHO, nocKOjitKy m € M. yTBepjKflenna (|0.3.94p n (|0.3.95p BMecTe 03HaHaK>T, hto {1, n} = 
E. □ 

I^ejitie HeoTpHijaTejibHbie MHCJia Z + . 

• MHOJKecTBO nejibix HeoTpHuaTejibHbix nnceji, o6o3HanaeMoe chmbojiom Z + (h Ha3MBaeMoe HHorjia 
pacmupeHHUM namypaAbnuM pjidoM) , onpeflejiaeTCH KaK oSijeflHHeHHe MHOJKecTBa N HaTypajibHbix 
nnceji n Hyna {0}: 

Z + = {0}UN (0.3.96) 
^jih 8Toro MHO»cecTBa, KaK n fljifl N cnpaBefljiHB npnnn,nn MaTeMaTnnecKon HHflyKiniH: 

TeopeMa 0.3.4 (npHHU,nn MaTeMaTHHecKoii HHflyKinm b a6cTpaKTHofi cpopMe flJiH Z + ). Ilycmb 
E - KaKoe-Hu6ydb nodMnoofcecmeo e Z+, o6jiadawvut,ee ceoucmeaMu: 

(a) 0e£ 

(6) Vb€£ nlleE 
Tozda E = 2j + . 

TeopeMa 0.3.5 (npuHinin MaTeMaTHHecKoii HH,n,yKri;iiH pjisi Z+). Ilycmb dana nocnedoeamejib- 
nocmb ymeepjtcdenuu 

<P n n G Z+ (0.3.97) 

co CAedywmuMU ceoucmeaMu: 

(a') nepeoe ymeepatcdenue eepno; 

(&') ec/iw npw KaKOM-Hu6ydb n £N eepno ymeepotcdenue <P n , mo eepno u ymeepjtcdenue $ n +i. 
Tozda ece ymeepotcdenun <P n cnpaeed/iueu (djui ecex n G Z + ,). 

Onpe^ejieHHH no HH/ryKipiH. MnTaTejit Mor 3aMeTHTb, hto cpejxn npniviepoB co6cTBeHHbix o6o3Ha- 
nenHii ,hjih nnceji Ha CTpaHiine 1201 ne 6mjio HHceji, 6ojibiHHx 10. Mm moi\jih 6m, KOHenHO, no aHajiorara 
nocjieflOBaTejiBHO onpejj;ejiHTb hhcjki 11, 12, hjih npncBOHTb co6cTBeHHbie o6o3HaneHHH BOo6me jno6oMy 
KOHennoMy Ha6opy HaTypajibHbix nnceji, ho HTo6bi ^aTb co6cTBenHbie o6o3HaneHHH eceM HaTypajibHbiM 
nncjiaM (kotophx 6ecKOHenHO MHoro), HyjKHO ncnojib30BaTb TaK Ha3biBaeMbiit npneM onpeflejieHHH no 
HHjxy Kiniii . O co6cTBeHHbix o6o3Ha x iCHHax fljia nnceji H3 N (TOHHee, 06 nx flecHTHnHoii 3anncn) mm no- 
roBopHM hhjkc Ha CTpaHiin;c I64[ a 3/i,ecb mm npHBe^eM ppe TeopeMM, cjiy»cani,He o6ocHOBaHHCM npiiCMa 
onpejxejieHHH no HHflyKi^nii n npoHjijnocTpnpyeM ex npnMepaMH. IlepBaa H3 hhx Hcnojib3yeTCH b cjiynaax, 
Kor/i,a HyjKHO onpcjxejiHTb 6ecKOHennyio nocjie^OBaTejibHOCTb sjieMeHTOB: 
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TeopeMa 0.3.6 (06 onpe^ejieHHHX iiojihoh HH/jyKijHeH ) . Tlycmb A - npou360Abnoe Mnootcecmeo 
( Heo6ji3ameAbHO HUCAOeoe ) u dano omo6pacnceHue G, Komopoe Ka:>K,a,OH KOHennou nocAedoeameAbnocmu 
ajieMenmoe oi, a n G A, n G N, cmaeum e coomeemcmeue onpedeAeuHuu SAeMenm G{a\, a n ) G A. 
Tozda d/iR ecjiKozo HauaAbuozo ajieMenma a\ G A omo6paotceHue G odH03HauHO onpedejwem 6ecKoneHHym 
nocJiedoeameAbHocmb {a n } C A, codepatcaiu,yto a\ e Kauecmee nepeozo SAeMenma u ydoeAemeopMmu^ym 
ycAoeuw 

Vn G N G{ax,...,a n )=a n+X (0.3.98) 

/JoKa3ameAbcmeo. 3a<pHKcnpyeM a\ G A h o6o3HanHM nepe3 E iio^mhojkgctbo b N, cocTOHinee H3 Ta- 
khx n G N, PJLSL KOToptix cymecTByeT KOHenHaa nocjieflOBaTejibHOCTb ai,...,a n G A co cjie/ryioiHHM 
cbohctbom; 

Vfc = 2,...,n G(a 1 ,...,a k - X )=a k (0.3.99) 

Torfla, BO-nepBbix, 1 £ £, noTOMy hto ,h,jih n = 1 Hyacnaa nocjieflOBaTejibHOCTb flOjoKHa coctohtb TOjibKO 
H3 OflHoro HHCjia, h ts-khm hhcjiom 6yn,eT a±. H, bo-btopbix, ecjm n G E, to sto 3HanHT, hto cymecTByeT 
nocjieflOBaTejibHOCTb oi, a n G A ^jia KOTopoft BbinojiHHCTCH (|0.3.99[) . Tor^a mojkho nojio>KHTb a n +i = 
G(ai, ...,a n ), h mm nojiy^HM hto n + 1 G E. 

TaKHM o6pa30M, no npiiHniiny MaTeMaTHnecKoii HH^ryKHHH (I0.3.ip . E — N. OTCio/ja cnepy&r, hto 
flflu BCHKoro n G N moscho Bbi6paTb a n no TaKOMy npaBiuiy: Bbi6npaeM KaKyio-HH6yzi,b KOHenHyio no- 
cjie^OBaTejibHOCTb {ai, ...,a„}, no^,HHHCHHyio ycjiOBnio (|0.3.99[) (Taxaa nocjieflOBaTejibHOCTb cymecTByeT 
nocKOjibKy n G -E), n b KanecTBe a n 6epeM ee nocjie/ninft ajieMeHT. HaM Hysoio TOjibKO y6e/niTbCH, 
hto hhcjio a„ onpeflejiaeTCH TaKHM ajiropnTMOM 0flH03HaiH0. ^encTBHTejibno, ecjin npeflnojiojKHTb, hto 
cymecTByeT KaKoe-TO flpyroe hhcjio a' n , KOTopoe mojkho onpeflejiHTb TaKHM o6pa30M, to ecTb ^jth 
KOToporo mojkho nocTpoHTb KOHennyio nocjieflOBaTejibHOCTb {a[, ...,a' n } TaK, HTo6bi 

a[ ~ ai & Vfc = 1, n — 1 G{a' 1 , aJJ = aj. +1 

TO, paCCMOTpeB MHO}KeCTBO HHfleKCOB 

J = {fc = 1, n : Vi ^ fc a! i = ai\ 
Mbi nojiyHHM, hto, BO-nepBbix, 1 G / (noTOMy hto = ai), h, bo-btophx, 

/c < n & /c G / 

k < n & Vi ^ fc = ai 

fc + 1 ^ n & Vi ^5 fc + 1 d i — ai 
!$■ 

k+iel 

OTCio^a, no npHHLi^Hny kohchhoh HHflyKii;HH (cbohctbo 7° Ha c !4ip . / = {1, n}, to ecTb, b nacTHOCTH, 
a' n = a n . □ 

BTopaa TeopeMa 6biBaeT Hy>KHa, Kor^a HeT rapaHTHH, hto onpeflejiaeMaa to6oh nocjieflOBaTejibHOCTb 
6y^,eT 6ecKone x iHOH: 

TeopeMa 0.3.7 (06 onpe/i;ejieHHHX nacTHofi HH^yKnHefl). Ilycmb A - npou360AbHoe MHooKe- 
cmeo (Heo6R3ameAbHO uucAoeoe) u dano omo6paotceHue G, Komopoe HeKOTopfeiM KoneumiM nocAedo- 
eameAbHocmjiM dAeMenmoe ai,...,a n G A, n G N, cmaeum e coomeemcmeue onpedeAennue 3AeMenmu 
G(a\, ...,a„) G A. Tozda 3asi ecsiKozo uauaAbHozo SAeMenma a% G A 3mo npaeuAo odH03HauHo onpedeAR- 
em (KOHeuHyw uau GecKoneHHyw) nocAedoeameAbnocmb {a n } C A, codepwcawyw <X\ e Kauecmee nepeozo 
3AeMenma u ydoeAemeopKwmyw ycAoeuw 

G( ai ,...,a n ) = a n +i, n<N (0.3.100) 
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zde eeJiuHuna N 3aeucum om MHootcecmea A, omo6paotceHUJi G u HauaM>Hozo sAeMemna a\, u onpede- 
jiaemcM ycAoeueM: 

AT = supjneN: 3{a 2 , ...,a„} C A Vfc G {2, ...,n} G(ai, a k -i) = a k \ (0.3.101) 

Ecau N KOHenna, mo ona npedcmaeAJiem co6ou dAuuy nocAedoeameAtHocmu {a n }. 

/JoKaaameAbcmeo. 3acpHKc:HpyeM a% h o6o3HannM nepe3 E noflMHOJKecTBO b N, ot KOToporo 6epeTCH 
BepxHHH rpaHb b cbopMync (|0.3.10ip 

N = sup E, 

to ecTb cocTOHinee H3 TaKiix neN, pjm KOToptix cymecTByeT KOHenHaH nocjieflOBaTejibHOCTb a.2, a n G 
A co cjieflyioiiuiM cbohctbom: 

Vfc = 2,...,n G(ax,...,a k -i)=a k (0.3.102) 

3to MHO»cecTBO E GypfiT yupBjieTBopjiTb ycjiOBHHM (a) n (b) CBOifcTBa 8° Ha c !42l 

(a) 1 £ £ (noTOMy hto jijih n = 1 Hysmaa nocjie-flOBaTejibHOCTb jrojBKHa coctohtb tojibko 113 
o^,Horo Hiicjia. h TaKiiM hhcjiom 6yfleT a-y), n 

(b) Vra G -E {l,...,n} C E (noTOMy hto ecjin n G E, to ecTb cymecTByiOT ai,...,a„ € A co 
cbohctbom (|0.3.102p . to jijih bchkoto k ^ n nocjie/i,OBaTejibHOCTb a2,--,a k SyneT o6jra,naTb 
TeMH CBOHCTBaMH, tojibko c 3aMeHofi k Ha KaKoe-HH6y,nb i, a nocjie stoto n Ha k). 

Ho CBoficTBy 8° Ha cl4"2"loTCK>,aa cjie/ryeT, hto jih6o E = N, jih6o E 1 = {1, iV} jijih HeKOToporo N G N. 
B o6ohx cjiynaax mbi nojiynaeM, hto KajKflOMy n G E mojkho nocTaBHTt b cootbctctbhg HeKOTopbiii 
3JIGMGHT a n no TaKOMy npaBHjiy: Bbi6HpaeM KaKyio-HH6yi],i> KOHenHyio nocjiejipBaTejibHOCTb {02, a n }, 
noflHHHCHHyio ycjiOBHio (|0.3.99[) (TaKaa nocjieflOBaTejibHOCTb cymecTByeT nocKOjibKy h£E),ib KanecTBe 
a n 6epeM ee nocjiejxHHH ajieMeHT. 3flecb HyjKHO TOjibKO y6ejxHTi>CH, hto sjicmcht a n onpejrejiHeTCH t&khm 
ajiropHTMOM o,n,H03HaHHO. Bto flejiaeTCH b tohhocth Tax »ce, KaK npn ji,OKa3aTejibCTBe TeopeMBi lO.3.61 □ 



CTeneHH c HaTypajibHbiM noKa3aTejieM. 

• CmeneHbw a n nncjia a G K c noKa3aTejieM 
n G N, KaK H3BecTH0, Ha3biBaeTca hhcjio 

a n = a ■ a ■ ... ■ a 

71 MHOJKHTC J1CH 

TeopeMa 10.3.61 no3BOjiaeT npn^aTb tohhbih 

CMMCJI 3THM CJIOBaM! HT06bI OnpeflejIHTb a™ flJIH 

jiio6oro n G N, HyjKHO hojiojkhtb 

a x =a (0.3.103) 

a 3aTeM CKa3aTb, hto ecjin a n yace onpe^ejieHO, to 
a n+1 onpeflejiaeTCH (popMyjioii: 

a n+1 =a n -a 

KopoTKO TaKoe onpe^ejieHHe no HHflyKH,HH y^;o6HO 
3anHCbiBaTi> TaK: 

a 1 = a, a n+1 = a" - a (a G R, n G N) 

B ^ajibHeiiHieM HaM 6ya,eT ya,o6HO OT^ejibHO nojio- 

JKHTb 

a° = 1 (a G M), 

h Tor^a HHflyKTHBHoe onpeflejieHne fljia a n mo>kho 
6y^eT nepenncaTb b BH,ne 

a° = I, a n+1 =a n -a (a G R, n G Z+) 

(0.3.104) 



! 0.3.1. 3to onpeflejieHne, Mex/ry npoHHM, npe,n;- 
nojiaraeT, hto 0° paBHO eflHHimc: 

0° = 1 (0.3.105) 

OaKTopnaji nl h ^bohhoh cpaKTopHaji n\\. 

• (PanmopuaA nncjia n G Z + onpeflejiaeTCH no 
HH/ryKUHH cjie^yiornpM npaBHjiOM: 

0! = 1, (n+l)! = (n+l)-n\ (0.3.106) 

• JJeoilHou cfiaKinopuaA HHCJia n G Z + onpeflejia- 
6tch no HH/i,yKn,HH cjieflyiom;HMH npaBHjiaMH: 

ecjin HHCJIO 71 HCTHO, TO eCTb HMeCT BHJ^ 

n = 2m, m G Z + , to 

0!! = 1, (2m + 2)!! = (2m + 2) • (2m)!! (0.3.107) 

ecjin hhcjio n neneTHO, to ecTb hmgct bhjj, 
n = 2m — 1, m G N, to 

1!! = 1, (2m+l)!! = (2m+l)-(2m-l)!! (0.3.108) 

Hhcjio coieTaHHH C„. A-" 151 Jho6bix n,k £ Z+, 
fc ^ n hhcjio 

C " = (n-fc)!-fcl ' ( ° ^ ^ n) (0 - 3 ' 109) 
Ha3biBaeTCH hucaom coHemaHuil U3 n no k. 
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IIpe/i;jio»ceHHe 0.3.1. Cnpaeedjiueo cjiedywinee § (flemii Ha n!) 

mocHcdecmeo 

1 1 n + 1 

C n + C n^ = C n+v (0.3.110) ( n ^ k)\k\ + (n - fc + l)!(fc - 1)! ~ (n + l-fc)!fc! 



nasueaeMoe tojk/jcctbom IlacKajiH. 

/^oKasameAbcmeo. 3to ,n,OKa3biBaeTca npocToii 
npoBcpKOfi: 

Ck i r~ik — 1 /~ik 
n "+" °n — U n+1 



K ( y mh ojKae m Ha fe!) 

1 k n + 1 



(n-k)\ (n-fc + 1)! (n+1 - A;)! 

^ (yMHOjKaeM Ha (n + 1 — fe)!) 

(n+1)! n— fc+l+fc=n+l 



(n-fc)!fc! (n-fc + l)!(fc- 1)! (n + l-fc)!fc! □ 



,HoKa3aTejibCTBO cpopivryji no hh/o^hh. 3,a,ecb mm noKajKeM, xax c noMombio MaTeMaTHnecKoft 
HH/ryKin-iH flOKa3biBaiOTca pa3HBie (popMyjibi. Te, hto mm ^OKajKeM, noHa,n;o6HTCH HaM b /jajibHeftHieM. 



o 0.3.1. HepaBeHCTBO BepHyjuiH. JJah mo6ux 
n G N u a > — 1 eunoAHSiemcji Hepaeencmeo 



(1 + a)" + 



(0.3.111) 



J^OKasameAbcmeo. ^eflCTBHTejibHO, npn n = 1 no- 
jiy^aeTCH 

(1 + Q;) 1 ^ 1 + 1 • a, 

to ecTb b 3tom cjiynae HepaBeHCTBO BepHO. Ilpe/nio- 
jiojkhm, hto oho BepHO fljiH KaKoro-HH6yn,b n = k, 
to ecTb, nro cnpaBefljiHBO 



Toiyja npH n = k + 1 nonynaeM: 

fc e N 

1$. 
k > l 

n = fc + 1 > 2 



(l + a) fc > 1 + fc-a 
Toiyja fljia n = fc + 1 mm nojiynaeM 



(0.3.112) nl = (fe + !)! = (* + !)• fc! > 




(1 + a) n = (1 + a) k+1 = (1 + a) • (1 + a) fe > 
> (npHMeraeM (|0.3.112|l ) ^ (1 + a) ■ (1 + fc • a) = 
= l + (fc + l) -a + fc-a 2 > l + (fc + l)-a = 1 + n-a 



> 2 • 2 fe_1 = 2 fc = 2 r ' 



Mm nojiyHHjiH, ito h3 Toro, hto (|0.3.11ip bm- 
nojiHHeTca fljiH Kaxoro-TO n — k aBTOMaranecKH 
cjieflyeT, hto oho BbinojiHaeTCH pjin n = fc + 1. Ta- 
khm o6pa30M, (|0.3.111|) o6jia^aeT CBoiicTBaMH (a') 
h (6') TeopeMM 10.3.21 h nosTOMy oho BbinojiHHeTCH 
fljiH jho6mx n G N. □ 

o 0.3.2. Ilpn n € Z + cnpaBefljiHBO HepaBeHCTBO 

n!^2 n " 1 (0.3.113) 

/^oKaaameAbcmeo. 1. ^OKajKeM CHanajia sto Hepa- 
BeHCTBO fljifl n G N. Ilpn n — I 3to Bepno : 

l l 

npe^nojiojKHM, ito 3to BepHoe npn n = k: 
k\ > 2 k - x 



2. Ilocjie Toro, Kax (10.3. 113p ^,OKa3aHO pjia n G 
N, ocTaeTCH 3aMeTHTb, hto npn n — oho TO»ce 
Bepno : 

0! = 1 > - = 2" 1 . 
2 

Cjie/i,OBaTejibHO, oho BepHO pjia n G Z+. □ 

o 0.3.3. Ilpn n, m G Z + cnpaBefljiHBO HepaBeHCTBO 

(ra + m)! > n! • (n + l) m (0.3.114) 

JJoKa3ameAt>cmeo. IIpoBefleM HH,ii;yKH;Hio no to G 
Z + . Ilpn m = 3to HepaBeHCTBO Bepno: 

(n + G)! = n! ^n!-(n + l)° 

IIpeflnojiojKHM, 'ito oho BepHO npn to = fc: 

(n + fc)! > n! • (n+ l) k 

Torfla npn to = k + 1 nojiynaeM: 

(n + to)! = (n + fc + 1)! = 
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= (n + k + 1) • (n + k)l ^ (n + 1) • nl • (n + 1) — /JoKa3ameAbcmeo. CHanajia npoBepaeM ee npn n = 

v/ v/ ' i 

n + l n! .(n + l) fc (a + b) 1 = VCf-O 1 -*-^ 

= n! • (n + l) fe+1 = n! • (n + l) m % • ' fe=o 

a + 6 

□ C° • a 1 • f, + C\ -a -b 1 

o 0.3.4. CyMMa OTpesKa reoMeipHHecKofi 3a T e M npe/niojiaraeM, hto o H a B ep H a npn n = m 

nporpeccHH. JJ^asi bcsikozo eeuificmeennozo hucao, m 

q =/= 1 u ak>6ux HuceA m,n £ Z +7 m ^ n, cnpaeed- (g -)- fr) m — . a m ~ k ■ b k (0.3.119) 



Aueu qiopMyAu: 



n 1 — n n+1 11 npoBepaeM, hto Toryja OHa 6ya,eT BepHa npii n = 

i _ ■ (0.3.115) m + i : 



i=0 



« _ (g + fe)"^ 1 = (g + 6) ■ (g + b) m = {UXTT^ 

2^1 = —q (0.3.116) 



(a + b)-J2C k m -a m - k -b k 

k=0 



/JoKa3ameAt>cmeo. 1. /I,OKa>KeM CHanajia (|0.3.115p . 
IIpn n = cpopMyjia BepHa: = C fe • a m+1 ~ fc • b k + C fe • a m ~ fc • 6 fc+1 

1 -i fc=0 fc=0 



3aMCHiicM jfe Ha i — 1 

i= ' m m+1 

= ^ C* • a m+1 - fe • b k + Cm 1 ' a m+1 " 4 • fr l = 

k=0 i=l 



IlpeflnojiojKHM, ito cpopMyjia BepHa npn n = fc: 



^fe+l 3a,MCHHGM Z Ha A? 

' ' 1 ' ' m m+1 



T,9 i = ^r—> (0 - 3 - 117) 



Torfla npn n = k + 1 nojiynaeM: 

i=0 i=0 



C ro • a m+1 - fe ■ fe fe + ^ C*" 1 • a m+1 - k ■ b k 

k=l 

m 

1 + E C* ■ a rn+1 - k ■ b k + 



k=0 fe=l 
~m+ 



a 

fe=l 



1 - g fc+1 , , , 1 - q k+1 + q k+1 - q k+2 fc=i 

— + q h+1 = — = 

1 - q 1-q 

1 - q k + 2 



C™ 1 ■ a m+1 - k ■ b k + b m+1 - 



g m+1 +V (C^ + C^T 1 ) ■a rn+1 - k -b k + b m+1 



1-9 



fc=i 



no TO^KflecTBy 



hto h ecTb cpopMyjia (|0.3.115p n pn n = k + 1. nac K aji H to.3.iiot 

2. Ilocjie Toro, KaK (|0.3.115p ^,0Ka3aH0, cpopMy- m 
jia (|0.3.116p nojiy^aeTCH BbinncjieHHeM: = a m+1 + C k l+1 ■ a m+1 ~ k ■ b k + b m+1 



k=l 

m+l 



z=m i=0 i=0 /c=0 

1 — q' 1 ^ 1 1 — g" 1 g m — q nJrl 



1-q 1-q 1-q 

□ 



□ 



> 0.3.1. CyMMa OTpe3Ka apHcpMeTHHecKofi 
nporpeccHH. ^l,OKa>KHTe MeTOflOM MaTeMaTHHe- 

o 0.3.5. Bhhom HBHDTOHa. ft* aw6ux a,beR CKOfl *op M y^y: 

u n G N cnpaeedAueo paeencmeo n , , ,i 

_ n_(n+_l) (03 120) 

(a + 6)" = ^ C k ■ a n ~ k ■ b k (0.3.118) 4-1 

fc=o > 0.3.2. ^OKajKHTe cjieflyiomne TOJKflecTBa .hjih 

,n,BOHHoro (paKTopnajia: 

vpp C k - hhcjio co^eTaHHH, onpe^ejieHHoe Bbime 

(faopMvjiofl ( |0.3.109p . nil =n- (n-2)U, n^2 (0.3.121) 
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n! = nil ■ (n- 1)!!, neN (0.3.122) 3) YZ=i k ( 3k ~ 1) = n 2 ( n + 1) 

(2m)!! = 2 m -m!, m e Z+ (0.3.123) 4) ^ + ^ + ... + ^ > 11 

(2to — IV <\\ S^ n 1 — " 

(2m - 1)!! = — TTi m e N. (0.3.124) oj (4fe-3)-(4fc+i) ~ 4«+i 

2 m - 1 -(m-l)!' v ; / i \ „ +2 



7) 1 • 2 2 + 2 • 3 2 + ... + (n 



» 0.3.1. /l,OKa>KHTe MeTO/i,OM MaTeMaTHHecKoii hh 
1) l 2 + 3 2 + ... + (2n-l) 2 = ^i^^ 12 1 ^ j 

9) -J- + -J- + + -J_ > I 8 J 2 < <Lfc=0 k < n - 
A > n+l T n+2 T ••• T 3n+l ^ 1 



HHflyKTHBHafl cyMMa Ylk=i a k H HH^yKTHBHoe npoH3Be^eHHe n&=i a k 3JieMeHTOB nocjieflOBa- 
TejibHOCTH {a n } onpe^ejiHHDTCH HHflyKTHBHbiMH npaBiuiaMii Tax: 

1 n+l / n \ 

2J afe = a m , 2J fl fe = I X! flfe ) + a " +1 

fe=i fc=i Vfe=i / 

1 n+l / n \ 

afe = a m , II afe = I II afc ) ' a ™+ 1 
fc=l fe=l \fc=l / 

HacTO npHxoflHTca paccMaTpHBaTb TamKe cyMMBi h npoH3Be,neHHa no HHTepBajiaM HaTypajiBHBix ^nceji 
{m, ...,n}. HmaTejiB mojkct no aHajiornn ,n,aTB HHflyKTHBHBie onpe/i,ejieHHH sthm noHSTHHM, mbi ace 
BOcnojiB3yeMCH y»ce 3anHcaHHbiMn (popMyjiaMH, h nojio>KHM 



k—ra k—1 k—1 

n n m— 1 

J\ a k = Y\_ a k / Y\. ak ( ecjIH ak ^ °)- 



fe=X fe=l 



> 0.3.3. ^OKa^KiiTG mmyianieft cjie^yromne tojk- 
flecTBa: 



n 

k=l 



a, 



7! = 



k=l 



a e R, n€N 



)!!=JJ(2fc), meZ+ 



(2m- 1)!! = JJ(2fc- 1), meN (0.3.128) 



fe=i 



> 0.3.4. IloKa>KHTe HH^ny kuhch , hto fljia jiio6oh 
nocjieflOBaTejiBHOCTH nnceji x\,...,x n BBinojimnoT- 
(0.3.125) ca cooTHOineHHH: 



(0.3.126) 
(0.3.127) 



k=l 



J2 xk 

k=l 
n 

n ^ 

k=l 



n 

fe=l 
n 

=n w 

fe=i 



(0.3.129) 
(0.3.130) 



IIpHHrpin ApxHMefla. 

TeopeMa 0.3.8. Mnociicecmeo namypajibHux uucen N ne ozpanuueHO ceepxy. 

/JoKa3ameAbcmeo. IIpeflnojiojKHM, hto Hao6opoT, N orpaHnncno CBepxy. Tor,n;a no TeopeMe 10.2.31 N 

flOJCKHO HM6TL TOHHyiO BCpXHIOIO rpaHB! 

3supN = BeIR (0.3.131) 
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IIocKOjibKy B - TOHHaa BepxHHH rpaHb (to ecTt HanMeHbinee 113 Hnceji, orpaHHHHBaioinHx N CBepxy), 
hhcjio B — 1 He mojkbt orpaHnnnBaTb N CBepxy. 3HannT, cymecTByeT KaKoe-TO n G N, 6ojibinee neM B — 1: 
n > B — 1. To ecTB 

B < n + 1 

3to 03HanaeT, ito i? He mojkct orpaHHHHBaTb N CBepxy (noTOMy ^ito B MeHbine HeKOToporo hhcjki n+1 G 
N). TaKHM o6pa30M, mm nojiynHjin npoTHBopenne c (|0.3.13ip . Oho 03HanaeT, hto Hanie npe/HiojiojKeHHC 
o tom, hto N orpaHHHeno CBepxy HeBepHO. □ 

M3 TeopeMBi 10.3.81 cjiejyeT BajKHbiii bmboji: 

TeopeMa 0.3.9 (npHHijHn ApxHMe^a) . fljw aw6oso eeuificmeeHuozo hucjicl C G R naudemcsi namy- 
paAbHoe hucao n G N matcoe, umo n > C . 

JJoKasameAbcmeo. 3acpHKcnpyeM hhcjio C G R, h npeflnojiojKHM npoTHBHoe, to ecTb hto jijih Hero He 
cymecTByeT TaKoro neN, T rro6bi n > C. Tor^a pjia bchkoto n € N mm nojrynaeM n C. Hhmmh cjiOBa- 
mh, C orpaHHHHBaeT N CBepxy. 3toto He MO»ceT 6biti> no TeopeMe 10.3.81 'Sylqhwt, Hanie npeflnojiojKeHne 
HeBepHO. □ 

(b) KoHenHBie MHoacecTBa 

• MHOJKecTBO A (Heo6a3aTejibHO HHCjiOBoe) mm 6y^eM Ha3MBaTb KOHenmiM, ecjin mojkho nocTpoHTb 
6neKTHBHoe OTo6pajKeHHe A Ha KaKon-Hn6yzi,b OTpe30K {l,...,n} = {fc€N: 1 ^ k ^ n} HaTypajib- 
hoto pafla N, to ecTb cymecTByeT OTo6pa:sceHHe 

f :{l,...,n}^A 

TaKoe hto BbinojiHHiOTCH /i,Ba ycjiOBHa: 

1) VMe{l,...,n} (k^l f(k)? /(/)); 

2) Vaei 3k G {1, n} f(k)=a. 

IlycToe MHO»cecTBO TamKe cnnTaeTCH KOHennbiM, noTOMy hto nycToe OTo6pa»ccHHe 

F : -> 

o KOTopoM mh roBopnjiH b npHMepe 10.1.131 mojkho cnnTaTb 6hckhhch MCJK,ii;y h T6M »ce 0, HO 
paccMaTpHBaeMbiM KaK nycToft OTpe30K HaTypajibHoro pa^a: 

= {/jgN: l^k^O} 



IIpHHLi;Hn ^Hpnxjie h ero cjie,n,CTBHH. 

JleMMa 0.3.1 (npnHij,Hn ,H,HpHXJie). Hu npu jsa- 
kom n G N omo6pajtceHue f : {1, ...,n + 1} — > 
{1, we Mocifcem 6umb uwaenmuewbiM. 

/JoKa3ameAt>cm60. IlpoBe,n,eM HHflyKnino no n. 
IIpH n = 1 mh nojiy^aeM OTo6pa*;eHHC 

/:{1,2}->{1}, 

KOTopoe nepeBOflHT flBa pa3Hbix HHCjia 1 h 2 b oflHO 
h to ?Ke hhcjio 1, h nosTOMy oho He 6ya,eT hht>- 
eKTHBHbiM. IlpeflnojiojKHM, hto Hauia jieMMa BepHa 
npn HCKOTopoM Ti = fc, rfle fc G N: HHKaKoe OTo6pa- 

JKCHHC 

/:{l,...,fc + l}^{l,...,fc} 

He MOJKeT 6bITb HHT>eKTHBHbIM. IlOKajKeM, HTO TO- 

r,n,a 3to 6yn,eT BepHO h ^jih n = k + 1 . IlycTb 
/:{!,..., fc + 2}^{l,...,fc + l} 



npoH3BOjibHoe OTo6pa»ceHHe. PaccMOTpnM 
HecKOjibKO cjiynaeB. 

1. IIpeflnojiojKHM CHanajia, hto 

/(fc + 2) = fc + l (0.3.132) 

Toiyja: 

— jih6o 

/({l,...,fc + l}) C{l,...,fc} 

to ecTb / nepeBO^HT MHOJKecTBO {1, k + 1} 
b MHOJKecTBO {1, fc}, h Tor,n,a no npe/niojio- 
jKeHHio HHjxyKnnn, 

3i^je{i,...,k + i} f(i) = f(j) 

— jih6o 

/({!,..., fe + 1}) £{l,...,k} 



§ 3. HarypajibHbie HHCJia a KonenHbie mho^kgctbh 



51 



3ie {i,...,fc + l} f(i) = k_+_L , 

II 

10. 3.132t 

II 

/(fc + 2) 

n mm onaTb nojrynaeM, hto / He HHteKTiiBHo: 

+ 2 & /(i) = /(fc + 2). 
2. npe^nojiojKHM, hto Hao6opoT, 

/(fc + 2)^fe + l (0.3.133) 

Toiyja 

/(fc + 2) e{l, ...,*:} 
PaccMOTpHM OTo6pajKeHne 

ct : {l,...,fc + 1} -> {l,...,fc + 1}, 

ffc + 1, j = /(fe + 2) 
= </(*: + 2), j=fc + l 

U j^{/(fc + 2),fc + i} 

h nycTb g - KOMno3Hn,Ha OTo6pa>KCHHH / h a: 

. g = ao/:{l,...,fc + 2}^{l,...,fc + l}, 

ffW=<K/(i))> i 6 {!,...,* + 2} 



3i^k + 2 & 5 (i) = g(fe + 2) 

"(/'«) 2)) 

Bz^fc + 2 & /(») = /(* + 2), 

n mm onaTb nojrynaeM, hto / hc HHteKTHBHO. 

□ 

JleMMa 0.3.2. Ecau fc, I G N u cymecmeyem uhg- 
/:{l,...,fe}->{l,...,i}, 

mo fc ^ Z. 

ffoKaaameAhcmeo. IlpeflnojiojKHM, hto fc > I. To- 
r^a no CBOftcTBy (|0.3.89|) , 

/ + 1 s£ fc 



Toiyja 



{!,...,/ + !} C{l,...,fc} 



,g(fc + 2) = cr(/(fc + 2)) = fc + 1, (0.3.134) 

h mm nojiynaeM /nm cjrynafl: 

— jm6o 

«?({l,...,fc+l}) C{l,...,fc} 

to ecTb g nepeBOflHT MHOJKecTBO { 1 , . . . , fc + 1 } 
b mhojkectbo {1, fc}, h TOiyja no npe/niojio- 

JKCHHK) HHflyKIHlH, 

3^je{l,...,fc + l} g(i) = g(j) 

°(fU)) 
•|L (J — 6iieKij;H5i 

3i^je {l,...,fe + l} /(i) = /(?) 

— jih6o 

,g({l,...,fc+l}) £{l,...,fe} 

TO eCTb 

3i G {1, fc + 1} g(i)= k + l, 

II 

1 10.3. 1341 
II 

g(k + 2) 



3 HHteKXHIH /|{i ; + i} : {1, I + 1} -> {1, /} 



□ 



JleMMa 0.3.3. Ecjiu I;,! 6 N 11 cyuificmeyem 6u- 
/:{l,...,fc}->{l,...,i}, 

mo k = I. 

/JoKaaameJi'bcmeo. IlocKOjibKy / HBjiaeTCH HHT.eK- 
niie-ii, mm no jieMMe ID . 3 . 2 1 cpa3 v nojiynaeM: 

fc i 

06paTHoe OTo6pajKCHHC 

J- 1 :{1, ...,/} ->{1, ...,*:}, 

TO»ce 6ya,eT HHTjeKi^nefi, nosTOMy onaTb no JieMMe 
10.3.21 Mbi nojiynaeM: 

I sC fc 



Bmcctc to n ,n;pyroe 03HanaeT, hto fc = I. 



□ 
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MoiI],HOCTb KOHeiHOTO MHO>KeCTBa. 

TeopeMa 0.3.10. Ecjiu X - KoneuHoe MHootce- 
cmeo, mo hucao n G Z +; djw Komopozo mookho 
nocmpoumb 6ueKV ) u70 / : {1, n} — > X , onpedejui- 
emcsi odno3HaHHO. 

• ECJIH MHOJKeCTBO X KOHCHHO, TO HHCJIO 71, 

,zyiH KOToporo mojkho nocTpoHTb 6HeKirino / : 
{1, n} — > X (oho 6yn,eT c^hhctbchho no Teo- 
peMe I0.3.10p . Ha3BiBaeTCH Moui t Hocm l bK> (hjih 
hucaom sjieMewmoe) MHOJKecTBa X h o6o3na- 
HaeTCH chmbojiom cardX: 

card X — n 

3 6HeKn,Ha / : {1, n} — > X 

(0.3.135) 

Tot (parcT, hto X kohchho, kopotko 3anHCM- 
BaroT dpopMyjioft 

cardX < oo 

Hao6opoT, 3anncb 

card X = oo 

03HanaeT, hto mhojkcctbo X He HBjiHeTCH ko- 
hchhmm (Taxne MHOJKecTBa Ha3biBaiOTca: 6ec- 

KOHeHHMMH, H MM nOrOBOpHM O HHX HHJKfi Ha 

cES}. 

/J,OKa3ameAt>cmeo meoveMU \0.3.1 (K IlycTb m £ 
Z + h n € Z + - flBa Hncjia, TaKHe, hto cynrecTByiOT 
6hckhhh 

f :{l,..„m}^X, g:{l,...,n}->X 

Torna OTo6pa»ccHHC 

ff" 1 o / : {l,-,m} {l,...,n} 

6ya,eT TO»ce 6HeKHiieii, h nosTOMy no jieMMe 10.3.31 
m = n. □ 

KoHeMHtie MHO»cecTBa b M. 

TeopeMa 0.3.11. BcsiKoe KoueuHoe MHootcecmeo 
X el o6Aadaem muhumi/mom u MdKcuMi/MOM. 

/JoKa3ameAt>cmeo. FIoKaxKM, hto X hmcct mhhh- 
MyMOM (cymecTBOBaHne MaKCHMyMa HOKa3BiBaeTCH 
no aHajiornn). IlpoBe/i,eM HH/ryKnpro no moihhocth 
cardX (nncjiy sjieMeHTOB) MnojKecTBa X. 

1. Ilpn cardX = 1 mm nojrynae-M, hto X cocto- 
ht Bcero H3 OflHoro sjieMeHTa a, n hcho, hto a 6yneT 

MHHHMyMOM X: 

a = min X 

2. IIpe/niojiojKHM, hto mm npKa3ajiH Hanie 
yTBepjKfleHne pjisi Bcex mhojkcctb X moihhocth 
cardX = k, rne k G N. 



3. IlycTb X - MHOJKecTBO Mom,HOCTM cardX = 
k + 1. PaccMOTpuM KaKyio-HH6ynb 6neKn,nio / : 
{1, ...,n} — ^ h o6o3Ha x iHM if = {/(«); i € 
{1, ...,*;}}. Tor A a: 

Jf = if U{/(fc + l)}, 

PaCCMOTpHM HHCJIO 

a= (min if) A/(fc + l) 

(HanoMHHM, hto mbi onpeflejinjiH onepannio A cpop- 
Myjiofl (|0.4.188p ). 3to hhcjio a 6yaeT mkhhmymom 
MHOJKecTBa X , noTOMy hto, BO-nepBBix, 

a = (min if) A f(k + 1) = min{min K,f(k + 1)} 

a = minif V a = /(fe + l) 
aeif V ae{/(fc + l)} 
a € if U{/(fc + l)} = X 

H, BO-BTOpBIX, 

a = (min if) A f(k + 1) = min{min if , /(fc + 1)} 

a ^ min if & a < /(fc + 1) 
as: if & o^/(fe + l) 
a < if U {f(k + 1)} =X 

□ 

KoHeMHBie MHO»cecTBa b N. 

TeopeMa 0.3.12. MnoDtcecmeo A e N kohchho 
mozda u moAtKO mozda, Kozda oho ozpauuHeuo: 

cardA<oo ^ 3N € N AC{l,...,iV} 

/J,oKa3ameAt>cmeo. ITepBaa nojiOBHHa 3Toro yTBep- 
jKfleHne cjieflyeT H3 TeopeMBi 10.3.111 ecjm MHO»ce- 
ctbo A KOHenHO, to oho jih6o nycTO, h Torp^a orpa- 
HHieno, jih6o HenycTO, h Tor^a oho HBjiaeTca: o6pa- 
30m S(/) HeKOToporo HHT.eKTHBHoro OTo6pa»ceHHa 
/ : {1, n} — > N. OTCio^a no TeopeMe l0.3.11l nojiv- 
naeM, hto A HMeeT MaKCHMyM, h nosTOMy orpaHH- 
neHO CBepxy. C flpyrofi CTopoHbi, oho Bcer^a orpa- 

fflMO CHH3y eflHHimeH 1, H 3HaHHT OHO npOCTO 

orpaHHneHO. 

^OKajKeM. hto, Hao6opoT, ecjiH A orpaHHneHO, 
to oho KOHenHO. OnaTB, ecjiH A nycTO, to ^,OKa- 
3BiBaTb HHnero He HyjKHO, nosTOMy mm 6yn,eM chh- 
TaTb, hto i^0. Tor^a, nojiojKHB 

a% = minA, 
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mojkho onpenejiHTb OTo6pa>KeHHe G, KOTopoe Hexo- 
ToptiM nocjieflOBaTejibHOCTHM {ai, a k } C A 6y- 

HCT CTaBHTb B COOTBeTCTBIie HHCJIO 

G(ai, ...,a k ) = minA\ {oi, ...,a k } 

(ecjiH MHOJKecTBO A \ {a\, a k } Henyero, to Ta- 
Koe hhcjio cymecTByeT no CBoflcTBy 4° Ha c !41[) . Ilo 
TeopeMe 10.3.71 06 onpe^ejieHHax nacTHOii HHnyKHH- 
eft, OTo6pajKGHiie G onpe,zi,ejiHeT HeKyio nocjie,a,OBa- 
TejiBHOCTb {a n } C A, yn,OBjieTBopHK>iiryio ycjiOBHio 

G(ai, a n ) = a n +ii 
pjisi Bcex n, MeHbniHx fljiHHbi N stovl nocjie,n,OBa- 

TejIbHOCTH. 

1. ,HoKa}KeM, hto OHa CTporo B03pacTaeT: 

Vn < N a n < a n+1 (0.3.136) 
^eiicTBHTejibHO, BO-nepBbix, 

{l,...,a„_i} C {1, ...,a„_i,a„} 

A\{l,...,a n -i] 2 A\ {1, ...,a„_i,a„} 

J| HO. 2.641 

a„ = min A \ {1, a„_i} < 

< minA\ {1, ...,a„_i,a„} = a„+i 

H, BO-BTopbix, ecjiH 6bi OKa3ajiocb, hto a„ = a n+ i, 

TO Mbi nOJiyHHJIH 6bl 

a„ = a„ + i = minA\ {1, ...,a„} 
a„ eA\{l, -,a„}, 

HTO HeB03MOJKHO. 

2. H3 (|0.3.136p cjie^yeT ycjiOBne 

Vn n ^ a„ (0.3.137) 

Ero mojkho flOKa3aTb HHiiyKnHeH. Ilpn n = 1 oho 
oneBHflHO: 

1 < ai- 

A ecjiH oho BepHO npn n = k 

k < a fc , 

to H3 3Toro cjienyeT 

k ^ a k < a k +i 

J| H0.3.89> 

fc + 1 < a k+ i 



Ilo npHHHiiny ApxnMejia (TeopeMa l0.3.9[) . jxojijkho 
cymecTBOBaTb m G N Taxoc hto 

A ^ c < m 

OTCio^a cjiejiyeT, hto nocjiejxpBaTejibHOCTb {a n } 
KOHGHHa. ^GHCTBHTejiBHO , ecjiH 6bi OHa 6bijia 6ec- 

KOHeHHOH, TO MBI nOJiyHHJIH 6bl, HTO ee 3JIGM6HT c 

HOMepoM to jiejKHT b A 

& m G ^4 

A c flpyroit CToponbi, 3to HeB03MOJKHO, noTOMy hto 

A < m a m 

4. HTaK, mbi HMeeM KOHenHyio nocjiejrpBaTejib- 
hoctb {a„} C A, to ecTb OTo6pa»ceHHe 

f:{l,...,N}^A, f(n) = a n 

rjre N G N - jijiiraa nocjieflOBaTejibHOCTH. 3to 
OTo6pa>KeHHe hhtjCkthbho, noTOMy hto 

m < n 
!$■ 

/(to) = a rn < a n = /(n) 
/(m) ? f(n) 

HaM ocTaeTCH npoBepHTb, hto oho ciopTjeKTHBHO. 
^eiicTBHTejibHO, ecjiH 6bi OKa3ajiocb, hto 

A\ {oi, ...,ojv} 7^ , 

TO nOJIOJKHB 

oat+1 =mmA\{ai,...,a N } 

Mbi nOJiyHHJIH 6bl, HTO N He MOJKeT 6bITb flJIHHOH 

nocjieflOBaTejibHOCTH {a n }, onpeflejiaeMoii OTo6pa- 
jKCHHeM G no TeopeMe 10.3.71 

3{a 2 , ...,a N+ i} C A 

VfcG {2,...,JV + 1} G(ai,...,afc_i)=Ofc 

+ 1 < sup |n G N : 3{a 2 , a„} C A 
Vfc G {2, ...,n} G(oi,...,Ofc_i) = a k \ 



To ecTb (|0.3.137p 6yn,eT BepHO h npn n = fc + 1 . 

3. 3aMeTHM Tenepb, hto nocKOjibicy A orpaHH- 
neHO, cymecTByeT c G K Taxoe hto 



N 



^supjneN: 3{a 2 , a„} C A 

Vfc G {2, ...,n} G(oi,...,Ofc_i) = a fe | 



A < c 



□ 
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CBOHCTBa KOHeHHBIX MHoacecTB: 

1°. Ecau f : X —}Y - umeKmuenoe omo6paotceHue uY - KonenHoe Mnozncecmeo, mo X - mootce 
KoneuHoe Mnocucecmeo. 

2° . Ecau f : X —}Y - ctopveKmuenoe omo6pacnceHue u X - KoneuHOe Mnocucecmeo, mo Y - mootce 
KoneuHoe Mnocucecmeo. 

3°. BcMKoe nodMHOMcecmeo X aw6ozo kohchhozo MHoatcecmea Y manatee sieAsiemcsi kohchhum 
MHOdfcecmeoM. 

4° . nepeceneHue X C\Y aw6ux deyx kohchhux MHocncecme X u Y mocnee neAsiemcsi kohchhum 
MHoatcecmeoM. 

5° . 06seduHenue X UY aw6ux deyx kohchhux MHocncecme X uY mootce aeAsiemcfi kohchhum 
MHOwcecmeoM. 

/JoKa3ameAbcmeo. 1. IlycTb / : X — > Y - HHteKTiiBHoe OTo6pa»ceHHe. Ecjih Y - KOHenHoe mho jkgctbo , 
to cyrnecTByeT 6iieKiniH g : {1, n} — > Y . PaccMOTpiiM o6paTHoe OTo6pajKCHHe g^ 1 : Y — > {1, n} h 
komho3hhhk> h = g^ 1 o f. 

Y 

f 



X > {l,-..,n} 

Mhojkcctbo A — h(X) co,zi,ep}KHTCH b /niCKpeTHOM HHTepBajie {1, n}, to ecTt HBjiaeTCH orpaHHHCHHtiM 
noflMHOJKCCTBOM b N. 3HanHT, b cnjiy npuMepa 10.3.121 oho KOHe^HO, to ecTb cym,ecTByeT 6iieKnH5i a : 
{!,..., k} — > A. IlocKOjiBKy OTo6pa»ceHHe h : X — > Y hhtjCkthbho, oho 6yn,eT Ghckhhgh Msmpy X 
h A = h(X). 3HaHHT cymecTByeT o6paTHoe OTo6pa»ceHHe hr x : A — > X. PaccMOTpHM komho3hhhio 

/3 = h- 1 o a: 

{1, .-,*} 

P / \ a 



X < ; A 

h- 1 

3^ect ol h h~ - 6hgkhhh, 3HanHT (3 - TO»ce 6neKu,Ha. ITosTOMy X - KOHe^Hoe MHO»cecTBO. 

2. IlycTb / : X — > Y - ciopteKTHBHoe OTo6pa»:eHHe. Ecjih X - KoneiHoe mhojkcctbo, to cymecTByeT 
6HeKH,na g : {1, n} — > X. Komho3hhhh sthx OTo6pa»ceHHH h = f o g ^ojuKHa 6bitb dopteKHHeii: 

X 

f 



PaCCMOTpHM MHOJKeCTBO 



.4 



{l,...,n} - > Y 



|j G {1, ...,n} : j = mmh l (h(J))\ 



Oho HBjraeTCH no/jMHOJKecTBOM b jjjiCKpeTHOM HHTepBajie {1, n}, to ecTB orpaHHHeHHMM mhojkgctbom 
b N. 3HanHT, b CHjry npHMepa 10.3.121 oho kohchho, to ecTb cymecTByeT 6hgkh^hh a : {l,...,m} — > A. 

IlOKajKeM, HTO KOMn03HH;HH P — 1%\a O a TOJKe HBJIHeTCH 6HeKH,HeH: 



h\ A 

A > Y 



{1, ...,m} 



CHanajia npoBepHM ciopteKTHBHOCTb: 

yeY 



h — ciopteKTHBHoe OTo6pa>KeHHe 

3fce{l,...,n} h{k)=y 
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h- 1 (y) = {ke{l,...,n}; h(k) = y} ± 

3j = min h~ 1 (y) 
( 



a- 



V = h(J) 
j = minh 1 (y) = min/i 1 (h(j)) 



3ie{l,...,m} a(i)=j 

3z G {1, to} /3(i) = /i(a(i)) = = y 
Tenepb HHteKTHBHOCTb. riycTb i,j G {1, ...,m} h /3(z) = 06o3HaHHM y = /3(i) = /3(J), Tor^a 

h(a(i)) = /3(i) = y = /3(j) = /i(a(j)) 
a(«) G 9 a(j) 

JJ. B(»),a(j)6Jl 

a(i) = min /i _1 (y) — a(j) 

-Ij- a - HHteKTHBHoe OTo6pa5KeHHe 

i =3 

3. ECJIH X - nOflMHOJKeCTBO B KOHeHHOM MHOJKCCTBe Y, TO TOJKfleCTBeHHOe 0T06pa>KCHHC 

f:X^Y, f{x) = x 

6y^eT HHteKi^HGH, nosTOMy b cnjiy yste flOKa3aHHoro CBOiicTBa 1°, X ^ojijkho 6mtb kohchhbim. 

4. IlycTb X h Y - kohchhbic MHOJKecTBa. Hx nepece^eHHe X C\Y 6yn,eT no,irMHO}KecTBOM b X (h b 
Y), nosTOMy no tojibko hto ^,OKa3aHHOMy CBOiicTBy 3°, X C\Y ^ojukho 6mtb KOHennbiM. 

5. IlycTb X h Y - KOHe^Hbie MHOJKecTBa. Toiyja cymecTByiOT 6HeKiniH / : {1,...,™} — > X h g : 
{1, n} — > Y. PaccMOTpiiM OTo6pajKenHe 



h : {1, m + n} X UY, h(k) 



f(k), k ^ m 

gik — to), k > to 



3to 6y^eT croptCKiniH, noTOMy ito 



3i G {1, to} h(i) = y 
3je {!,■••, to} h(j) = y 



3k G {1, to + to} h(k) = y 



IIosTOMy b cnjiy ysce ^OKa3aHHoro CBOiicTBa 2°, mhoxkctbo Y /jojckho 6bitb kohchho. 



□ 



(c) BecKOHeHHbie MHO)KecTBa 

• MHOJKecTBO X (Heo6H3aTejitHO HHCjiOBoe) Ha3biBaeTCH 6ecKoneHHUM, ecjiH oho He hbjihctch 
KOHe^HMM (b CMticjie onpeflejieHHH Ha c J50|) . to ecTb ecjiH He cymecTByeT 6neKTHBHoro oto6- 
pajKeHHa X Ha KaKOH-HH6yflb OTpe30K {l,...,n} = {fcGN: l^fc^n} HaTypajitHoro pa^a 
N. 

HanoMHHM, hto b npHMepe 10. 1.111 Bbiuie mm bbo^hjih noHHTHe (kohchhoh h GecKOHeiHoft) nocjieflo- 
BaTejibHOCTH. Tenepb, Kor,a,a mhojkbctbo HaTypajibHbix nnceji N CTporo onpeflejieHO, noHHTHe nocjieflo- 
BaTejibHOCTH Taitace mojkho CHHTaTb CTporo onpeflejieHHbiM. B nacTHOCTH, 6ecKOHe x iHaH nocjie,ii;oBaTejH>- 
hoctb - 3to npoH3BOjibHoe OTo6pa>KeHHe / : N — > A b npoH3BOjii>Hoe mhojkcctbo A. 3HaHeHHH Taxoro 
OTo6pa>KeHiiH npHHSTO o6o3Ha x iaTij 6yKBaMH c hiekhmm hhackcom: 

/(1) = oi, /(2) = oa, /(3) = o 3 , ••• (neN) 
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• nocjicflOBaTejibHOCTb {o„} Ha3braaeTca uHBeKmuenou, ecjiii ee sjieMeHTM He noBTopaiOTCH: 

i ^ j =► flj ^ CLj 

CneflyioinaH TeopeMa Ha3biBaeTCH KpumepueM 6ecKoneHHOcmu Mnootcecmea: 

TeopeMa 0.3.13. MnoDtcecmeo X 6ecKOHeuHO e moM u moAbKO e moM cjiyuae, ecAU e HeM naudemcM 
UHseKmuenasi 6ecKOHeuHan nocAedoeameAtHocmb 3AeMewmoe: 

3{a„;neN}CI: Vi,jeN (i^j a» ^ cy ) 

JJoKa3ameAbcmeo. 1. ^ocTaTOHHOCTb. IlycTb b X HMeeTca HHteKTHBHaH 6ecKOHe x mafl nocjieflOBaTejib- 
hoctb, to ecTb cymecTByeT HHteKTHBHoe OTo6pa>KeHHe g : N — > X. Ecjih 6bi X 6bijio KOHenHO, to 
ecTb ecnn 6bi cymecTBOBajio Ghckthbhoc OTo6pajKeHne / : {l,...,n} — > X ^,jia HCKOToporo n G N, mm 

nOJiyHHJIH 6bl, HTO KOMn03HHHH HHT>eKTHBHbIX 0T06pajKGHHH II J^ 1 

/- 1 o^:N-^{l,...,n} 

TO»ce HBjiaeTCH HHT>eKTHBHbiM OTo6pajKeHiieM. Ho TOiyja no CBOftcTBy 1° Ha c !54l mho^kgctbo N aojijkho 
6biTb KOHeiHO, n 3HanHT no Teopeivie 10.3.121 orpamrqeHO. IIocKOjibKy sto He Tax, Hanie npeflnojiojKeHne 

O KOHCHHOCTH X JIOJKHO, H 3TO MHOJKeCTBO flOJCKHO 6bITb 6eCKOHCHHO. 

2. Heo6xo^HMOCTb. IlycTB X 6ecKOHeHHO, noKa»ceM, hto TOiyja b HeM cymecTByeT HHtCKTiiBHas 6ec- 
KOHeHHaa nocjieflOBaTejibHOCTb. 3flecb HacTynaeT MOMem, KOiyja Hail HyjKHO BcnoMHHTb o CBoeM CTapoM 
o6emaHHH. Ha c !24l Mbi ccbijiajincb Ha TeopeMv 10.3.131 KaK Ha npnMcp yTBepjK,n;cHHa, b ,n;0Ka3aTejibCTBe 
KOToporo ncnojib3yeTCH aKCHOMa Bbi6opa (cepopMyjinpoBaHHaH Hclmh Ha c !23p . Mm roBopnjin TaKJKe, hto 
o6biHHO /i,OKa3aTejibCTBO 3Toro h no/i,o6Hbix yTBcpjKflCHHfl CTpoHTCH TaKHM o6pa30M, hto npncyTCTBne 
aKCHOMbi Bbi6opa b HeM 3aTyineBbiBaeTca, h ncnojib3yeMbin npn stom npneM Ha3biBaeTCH 6ecKOHenHo- 
KpamnuM eu6opoM. Hto6m HHTaTejib cmot cocTaBHTb ce6e npeflCTaBjieHne, o neM 3flecb n,neT penb, mm 
noo6emajiH TaM »ce npnBecTn pjm cpaBHeHna flBa flOKa3aTejibCTBa, Tpa/ninnoHHoe , b kotopom axcnoMa 
Bbi6opa npncyTCTByeT HeaBHO, h aKKypaTHoe, coflepacamee npaMyio ccbijiKy Ha Hee. B o6ohx flOKa3a- 
TejibCTBax nacTn, b kotopmx o6cyjK r z];aeTCH floCTaTOHHOCTb, o6mhho coBna,n,aiOT (ecjin floCTaTOHHOCTb 
He cnnTaeTCH OHeBn/nron) , nosTOMy 3Ty nacTb mm npnBejin cpa3y h 6e3 KOMMeHTapneB. Pa3jiHHaiOTCH 
TOjibKO nacTH, nocBHin;eHHbie Heo6xo,n,HMOCTH, h bot KaK ohh Bbirjia^HT b a b Y x BapnaHTax. 

a) /JoKasameA'bcmeo npueMOM 6ecKOHeHHOKpam,Hozo eu6opa 6 . Bbi6epeM b X npoH3BOjibHbin sjieMeHT a±. 
nocKOjibKy X 6ecKOHenHO, b hcm Haft,n,eTCH ajieMeHT 02, otjihhhmh ot a\. 3aTeM HaiifleTca sjieMeHT 
0,3, otjihhhmh ot a± 1 ot «2 h TaK flajiee. npoflojiacaii sttot npouecc (kotophh He mojkct o6opBaTbca 
H3-3a "HexBaTKn" sjieMeHTOB, h6o X 6ecKOHenHo), mbi nojiynaeM HHTjeKTHBHyio nocjieflOBaTejibHOCTb 

cii, a-2, as, ••• 

Ha 3tom ^,0Ka3aTejibCTB0 saKaH^iiiBaeTCH. KaK mbi tobophjih Ha c !24l y^o6cTBO TaKoro cthjih cocto- 
ht b ero HarjiaflHOCTH. Ho Heyn,o6cTBOM, KaK MOJKeT 3aMeTHTb HHTaTejib, aBjiJieTCH to, hto ocTaeTCH 
coBepnieHHO HenoHHTHO, KaK mojkho 3a KOHenHoe BpeMH npo^ejiaTb npoue/rypy Bbi6opa 6ecKOHen- 
Hoe hhcjio pa3. TeM He MeHee, npneM 6ecKOHeHHOKpaTHoro Bbi6opa Bnojme npiiMCHiiM, n hto6bi 3to 
yBH^eTb, HyjKHO nayHHTbca nepeBO/niTb npe/i,jiaraeMbie hm KOHCTpyKH,HH Ha H3HK, b kotopom npo- 
n,e/i,ypa Bbi6opa 6ecKOHenHoe hhcjio pa3 3a KOHenHoe BpeMH OTcyTCTByeT. Bot KaK 3to ^ejiaeTCH b 
Hanieii KOHKpeTHOH CHTyannn. 

6) /JoKasameAbcmeo c sibhou ccuakou na ancuoMy eu6opa u meoveMv \0.3. 71 06 onpedeAenujix Hacmnou 
undyKi^ueu. nocKOjibKy MHOJKecTBO X 6ecKOHenHO, HHKaKaa HHT>eKTHBHaa KOHenHaa nocjie^OBa- 
TejibHOCTb ero sjieMeHTOB {a\, a n } He mojkct HcnepnbiBaTb Bee X: 

X \ {ai, :.,a n } ^ 

PaccMOTpHM ceMeiicTBO HenycTbix MHOJKecTB X \ {ai,...,a„}, HH^eKCHpyeMoe HHT>eKTHBHbiMH ko- 
HenHbiMH nocjieflOBaTejibHOCTHMH {ai, ...,a n } ajieMeHTOB X. Tlo aKCHOMe Bbi6opa Han^eTCH OTo6pa- 
»ceHne G, KOTopoe KajKfloii KOHenHoii HHTjeKTHBHon nocjie^OBaTejibHOCTH {ai, ...,a„} C X CTaBHT b 

COOTBeTCTBHe HeKOTOpblfi SJieMeHT 

G(oi, ...,a„) e X \ {ai, ...,a„} (0.3.138) 

6 3fleci> npHBefleHO flOKa3aTejii>CTBO H3 yie6miKa: A.H.KojiMoropoB, C.B.Oomhh, SjieivieHTbi Teopnii cpyHKu,™ h cpyHK- 
u,HOHajibHoro aHajiH3a. M.: Hayxa, 1972 (c.21). 
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3a<J)HKCHpyeM Tenepb KaKoii-HH6yflb HaHajibHbiii sjieivieHT a% G X. Toiyia no TeopeMe 10.3.71 HanjeTCH 
(KOHenHaa hjih 6ecKOHeHHaa) nocjieflOBaTejibHOCTb {a n } C A Taicas:, hto npn Bcex n, MeHbinnx 
HeKOToporo N (KOTopoe jih6o kohchho, jih6o 6ecKOHeHHo), BbinojiHHeTCH 

G(ai, a n ) = a„+i 

H3 ycjiOBHa 

a„+i = G(ai,...,a n ) 6l\ {ai, ...,a„} 
wie/jyeT, hto Taxaa nocneflOBaTejibHOCTb o6H3aTejitHO imtGKTHBHa, h HaM ocTaeTca TOjibKO y6eflHTb- 

CH, HTO BejIHHHHa 

AT = supjneN: 3{a 2 , ...,a n } C A VfcG{2,...,n} G(ai, a k -i) = a k \ 

6ecKOHeHHa. /JencTBHTejibHO, ecjin 6m OHa 6bijia KOHenHa, to ecTb N G N, sto 6m 03HaHajio, hto 
nojiyneHHyio HaMii HHT.eKTiiBHyio nocneflOBaTejibHOCTb {ai, ajv} Hejn>3H floonpeflejiHTb, to ecTb 
hto He cymecTByeT sjieivreHTa 

ajv+i = G(ai, oat) Gl\{ai, ajy} 

3to npoTHBopenHT ycjiOBHio (|0.3. 138|) , KOTopoe BbinojiHHeTCH .zyis jihd6oh hhtjCkthbhoh nocjieflOBa- 
TejibHOCTH {ai,...,a„}. 

□ 

§ 4 D,ejibie HHCJia, ^ejiHMOCTb h paijHOHajibHMe HHCJia 

(a) I^ejibie nncjia Z 

Onpe^ejieHHe MHoacecTBa u,ejibix HHceji. 

• Mhcjio i£l Ha3biBaeTca vfiAhiM, ecjiH oho 
jm6o HaTypajibHoe. 

x e N 

jih6o paBHO Hyjiio 

x = 

- jih6o npoTHBonojiojKHO HaTypajibHOMy 

x e — N 

(to ecTb a; HMeeT bha x = — n, iyje n G N). 

B cooTBeTCTBHH c 3thm, MHOJKecTBO H,ejibix HHceji, o6o3HanaeMoe CHMBOJIOM Z, OnHCMBaeTCH 
cpopMyjiOH 

Z=(-N)U{0}UN (0.4.139) 

TeopeMa 0.4.1. MnoDfcecmeo i^eAux hucca Z aaMKHymo omnocumeAbHo cAootcenuM, euHumanuH u 
yMHooicenufi: ecAu m,n £ Z, mo m|n£Z, m — n G Z tz to • n G Z. 

JJoKa3ameAbcmeo. 1. IlycTb to, n € Z. IloKajKeM CHanajia, hto to + ra € Z. r H, JIH SToro npnfleTca pac- 
CMOTpeTb HecKOjibKO cjiynaeB. 

Bo-nepBbix, 3aMeTHM, hto ecjiH Kaxoe-TO H3 sthx Hnceji paBHO Hyjno, HanpHMep, m = 0, to hx cyMMa 
OHeBHflHO, npHHafljiejKHT Z: m + rt = n 6 Z. IlosTOMy 6ya;eM CHHTaTb, hto 06a ohh otjihhhm ot Hyjia: 
to 7^ 0, n 7^ 0. 

^ajiee paccMaTpHBaeM Tpn cjiynaa: 

ecjiH m > h n > 0, to to, n € N, h no TeopeMe 10.3.31 nojivnaeM to + n G N C Z; 

ecjiH to < h n < 0, to to, n G — N, to ecTb —to G N h — n G N h onHTb no TeopeMe 10.3.31 
nojiynaeM — m — n G N, OTKyn,a m + n G — N C Z; 

ecjiH to < h n > 0, to to G — N, n G N, to ecTb —to = /cGNnnGN; 3,n,ecb Hysmo 
paccMOTpeTb Tpn nacTHbix cjiynaa: 
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ecjiii k < n, to no CBOiicTBy 7° Ha c. 1411 n + m = n — fc G N C Z; 

— ecjiii k — n, to n + m = n — k = € Z; 

ecjiH fc > n, to no CBOiicTBy 7° Ha c. 1411 — (n + to) = k — n 6 N, OTKyna n + m G 
-N C Z; 

2. Korna jrpKa3aH0, hto Z 3aMKHyT0 othochtgjibho cjiojKeHHH, 3aMKHyT0CTb othochtgjibho BMHHTa- 
hhh CTaHOBHTCH OHeBHjxHoii, noTOMy hto H3 caMoro onpeflejieHHH Z hcho, hto ecjiH n G Z, to — n € Z. 
IIosTOMy npn m, n € Z nojiynaeM -n e Z h mojkho npHMeHHTb ysce ,zj,0Ka3aHHyio 3aMKHyT0CTb othoch- 
TejiBHO cjiojKeHHH: m — n = m + (— n) G Z. 

3. 3aMKHyTOCTb OTHOCHT&JIbHO yMHOJKeHHS flOKa3bIBaeTCH TaK JKe, KaK H OTHOCHTejIbHO CJIOJKeHHS. 

IlycTb m,n£Z. Hto6m y6e,n,HTbCH, hto m-n€Z, HyjKHO paccMOTpeTb HecKOJibKO cjrynaeB. 

Bo-nepBbix, onaTb Hysoio 3aMeTHTb, hto ecjiH Kaxoe-TO H3 sthx nnceji paBHO Hyjno, HanpnMcp, 
to, = 0, to nx cyMMa OHeBHflHO, npHHajijiejKHT Z: to ■ n = G Z. FIosTOMy 6yjj;eM CHHTaTb, hto o6a ohh 
OTjiHHHbi ot Hyjia: m 0, n =/= 0. 

/lajiee paccMaTpHBaeM Tpn cjiynaa: 

ecjiH m > h n > 0, to to, n G N, h no TeopeMe 10.3.31 nojiynaeM to • n G N C Z; 

ecjiH to < h n < 0, to to, n G — N, to ecTb — m G N h — n G N h onHTb no TeopeMe 10.3.31 
nojiynaeM m ■ n = (—to) • (—n) G N C Z; 

ecjiH m < m n > 0, totoG — N, n G N, to ecTb — m G N h n G N; oraiTb no TeopeMe 10.3.31 
nojiynaeM — m ■ n = (—to) • n G — N, OTKyna to • n G — N C Z. 

□ 

TeopeMa 0.4.2. fljix aw6ux m, n G Z 

to < ri + l =>■ to rt (0.4.140) 

JJoKcisameAbcmeo. 3necb nyjKHO paccMOTpeTb HecKOJibKO cjrynaeB. 

1. Ecjih to G N, to 1 ^ to, noaTOMy ^ to — 1 < n, n, nocKOJibKy n G Z = (— N) U {0} U N, Tarcoe 
bo3mo>kho TOjibKO ecjra n G N. Mbi nojiynaeM, hto o6a nncjia to h ti jiejKaT b N, a stot cjrynaii ysce 
paccMOTpeH b CBOiicTBe 5° Ha c !411 

2. Ecjih to = 0, to < n + 1, to ecTb —1 < n, nosTOMy jih6o n = 0, h Tor,n,a to = ^ = n, jih6o 
n G N, h Tor/i,a n 1 > 0, OTKya,a to = ^ n. 

3. Ecjih to<0, totoG— N,h npnxoflHTca: paccMaTpHBaTb HecKOJibKO nacTHbix cjiynaeB. 

— ecjiH n G N, to mm nojiynaeM to ^ ^ n. 

— ecjiH n = 0, to to = n. 

— ecjiH n<0, TortG— N,n mm nojiynaeM 

to < n + 1 —to > — ?i — 1 —7i < —to + 1; 

nocKOJibKy npn stom —to G N h — n G N, mm onaTb nona^aeM b CHTyan,Hio, onncaHHyio b 
CBOiicTBe 5° Ha c !41[ h nojiynaeM, hto — n ^ —to. To ecTb to ^ n. 

□ 

Cjie/j,CTBHe 0.4.1. Ecau m,n G Z, npuneM n ^ m < n + I, mo to = 71. 

J^OKasameAbcmeo. H3 (|0.4.140D nojiynaeM: to < rt + 1 to ^ rt, n BMecTe c HepaBeHCTBOM n ^ m sto 
03HanaeT, hto m = n. □ 

TeopeMa 0.4.3. JIw6oe nenycmoe ozpanuueHHoe cHU3y (ceepxy) MHocucecmeo v,eAux uuceA E C Z 
UMeem MUHUMCUibHwtt (MaKCUMaAbnuu) 3AeMenm. 

3 min E 1 (max E 1 ) 

n < E =*> 7i<minE (E < n m&xE<n) (0.4.141) 

/JoKa3ameAbcmeo. IlycTb orpaHHHCHO CBepxy. Torjj,a no npHHininy ApxHMejj,a I0.3.91 HaHjj,eTCH HaTy- 
pajibHoe hhcjio n G N orpaHHHHBaioinee _E CBepxy. Tenepb nojiynaeM: 



E < n 
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-n < -E 

< — E + n (npH^eM — E + n C Z, no TeopeMe 10.4. ip 

|l- 10.4.1391 

JJ- (cBOHCTBO 5° Ha C. 

3 min(— E + n) = min(— _E) + n > 

JJ- (cbohctbo 2° (i) Ha c. 133 jj 

3min(— E) > —n 

(cbohctbo 2° (ii) Ha c. 133 

3max£ = — min(— E) < n 



□ 



CTeneHH c n,ejitiM noKa3aTejieM. HanoMHiiM, 
hto Ha CTpamme 05] mm ysce onpeflejimiii CTeneHb 
a" c noKa3aTejieM n € Z + inmyKTiiBHOii (popMyjioii 
(l().:il()4l) : 

a° = 1, a n+1 = a™ • a, n G Z + io.3.i04t 

(npH 3tom a MO>KeT 6biTb jiK)6biM). fljia uejibix ot- 
piinaTejibHbix noKa3aTejieit CTeneHb onpe^ejiaeTCH 
(popMyjioii 



a 



o6paTHBiH 

SJieMCHT 

fljm a 

H3 aKCHOMBI 

A9 



n e N, (0.4.142) 



(b 3tom cjiynae a /i,ojkkho 6bitb HeHyjieBtiM). 

• OTo6pa»;eHHe (a, n) i— > a™ Ha3tiBaeTca cme- 
neuHUM omoSpamcenueM c nejitiM noKa3aTe- 
jieM. Ero CBOiicTBa yppQno co6paTb b cjiefly- 
lomefi TeopeMe. 

TeopeMa 0.4.4 (o CTeneHHOM OTo6pa»ceHHH) . 

Omo6paofceHue 

(a, n) i y a n , 

o6Aadaem CAedymu^uMu ceoucmeaMu: 

Zq: oho onpedeAeno e CAedywu^ux deyx cu- 
myavALKx: 

npu o / u n £ Z. 

npu a = u n G Z + , 

uau, umo mo otce caMoe, e CAedytmu,ux 
deyx: 

npu n G Z + u mozda a G K, 
npu n G — N u moeda a ^ 0; 



Z\ : CAedywuijUe dee gpynnu moatcdecme eu- 
noAHMwmcM ecjiKuu pa3, Kozda o6e ua- 
cmu moMcdecmea onpedeAemi: 

noKa3aTejibHbie 3aKOHBi : 



a = 1, 



a = 



1 



(0.4. 


,143) 


(0.4, 


.144) 


(0.4, 


.145) 





(0.4.146) 


1 

a™' 


(0.4.147) 


a" • b n 


(0.4.148) 



a" 

a m+n = a rn . Q n. 

CTeneHHbie 3aKOHBi: 

1" = 1 
1 
a 



Z2: mowcdecmeo, na3ueaeMoe HaKonn- 

TejIBHBIM 3aKOHOM, 

(a m ) n = a m - n (0.4.149) 

eunoAHfiemcfi dAK CAedywu^ux 3nanenuu 
nepeMennux: 

npu a 7^ u m, n G Z, 
npu a = u m, n G Z + ; 

Z3: dAK HyjieBoro ocHOBaHHH cmeneub, e 
cAynasix, nozda ona onpedeAeua, onucu- 
eaemcM tpopMyAou 

fl, n = 
0, n > 



0" 



(0.4.150) 



a dAK nOJlCOKHTejIBHBIX OCHOBaHHH 

eunoAHKemcji CAedywui,ee ycjiOBHe co- 
xpaHeHHH 3HaKa; 



a > 



a n > (n G Z) (0.4.151) 



Z4 : dyi^i noAoatcumeAbuux ocHoeanuu eunoA- 
HHmmcH CAedymuiALe ycjioBHH moho- 
tohhocth: 



GO 



Tjiasa, 0. HHCJIA H MHOMECTBA 



ecAU n > 0, mo eo3eedenue e cme- 
nem> n coxpansiem 3hcik nepaeen- 
cmea: 



< x < y 



x n < if 



(0.4.152) 



ecAU n < 0, mo eo3eedeHue e cme- 
nenb n Mennem 3nan nepaeencmea: 



< x < y 



(0.4.153) 



ecAU a > 1, mo nomenuupoeanue 
c ocHoeanueM a coxpansiem 3ho,k 
nepaeencmea: 



m < n 



a"" < a" 



(0.4.154) 



ecAU < a < 1, mo nomenuupoea- 
nue c ocHoeanueM a Menjiem 3nan 
Hepaeencmea: 



m < n 



a" 1 > a" 



(0.4.155) 



/JoKasameAbcmeo. 1. Ha^HeM c noKa3aTejit>Ht>ix 3a- 
kohob. OopMyjia (|0.4.143p ecTb npocTO nacTb onpe- 
^ejieHHH (|0.3.104p CTeneHH a n c HeoTpnnaTejib- 
hmm noKa3aTejieM. OopMyna (10.4. 144p ,n,OKa3MBa- 
eTCH paccMOTpeHHeM Tpex cjiynaeB: ecjiii n G N, to 



= fnxii5f = 4r 

a n 

ecjiH n = 0, to 

a~ n = a - (|0.4.l43ll 



1 



= \ = (10.4. 1431) = -1 = — 

1 ' v a a n 

a ecjiH n G — N, to ecTb n = —k, k G N, to no- 
CKOjibKy (10.4. 144p yxte pflKasano pjisi nojioJKiiTejib- 
hmx CTeneHefi, aojekho BbinojiHHTbCH a~ k = -\, 



Hjm, hto to »ce caMoe, 



a , nosTOMy 



fljia ^,OKa3aTejibCTBa (|0.4. L45[) HaM noHaflo6nT- 
ch cjie/ryioinee BcnoivioraTejibHoe TOJKflecTBo: 



a m+l = m . 



m G Z 



(0.4.156) 



IIpn m G Z + oho HBjiaeTCH npocTO nacTbio onpefle- 
jienna (|0.3.104p . nosTOMy pjisi ero ,n,0Ka3aTejibCTBa 
HaM HyjKHO jiHHib npoBepHTb, hto oho BepHO npn 
m G — N, to ecTb npn m = —k, vj\e k G N: 



,i-fe 



— h 

a ■ a, 



k G N 



Ecjih c/i,ejiaTb 3aMeHy k — 1 = n, n G Z+, to mm 
nojiy^iHM SKBHBajieHTHyK) (popMyjiy 



a"™" 1 • a, 



n G Z 4 



KOTOpyio mojkho nepcnncaTb Tax: 



a 



,-n-l 



n G Z + 



h flOKa3biBaeTCH sto nenoiKon 

-n-1 



a 



mm = = mm = - n 

(|Q~23TH = — • - = (|0.4.144P 



a" • a 

a"" 



^OKajKeM Tenepb (|0.4.145p . 3acpnKcnpyeM m G 
Z. ^jih n G Z_|_ 3to ,noKa3biBaeTca HH/ryKiriiefi: 



a = a 

a m+„+l EpD 



a m • a = a m ■ a° 



II 

a m ■ a n , 
noct>ijiKa 

KHflyKI^HH 



10.4.1501 



— a m ■ a n+1 



fljia n G — N, to ecTb n = —k, iyje k G N, (popMyjia 
(|0.4.145p nepenncbiBaeTCH Tax: 



= (I0.4.144P = 



to ecTb Tax: 



a m - k ■ a k 



3aMeHHB m — k = I, mm nojiyHHM: 

I G Z, fc G N 



3to npocTO HHa^ie 3anncaHHoe paBGHCTBO (|0.4.145p , 
b kotopom o^Ha H3 CTeneHefi neoTpHnaTejibHa, h 
Rjin SToro cjiynaa mm ero y»ce /i,OKa3ajiH. 

2. IlpoBepHM CTeneHHbie 3aKOHM. Ohh Bee ^o- 
Ka3MBaiOTCH CHanajia fljia HeoTpHnaTejibHbix CTene- 
Hefi HHflyKn,neft, a 3aTeM jxjisl OTpHii;aTejibHMx CTe- 
neneft bmboahtch h3 y>Ke flOKa3aHHbix (popMyji. Ha- 
npnMep, (popMyjiy (|0.4.146p HyjKHO ,n,OKa3aTb CHa- 
najia fljia n G Z + HHflyKn,neft: 



1° = (10.3.1041) = 1, 
1" +1 = (10.3.1041) - 



1™ -1 = 1-1 



ii 

l, 

nocbijiKa 

HHflyKI^HH 



A OTCio^a ysce CTaHOBHTCH hcho, hto OHa BepHa n 
npn n G — N, to ecTb npn n = — fc, fc G N: 



1' 



r 



(10.4.1421) = (l- 1 )' 



= (RT2~2l)D = l fc = 1 




Tohho Tax jKe cpopMyjia (|0.4.147p ^,OKa3biBaeTCH 
CHanajia .hjih n G Z + HHflyKn,neft: 



1 ^ <0.3.1Q4I 1 10.3.1041 1 

i ~r 77 1 
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n+l 



10.3.1041 ( 1 \ 1 1 1 10.2.511 

a J a a 11 a 

II 
i 

noct>ijiKa 

HHflyKIJHH 

1 10.3.1041 1 



a n ■ a a n+1 
A 3aTeM pjisi n = —k, k G N mm nojiynaeM: 

-k 




3flCCb npHMCHfleTCfl 

10.4.1471 . 

y5Ke flOKa3aHHoe 
fljm k ^ 



Hy ii cpopMyjia (10.4. 148[) TOJKe /i,OKa3BiBaeTCH 
CHanajia ^jia n G Z + imflyKHiicfi: 




noctijiKa 

HHflyKI^HH 



„ „ l|0.3.104( n+1 „ +1 

= a ■ a ■ b ■ o = a ■ o 

A 3aTeM ^jih n = — k, k G N, nojiynaeTCH KaK cjie^- 
CTBiie H3 ysce ,n,OKa3aHHoro: 

(a • b) n = (a • b)- k = (10.4.1441) = 

11 Jo.gjilt 1 1 _ 

(a • b) k a k ■ b k a k b k 

3fleCb npHMeHUCTCH 

HO. 4. 1481 . 

yjKe flOKa3aHHoe 
fljiH k ^ 

= (IU.4.1441) = a- fc • 6- fc = a n ■ b n 



3. ,HoKa:>KeM HaKoniiTejibHMH 3aKOH (|0.4.149p . 
3acpiiKCiipyeM m G Z h npoBe^eM CHanajia im,n,yK- 
11,1110 none Z + . 



)0.3 1 104( 10.3 1 104( _ . m 

It/' J — _L — (X — Ci . 



m\n+l 



(« m ) 



10.3.1041 



(a m ) n -a m = a m ' ra -a" 

ii 



10.3.1041 



noctijiKa 

HHflyKI^HH 



3to ,n,OKa3i>iBaeT cpopMyjiy (|0.4.149[) /jjih cjiynaa 
m G Z ii n £ Z + . Ecjiii 71 G — N, to ecTb n = k, 
k G N, to mbi nojiynaeM: 



3 C b 1 1 pil MCI IMCTOl 

10.4.1491 . 

y5Ke flOKa3aHHoe 
fljm k ^ 



(a m )™ = (a m ) 



_ fe 10.4.1441 1 



1 1 10.4. 1441 



(a m ) k 

-m-k 



a m-(-fc) = a m-n 



4. OopMyjiy (|0.4.150p npii n — momo ctii- 
TaTb cjieflCTBiieM (10.4. 143p (hjih mojkho CKa3aTb 
hto paHbine mbi OTMeHajiii sto yTBep?K/i,eHiie KaK 
paBCHCTBO (|0.3.105|) ). 3aTeM rjisi n = 1 ee mojk- 

HO BBIBeCTH 113 (|0.3.104p (lIJIH, OIIHTB JKe, MOJK- 
HO 3aHBIITB, HTO MBI ySffi 3TOT CpaKT OTMeHajIH B 

(10.3.1031) ): 

1 = 0° ■ = 1 ■ = 

A ,h,jih ocTajiBHBix n G N OHa ,n,OKa3BiBaeTCfl im/ryK- 
rn*efi:: 

+1 <0.3 1 104> 



,; 



0™ -0 = 



II 

o, 

noct>ijiKa 

HHflyKI^HH 



YcjiOBiie coxpaneHHH 3HaKa (|0.4.151[) fljia n G 
,n,OKa3BiBaeTCH iiH/ryKHiieii: 

„ +1 HO.3^1041 



a 



HO. 2. 311 

> 



V V 
0, 
nocbijiKa 

HHflyKI(HH 



A nocjie STOro fljra n G — N, to ecTB pjisi n — k, 
fc£fj, mbi nojrynaeM: 



a k > 



i, 10.4.1441 1 
a k = —r > 



(y5Ke flOKa3aHo) 
HO. 2. 371 



5 . HMiuiiiKauiiH (|0.4.152p ,n,OKa3BiBaeTca iiH^yK- 
u,iieii no n G N. Ilpii n = 1 OHa CTaHOBHTCH maemo- 
jiozueu (to ecTB b Heii cjieflCTBiie aBjiaeTca HacTBio 
nocBijiKii, ii nosTOMy yTBepjKfleHiie 6yfleT oieBiifl- 
ho HacTOJiBKO, hto b oGbihhoh peHH 3to 3Bynajio 6bi 
rjiyno) : 

< x < y x < y 

IIpeflnojiojKHM, hto mbi flOKa3ajni (|0.4.152p fljia 
KaKoro-TO n = k 



< x < y = 
Tbiyja fljia n = k + 1 mbi nojiyniiM: 



x k < y k 



x k <y k , 

HO. 2. 411 JJ, 

x ■ x k < x ■ y k , 



x < y 

J| 10.2.411 

x-y k <yy k 
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„fc+i 



x ■ x k < x ■ y k < y ■ y k 



y 



k+l 



y 



Koiyja (|0.4.152p ,n,OKa3aHO, (|0.4.153p CTaHOBHTca ero 
cjieflCTBHeM: ecjiH n < 0, to ecTb n = —k, k > 0, to 

< x < y 

J| 1 10.4. 1521 

x k < y k 



J| HO. 2. 391 



1 > 1 



y 



y" 



ar y" 

6. HMnjiHKan,HK) (|0.4.154p mo>kho ,n,OKa3aTb, Ha- 
npHMep, c noMombio cneflyiomero BcnoMoraTejibHO- 
ro yTBepjKflenHa: 



a > 1 Vn G N a" > 1 



(0.4.157) 



Oho flOKa3biBaeTCH HH/ryKHiieH: noflCTaBHB n = 1 
Mbi nojryniiM TaBTOjiornio , 

a > 1 =$> a 1 = a > 1 

a ecjiH oho BepHO npH KaxoM-TO n = k 

a > 1 a fc > 1 

to npn n = k + 1 mm nojiyHHM 

l lO~T44t 



a n = a k+1 = a k 



> a k > 1 



Koiyja (10.4. 157p flOKa3aHO. (|0.4.154p CTaHOBHTCH ero 
cjieflCTBHeM - npn a > 1 nojiy^aeM: 

m < n 
n — r7i > 

J| 1 10.4. 1571 

n"' 

a- 



a n -a m = a m (a"~ m 
a rn < a" 

HaKOHeii, H3 (|0.4.154p bbibo/hitch (|0.4.155|1 : 



10.2.311 

1) >~^0 



m < 77 

-777 > —77 



< a < 1 

!L 10.2.431 

i > 1 



1 10.4. 1541 ( 1 

> 



□ 



IJejian it ,a;po6HaH HacTH HHCJia. 

• LfeAoii uacm'bH) BemecTBeHHoro HHCjia i£l Ha3biBaeTCH nejioe hhcjio [x] £ Z, onpeflejiaeMoe 
npaBHjiOM 

[a;] = max{77 e Z : n < a;}, (0.4.158) 

to ecTb, MaKCHMyM MHOJKecTBa E — {n G 1 : 77 ^ a:} nejitix nnceji, He npeBOCxoflsmirx a; (no 
TeopeMe 10.4.31 TaKofi MaKCHMyM cymecTByeT) ■ 

CBoiicTBa ijejiofi HacTH: 

1°. I^eAasi uacmb uucaci x S [0; 1) paena nyjiw: 

x e [0; 1) => [x] = (0.4.159) 
2° . JJ^ar aw6ozo i£K cnpaeedAueo deounoe Hepaeencmeo 

[x] < x < [x] + 1 (0.4.160) 
3°. TIpu cdeuze na ufiAoe hucao ucAan uacmb cdemaemcti na amo hucao: 

[X + 777] = [x] + 777, X € K, 777 G Z (0.4.161) 

4°. TojfcdecmeeHHOcmb na xifiAUX hucaclx: ecAU x € Z, mo [x] = a;. 
5°. MoHomoHHOcmb: ecAU x,y € R 7 7770 

x ^ j/ => [as] < [y] (0.4.162) 
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6°. Coxpanenue deounux Hepaeencme c xifiJiUMU KowuflMu: ecjiu m,n G Z uigR, mo 

to ^ x < n =>• to ^ [x] < n (0.4.163) 
floKaaamejihcmeo. 1. Ecjih a; € [0; 1), to c ojthoh ctopohh, 

£ {n £ Z : n ^ x} => max{n £ Z: n ^ x} = [x] 

a c jxpyroii - 

HO. 4. 1411 

{n e Z : rt ^ x} ^ x < 1 |x] = maxjrt G Z : n ^ x} < 1 

To ecTb ^ [x] < 1. IIo cjieacTBHio 10.4.11 sto 03Ha*iaeT, hto [x] =0. 

2. 06o3HaHHM £ = {n 6 Z : n x}. Torjra, BO-nepBtrx, 

{n6Z: n x} $J x =>• [x] = maxjii G Z : n x} ^ x 
h, BO-BTopbix, ecjiH 6bi [x] + 1 x, to mm nojryHHjiH 6bi nenoHKy 

[x] + 1 < x => [x] + 1 G E => [x] + 1 sC max E = [x] 

IIocKOjibKy nocjiejxHee hgbo3mojkho , sto oaHaiaeT, hto x < [x] + 1. 

3. Ecjih x G Z, to x G {n G Z : n ^ x} ^ x, h nosTOMy max{rt G Z : n x} = x. 

4. IIpH x G M, to G Z nojiynaeM: 

[x + to] = max{n G Z : n ^ x + to} = max{n G Z : n — to ^ x} = 

= max{£; + to: fcGZ&fc^x} = max{/c G Z : fc ^ x} + to 

5. Ecjih x ^ z/, to {?i G Z : rt ^ x} C {n G Z : n ^ z/}, h nosTOMy [x] = max{?i G Z : rt ^ x} ^ 
max{n G Z : n y} = [y]. 

6. Ecjih to x, to no yxe jj,0Ka3aHHi>iM CBOHCTBaM 2° h 3°, to = [to] ^ [x]. A ecjiH x < n, to jijiji 
BcaKoro k G Z ycjiOBHe k ^ x aBTOMaTH^iecKH BjieneT ycjiOBHe fc < n a sto, b cnjiy (|0.4. 140[) . BjieneT 
ycjioBHe k ^ n — 1. OTCiojia 

[x] = max{/c G Z : fc ^ x} ^5 maxjfc GZ: fe^n — 1} = n — 1 < n 

□ 

• flpoSnou uacmbw {x} BemecTBeHHoro nncjia i£K Ha3MBaeTCH pa3HOCTt MejKjry x h ero nejioii 
nacTbio [x]: 

{x} := x - [x] (0.4.164) 

CBoiicTBa /],po6Hofi nacTH: 

1°. ,Hpo6Haji nacTb nncjia x G [0; 1) coBnajxaeT c x: 

x G [0; 1) =>■ {x} = x (0.4.165) 
2°. JX-Jisi jno6oro x G R cnpaBejijiHBO flBoiiHoe HepaBGHCTBO 

< {x} < 1 (0.4.166) 
3°. Ilpn cflBHre Ha nejioe hhcjio ;xpo6HaH nacTb He MeHHeTca: 

{x + to} = {x}, xGR, togZ (0.4.167) 

/JoKa3ameAt>cmeo. 1. Ecjih x G [0; 1), to b cnjiy (|0.4.159p . [x] = 0, noaTOMy {x} = x — = x. 

2. HepaBeHCTBO (|0.4.166p cjiejryeT cpa3y H3 HepaBeHCTBa (|0.4.160p : 

[x] < x < [x] + 1 =^ < x - [x] < 1 

3. A TOJKjrecTBO (|0.4.167p - H3 (|0.4.16ip : 

{x + to} = (x + m) — [x + to] = (x + to) — ([x] + to) = x — [x] = {x} 

□ 
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,HecHTHMHaH 3anacb rjejibix HHceji. KaK H3- 

BecTHO, uejibie neoTpHHaTejitHtie Hiicjia n G Z + 
(mm onpe^ejiiijiii sto mhojkcctbo BMine cpopMyjioii 
(|0.3.96p ) mo)kho 3anHCbiBaTb inicppaMH 0, 1, 2, 3, 4, 
5, 6, 7, 8, 9. HanpiiMep, 3anncH 487 h 1204 03Hana- 

K)T HHCJia 



487 = 7 - 



10 + 4- 10 2 , 



1204 = 4 + • 10 + 2 • 10 2 + 1 • 10 3 . 



Tot (paKT, hto jno6oe nncno n G Z + mojkho 3a- 
nHcaTb TaKiiM o6pa30M, h hto Taxaa 3anncb o/nro- 
3HaHHO onpe^ejraeT hhcjio (to ecTb He Mo:sceT cjiy- 
HHTbca, hto6m pa3Hbie nncjia 3anHCMBajiHCb o,zni- 
HaKOBo), cjie^yeT H3 npnHnnna ApxiiMe^a 10.3.91 
npiiHinina MaTeMaTHnecKoii HH/ryKniiH h cbohctb 
OTo6pa>KeHHH x i— > [x]. 3p£Cb mm oGtHCHiiM, no- 
neMy 3to TaK. 

TeopeMa 0.4.5. /Jam bcmkozo hucjio, x G N nau- 
demcji hucao n G Z + u KOHeunafi nocAedoeameJi'b- 
Hocmb uuceA ao,ai, ...,a n G {0; 1; 2; 9} manasi, 
nmo 

x = a + ai • 10 + a 2 • 10 2 + ... + a„ • 10™ = 

n 

^^afe-lO^ (0.4.168) 

HucAa n u ai e smoil QiopMyAe modkho euBpamt 
man, umo6u cmapmuu KOdaiaiuuxienm 6uji ncnyA,e- 
6um 

a n ^ 0, (0.4.169) 

u mozda npcdcmaeAcnue x e eude (|0. 4.168ft cmano- 
eumcn eduHcmeeHHUM. 



• <DopMyjia (|0. 4.168ft Ha3MBaeTCH decMmuHHUM 
npedcmaejieHueM Hiicjia x G N, a nocjie- 
^OBaTejitHOCTB nncpp {a n , a n —i, Oi, ciq} - 
nocAedoeameA&Hocm'bH) K03<$<$uu,uenmoe stoto 
npeflCTaBjieHHH. KopoTKO 3Ty cpopMyny npn- 
hhto 3anHCbiBaTb b BH^e 

x = a n ...aiao 

h TaKaa 3anncb Ha3BiBaeTCH decMmuHHou 3a- 
nuc&m nncjia i£N. HanpHMep, 3anncb 

x = 1825 

pacniHcppoBbiBaeTCH KaK paBeHCTBO 

x = 1 ■ 10 3 + 8 • 10 2 + 2 • 10 1 + 5 • 10 1 



• Ecjih x G — N, to no TeopeMe 10.4.51 hhcjio 
-i£N npe^CTaBHMO b BH^e 



Ha3biBaeMaH decMmuHHou 3anuct>m HHCjia x G 
— N. HanpHMep, 3anncb 

x = -247 

pacinHcppoBbiBaeTCH KaK paBeHCTBO 

-x = 2-10 2 + 4-10 1 + 7-10 1 

HJIH, HTO SKBHBajieHTHO, KaK paBeHCTBO 

x = -2 • 10 2 - 4- 10 1 - 7- 10 1 



fljia ^OKa3aTejibCTBa TeopeMM 10.4.51 Han noHa- 

,H,o6hTCH TpH JieMMbl. 

JleMMa 0.4.1. /Jam bcmkozo x G M naudemcM na- 
mypaA'bHoe hucao n G Z + matcoe, nmo 



x < 10 



n+l 



(0.4.170) 



/JoKa3ameAbcmeo. PaccMOTpHM hhcjio ^g— • IIo 



npHHH^nny ApxiiMeaa 10.3.91 pjin Hero HafifleTCH n G 

9 

X-l 



N TaKoe, hto ^ n. OTCKi^a nojiynaeM cjie,n,- 



< n + 1 
y 

x - 1< (n+l)-9 

x< l + (n + l)-9 < (1 + 9) 
t 

3fleCb ME.I npHMCHaeM 
HcpaBCHCTBO BcpHyjuiH 
H0.3.11H 



n+l 



10 



□ 



JleMMa 0.4.2. Ecau x G R u eunoAHRemcti nepa- 
eencmeo 

0^x< 10"+\ 
mo naudemcH hucao a G {0; 1; 2; 9} manoe, nmo 

a ■ 10" < x < (a + 1) • 10" (0.4.171) 

/J,oKa3ameAt>cmeo. 06o3HanHM nepe3 a nejryio 
HacTb HHCjia j^- : 



10" 

Tor^a, BO-nepBbix, H3 CBOiicTBa i^ejioii nacTH co- 
xpaHHTb HepaBeHCTBa c n,ejibiMH KOHnaMH (|0.4. 163( ) 
cjieflyeT, hto a G {0; 1; 2; 9}, 



n+l 



-X 



• 10 fe 

fe=0 



o x < 10 



o ^ — < 10 
10" 



h ,h;jih STOro ncnojib3yeTca 3anHCb 
x = — a n ...a\a,o 



^ 



4J. 10.4. 163> 



< 10 



10* 
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H, BO-BTopbix, no onpeflejieHHio n,ejioii Hacra 
(10.4.1601) . 



10* 



a; 

^ < 

10™ 



10 ri 



+ 1 



o+l 



a • 10" s: x < (a + 1) • 10" 



□ 



JleMMa 0.4.3. Ecau hucao x npedcmaeAeno e eude 
(|0.4.168p . mo cmapmuu Koscfic/jwuueHm a n e amou 
cpopMyAe euuucAJiemcM no cfiopMyAe 



(0.4.172) 



10™ 



/^oKasameAbcmeo. 3necb npiiMeHaeTCH (popMyjia 
(I0.3.115P h,jih cyMMbi nepBbix HjieHOB reoMeTpHne- 
ckoh nporpeccHH: 



n-l 



n-1 



«fe -!o fc ^ y 9 • 1Qk = 9 • 1Qk = 



fc=0 



fc=0 



k=0 



10" - 1 10" - 1 

= (R).3.115P = 9 = 9 = 

' v 10-1 9 

= 10" - 1 < 10' 

^ 71—1 

o s; — • V a k ■ 10 k < 1 

fc=0 

4 



I- = -J- • ( V a fc • 10 fe + a n • 10" ) = 
0" 10" \ ^ / 

\fc=o / 

1 n— l 

10" ^ 

fe=0 



m 
[0,1) 



a; 

10" 



□ 



/JoKa3ameAt>cmeo meope.Mu \0.4--5\ IlycTb x £ N. 
IIpHMCHHH jieMMy 10.4.11 mojkho Bbi6paTb n £ 
Z + TaK, HTo6bi BbinojiHHjiocb (10.4.170(1 . to eerb, 
(10.4.173P : 

O^K 10" +1 , (0.4.173) 

1. IToKa>KeM, hto npn BbinojmeHHH SToro HepaBeH- 
CTBa x moscho npeflCTaBHTb b bh^c (|0.4.168p . 
3to ,n,OKa3biBaeTca: HH/ryKniieH no n. 



1) ilpn n = ycjiOBne (|0.4. 173|) npeBpamaeT- 
cs b ^ I < 10, i (popMyjia (|0.4.168p CTaHOBHTCH 
BcpHa, ecjin nojiojKHTb a — x. 

2) ilpe^nojiojKHM, hto Hanie yTBepjKfleHne Bep- 
ho npn n = m — 1 : 



O^K 10'' 



]T a fc • 10 fe (0.4.174) 



n noKajKeM, hto Tor^a oho BepHO n npn n = m: 



€ x < 10 



fleiicTBHTejibHO , 



m+1 



5> fe -10 A 



fe=0 



sC x < 10 m+1 

•J| JieMMa [0.4.2l 

3a m £ {0;1;2;...;9} : 

a m • 10 m s$ x < (a m + 1) • 10'" 

•Jj- (BbiHHTaeM a m • 10 m ) 

^ x - a m • 10 m < 10'" 

|| / npHMCHHCM noctiJiKy\ 
V ^hhay^hh: 1Q.4.174B J 

in — 1 

x - a m ■ 10 m = a k • 10* 

II / nepeHOCHM a m ■ I0 m \ 
v \ b npasyio ^acTt J 

rii—l m 

x=j2 a k ■ 1Qk + a ™ ■ 1Qm = Yl ak ■ 1Qk 

fe=0 k=0 

2. Mm ,n,OKa3ajiH, hto x npe^CTaBHMO b Bwpp 
(|0.4.168p . Tenepb y6e,iiHMCH, hto Taxoe upepfiiaB- 
jienne eflnncTBCHHO, c tohhoctbhd flo ,no6aBjiCHHH 
hjih HCKjnoneHHH HyjieBbix cjiaraeMbix (to ecTb cjia- 
raeMbix co CTapninMn KOS(p(pHLi;HeHTaMH a n = 0). 
IlycTb HaM ,n,aHbi ^Ba pa3Hbix npeflCTaBjienna: 



= I>-io* 



k=0 



k=0 



flpQ&sw cjiaraeMbie c HyjieBbiMH KOScpcpni^HeHTaMH 
(to ecTb, b3hb ,n,onojiHHTejibHbie ai = hjih hi = 0), 
mojkho ,n,o6HTbca. hto6h KOjimecTBO cjiaraeMbix b 
3thx cyMMax CTajio o^HHaKOBbiM: 

n n 

Y,ak-10 k = Y bk - 1Qk (0.4.175) 

fc=0 fc=0 

HaM HyjKHO npoBepHTb, hto Tor,a,a 

a k = b k , k = 0,...,n. (0.4.176) 

3to TaioKe flejiaeTCH HHflyKn,Heii no n. 

1) Ecjih n = 0, to (|0.4.175p cpa3y npeBpanj,aeT- 
ca b (|0.4.176p : a = b . 

2) ilpe,n,nojiaraeM, hto sto BepHO npn n = m, 
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E 

k=0 



II / npHMCHflCM noctijiKyN 
V l^HHflyKipiH: 10.4.1771 J 



k=0 



Vk = 0,...,m a k = b k (0.4.177) 
Toryi,a fljia n = m + 1 nojiy^aeM: 



m+l m+1 



fe=0 



fc=0 

-JJ- f jieMMa !0.4.3t 



A m+1 



m+l 

E 

Lfc=0 



flfc • 10 A 



m+l 

E 

Lfc=0 



b k • 10* 



= b 



m+l 



/ CTapiiiHe cjiaraeMbic\ 
b 10.4.1781 paBHbi, I 

H HX MOJKHO I 
\ OT6pOCHTb / 



^a fe -10 fc = ^6 fc -10* 



\fk = 0, m afc 

(a npH 
a.k - 



k — ra + 1 paBCHCTBo\ 
- bk y5Ke flOKa3aHO. J 



3. OcTaeTCH y6e,n,HTbca, hto ecjiH x ^ 0, to n 
mojkho Bbi6paTb TaK, hto6h a n 7^ 0. r H, JIH 3Toro 
(0.4.178) mojkho paccMOTpeTb mho^kgctbo E, cocToamee H3 
Tex n G Z_|_, KOToptix cnpaBe^jiiiBO npeflCTaB- 
jichhc (|0.4.168p n HaflTH ero mhhhmym n — xnhxE. 
Torfla a n 7^ 0, noTOMy hto HHa^e mbi nojiynHjin 6bi, 
hto CTapinee cjiaraeMoe b (10.4. 168|) mojkho Bbi6po- 

CHTb, 



fe=0 



k=0 



n— 1 n— 1 

x = E afc ■ 10,0 + a " ■ 10 ™ = E afc ■ 1Qfc 

fc=0 V q ' k=Q 

h 3to 03Hanajio 6bi, hto n — 1 E E (to ecTb n hc 

MOJKeT 6bITb MHHHMyMOM E) . □ 



(b) ^ejieHHe c ocTaTKOM h ^ejiHMOCTb 
,H,ejieHHe c ocTaTKOM. 

TeopeMa 0.4.6 (o ^ejieHHH c ocTaTKOM). fl^jifi mo6ux deyx uuceji a € K u b > cymecmeywm u 
eduHcmeeHHU nucjia q G Z ur£ [0; 6) maKue, umo 

a = b-q + r, (0.4.179) 

Ecjiu edo6aeoK a 6 Z 11 i e N, mo r G Z + . 

JJoKa3ameAt>cmeo. Hncjia pr momo onpeflejiHTb (popMyjiaMH 

'-»■{?} 



9 = 



Torfla no onpcflCjiCHHio Hejioft nacTH q G Z, a no onpe^ejieHHio ,hpo6hoh nacTH, ^ G [0;1), n 3HannT 
r G [0,&). HaM ocTaeTCH ,zi;0Ka3aTb, hto Taxne nncjia pr e/niHCTBeHHbi. Upe/niojiojKHM, hto cymecTByiOT 
,n,Ba pa3jiojKeHHH o/nroro nncjia a: 

a = b- q + r = b- q + f 



Tor^a 



q+ b =q+ b 



H3 stoto cjie^yeT, hto q = g, noTOMy ^ito ecjin 6bi 3to 6bijio He TaK, to ecTt Hanpniviep q < q, to, no 
CBOiiCTBy (|0.4.140p . Mbi nojiy^HJin 6m, ^ito q + 1 ^ q, n nocKOJiBKy ? < 1, 



A c flpyroft CTopoHbi, paBeHCTBO ? = (7 — 5 + f 03nanaeT, hto ? n g — gr + | OTjinnaiOTCH Ha n,ejioe hhcjio 
q — q, nosTOMy 

l = { r l } = U- q+ l} = mm = l, 



n OTCiOfla r = r. 

OcTaeTca 3aMeTHTb, ^ito nocKOjibKy q G Z, to npn a G Z h 6 G N hhcjio r = a — b ■ q flOjBKHO 6bitb 
nejiMM. □ 
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,HejIHMOCTB B MHO>KeCTBe N HaTypajiBHBix 
HHCejI. 

• TOBOpHT HTO hhcjio a G N deAumcsi Ha HHCJIO 
b G N, h 3anHCMBaiOT sto (popMyjioii 

a ■ b, 

ecjiH HaiifleTCH hhcjio m G N TaKoe, ^ito 
a = m ■ b. 

B 3tom cnynae 

hhcjio a Ha3biBaeTCH KparrmuM nHCJia 6, 
hhcjio 6 Ha3biBaeTCH dcAumcACM nncjia a. 

• Ecjih ACNhBCN - MHOJKecTBa, to 3anncH 

A : b, a \ B, A : B 

03HaHaK>T COOTBeTCTBeHHO, HTO a : 6 BbinOJIHH- 

6tch fljia jno6oro a G A, /ljih jiio6oro 6 G -B, h 
jho6mx a e A h i 6 B. 

o 0.4.1. CneflyioiHHe yTBepjKjreHHH mojkho npoBe- 
piiTB, HanpHMep, c noMOinbio KajibKyjiHTopa: 

6 ; 2, 123 ; 3, 430095 i 541 



CBoiicTBa OTHOineHHH ^ejiHMOCTH: 

1°. Bcezda x:\ux\x. 

2°. Ecau x I y, mo [a ■ x) : y djisi ah>6ozo 
a G N. 

3°. Ecau x \ y u y \ z, mo x \ z. 

4°. Ecau x \ a uy \ a, mo (x + y) \ a, a ecAU 
edo6aeoK x > y, mo (x — y) \ a. 

5°. Ecau x \ y, mo x ^ y. 

^OKa3aTejIbCTBO 3THX CBOHCTB MM OCTaBJTHGM 
HHTaTejIK). 

» 0.4.1. ^OKa^KiiTC MeTOflOM MaTeMaTHHecKoft hh- 
AyKiniH 7 : 

1) n 5 — n ! 5 npn jho6om n G N; 

2) n 7 — n \ 7 npn jho6om n£N; 

3) n • (2n 2 — 3n + 1) I 6 npn jik>6om n G N; 

4) ll n+1 + 12 2 "- 1 ; 133 npii jik)6om nel; 

5) 5 • 2 3 "~ 2 + 3 3 "" 1 ; 19 npii jho6om n G N. 

Haii6ojiBiiiHH o6iu,hh ^ejiHTejiB ii HaHMeHb- 
uiee o6m,ee KpaTHoe. IlycTb A C N. 



kopotko 3to 3anHCbiBaeTca (popMyjioii 
x ; A. 

MHOJKecTBO Bcex o6ihhx KpaTHbix pjisi A 060- 
3HanaeTca A 7 : 

4' :={ieN: x ■ A} = 

= {s£N: Vsei x\a} (0.4.180) 

OHCBHflHO, 

A w ! A (0.4.181) 

• HauMewbuiee o6w > ee Kpamnoe MHO»cecTBa A 
(to ecTb HaiiMeHbinee hhcjio cpeflH Bcex x G 
t4 v ) o6o3HaHaeTca V(A): 

V(A) := minA v = 

= min{a: G N : Va G A x ■ a} (0.4.182) 

B nacTHOM cjiynae, KOiyja A coctoht H3 flByx 
3JIGMGHTOB a h 6, HaHMeHbinee o6m,ee KpaT- 
Hoe MHOJKecTBa A Ha3MBaeTCH nauMewbuiuM 
o6ui 1 um KpamnuM huccji a u b h o6o3na ii iaeT- 
ca 

a V 6 := V{a, 6} = 

= min{.T G N : x \ a k x \ b] (0.4.183) 

IIpe,a,jio}KeHHe 0.4.1. CAcdymuifie coomnomeHue 
cnpaeedAueo 3ah mo6ux deyx MHoatcecme iCNii 
B C N: 



(AUB) 7 = A" ns v 
/JoKaaameAbcmeo. 

x G (iUB) 7 

x \ (AU B) 
t 

x I A & a; : B 
t 

iei' & xeB 7 

t 



(0.4.184) 



□ 



! 0.4.1. Ecjih b (popMyjie (|0.4.184[) noMeHSTb Me- 
CTaMH U h OHa nepecTaeT 6t>iTb BepHofi: 

{An BY ^4 V UB' 

HanpHMep, npn A = {2} h B = {3} mm nojiynaeM 

({2}n{3}) v = V =N, 



• Hhcjio x G N Ha3MBaeTca o6ui i um KpamnuM ho 

MHOJKECTBa A, ecjiH oho Kparao jno6oMy hhc- {2} v U {3} v = 2NU 3N 

jry a G A (to ecTb ^ejiHTca Ha jno6oe a G A): g 



Va G A 



to He o/i,ho h to jkb, noTOMy hto, HanpHMep, 
5GN & 5^2NU3N 



B nepBBix ,n B y x npniviepax Hy»cHO Hcnojii>30BaTi> 6hhom HbiOTOHa. 
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IIpe/i;jio»ceHHe 0.4.2. Ecau A kohchho (neo6n- 
3amejit)H0 nenycmo) , mo A v nenycmo, u nosmoMy 
cyuificmeyem nauMenbtuee o6w,ee Kpamnoe V(A). 

/(oKasameJibcmeo. Ecjih A nycTO, to hhcjio 1 6y- 
jj,eT ero o6ihhm KpaTHBiM, nocKOjibKy npn a G A 
ycjiOBHe 1 I a BBinojiHaeTCH TpHBHajitHO (n3-3a ot- 
cyTCTBHH Taraix a). Ecjih me A HenycTO, to, no- 
CKOjibKy oho kohghho , ero MOJKHO npeflCTaBHTb B 

BHfle KOHeHHOH nOCJiejTOBaTejIbHOCTH (c HenOBTOpH- 
IOIHHMHCH 3JIGMGHTaMH) 

A = {a\, a n } 
a 3aTeM paccMOTpeTb npoH3Be,i];eHHe Bcex Hnceji, 

BXOJJ5HHHX B A 

n 

x = Y[ a = Y[a t 

a£A i=l 

3to hhcjio flejiHTCH Ha jno6oii ajieMeHT a G A, to 

eCTb HBJIHeTCH o6lHHM KpaTHbIM flJIH MHOJKeCTBa A: 

xeA v 

3HanHT, MHOJKecTBO A v HenycTO. KaK jno6oe Heny- 

CTOe nOflMHOJKeCTBO B N, OHO, B CHJiy CBOHCTBa 

5° Ha c !41l /jojbkho HMeTb MHHHMajibHbiii sjieMeHT 
min A" =V(A). □ 

CHOBa nycTb ACE 

• Hhcjio x € N Ha3biBaeTCH 061HUM deAumejieM 
MHOJKeCTBa A, ecjiH oho hbjihctch jrejiHTejieivr 
,Hjih jno6oro HHCJia a € A (to ecTb jno6oe a 6 A 
flejiHTCH Ha x): 

Va € A a I x, 
KopoTKO 3to 3anHCbiBaeTCH cpopMyjioil 
A ; x. 

Mhojkcctbo Bcex o6ihhx jrejiHTejieii ^jih A 060- 
3HanaeTCH A A : 

A A := {x G N : A ■ x} = 

= {xeN:WaeA a ■ x} (0.4.185) 

OneBHflHO, 

A ; A A (0.4.186) 

• Hau6oAbiuuu 06UIALU deAumeAb MHOJKeCTBa A 
(to ecTb HaH6ojibuiee hhcjio cpe/ni Bcex x £ 
A A ) o6o3HanaeTCH A (A): 

A (A) = maxA 4 = 
= max{a; € N : Va € A a\x} (0.4.187) 

B nacTHOM cjrynae, KOiyja A coctoht H3 ,n,Byx 
3JIGM6HT0B a h 0, HaH6ojibiHHH o6ihhh fl&JIH- 
Tera> MHOJKeCTBa A Ha3biBaeTCH nau6oAbuiuM 
o6m i uM deAumeAeM nuceA a u b h o6o3HaiaeT- 

a A b := max{x G N : a\xkb\x} (0.4.188) 



IIpe/i;jio^KeHHe 0.4.3. CAedywu^ee coomnouienue 
cnpaeedAueo 3ah aw6ux deyx MHoatcecme A C_N u 
B C N: 

(AuB) A =i A flB 4 . (0.4.189) 

/J,oKa3ameAbcmeo. 3to ,n,OKa3biBaeTca no aHajio- 
thh c npejjjio ?KeHHeM [Q . 4 . 1 1 

xe (A u B) A 
t 

(A U B) • x 
t 

A\ x & B \ x 
t 

x G A h & xeB A 

t 

x € A & H B h 

□ 

! 0.4.2. Ecjih b cpopMyjie (|0.4.189p noM6H3Tb Me- 
CTaMH U h fl, to OHa nepecTaeT 6biTb BepHoii: 

(An B) A ^A A UB A 

HanpHMep, npn A = {2} h B — {3} Mbi nojiynaeM 

({2}n{3}) A = A =N, 

HO 

{2} A U{3} A = {1,2}U{1,3} = {1}. 

IIpe/j,Jio>KeHHe 0.4.4. Ecau A nenycmo (neo6si- 
aameAbHO kohchho), mo A A nenycmo u Koneuno, u 
noamoMy cyuificmeyem nau6oAbuiuu o6w,uu deAU- 
meAb A (A). 

/JoKasameAbcmeo. Hhcjio 1, ohcbhaho, hbjihctch 
o6ihhm ^,ejiHTejieM pjia MHOJKGCTBa A: 

A \ 1 

3to 3HanHT, hto 1 G A A , h nosTOMy A A HenycTO. C 
jrpyroH CTopoHbi, ecjiH b3htb KaKoe-HH6y,u;b a G A 
(nocKOjibKy A HenycTO, Taxoe a HafifleTca), to mbi 
nojiyHHM: 

5° Ha 

A A C {a} A C {l,...,a} 

To ecTb A A coflep>KHTCH b kohchhom mhojkcctbc 
{l,...,a}. 3HanHT, no CBOiiCTBy 1° Ha c IMl A A ca- 
mo KOHenHO. Ilocjie SToro npHMemieTCs: TeopeMa 
10.3.111 nocKOjiBKy mhojkcctbo A a kohchho, oho 

HMeeT MaKCHMajIBHBIH 3JIGMGHT. □ 



§ 4. Hejibie Hiicjia, ^ejiHMOCTh a p&ujiOHajibHbie Hiicjia, 
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TeopeMa 0.4.7. Cnedymmue coorrmoiueHUM cnpa- 
eedAueu 3jir jiw6ozo nenycmogo KoueuHOZo ACN: 

V(A) > maxA > minA (A), (0.4.190) 

A v i V(A) \A \ h{A)\ A A , (0.4.191) 

A (A) = V(A A ), (0.4.192) 

V(A) =A (A v ). (0.4.193) 



/JoKa3ameJit>cmeo. 1. B nenoHKe (|0.4.190p Hysmo 
npoBepHTb flBa KpaiiHHx HepaBeHCTBa. 

V(A) ^ max A, minA ^A (A) 

Ohh o6a cjie/ryiOT H3 CBoiiCTBa 5° Ha c !67l Hanpn- 
Mep, nepBoe: 

a; ; A 

Jj. 5° Ha c lBTl 

x ^ maxj4 
3to BepHO fljia jno6oro x e A v , 3hbmht 

S7(A) = min A 7 — mm x ^ max A, 

H to jke caMoe co BTopbiM: 
xeA A 

4 ; x 

JJ. 5° Ha c [67l 

minA ^ a; 
3to BepHO fljia jiio6oro x € v4 A , 3HaHiiT 

min A ^ max x = maxA 4 =A (A) 



2. B uenoHKe (|0.4.191[) cepe/niHa oneBH/nia: 

V(A) ; A ; A (A) (0.4.194) 

C OflHOH CTOpOHbl, 

A V \A => V{A) =mmA v \ A 



I103TOMy HyjKHO ^,0Ka3aTb TOJIbKO KpafiHHX co- 

OTHOmCHHH: 

A v ;v(A), A{A)\A A . 

Mbi 6yn,eM hx ,n,OKa3biBaTb bmgctg c coothoihchiis- 
mh (|0.4.192p h (|0.4.193p . npn^ieM b cjie/ryromeH no- 
cjieflOBaTejiBHOCTH: 



A v ; v(A) 



(0.4.195) 



a c APyroii. 

A ■-. A A 
i loXTset 



A i maxA A =A (A) 



A (A) = V(A A ) 

A (A) ; A h (0.4.196) 

v(A) =A (A 7 ) 

3. floicajKeM nepBoe 3bcho b stoh uenoHKe, to 
ecTb (popMyjiy (|0.4.195p . IlycTb x € A v , to ecTb 
x I A. HaM Hy>KHO noxasaTb, hto x I V(A). Pa3fle- 
jihm x Ha V(A) c ocTaTKOM: no TeopeMe 10.4.61 cy- 
mecTByiOT 5 £ Z h r £ Z Taiaie, hto 

a; = V(A)-g + r, sc r < V(A) 

Ecjih r = 0, to mbi cpa3y nojiynaeM, hto a; I V(A). 
Ecjih >Ke r > 0, to ,h,jih bchkoto a € A Mbi nojiynaeM 
uenoHKy: 

V (^4) : A (y>Ke flOKa3aHo) 

x ■ a, V(A) • g : a, a; > V(A) 

J| 4° H a c l67l 

r = x — V(A) ■ q : a 

3to BepHO fljia jno6oro a G A, 3HanHT r - o6mee 
KpaTHoe fljia ^4: 

r ; A 

hjih, hto to }Ke caMoe, 

re A 7 

C flpyroii ctopohbi, 

r < W(A) = mm A w 

3to npoTHBope^ne 03HaHaeT, hto Hame npeflnojio- 
»ceHHe, hto r > 0, 6bijio HeBepno. 

4. ^oxajKeM (|0.4.192p . to ecTb BTopoe 3BeHO b 
Hameii LtenoiKe. /Ijih stoto pacmneppyeM yxe ^,0- 
Ka3aHHyio (popiviyjiy (|0.4.195p Tax: 

.t I A => x ; V(A) (0.4.197) 

Torfla H3 (|0.4.186p Mbi nojiynaeM nenoiKy: 

A ! A A 

Mae A a\A h 
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J| 1 10.4.1971 

Mae A a\ V(A A ) 
A ! v(A A ) 

V(A A ) G A A (0.4.198) 
C flpyroii ctopohm. H3 (|0.4.194p nojiynaeM: 

v(A A ) ; A A 

V(A A ) ^ A A 
BMecTe c (|0. 4.19811 sto osHa^aeT, hto 

V(A A ) =maxA A =A (A), 



TeopeMa 0.4.8. ,Z£/i.» aw6ux a,b e N cnpaeedAueu 

UMTlAUKaVXLU 



x\(aVb) (0.4.201) 
(a A b) ■ x (0.4.202) 



X 


: a 


X 


: b 


a : 


': X 


b \ 


X 



u paeencmeo 

(a V b) ■ (a A b) = a ■ b 



(0.4.203) 



to ecTb KaK pa3 cnpaBefljiiiBO (jO.4.192)) . 

5. Tenepb cpopMyna (|0.4.196p . to ecTb TpeTbe 
3bgho b Haineii irenoHKe, nojiynaeTCH b o^Hy CTpon- 
Ky: 

A (A) = v(A A ) ; A A 

6. OcTaeTCH ,n,OKa3aTi> nocjieflHee 3bcho irenoH- 
kh - (popMyjiy (10.4.193p . 3flect nocjieflOBaTejib- 
hoctb paccyjKfleHHfi HanoMHHaeT nyHKT 4. CHanajia 
paciHiicppyeM y»ce flOKasamiyio (popMyjiy (10.4. 196p 
Tax: 

A\x A (A) • x (0.4.199) 



Torfla H3 (|0.4.18ip Mbi nojiynaeM u,enoHKy: 
A v ; A 

Mae A A v \a 

J| 110.4. 1991 

Mae A A(A v )\a 
A (A v ) ; A 

a. 

A (A v ) e ,4 V (0.4.200) 
C flpyroii CTopoHbi, 113 (|0.4.194p nojiynaeM: 

A v ; a (A v ) 

A v ^A (A v ) 
BMecTe c (|0. 4.20011 sto osHa^aeT, hto 

A (A v ) =minA v = V(A), 

to ecTb KaK pa3 cnpaBefljiiiBO (|0.4.193p . □ 



/toKa3ameAt>cmeo. 1. HMiuiiiKairiiH cjieflyiOT H3 co- 
OTHOineHHii (|0.4.19ip : 

A v ; v(A) 

{a;6} v ; V{a;6} 
a:e{a;6} v =>■ x ■ V{a; 6} = (a V 6) 
x;{a;6} x ; V{a; fo} = (a V 6) 

(I0.4.201P 

H tohho TaK »ce, 

A (A) ; A A 

A {a; b} i {a;6} A 
x e {a; 6} A => A {a; 6} : a; 
x \ {a; b} =£> (a A 6) =A {a; 6} : x 
(I0.4.202P 

2. Hto6bi /i,0Ka3aTb (|0.4.203p . o6o3HaHHM 
a • b 



a V 6 

H 3aMGTHM, HTO X G N, nOTOMy HTO 

(a ■ b) \ a, (a ■ b) \b 

" v ' 

|l- 10.4.2011 

(a-b) I (oV6) 
HaM HyjKHO y6e,n,iiTi>ca, hto 

x = a A 

,Hjih SToro OT^ejibHO flOKa»ceM flBa HepaBeHCTBa 
a A b ^ x, x ^ a A b 



§ 4. Hejibie Hiicjia, ^ejiHMOCTh a p&ujiOHajibHbie Hiicjia, 
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IlepBoe H3 hhx flOKa3BiBaeTca TaKoii HenoHKOft: 

a V 6 , a V 6 
a = x ■ — ; — , o = x ■ 



b : X 



J| HO. 4. 2021 

(a A b) I x 

a. 

a A b ^ x 



A BTopoe Tax: 



• Hncjia a, 6 G N Ha3biBaiOTCH 63auMuo npocmu- 
mu, ecjiH ohh HMeiOT TOjibKO oflHH o6ihhh fle- 
jiHTejib, a HMeHHO, hhcjio 1: 

{a,6} A = {l} 

IIOHHTHO, HTO 3TO paBHOCHJIbHO TOMy, HTO HX 

Haii6ojiBiiiHH o6ihhh /i,ejiHTejib paBeH e,zHiHHHe: 

a A & = 1. 
3to b cbok) o^epeflb 03HaHaeT, hto 

aV6 = a-6, (0.4.204) 

nocKOjibKy 



a ■ b b a ■ b a 

a ■ r, r = r ■ 



A 6 



A 6' 



A b a A b 



a - b a- b 

' a, I b 



a A b 



a A b 



JJ. 110.4.2011 



a ■ 6 

a A b 



(a V 6) 



,•6 



> a V6 



a A b 



a ■ b 

x = ^ a A o 

a V 6 



□ 



OcHOBHaa TeopeMa apHcpMeTHKH. 

• Hiicjio a € N, a > 1, Ha3biBaeTca 

npocmuM, ecjiH oho flejiiiTCH TOjibKO Ha 1 
h Ha a: 

a A = {l;a} 

cocmaenuM, ecjiH KpoMe liay Hero ecTb 
em;e KaKne-TO flejiHTejin: 

o 0.4.2. Hhcjio 2 HBjiaeTCH npocTbiM, noTOMy hto 
2 ; x 

H- 

1 < x ^ 2 



.... ,. 10.4.2031 

(a V 6) • (a A 6) a • b 



0.4.3. Ecjih a h & - ^Ba pa3JiHHHbix npocTbix 

HHCJia, TO OHH B3aHMHO npOCTbl, nOTOMy ITO 

a A ={l;a}, fo A ={l;fo} 

{a, &} A = (10.4.1891) = {a} A n {6} A = 

= {l;o}n{l;6} = {l} 

IIpe^Jio^KeHHe 0.4.5. Ecau a ub - esauMHO npo- 
cmue uucAa, mo 3aji aw6ozo x £ N 

(x • a) \ b x I 6 

JJoKaaameAhcmeo. B o6paTHyio CTOpony sto cjie- 
AyeT H3 2° Ha c !571 

(x • a) • b <f= x • & 

IIoKajKeM, hto OHa BepHa b npsMyio CTopoHy: 

(a; • a) • b =>■ x I b 

^jih SToro HyjKHO flo6aBHTb k (x • a) I b oneBHflHoe 
cooTHOineHHe (x • a) \ a: 

(x • a) : b 
(x • a) I a & (x • a) : b 

4 10.4.2011 



10.4.204[ 

(x • aj : a V o = a • b 



To ecTb 



€{1;2}. 



2 A = {1;2} 



4 

x x ■ a 
6 a • b 

X : 6 



G N 



□ 
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IIpe^Jio^KeHHe 0.4.6. Ecau npou3eedenue npo- /JoKa3ameAt>cmeo. IIpoBe,n,eM HH/ryKinno no x G N, 
cmux uuceA x ^ 2. 



a\ ■ a 2 ■ ... • a„ 

deAumcji na npocmoe hucao b, mo b codepotcumcti 
e nocAedoeameAtHocmu ai,...,a n : 



1. IlycTb x — 2. Toiyja b BHfle (|0.4.206p ero mojk- 
ho npeflCTaBHTb Tax: 

2 = 2 1 



(to ecTb b flaHHOM cjiynae k = 1, pi = 2, n\ = 1). 
3i G {1, n} a,i — b E^HHCTBeHHOCTb TaKoro pa3jiojKeHHH cjie/ryeT H3 

Toro, hto, KaK mbi y6eflHjiHCb b npHMepe lO.4.21 hhc- 
/JoKa3ameAbcmeo. 3to ,n,0Ka3biBaeTca HH/ryKinicii jio 2 npocToe: ecjiH 



ft™ 1 • ft? 2 • ... • q™< (0.4.207) 



no n. 

1. Ilpn n = 1 yTBepjK^eHne CTaHOBHTCH tphbh- 

ajibHMM: — KaKoe-Hn6yn,b flpyroe pa3JiojKeHne, to mbi bo- 

ai : t, nepBbix nojiy^HM, hto Bee nncjia ft flOjBKHbi 6bitb 

0/THHaKOBbIMH H paBHblMH flBOHKB, nOTOMy nTO 



2 : ft 



6G { ai } A = {l; ai } ^ 

* (6>1) «e2-={l;2} 

^ (*>1) 

6 = cti ft = 2 

2. npe A nojio>K H M, hto oho sepno npn n = k: To eCTb pasjioxenne (|0.4.207p A ojijkho hmctb bh A 

2 = 2 m 

ai • a,2 ■ ... • <Xfe : b =>■ I 3t = 1, k a,i = 



H, BO-BTOpbIX, 3fleCB 171 flOJIJKHO 6bITb paBHO 1, no- 

(0.4.205) TOMy hto HHane, to gctb npn m > 1, Mbi nojryHHjiH 
3. IToKa>KeM, hto TOiyja oho 6ya,eT BepHO n npn 6 bI 
n = fc + 1. nycTb 2 = 2 i EMU 2m 

ai • a2 ■ • OLk • flfc+i : 6 ^' npe^nojioJKHM flajiee, hto Hanie yTBepjKfle- 

Hne BepHO npn Bcex x, ineHbinax neKOToporo TV, 
Ecjih b = afc+i, to Hanie yTBepjKfleHHe ,n,OKa3aHO. x < N 

Ecjih jKe 6 7^ dfe+i, to o6o3HaHHB x = a\- a,2- a>ki 

Mbi nonyHHM' IIoKaaceM Tor,a,a, hto oho BepHO h npn x = N. 

. , 3flfiCb npnfleTCH paccMOTpeTb ,n,Ba cjiynaa. Bo- 

nepBbix, ecjiH x = I\ - npocToe nncjio, to Hanie 
npn^eM a k+1 n b npocTbie, He coBnaflaioiinie hhc- yTBepjKfleHne ajih Hero BepHO no TeM xe npn^H- 
jia, H 3Ha^HT, b cnjiy npnMepa lCTXSl B3anMH0 npo- saM, no kotopmm oho 6mjio BepHO fljia yjKe pac- 
CTbie. IIosTOMy no npemioaceHHio 10.4.51 x /jojekho CMOTpeHHoro cjiy^aa x = 2: Te >Ke paccyjKfleHHH, 
,a,ejiHTbCH Ha b: H0 c 3aMeH0it 2 Ha N npnBOflHT k TOMy >Ke pe3yjib- 

TaTy. 

x = a\ ■ a,2 ■ ... • flfe : b Bo-BTopbix, ecjiH x = N - cocTaBHoe nncjio, to 



ecTb 

N = K ■ L (K, L e N, K , L > 1) 



Ho Tor^a no npeflnojiojKeHnio HH^yiciniH (|0.4.205p , 
b = ai fljia: HeKOToporo i = 1, k. To ecTb b jho- 
6om cjiynae mbi nojiynaeM b — ai pjm neKOToporo to 

i=l,...,k,k + l. □ K<N, L < N 

nosTOMy no npeflnojiojKeHHio HHflyKn,nn nncjia K 
TeopeMa 0.4.9 (ocHOBHaa TeopeMa apucpMe- h L pacKjiaflbiBaiOTca no (popMyjie (|0.4.206|) . Ot- 

thkh). Kaotcdoe hucao x € N, x > 1, moohzho ciofla mwkho c^ejiaTb bmboa, hto hx npoH3Be^;e- 
eduHcmeeHHUM o6pa30M pa3A00fcumb e npou3eede- HHe N = K ■ L TO>Ke pacKjiaflbiBaeTCH no (popMyjie 
nue (|0.4.206p . 

x = p™ 1 • p™ 2 • ••• • P^ 1 " , (0.4.206) OcTaeTCH tojibko o6T>HCHHTb, noneMy pjin TaKO- 

ro N pa3jio»ceHHe 6y^eT e^HHCTBeHHO . Ilpeflnojio- 

e KomopoM k u {ni,n 2 , n k } - HO,TTiypCLJl'bH'bie HUC- ^CHM, HTO 3THX pa3JIO^*CCHHH HMCGTCS ^BR! 

Aa, a{p l7 p 2 ,...,Pk} - npocmue, pacnoAoatceHHue e ^ „ fc _ mj mj 

nopsidKe eo3pacmanun: ^ - Pi ■ ■■■ ■ P k ~ Qi ' - ' Ql {V.4.ZUB) 

IIorjIH^,HM Ha 3TO C TOHKH 3pCHHH npeflJIOJKeHHH 

Pi < P2 < ■■■ < Pk 10.4.61 hhcjio N flejiHTCH Ha npocToe hhcjio q±, a, c 



§ 4. Hejibie Hiicjia, ^ejiHMOCTh a paifHOHajihHhie *mejia 



73 



npyroii CTopoHbi, N HBjiaeTCH npoH3Be,n,eHHeM npo- 
ctbix HHcejipi, ...,Pk (c pa3HbiMH ctciichhmh). 3Ha- 
hht, cpeflH HHceji pi, ...,Pfc KaKoe-TO aojkkho 6biTb 
paBHO qi'. 

3i € {1, k} pi = qi 

Flo toh »;e npnnnHe cpe/ni HHceji gi , . . . , qi KaKoe-TO 
jtojckho 6biTb paBHO p\ : 

3j G {1, ...,1} qj=Pi 

IIocKOjibKy HHCJia pi,...,pk ynopH,n;oHeHbi no B03- 
pacTaHHio, nojiynaeM 

Pi Pi = qi 



npuHafljiejKHT nocjiejxpBaTejibHOCTH q 2 , ■■■,qi (noTO- 
My hto p\ — q\ MeHbine jiio6oro H3 sthx nnceji). H 
tohho Tax »ce, ecjin 6bi n\ < mi, to no^ejinB Ha 
p™ 1 , Mbi nanynHjiH 6bi 

iV 

32 Tlfc mi-ni mo mi 

-5T = P2 ■••••Pfe = Pi •?2 1 
Pi 

to ecTb npoH3Be,neHHe npocTbix nnceji P2, ■••,Pfc (c 
pa3HbiMH CTeneHHMn), jjpjiHjiocb 6bi Ha npocToe 
hhcjio pi, KOTopoe He npHHafljiejKHT nocjieflOBa- 

TejIBHOCTH P2,-.-,Pk (nOTOMy HTO pi MeHbine JIK>- 

6oro H3 3THX HHceji) . 

HTaK, m = mi, h nosTOMy pa3jio:aceHHe 
(I0.4.208P mo>kho nepenncaTb t&k: 



C jrpyroii CTopoHbi, HHCjia qi, ...,qi Tome ynopajip- 
neHbi no B03pacTaHHio, n nosTOMy 

9i «S Qj = Pi 
BMecTe 3to 03HanaeT, hto 

Pi = qi 

OTKya,a cjienyeT, hto i = 1 = j. 

Tenepb pa3jio>KeHHe (|0.4.208p mojkho 3anncaTb 
Tax: 



N=p?-p? 



■Pk 



pT 
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3aMeHCHO 

Ha pi 



OTCIOna MffiKHO BblBeCTH, HTO 71 1 = JTll. fleftCTBH- 

TejibHO, ecjin 6bi OKa3ajiocb, hto ni > mi, to nojre- 
jihb Ha p™ 1 , mm nojiynnjin 6m 



N 

~mT — Pi ■ P2 

Pi 



nu mo 
■Pk = 92 



9i 



n OKa3ajiocb 6m, hto sto hhcjio, SyzrynH nporaBe- 
/jenneM npocTbix nnceji q 2 , qi (c pa3HbiMH CTene- 
hhmh), ^,ejiHTca Ha npocToe hhcjio pi, KOTopoe He 



N = Pi 1 -p 2 2 ---p k - Pi ■q 2 2 -...-q l 



q\ II 771 1 

3aMeHeHbi 
Ha pi H ni 



IIOflejIHM 3TO Ha p™ 1 

N 



Pi 



H3 pi > 1 h ni > cjienyeT, hto p™ 1 > 1, nosTOMy 
N 



Til 

Pi 



< iV 



h no npcjj,nojiojKCHHio HH^y ki^hh , ^jih HHCjia 



N 



pa3JIOJKeHHC (|0.4.206P flOJCKHO 6bITb eflHHCTBCHHO. 

To ecTb, 



k = I & (Vi = 2, k pi — qi & n,; = m, 



C flpyrofi ctopohm, paBeHCTBa pi = q\ h ni = mi 
mm y»ce ^,OKa3ajin paHbnie. To ecTb b (popMyjie 
(|0.4.208p HHCjia cnpaBa h cjieBa ot nocjiejj,nero pa- 
BeHCTBa coBnajj,aiOT, n sto 3HanHT, hto pa3jio?KeHHe 

TV Ha MHOJKHTejIH OJJ,HO3HaHH0. □ 



(c) Pau,HOHajit.Hfaie HHCjia Q 
Onpe/j,ejieHHe h CBoiicTBa pan;HOHajiBHBix nnceji. 

• Mhcjio i£l Ha3biBaeTCH pav,uonaAbHUM, ecjin oho npejj,CTaBHMO b bh^c 

b 

B cooTBeTCTBnn c 3thm, MHOJKecTBO pan,HOHajibHbix nnceji, o6o3HaHaeMoe chmbojiom Q, onn- 
cbiBaeTCH cpopMyjioit 

Q = § (0.4.209) 

CBoiicTBa MHOxecTBa Q: 

1°. CyMMa x + y deyx pav,uoHaAbHux uuceA x u y, maKOtce jiejiHemcji pav ) uoHajibHUM hucjiom: 

x,yeQ x + yeQ (0.4.210) 
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2°. Hucao —x, npomueonojiootcHoe pai^ucmaAbHOMy nucjiy x, manatee MejuiemcM pavALcmaAbHUM 
hucjiom: 

xeQ => -xeQ (0.4.211) 

3°. IIpou3eedeHue x ■ y deyx pav/uonaAbHUX uuceA x u y, maKJHze sieAfiemcsi pai^ucmaAbHUM uuc- 
aom: 

x,y£Q =>■ x ■ y e Q (0.4.212) 

4°. Hucao x^ 1 , o6pamHoe pavALonaAbHOMy uucAy x ^ 0, maKOfce sieAMemcsi pav,uoHaAbHUM uuc- 
aom: 

x e Q =^> x' 1 £ Q (0.4.213) 
TeopeMa 0.4.10. B aw6om unmepeaAe (a,b) na eeuificmeennou npnMou K naudymcn pavALonaAbHue 

HUCAd. 

/J,oKa3ameAbcmeo. Ilojib3yHCb npHHUHnoM ApxiiMe^a (TeopeMa 10.3. 9|) . no,n,6epeM hhcjio n G N TaKoe, 

HTO 

1 

n > 



b — a 

H nOJIOJKHM 

m = [a • n] + 1 

Torfla 

777 

a < — < b 

n 

IlepBoe HepaBeHCTBO 3fleci> flOKaabiBaeTca HanpaMyio: 

1 10.4.1601 

a ■ n < [a ■ n] + 1 = m =>■ a < — 

n 

A npaBoe - ot npoTHBHoro: ecjiH 6bi OKa3ajiocb, hto b ^ — , to mh nojiynnjiii 6bi 

no.4.1601 \a-n] , m fa • n] + 1 fa • n] 1 
a • 77 < a • n =>■ ^ l - ^a<b^ — = ± l - = ± l - + - = 

77 77 77 77 77 



III 



b — a < — 77 < 
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b — a' 



h nocjieflHee npoTHBopeiiiT Bbi6opy 77. □ 



HecoKpaTHMtie ,a,po6H. 

TeopeMa 0.4.11. Bcnnoe noAocncumeAt>Hoe pav,u- 
onaAbHoe hucao x G Q npedcmaeuMO e eude dpo- 
6u, e Komopou HUCAumeAb u 3HaMeHameAb esauM- 
ho npocmu: 

X=-, <7 G N, p Aq=l (0.4.214) 

• Taxiie flpo6ii Ha3biBaiOTca necoKpamu- 

MUMU. 

/JoKa3ameAbcmeo. FlocKOjitKy x painionajitHO, 
oho HMeeT BHfl x = t, r^e a G Z h 6 G N. C 
,n,pyroH ctopohm, a; nojiojKHTejibHO, nosTOMy a to- 

JKe flOJIJKHO 6bITb nOJIOJKHTejIBHO, H 3HaHHT a G N. 

IIocKOjibKy a I (a A 6) 11 6 I (a A b), HHCjia 

a 6 

P = T' 9= r 

a A a A b 

/JOJBKHBI 6bITI> HaTypajIBHBIMH. IlOHHTHO, 1TO 

aAo ^ 



OcTaeTCH npoBepHTb, hto p A q = 1. 3to ^ejiaeTCH 
Tax: 

x G {p;q} A 

(p '■ arl 

\g:a;/ 

Ja = p ■ (a A i) i i • (« A 6)1 
1 6 = q • (a A b] )\ x ■ (a A b) J 

x • (a A 6) G {a; fe} A 

a; • (a A 6) < max{a; b} A = (a A b) 

x < 1 

H3 3TOH I^enOHKH BHflHO, HTO 

pA(} = max{p; q} A = 1 

□ 
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Cyiu,ecTBOBaHHe HppaijHOHajifeHbix HHceji. 

• Hhcjio x £ R Ha3biBaeTCH uppav/uouaAbHUM, 
ecjiH oho He HBjiaeTCH painiOHajitHMM: 

CjieflyioiHHfi: npHMep noKa3MBaeT, hto Tame HHCjia 
b caMOM ,a,ejie cymecTByiOT. 



Toiyja hhcjio e — 2 — c 2 6yn;eT nojioJKHTejitHo: 

e = 2 - c 2 > 

OTCiojia cpa3y cjiejiyeT, hto 
e 



3c 



H CJICflOBaTCJIbHO HHCJIO C - 



> c > X 



3 c 



o 0.4.4. CymecTByeT hhcjio c e [1;2], ynpBjieTBO- c APy rOH ctopohbi 
pHiomee ycjiOBHK) 8 



c 2 = 2 (0.4.215) 
9to hhcjio Hppan,HOHajn>Ho: 

J^oKasameAbcmeo. 1. PaccMOTpHM flBa MHOJKecTBa: 



l = {ie 
y = {y e : 



>o & 



< 2} 



y>0 & V 2 >2] 



3aMeTHM, hto 1 £ X h 2 6 Y, nosTOMy X n Y 
HenycTbie. HpKajKeivi HepaBeHCTBO fljia MHOJKecTB 

X < y 

^eiicTBHTejibHO, ecjiH 6m fljiH KaKnx-TO x € X h 
y £ Y BbinojiHHjiocb o6paTHoe HepaBeHCTBO 

x > y, 

to, nocKOjitKy y > 0, no CBOiicTBy CTeneHHoro oto6- 
pajKeHHH (|0.4.152[) . mm nojryHHjiH 6bi 

2 ^ 2 
.x > y 

npn tom hto H3 ycjiOBHii x £ X h y £ Y cjieflyeT 

x 2 «C 2 s: y 2 . 

H3 HepaBencTBa X ^ y , b cnjiy aKCHOMM nenpe- 
pbiBHOCTH A16, cjie^yeT, hto HaiifleTCH hhcjio c£M, 
jieacamee Memffy X h Y: 

x < c< y 

3aMeTHM cpa3y, hto, nocKOjibKy 1 G X h 2 G y, 

HHCJIO C ,H,OJI}KHO yflOBJieTBOpSTb yCJIOBHK) 

Uc^2 (0.4.216) 

2. IIoKa>KeM, hto 

c 2 -2 

npe/niojiojKHM, hto sto He Tax, HanpHMep, nycTt 
c 2 < 2 (0.4.217) 



1 < c 2 
-c 2 < -1 
2 - c 2 < 2 - 1 = 1 



He jiejKHT b X. Ho 



10.4.2161 

a- 

< 7 < 1 

o<4^i 



(-0 

2 2 

C+ 3^ 



= c 2 


+ 2- 


1 


1 


9 


<? 


/A 


/A 


l 


1 


3 









C • £ 

3~c" 

• £ 2 



3c 



Tax KaK 
< E < 1 



= C + £ = C 



(2 - c 2 ) = 2 



To ecTb 



c+ — > c> 
3c 



(-0 



s$ 2 



H 3TO 3HaHHT, HTO HHCJIO C + ^ Hao6opOT JKJKHT B 

X. 3to npoTHBopenne 03HanaeT, hto Hanie npeflno- 
jiojKeHHe (|0.4.217|) 6mjio HeBepHbiM. 
IIpeflnojiojKHM, Hao6opoT, hto 



c 2 > 2 



(0.4.218) 



Tor^a hhcjio e = c 2 — 2 6yjieT nojio>KHTejii>HO 

£ = c 2 - 2 > 
OTCiojia cpa3y cjiejiyeT, hto 

c- — < c y 
3c 

h noaTOMy hhcjio c — ^ He jie>KHT b y. Ho c jipyroii 

CTOpOHM, BO-nCpBbIX, 



£ 

H, BO-BTOpMX, 

_ 3c 



s 2 - 2 2c 2 + 2 



3c 



2-e 



3c 



> 



3c/ 



8 HHTaTejib, KOHeiHO, y3HaeT b HHCjie c H3 npHMepa 10.4.41 hhcjio s/2. Mm He BCTaBjiHeM sto b 4>opMyjiHpOBKy, noTOMy 
hto noHHTHe kophh 6y,n;eT onpeflejieHO h3,mh tojibko b|§ l|rjiaBbi[3l 
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" v ' 

v 



To ecTb mm nojrynaeM 

H 3T0 3HaHHT, HTO HHCJIO C — ^ Hao6opOT JiejKHT 

b Y. 3to npoTHBopeniie roBopiiT o tom, hto name 
npe/],nojio>KeHHC (|0.4.218p TO»ce 6bijio HeBepHbiM. 

3. HaM ocTajiocb ,zi;0Ka3aTb, hto hhcjio c nppa- 
HiiOHajibHO. IIpeflnojiojKHM, hto oho painiOHajibHo: 

ce O 



Toiyja, nocKOjibKy c > 0, no TeopeMe 10.4.111 sto 
hhcjio mojkho npe,n,CTaBHTb B BHJTe HecoKpaTHMOii 
jxpo6ii 



c = — , m A n = 1 
n 



Mbi nojiynaeM nenoHKy: 



Pau;HOHajiBHBie Hucna c HeneTH&iM 3HaMe- 
HaTejieM 2 n-i . HanoMHiiM, hto Bbinie (popMy- 
jioii (|0.2.55p Mbi onpe^ejiHjiH yMHOJKeHHe hhcjiobo- 
ro MHoacecTBa X Ha hhcjio a: 

a ■ X = {y eR : 3x e X a ■ x = y} 

cpopMyjioii (|0.2.54p - c/jbht MHOJKecTBa 

X - a = {y eR: 3x e X x~a = y}, 



m 2 = 2 • n 2 



a (popMyjioii (|0.2.60|) - nacTHoe hhcjiobbix mho- 
jKecTB: 



X f x 

— = z6l: 3y G Y - = z 

Y { V 



3toto ^ocTaTOHHO, hto6bi coo6pa3HTb, HTO nOHH- 
MaeTca nofl MHOxcecTBOM 2 n-i i kotopom mh no- 
BejxeM penb 3,n,ecb, ho nepe,n, TeM, KaK npncTynHTb 

Co6cTBeHHO K H3yHGHHK) erO CBOHCTB, Mbi paCCMOT- 
PHM HeCKOJIbKO nOflrOTOBHTejIbHblX npHMepoB. 

o 0.4.5. MnojKecTBO neTHbix HaTypajibHbix nnceji 
{2, 4, 6, 8, ...} = {2n; «eN} yn,o6HO 3anHCbmaTb b 
BH^e 



m 2 ; 2 
J- 

b pa3jiojKeHHH (|0.4.206|) nncjia m 2 

HMeeTCH MHOJKHTejIb 2 s , s G N 

4 



b pa3jiojKenHH (|0.4.206|) nncjia m 
HMeeTca MHOJKHTejib 2 , t S N 

m ; 2 

m = 2- k, k > 1 
4 • fc 2 = m 2 = 2 • n 2 
2 • fc 2 = n 2 



n 2 ! 2 

no TeM >Ke npHHHHaM, hto h jijih m, 

b pa3Jio?KeHHH (|0.4.206l) nncjia n 
flOjiJKeH 6biTb MHOJKHTejib 2 r , reN 

n ■ 2 

Mm nojiynaeM, hto o6a nncjia m h n jspjisncsi Ha 
2. 3to npOTHBOpeHHT TOMy, hto y hhx Han6ojib- 
ihhh o6ihhh flejiHTejib paBeH 1. 3to 03HanaeT, hto 
Hanie npejrnojiojKeHHe o painiOHajibHOCTH c 6bijio 

0HIH60HHbIM. □ 



Tohho Taitace mhojkcctbo HeneTHbix HaTypajibHbix 
nnceji {1, 3, 5, 7, ...} = {2n — 1; n 6 N} yn,o6HO 3a- 
nncbiBaTb b BHjj;e 

2N- 1. 

o 0.4.6. Bbinie mm ysce npHBOflHjiH (popMyjiy 
(10.4.2091) 

^ Z 

KOTopyio Morao paccMaTpHBaTb, KaK onpejrejieHHe 
MHOJKecTBa pan,HOHajibHbix nnceji Q. 

o 0.4.7. HcnpHBbiHHOMy B3rjumy He cpa3y 6yii;eT 
OHeBHflHoii cnpaBefljiHBOCTb paBeHCTBa 



Z 
2N 



(0.4.219) 



/JoKaaameJibcmeo. 5Icho, hto BbinojiHaeTCH bkjiio- 
neHHe 

Z 

— CO 
2N ~ 

IIoKajKeM, hto BepHO h o6paTHoe BKjHoneHHe : 



C 



2n 



^eiiCTBHTejibHO, ecjiH r = £ e Q, p e Z, g e N, to 
nojiosKHB m = 2p, Mbi nojiyHHM: 

P m „ 
r = - = — , m € Z, q e N 
9 2g 



To ecTb re|. 



□ 
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> 0.4.1. ^HoKctJKHTe paBeHCTBa: 



2Z 
2N 
N 
N 



= {r e 



r > 0} 



o 0.4.8. Ilocjie npHMepa 10.4.71 mojkho 6bijio 6bi 
oyKK^&Tb, hto ecjiH 3aM6HHTb b (|0.4.219|) neTHbie 
HHCjia 2N Ha HeneTHBie 2N — 1 , to paBeHCTBO ocTa- 
hgtcs BepHbiM. Ho 3to He TaK: 



Z 



2N- 1 



floKaaameJibcmeo. Hhcjio | jicjkht b Q, ho He b 
2 3 . (noTOMy hto ero HeB03M0»cH0 npeflCTaBHTB b 
BHfle neJloe )■ □ 

^ nciCTiioc^ 



• Hhcjio x £ Q Ha3BiBaeTca pai^uonaA-bHUM uuc- 
aom c neuemnuM 3HaMeHamejieM, ecjiH ero 
mojkho npeflCTaBHTb b BHfle /rpo6n, B KOTO- 
poft HHCJiHTejib - uejioe hhcjio, a 3HaMeHaTejib 
- HeneTHoe HaTypajiBHoe ihcjio: 

m 

m e Z, n e N 



2°. 



2n- 1 



HeTpy^HO C006pa3HTB, HTO 3TO paBHOCHJIBHO 

TOMy, hto, SynyHH npeflCTaBjieHO b BH^e Heco- 
KpaTHMOH flpo6n, x HMeeT He^eTHBiH 3HaMeHa- 
Tejib. MnojKecTBO Bcex pauHOHajiBHBix hhccji 
c HeneTHbiM 3HaMeHaTejieM onncBiBaeTCH <pop- 
Myjioft 



2N- 



CBOHCTBa MHOXeCTBa 



2N-1 • 

CyMMa x+y deyx pauxioHaAwux uuceA x uy c 
neuemnuM 3HaMeHameAeM, manatee RBAKemcsi 
pav,uoHaAbHUM c HeuemnuM 3HaMeHameAeM: 



x,y £ 



Z 



2N- 1 



2/ e 



z 



2N- 1 



Hucao —x, npomueonoAOOKHOe pai^uonaAbHO- 
My HUCAy x c HeuemHUM snaMenameAeM, 
manatee neAsiemcsi pauxionaAbnuM c Heuem- 
HUM 3HaMeHameAeM: 



x £ 



Z 



2N- 1 



-x £ 



2N- 1 



3° . IIpou3eedeHue x ■ y deyx pa%uoHcuiwux uuceA 
x u y c HeuemnuM SHaMenameAeM, maKJtce 
jieAJiemcM pavALonaAWUM c HeuemnuM SHaMe- 
nameAeM: 



x,y £ 



Z 



2N- 1 



x ■ y £ 



2N- 1 



! 0.4.3. Mojkho 3aMeTHTb, hto pjia pauHOHajiBHBix 
HHceji c HCTHbiM 3HaMeHaTejieM, KOTopbie mojkho 
onpeflejiHTb KaK Te, KOTopbie 6yzry x ffl npeflCTaBjie- 

Hbl B BHfle HeCOKpaTHMOH ,irpo6H HMeKDT hcthbih 

3HaMCHaTejib (h, bo3mojkho, 3HaK MHHyc nepefl flpo- 
6bk>), yTBep>K^,eHHe 2° b stom cnncKe He 6y [ n > eT 
cnpaBe,iijiHBo: paBeHCTBO 

1 1 

2 + 2= X 

03HaHaCT, HTO MHOJKeCTBO TaKHX HHCejI He 3aMKHy- 
TO OTHOCHTejIBHO CJIOJKCHHH. OflHaKO, yTBepjKfle- 

hhh 1° h 3° fljia SToro Kjiacca Bee ate 6y^ryT bbi- 

nOJIHHTBCH. 

• PaniiOHajiBHoe hhcjio x c HeneTHBiM 3HaMeHa- 
TejieM Ha3biBaeTCH 

uemnuM, ecjiH ero mojkho npeflCTaBHTb 
b BHfle flpo6n c hcthbim HHCjiHTejieM h 
HeneTHbiM 3HaMeHaTejieM: 



2m 
2n- 1' 



m £ Z, n EN 



3TO paBHOCHJIBHO TOMy, HTO B pa3JIOJKC- 

hhh x Ha HecoKpaTHMyio ^po6b HHCJIH- 
Tejlb HBJIHeTCH HeTHBIM hhcjiom; OHeBHfl- 
HO, HTO MHOJKeCTBO HeTHBIX HHCejI C HeHeT- 

hbim 3HaMeHaTejieM onncBiBaeTca (popMy- 
jioii: 

2Z 



2N-1 

HeuemnuM, ecjiH ero HejiB3H npejj,CTaBHTB 

B BH/I,e flpo6H C HCTHBIM HHCJIHTejieM H 

HeneTHBiM 3HaMeHaTejieM; sto paBHOCHjiB- 
ho TOMy, hto npn jihd6om npejj,CTaBjieHHH 
b BHfle jj,po6h c HeneTHBiM 3HaMeHaTejieM, 
HHCjiHTejiB TO»ce 6yfleT HeneTHBiM: 



2m- 1 

In- 1 ' 



m £ Z, n £ N 



b nacTHOCTH, b pa3jio»ccHHH x Ha HecoKpa- 

THMyiO ^,po6b HHCJIHTejIB flOJBKeH 6bitb 

HeneTHBiM hhcjiom; mhojkcctbo HeneTHBix 
HHceji c HeneTHBiM 3HaMeHaTejieM onncBi- 
BaeTCH cpopMyjioii: 

2Z- 1 



2N- 1 



^OKaaaTejiBCTBO cjieflyiomeii TeopeMBi mbi 
ocTaBjiaeM HHTaTejuo: 

Teopeivra 0.4.12. Mnootcecmea u ff-rj He 

nepeceKawmcji u e o6neduneHuu dawm MHomce- 



2N-1 ' 



2Z 2Z - 1 

n 



2N - 1 2N - 1 



2Z 



U 



2Z- 1 



Z 



2N - 1 2N - 1 2N - 1 
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FnaBa 0. HHCJIA H MHOMECTBA 



• HemHocmbK) paniiOHajibHoro Hiicjia x c HeneT- 
hmm 3HaMeHaTejieM Ha3t>iBaeTCH hhcjio sgn 2 x, 
onpe^ejiaeMoe npaBiuiOM: 



sgn 2 a; 



x 
x 



MGTHOe 

HeieTHoe 



(0.4.220) 



HanoMHHM, hto Bbiine fcM. (|0.2.68p l mh ycjiOBH- 
jihcij 3anHCbio aVi) o6o3HaHaTi> oneparpiio b3hthh 
MaKCHMyMa A B y x inceji: 

flVi) = max{a, b} 

Tanas 3anHCb no3BOjiaeT npHflaTb "ajireGpaiiie- 
ckhh" BHfl nocjie/iHeMy H3 tojk/^gctb b cjie/ryiomeM 
cnHCKe (a;, y e ^w^j)'- 



1 



sgn 2 a; 



(0.4.221) 

sgn 2 x 

sgn 2 (-a;) = sgn 2 x (0.4.222) 
sgn 2 (x + y) = sgn 2 x • sgn 2 y (0.4.223) 
sgn 2 (x ■ y) = sgn 2 x V sgn 2 y (0.4.224) 

J^oKasameAbcmeo. 3,a,ec& HyjKHO npocTO paccMOT- 
peTb HecKOjibKO cjiynaeB. J\jik AByx nocjie^HHX 
TO»mecTB paccyjKflenHa BbirjiHflHT TaK: 

2Z m „ _ i „, 22 



1) ecjiH x,y € 



to x + y £ 2rFn" 



2N-1 ' 1 » ^ 2N- 

jl^j-, nosTOMy 

sgn 2 (x + y) = sgn 2 a; • sgn 2 y, 



sgn 2 (x • y) = sgn 2 x V sgn 2 y, 



2) ecjiH a; € 



2Z _ 2Z-1 

2N-1 ' » c 2N-1 ■ 



to i + j/ e 



2M-1 



i-i/E 2N^T' nosTOMy 

sgn 2 (x + ?/) = sgn 2 a; • sgn 2 y, 

11 11 11 

-1 1 -1 

sgn 2 (x • y) = sgn 2 x V sgn 2 y, 



3) ecjiH x,y £ 
H^i, nosTOMy 



2N-1 ' 



to x + y e h a; • y € 



sgn 2 (x + y) = sgn 2 a; • sgn 2 y, 



sgn 2 (x ■ y) = sgn 2 x V sgn 2 y . 



□ 



rjiaBa 1 



nPE^EJi 

nOCJlE^OBATEJlbHOCTH 

§ 1 MncjioBbie nocjie^oBaTejibHOCTH h hx npe^ejibi 

B npHMepe 10 . 1 . 1 II Bbiine mm y»ce bbojthjih noHHTHe (6ecKOHenHoii) nocjiejxpBaTejibHOCTH, xoth b tot mo- 
mght 3to Hapyinajio jiorHKy H3 jiojkghhh , nocKOjibKy onpe^ejieHHe 6mjio iiaHO paHbine, neM 6mji onpeflejieH 
HaTypajibHbiii pfljj, N. Tenepb caMoe BpeMH BepnyTbca k nocjieflOBaTejibnocTHM CHOBa. 

(a) HncjiOBfaie nocjie/],OBaTejii>HOCTH 

• IlycTB KajK^OMy HaTypajibHOMy HHCJiy neNno KaKOMy-Hn6y r z^b npaBHjiy nocTaBjieno b coot- 
BeTCTBne BemecTBeHHoe hhcjio x n (ejxiiHCTBeHHoe jijih jiaHHoro n) . Toriia Taxoe cootb6tctbhc 
(ceMeficTBO {x n }) Ha3BmaeTCH (6ecKoneHHou) hucaobou nocAedoeameAtHocmbTo, hjih npocTO 
nocJiedoeameJi'bHocmbK). 

TaKHM o6pa30M, (popMajibHO nncjiOBaa nocjiejxpBaTejibHOCTb - npocTO OTo6pa»ceHHe c o6jiacTbio onpc- 
/jejieHHH N h o6jiacTbio SHaieHHii R (06 stom mm tojkb roBopnjiH b npHMepe 10. 1.111) . 

Cnoco6bi onHcaHHH hhcjioboh nocjie^OBaTejitHOCTH. B MaTeMaranecKOM aHajiroe HMeeTCH TOJib- 
ko Tpii cnoco6a onpejrejiHTb HHCjiOByio nocjie/jOBaTejibHOCTb. Mm nepenncjiHM hx b cjiejryioinHx npiiMe- 
pax. 



o 1.1.1. IIocjie/i,OBaTejiBHOCTH, 3a,a,aHHBie hb- 

ho. IlepBbiH cnoco6 - nanncaTb cpopMyjiy BHiia 

x n = fin), (1.1.1) 

b KOTopoft / - 3apaHee onpejrejieHHafl (pyHKinia. 
HanpiiMep, cjieflyioiniie cpopMyjibi hgho 3adawm 
nocjiedoeameAbHocmu, nocKOjibKy cpynKiniH b npa- 
bmx ^acTHx 6mjih y»ce hemh onpeflejieHbi: 

X n , X n 71, X n — ( 1) . 

n 

EcTecTBeHHO, no,n / b cpopMyne (ll.l.ip momo TaK- 
»ce noHHMaTb KaKyK>-HH6y;ib cpyHKHHio, cocTaBjieH- 
Hyro H3 ysce onpejrejieHHbix, c noMombio sbho onn- 
caHHbix onepain-iii, HanpHMep, oneparpiH komiio3h- 
ithh, 

n 2 

X n 2 

hjih ajire6pan x iecKHx onepaniiH, 

x n = n 2 — n 



HJIH OnepaiTHH HH/iyKTHBHOrO CyMMHpOBaHHH, 

n 1 

Xn = ^ k 

k=l 

hjih KaKHX-TO flpyrnx onepairHH (HanpHMep, ,in«p- 

<pepeHH,HpOBaHHH H HHTerpHpOBaHHS KOTOpbie Mbl 
OnHHICM HHJKC B TJiaBaX 2] H . BO BCeX 3THX cjiy- 

naax CHHTaeTca, hto (popMyjia 3a^aeT nocjiejipBa- 

TejIbHOCTb HBHO. 

o 1.1.2. IIocjie/j,OBaTejiBHOCTH, 3a,a,aHHBie pe- 
KyppeHTHO. BTopoft cnoco6 - 3a;iaTb nocjieflOBa- 
TejibHOCTb HH/i,yKTHBHO c noMOiHbio TeopeMbi 10.3.61 
(06 onpeflejieHHHx nojiHoit HHflyKHHCH) . B TaKHx 
cjiynaax roBopaT TaK»ce, hto nocjieflOBaTejibHOCTb 
3aja,ana peKyppeHmno. HanpHMep, npaBHjio 

x 1 = 2, x n+1 = i [x n + — ) 
2 V x nJ 
HHflyKTHBHO 3aflaeT HCKyio HHCjiOByio nocjieflOBa- 
TejibHOCTb (hhjkb b npHMepe 11.2.51 mm 6yfleM H3y- 
naTb ee CBOitcTBa). 
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Diana 2. nPE^EJI IIOCJIE/IOBATEJIbHOCTH 



^pyroft npHMep - 3Hclmchhtei5i nocJiedoeameAb- 
Hocmt) 0u6onaHHU, 3a^,aBaeMaa npaBiuiOM 

xi=x 2 = l, x n+2 = x n+ i + x n , (1.1.2) 

(hhjkc b rjiaBe[Tn]Mi>i flOKajKeM HeoHeBHflHbiii (paKT, 
mo 3Ty nocjieflOBaTejibHOCTb mojkho 3a,n,aTb h sib- 
hoh (popMyjioii (|10.4.162p ). Otmcthm, hto b stom 
npHMepe ccbijiKa Ha TeopeMv 10.3.61 H3 KOTopoii mm 
bmbo/hijih caMy bo3mojkhoctb onpe^ejieHHii no hh- 
flyKiriiH He BnojiHe KoppeKTHa, noTOMy nTO b Ka- 
HecTBe HanajiBKBix ^aHHbix b onpe^ejienHH (|1.1.2j) 
HcnojiB3yiOTCH /i,Ba HHCjia, x\ h xi (a He o/nro, 
xi). fljin o6ocHOBaHHH TaKoro HHflyKTHBHoro npn- 
eMa HyjKHO 3aMeHHTb TeopeMy 10.3.61 Ha cpopMajib- 
ho ,n,pyroe yTBepjK,a,eHHe, b kotopom OTo6pajKe- 
Hne G 6ya,eT fleftcTBOBaTb Ha nocjieflOBaTejibHO- 
cth ajieMeHTOB a\,...,a n G A Bauhou ne Mewbme 
2. IIocKOJibKy npHMep <J>H6oHanHH Hcnojib3yeTC5i b 
HanieM yne6HHKe HCKjnoHHTejibHO KaK HjijnocTpa- 
hhh, mm npefloCTaBjiaeM HHTaTejuo caMOCTOHTejib- 
ho npoflyMaTb 3th fleTajiH. 

o 1.1.3. IIocjieflOBaTejibHOCTH, 3a/i,aHHi>ie c 



noMoiu,bio aKCHOMbi Bbi6opa. nocjieflHHft cno- 
co6 - BOcnojib30BaTbCH aKCHOMOii cneTHoro Bbi6opa 
(mm ee (popMyjinpoBajiH Ha c !23[) . B cootb6tctbhh 
c Heit, bchkoh nocjieflOBaTejibHOCTH HenycTbix 
MHOJKecTB {X„; n € N} mojkho no/i,o6paTb nocjie- 
flOBaTejibHOCTb {x n ; n G N} C \J ne ^X n t^Y 10 ! 
hto pjin BCHKoro n G N o6"beKT x n hbjihctch sjie- 

MeHTOM MHOJKeCTBa X n : 

Vn G N x n € X n . 

3tot cnoco6 mojkct noKa3aTbca cjihhikom a6- 
CTpaKTHbiM, ho, KaK npaBHjio, HM6HHO oh (3a pefl- 

KIIMII HCKJHOTCHHHMh) ncnojib3yeTCH npH flOKa- 

3aTejibCTBe o6ihhx yTBepjK/i,eHHH TaM, rfle 6biBa- 
eT HyjKHO nocTpoHTb nocjie/i,OBaTejibHOCTi> c 3a- 
^aHHbiMH CBOHCTBaMH . Hhjkc Ha npHMepe flO- 
Ka3aT&jibCTB cbohctb no/nrocneflOBaTejibHOCTeH 2° 
h 3° Ha c ll05l h npn ,n;0Ka3aTejibCTBe TeopeMbi 
BojibH,aHO-BefiepHiTpacca 11.2.61 mm no,n,po6HO 06- 
cyjKflaeM stot 3<pcpeKT b cbh3h c aaMeiaHiMMH o 
npHeMe 6ecKOHeHHOKpaTHoro Bbi6opa, cflejiaHHMMH 
HaMH Ha c. 1231 



CnocoGbi H3o6pa»ceHHH hhcjioboh nocjie,a,OBaTejr£>HOCTn. Mhojk6ctbo HaTypajibHbix nnceji N, 
no KOTopoMy 6eraeT apryMeHT n nocjieflOBaTejibHOCTH {a; n }, o6jia^aeT ^OBOjibHO pe^KO BCTpenaioinHM- 
ca b MaTeMaTHKe cbohctbom nepeuucAUMocmu. 3to 3HanHT, hto mojkho yKa3aTb ajiropHTM, KOTopbiii 
CHanajia BbLnacT nepBbift sjigmght SToro MHOJKecTBa, n = 1, a 3aTeM pjm KajK^oro n G N creHepHpyeT 
cneflyioiHHH 3a hhm ajieMeHT n + 1, H thkhm o6pa30M 6yayT nepenncjieHbi Bee sjieMeHTM N. H3 3Toro 
cjieflyeT, hto nocjie/i,OBaTejibHOCTb {x n } mojkho npeflCTaBjiaTb ce6e b BHfle Ta6jiHH,bi, b KOTopoii nepByio 
CTpoHKy (MHOJKecTBO SHa^iCHHH apryMeHTa) 3aHHMaiOT HaTypajibHbie HHCjia, a BTopaa CTponKa 6yp£T 

3aHSTa COOTBeTCTByiOH^HMH BemeCTBeHHMMH HHCJiaMH (3HaHeHHHMH nOCJie/I,OBaTejIbHOCTH) : 



1 


2 


3 


4 


5 


6 


7 




Xl 




x-i 


X4 


£5 


x 6 


X7 





nocKOjibKy aneeK y TaKoii Ta6jiHHM aojckho 6biTb 6ecKOHeHHO MHoro, bck> ee HapncoBaTb, kohciho, 
HeB03MO>KHO, oflHaKO b KanecTBe 3pHTejibHoro o6pa3a, KOTopbiii mojkho ^epjKaTb b rojiOBe, KOiyja penb 
3&XOJIWT o nocjieflOBaTejibHOCTHx, TaKoe npe^CTaBjieHHe 6biBaeT nojic3HO. 

Ho oho (pOKycnpyeT bhhmehhc Ha6jHO / a,aTejiH Ha nepBbix ajieMeHTax nocjieflOBaTejibHOCTH h 6biBaeT 
yn,o6HO tojibko TaM, rpfi BajKHO ee "Hanajio", a Ha ocTaiomniica "xboct" mojkho He o6panj,aTb bhhmehhc . 
Hac JKe, Hao6opoT, 6y^,eT rjiaBHMM o6pa30M HHTepecoBaTb stot "xboct": nepBbie 3HaneHHH KaK pa3 He 
6yayT HaM oco6eHHO HyjKHbi (npnieM, KcIkhm 6m ^jihhhmm hh 6mji stot HaHajibHbiii OTpe30K nocjieflOBa- 
TejibHOCTn), a BajKHOit fljia: Hac 6yn,eT jihhib 3aKOHOMepHOCTb, no3BOjiaK>Hi,aH noHHTb, k ^eMy CTpeMHTCH 
flaHHaa nocjieflOBaTejibHOCTb (h CTpeMHTCH jih OHa k neMy-To). 

IlbiTaTbCH yjiOBHTb STy 3aKOHOMepHOCTb (pa3yMeeTCH, He Ha npoH3BOjibHbix npnMcpax, a Ha cneiniajib- 
ho noflo6paHHbix, o6y x iaiomHx) ropa3,n,o yflo6Hee, nojib3yHCb /i,pyrHM 3pHTejibHMM o6pa30M, b kotopom 
nocjieflOBaTejibHOCTb H3o6pajKaeTCH CHCTeMoii HanpaBjieHHbix ^yr, CHMBOjiH3npyiomHx nepexo^bi ot x n 
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3to mojkho npeflCTaBjiHTb ce6e KaK psvunemie "6jioxh, npbiraioiHeH no npHMOit": CHanajia 3Ta "6jioxa 
Haxo/nuiacb b TOiKe x\\ 3aTeM "npbirHyjia b TOHKy x^\ h TaK flajiee. Hohhtho, hto h 3,n,ecb bcio ciiCTeMy 
Ayr HapHCOBaTB HHKorfla He 6biBaeT bo3mojkho (noTOMy hto hx Tcsce 6ecKOHeHHO MHoro), oflHaKO KaK 
3pHTejibHbiH o6pa3 TaKoe npeflCTaBjieHne OKa3biBaeTca ya,HBHTejibHO nojie3HbiM. 



1.1.4. ar n = i o 1.1.7. x n = (-!)"■ n 



o 1.1.5. x n = n 



o 1.1.8. x n = (-1)™ 



o 1.1.6. x n — - ^ o 1.1.9. x n = 3 (nocTOHHHaa nocjie,zi,OBaTejibHOCTi.) 



(b) "IIohth Bee n e N" 

IlycTb P oSosHanaeT KaKoe-HH6ynb nepeMeHHoe BbiCKa3biBaHne o HaTypajibHbix HHCjiax (HanpHMep, "n > 
10", hjih "n HeTHoe", h t.,h,.). 

• ToBopHT, hto noumu ece hucaci n € N o6Aadawm ceoucmeoM P, ecjin tojibko KOHenHoe (bo3- 
mojkho, nycToe) MHO»cecTBO HHceji n £ N He o6jiaflaeT sthm cbohctbom: 

card{n € N : ^P} < oo (1.1.3) 

3to SKBHBajieHTHO TOMy, hto cbohctbo P BbinojiHHeTCH fljia: Bcex n € N, HanHHaa: c HeKOToporo 
HOMepa: 

3N e N Vn^N P (1.1.4) 
/JoKa3ameAt>cm60 3KeueaAeHmHocmu. IlycTb P - KaKoe-TO nepeMeHHoe BbiCKa3biBaHHe o HaTypajibHbix 

HHCJiaX. 0603HaHHM 6yKBOII A MHOJKeCTBO Tex HHCejI n S N, flJIH KOTOpblX P JIOJKHO, a Hepe3 B MHOJKeCTBO 

Tex nnceji n£N, ,h,jih kotopbix P hcthhho: 

i = {ti£N: ^P}, B = {neN: P} 

Toiyja 

(HX3D 
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Diana 1. IIPE/XEJI nOCJIEflOBATEJIbHOCTH 



t 

card A < oo 

^ TeopeMa |0.3. 12l 

37V e N AC{1,...,N} 

t 

3N £ N {neN: n > TV} C B 
t 

lflX4l 

□ 



o 1.1.10. 5Icho, hto noHTH Bee HHCJia neN yflo- 
BjieTBopaiOT HepaBeHCTBy 

n ^ 5 

noTOMy hto Hnceji ?i G N, He y^OBjieTBopaioiniix 
STOMy HepaBeHCTBy HMeeTCH tojibko KonenHoe mho- 
>KecTBO (a HMeHHO n £ {1,2,3, 4}). 

o 1.1.11. Hao6opoT, HeBepno. hto noHTH Bee HHCjia 
neN yn,OBjieTBopsiOT HepaBeHCTBy 

n < 5 

noTOMy hto HHceji n € N, He yflOBjieTBOparoiHHX 
3TOMy HepaBeHCTBy 6ecKOHenHO MHoro (a hmchho, 
n = 5, 6, 7, 8, ...). 

> 1.1.1. Coo6pa3HM, 6yn,eT jih HepaBeHCTBO 
(-1)" > 



BbinojiHaeTca pjin noHTH Bcex n £ N? 

HoHHTHO, HTO 3TO He TaK, nOTOMy HTO OHO 
BbinOJIHHeTCH TOJIbKO flJIH HeTHBIX HHceji (n = 

2,4,6,8,...), a fljia: HeneTHBix nnceji (n = 
1,3,5,7,...) - KOToptix 6ecKOHenHO mhoto - oho 
HeBepHO. 

> 1.1.2. BepHO jih, hto o6paTHoe HepaBeHCTBO 
(-1)" ^ 

BbinojiHaeTca pjin noHTH Bcex n £ N? 

3to, KOHenHO, TOJKe He Tax, noTOMy hto sto- 
My HepaBeHCTBy yjrpBjieTBopsiOT tojibko HeneTHbie 
HHCjia (n = 1,3,5,7,...), a jijih hcthbix Hnceji 
(n = 2,4,6,8,...) - KOToptix 6ecKOHeHHO mhoto - 
oho HeBepHO. 



TeopeMa 1.1.1 (ApxHMe^a). KaKoeo 6u hu 6ujio hucjio C £ R, noumu ece hucjici ngff ydoeAemeo- 
pMmm HepaeeHcmey 

n>C (1.1.5) 

/JoKasameAbcmeo. 3to cjie^yeT H3 npHHinina ApxHMejoa (TeopeMa l0.3.9[) . Bbi6epeM KaKoe-HH6yn,b N £ N 
Tax, hto6m N > C '. Torjia Bee nncjia n, HannHaa c nncjia N, ynoBjieTBopaiOT HepaBeHCTBy (|1.1.5|l . noTOMy 
hto n ^ N > C. □ 



> 1.1.3. Cjieflyiomaa "a6cTpaKTHaa" 3aflana mo- 

JKeT CHHTaTBCH TeCTOM Ha nOHHMaHHe TepMHHa "nO- 
HTH Bee". ilycTb M KaKoe-HH6yn,b mhojkcctbo HaTy- 
pajibHbix nnceji (M C N), paccMOTpHM naTb bo3- 
mojkhbix CHTyaniiH: 

(A) Bee nncjia n £ N jiexaT b MHOJKecTBe M (to 
ecTb M = N); 

(B) KOHCHHblH Ha6op HHC6JI fl £ N He JIOKHT B MHO- 

»cecTBe M, a ocTajibHbie nncjia n £ N (koto- 
pbix - 6ecKOHeHHoe mhojkcctbo ) jie>KaT b M; 

(C) 6ecK0HenHbiH Ha6op nnceji n £ N He jie>KHT b 
MHOJKecTBe M, h oflHOBpeMeHHO 6ecKOHeHHbiii 



Ha6op nnceji n £ N jkjkht b M (TaKoe 6biBa- 
eT, HanpHMep, Kor^a M - mhojkcctbo hcthbix 
nnceji) ; 

(D) KOHeHHbift Ha6op nnceji n £ N jiokht b mhojkc- 
CTBe M, a ocTajibHbie nncjia n £ N (kotophx 
- 6ecKOHeHHoe mhojkcctbo) He jie>KaT b M; 

(E) Bee nncjia n £ N He jiexaT b MHO>KecTBe M (to 
ecTb M = 0). 

OTBeTbTe Ha Bonpocbi: 

1) B KaKHX H3 3THX CJiyHaeB nOHTH Bee HHCJia 

n £ N jie>KaT b MHOJKecTBe Ml 

2) b Karax cjiynaax noHTH Bee nncjia n £ N He 
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jie»caT b MHOJKecTBe Ml ocTajibHbix) ; 

3) b Kclkhx cjiynaax He BepHO hi to, hh jrpyroe? 2) (D) h (E) (nnceji, He jiescaiirHx b M 6ojibnie, 

neM ocTajibHbix) ; 

(jTBeTbi: ' ' 

3) (C). 

1) (A) h (B) (nHceji, jiejKaiinix b M 6ojibine, neM 



• ToBopHT, hto nonmu ece 9JieMewmM nocAedoeameAbHOcmu {x n } npunadAeotcam MHOotcecmey 
E, ecjiH fljia noHTH Bcex HOMepoB n € N cooTBeTCTByioiirHe nncjia {x n } npimafljie^KaT mhojkc- 
CTBy E. 



o 1.1.12. ITpoBepHM, hto noHTH Bee ajieMeHTbi no- o 1.1.14. BepHO jih, hto noHTH Bee sjieMeHTbi no- 
cjieflOBaTejibHOCTH {x n = — } jiejKaT b HHTepBajie wieflOBaTejibHOCTH {x n — (—1)™} jie:scaT b HHTep- 
(0;|). B ajie(0;2)? 



^eiicTBHTejibHO , 



x„ e |0;- 



1 f 1 

n \ 4 



1 1 

-<- n > 4 

n 4 









BTOMaTBHCCKH flJIM J] 


ro6oro 


n e N, 















HTo6bi 3to noHHTb, pa36epeMCH CHanajia fljis: ica- 
KHX HOMepOB n € N HHCJia x n JiejKaT b HHTepBajie 
(0;2): 



x„e(0;2) «■ (-l) n G(0;2) 
f (-1)™ > 



(-1)™ < 2 



<S> (-!)"> 



a nocjieflnee HepaBencTBO b stoh uenonKe Bbinoji- 
HHeTCH fljia noHTH Bcex n € N, no Teopeivre Apxn- 
Meaa HTTTTl 

o 1.1.13. BepHO jih, hto noHTH Bee ajieMeHTbi no- 
cjieflOBaTejibHOCTH {x n = — } jiexaT b HHTepBajie 



\ 



IIocjieflHee HepaBeHCTBO b stoh nenonKe BbinojiHH- 
eTCH He flJia noHTH Bcex nnceji n € N a tojibko 
.zyiH neTHbix: n £ {2,4,6,...}. 3HanHT, coothohic- 
Hne x n G (0; 2) TO»ce BbinojinaeTCH He ,o;jih noira 
Bcex HHceji n £ N. 



HeT, kohciho, noTOMy nTO 



e I ~;oc 



l l 
- > - 

n 4 



n < 4 



a nocjie/niee HepaBeHCTBO BbinojiHseTCH He ,a;JiH 
noHTH Bcex HHceji n £ N, a tojibko jijih n € 
{1,2,3, ...,9}. 



o 1.1.15. (a) Haft/niTe KaKHe-HH6y r z^B /nm nncjia 
a h /3 TaKiie, hto6bi noiTH Bee ajieMeHTbi no- 
cjieflOBaTejibHOCTH x„ = LL ^ L jiejKajiii b HHTep- 
Bajie (a; /3). 

(b) Haii^HTe Bee Taxne nncjia aift hto6m nonTH 
Bee sjieMeHTbi nocjieflOBaTejibHOCTH x n = iL ^ J - 
jie>KajiH b HHTepBajie (a; j3). 

HapncyeM Ha npaMoii ncpBbie HecKOjibKO sjie- 
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Vji&b'a 1. nPEflEJl IlOCJlEflOBATEJlbHOCTH 



MeHTOB Haineii nocjieflOBaTejibHOCTH Bajia (—2; 2) hct BOoSme HHKaKHx nnceji x n . Otck>- 

,n,a cjie^yeT 

Otbct jj,jih nyHKTa (a): mojkho B3HTb, Hanpn- 
Mep, a — — 2 h f3 = 2. 

H BOo6me, ecjiH b3htb KaKiie-HiiGy^B flpyrne 
HHCjia a n /3 t&k hto6m a < — 1 h /3 > 1 , to Bee £ n 
6yAyT jiexaTb b HHTepBajie (a; j3). 



H3 piicyHKa BHflHO, hto, HanpHMep, BHe HHTep- 
Bajia (^;2) jkjkht tojibko KOHenHbiii Ha6op nnceji 
x n . OTCio/ja cjie^yeT 

Otbct pjlsi nyHKTa (a): mojkho B3HTb, Hanpn- 
Mep, a = \ h j3 — 2. 

Bojiee Toro, ecjin B3»Tb KaKHe-HH6ynb jrpyrne 
nncjia a ii /? TaK HTo6bi a < 1 ?C /3, to HaniiHaa c 
KaKoro-TO HOMepa Bee x n 6ynyT jiejKaTb b HHTep- 
Bajie (a; j3). 



Ecjih }Ke a ^ 1 hjih j3 ^ 1, to yTBepjKjj,eHHe, 
hto noHTH Bee HHCJia i„ jie»caT b HHTepBajie (a; /?) 
6yn,eT HeBepHO. IlosTOMy otbct jijih BTopoii nojio- 

BHHbl 3aflaHH BbirjIHJTHT Tax 

Otbct jj,jih nyHKTa (b): a < — ln/3>l. 



IlpH 3TOM SCHO, hto ecjiH a ^ 1 HJIH ft < 1, 
TO yTBepjKflBHHC, HTO nOHTH BCe HHCJia X„ JICJKaT 

b HHTepBajie (a; /3) 6yjj,eT HeBepHO. IToaTOMy otbct 
fljia BTopoii nojiOBHHbi 3ajj,anH Bbirjinjj,HT TaK 
Otbct jj,jih nyHKTa (b): a < 1 ^ /3. 

o 1.1.16. (a) HaiiflHTe KaKHe-HH6yzjb ppa, nncjia 
a h j3 TaKHC, HTo6bi nonTH Bee sjieMeHTbi no- 
cjieflOBaTejibHOCTH x n = (—1)" jiejKajiH b HH- 
TepBajie (a; (i). 

(b) Han,zniTe Bee TaKHe nncjia a vl /3, hto6m no- 

HTH BCe 3JieMeHTBI nOCJieflOBaTejIBHOCTH x n = 

(—1)™ JiejKajiH b HHTepBajie (a;/3). 
CHOBa HapncyeM Ha npHMoft nepBBie hcckojibko 
sjieMeHTOB Haineii nocjieflOBaTejibHOCTH 



» 1.1.1. Hnnero He flOKasbiBaa:, ho nojib3ya:cb hh- 
TyHi^Heii, coo6pa3HTe, kukhmh aojukhbi 6bitb BejiH- 
HHHbi a, ft, hto6h noHTH Bee ajieMeHTbi nocjie,u;oBa- 
TejibHOCTH x n JiejKajiH b HHTepBajie (a; /?)? 



1) 

2) 
3) 
4) 
5) 
6) 

7) 
8) 
9) 
10) 



H3 pncyHKa bh,h;ho, hto, HanpHMep, BHe HHTep- 



x n = (-l)"-n 

(Otbct: ck — — oo, — oo) 

x - I l + (-D" 

x ™ — n T 2 

(Otb6t: a < 0. > 1) 

x n = 2 + ±±^ 

(Otbgt: a < 2, > 2) 
2 _ o l+(-D n 

(OTBeT: a < 2, /3 > 2) 

x n = n^ 1 ^ 

(Otbct: a < 0, — oo) 

x n = n-(l + (-l) n ) 

(Otbct: a < 0, ft — oo) 

_ 2+(-l)" _ 1 
x n — 2 n 
(OTBeT: a < \, > §) 

*n = (-1)" • (1 - i) 

(Otbct: a < -1, /3 ^ 1) 

^ = (-l)"-(l + ^ 
(Otbct: a < -1, > 1) 

Sn = (-l) n - 1 - (2+f) 
(Otbct: a < -2, /3 > 2) 



(c) Ilpe^eji hhcjioboh nocjie,zi,OBaTejii>HOCTH 

OKpeCTHOCTB TOHKH. 

• OKpecmHocm'bK) tohkh c G K. Ha3biBaeTca bcskhh HHTepBaji c neHTpoM b TO^iKe c, to ecTb 

BCHKHH HHTepBaji BHfla (c — £] C + e) . HhCJIO £ npH 3TOM Ha3bIBaeTCH padui/COM OKpeCTHOCTH 



§ 1 . HncjiOBbie nocjieflOBarejibHOCTH h hx npe^ejibi 
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(c - e; c + e). 

IIpe/i;jio»ceHHe 1.1.1. Bcswasi mouKa x npou3eoAbnozo unmepeaAa [a,b) codepmcumcn e neM eMecme 
c neKomopou ceoeil onpecmnocmbw: 

x € (a,b) ==>■ Be > : (x — e; x + e) C (a, 6) 

/JoKa3ameAbcmeo. IIojicmkiim 

e = min{& — x; x — a}. 

Toiyja 

x € (x — e, x + e) C (a, b) 

□ 

KoHeHHbifi npe/i,eji nocjieflOBaTejitHOCTH. 

• ToHKa c G R Ha3MBaeTca npedejiOM nocAedoeameAbnocmu {x n }, ecjni jiK)6aa ee OKpecTHOCTb 
(c — e; c + e) coflepjKHT iiohth Bee 3JieMeHTbi nocjie^OBaTejibHOCTii {x„}. B stom cjiynae nimiyT 



lim x n = c 



ii.iii 




h roBopHT, hto nocAedoeameAbHocmb {x n } cmpeMumcfi k hvlcaxj c. 

Ecjih nocjie^OBaTejibHOCTB {x n } hmcgt npe,neji (to ecTb cipeMHTCH k KaKOMy-TO nncjiy c), to 
roBopHT, hto nocAedoeameAbHocmb {x n } cxodumcsi . Ecjih :sce TaKoro Hiicjia c He cymecTByeT, 
to roBopsT, hto nocAedoeameAbHocmb {x n } pacxodumcn . 





o 1.1.17. IIoKajKeM, hto 



n — 1 
hm = 1 

n— foo 77 



to ecTb hto TOHKa c = 1 sBjiaeTCH npe^ejiOM no- 
cjieflOBaTejiBHOCTH {x„ = ^^i}. 

^efiCTBHTejIBHO, B03bMGM KaKyK>-HH6yflb 

OKpecTHOCTb (1 — e; 1 + e) tohkh c = 1, 



h noHMeM, hto 03HaHaeT, hto x„ jiokht b (1 — e; 1 
e): 




a 



< E 



n > 



A 





jifa K y e > 0, 














io6oro 


i e n, 




MOHCHO ot6 P och 









IIo TeopeMe ApxHMe^a 11.1. 11 nocjie^Hee Hepa- 
BeHCTBO BbinojiHseTCH fljisi noHTH Bcex n G N. 3to 
03HaHacT, hto noHTH Bee nncjia x„ cojrepjKaTCH b 
HHTepBajie (1 — e; 1 + e). 

HTaK, mbi nojiy^HjiH, hto jno6aH OKpecTHOCTb 
(1 — e; 1 + e) totkh c coflepjKHT noHTH Bee sjieivreH- 
Tbi nocjie,zi,OBaTejibHOCTH {x„ = }• 3to Kaic pa3 
03HaHaeT, hto TOHKa c = 1 HBjraeTca npejrejiOM no- 
cjieflOBaTejiBHOCTH {x„ = -^^-j- 

o 1.1.18. IIoKa>KeM, hto 

1 ^ lim (-1)" 

n— >oo 

to ecTb hto hhcjio c = 1 hc HBjiHeTca npedejiOM 
nocjieflOBaTejibHOCTH {x„ = (—1)™}. 

B03bMeM £ = 1 H paCCMOTpHM COOTBeTCTByiO- 

myio OKpecTHOCTb (0; 2) tohkh c = 1. Toiyja 



x n e (0; 2) 
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Dismal. IIPE/IEJI nOCJIEAOBATEJIbHOCTH 



« 1 


< (-1)" 


< (-1)" 


(-1)™ < 2 




\ 








MOJKHO OT6 P OCHTt 



IiocnenHee HepaBeHCTBO BbinojiHaeTca tojibko ^jih 
leTHbix neN. 

Mm nojiyiiijiii, hto 6ecKOHenHoe mhojkgctbo 

3JIGMGHTOB nOCJieflOBaTejIbHOCTH {x n = (—1)™} He 

npHHafljiejKHT OKpecTHOCTH (0; 2) tohkh c = 1. Ta- 
khm o6pa30M, 6y^eT HeBepHO yTBepjK,zi,aTb, hto no- 
HTH BCe {x n = (—1)"} COflepjKaTCa B OKpeCTHOCTH 

(0; 2) tohkh c = 1. 3to 03HanaeT, hto c = 1 He mo- 
jjceT 6mtb npeflejiOM nocjienpBaTejibHOCTH {x n — 

(-in. 

o 1.1.19. IToKajKeM, hto 

lim ^ = 2 

n->oo n + 2 

to ecTb hto TOHKa c = 2 HBjraeTCH npenejiOM no- 
cjieflOBaTejiBHOCTH {x n = } ■ 

Bo3BMeM KaKyio-HH6yn,i> OKpecTHOCTb (2 — e; 2 + 
e) tohkh c = 2 



Torna 

x„ G (2 - e; 2 + e) 
x„ > 2 — e 

X n < 2 + £ 



2n+3 o v, _tr 
n+2 Z ^ £ 
2rt+3 



n+2 



r _l. 

n+2 



2<e 

< e 




> -e 
< e 



< e 



sjieMeHTbi nocjieflOBaTejibHOCTH {x T , 



2n+3 
n+2 



}. 3to 



03HaHaeT, hto TOHKa c = 2 hbjihctch npeflejiOM no- 
cjieflOBaTejibHOCTH {x n = 2 T "^ 2 3 } . 

o 1.1.20. IIoKa>KeM, hto 



(-1)" 
lim ^ '— = 



to ecTb hto TOHKa c = HBjiaeTCH npe/i,ejiOM no- 
cjie^OBaTejibHOCTH {x„ = v ' \. 

Bo3bMeM KaKyK)-HH6yn,b OKpecTHOCTb (— e; e) 

TOHKH C = 



(-1)" 

H nOKajKBM. HTO nOHTH BCe HHCJia x„ = - — — co- 

nepacaTCH b HHTepBajie (— e;e). ^eftcTBHTejibHO, 



x n G (— e;e) (cbohctbo2° nyHKTa 0.6) 

(-1)" 



< £ ^ 



< e 



(cBOHCTBa5°, 6° nyHKTa 0.' 



II 



< 



1 



< £ <^ 



n > 



1 



rt n £ 

IIo TeopeMe ApxHMena 11.1.11 nocjienHee Hepa- 
BeHCTBO BbinojiHseTCH pjisL noHTH Bcex n G N. 3to 
03HanaeT, hto noHTH Bee nncjia x n co/i,ep}KaTCH b 

OKpeCTHOCTH (—£]£) TOHKH C = 0. TaKHM o6pa30M, 

TOHKa c = fleifcTBHTejibHO hbjihctch npenejiOM 
nocjieflOBaTejibHOCTH {x n = 2 T "^ 2 3 } . 

o 1.1.21. IloKa>KeM, hto 



7^ lim n ( - 1)71 



to ecTb hto TOHKa c = hc hbjihctch npenejiOM 
nocjieflOBaTejibHOCTH {x n — n^ 1 ^ 1 }. 

Bo3bMeM HHTepBaji (— 1; 1), hbjihk)hhthch 

OKpeCTHOCTbK) TOHKH C = (npH £ = 1). 





nocKOJibKy e > 0, 














io6oro 





2 > - ^ 



71 > 2 

£ 



IIo TeopeMe ApxHMena 11.1.11 nocjienHee HepaBeH- 
ctbo BbinojiHHeTCH ,h;jih noHTH Bcex n G N. 3to 
03HanacT, hto noHTH Bee nncjia x n coflepjKaTca b 
HHTepBajie (2 — £; 2 + e). 

HTaK, Mbl nOJiyHHJIH. HTO JH06aH OKpeCTHOCTb 
(2 — £; 2 + £■) TOHKH C = 2 CO^epjKHT nOHTH Bee 



h nocMOTpHM, hto 6y^eT 03HanaTb ycjiOBHe x n G 

^jih 3Toro HyjKHO 6y^eT paccMOTpeTb OT/i,ejib- 
ho neTHbie h HeneTHbie HOMepa n. Torna ycjiOBHe 



§ 1 . HucjiOBbie nocjieflOBarejibHOCTH 11 iix npe^ejihi 
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x n € (—1; 1) pacnafleTCH b coBOKynHOCTb flByx ch- 
CTeM: 



x n e (-1;1) 




nocKOJibKy Bccrfla > 0, 

3TO IICpaBCIICTBO BLinOJIIIHCTCfl ElBTOM 3,TH1CCKH flJIM JIIo6oTO Tl £ N, 
3HaHHT erO MOSIIIO OTGpOCHTb 



-1 < n^' 



< 1 



<^ n 



n - neTHoe: n — 2k, k G N 
Tor fl a (-1)™ = {-l) 2k = 1 
h npH noflCTaHOBKe nojiynaeTCs:: 

(2k) 1 < 1 
n - HeneTHoe: n = 2k — 1, fceN 

Tor^a (-1)™ = (-l) 2fc = -1 
h npn no,u;CTaHOBKe nojiynaeTca: 
(2fc - I)" 1 < 1 

n = 2k 

keN 

2k < 1 
n = 2k-\ 
k e N 



< 1 



3Ta CECTCMa IIC 0MCCT pCIIICHHH. 
nOBTOMy CC M03KIIO BLl6pOCHTL 113 COBOKy IIIIOCTH 




Mm BiflHM, hto ycjiOBHe G (—1; 1) BbinojiHHeTca 

TOJIbKO flJIH HHfleKCOB U = 3, 5, 7.... TaKHM o6pa30M, 

6ecKOHeHHoe mhojkcctbo HHceji a;„ (c hgthbimh hh- 
/jeKcaMii n) He co/i,ep}KaTCH b OKpecTHoeni (— 1; 1) 

TOHKH C = 0. 3HaHHT 3Ta TO^IKa He MOJKfiT 6bITb 



npe/i,ejiOM nocjieflOBaTejitHOCTH {x r , 



}• 



TeopeMa 1.1.2 (o g^hhctbghhocth npe^ejia). Ecau 



— > a 

n— >oo 



X n > b 

n— >oo 



mo 

a = b 

/(oKaaameAbcmeo. Ilpeflnojio>KHM, hto a ^ b, Hanpmiep a < b. Bo3bMeM s = Tor,a,a mbi nojiyHHM, 
hto noHTH Bee x n jiejKaT b flByx HenepeceKaioiHHxcH HHTepBajiax - b (a — s;a + e) hb (6 — s;b + e): 

x n x " n 

X I + I 

a— e< a <a+e=b—e< b <b+e 



4 4 
x n £ (a — e, a + e) i n 6 (6-£,He) 

^jih noun Bcex n £ N fl-nsi noira bccx n £ J 



Ho 3to HeB03MO>KHo: ecjiH noHTH Bee x n jiexaT b (a — e; a + e), to BHe (a — e; a + e) ^ojisteH jie»caTb 
jihhib KOHeHHbiii na6op HHceji x n . B nacTHOCTH, b (b — e; + e) TO»ce ,n,oji}KeH jiesKaTb jihhib KOHenHbift 
Ha6op HHceji x n . □ 



» 1.1.2. 


^OKasaTb HTO 


4) 


lim = 


= -l 


1) lim 

n—too 


^T=0 


5) 


lim x 2n 


= 


2) lim 

n— >oo 


n-3 1 
2n+5 2 


6) 


1 ^ lim ( 

n— >oo 


_l)n 


3) lim 

n— >oo 


n 2 + l _ 1 
1 


7) 


7^ lim ( 

n— >oo 


-1)" 
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Diana 1. UPEffEJI nOCJIEflOBATEJIbHOCTH 



BecKOHeHHBiii npe^eji nocjie/j,OBaTejitHOCTH. 

• ToBopHT, hto HHCjiOBaa nocjieflOBaTejibHOCTb {x n } 
— cmpeMumcM K +00 



x n — > +00 

n— j-cjo 



ecjiH jho6oh HHTepBaji (E; +00) co,i];ep>KHT noHTH Bee sjieivreHTbi {x n }. 
cmpeMumcsi k — 00 



x n — > —00 



ecjiH jik)6oh HHTepBaji (—00; E) coflepjKirr noHTH Bee sjieMeHTbi {x n }. 
cmpeMumcM re 00 



x n — > 00 

n— >-oo 



ecjiH BCHKoe MHOJKecTBO (—00; —E) U (-E; +00) cojrepjKHT iiohth Bee sjieivreHTbi {a; n }; 
HeTpyflHO npoBepiiTb, hto sto paBHOCHjibHO TOMy, hto nocjiejrpBaTejibHOCTb H3 mo- 
flyjieit {|^ n |} CTpeMHTca k +00: 



\x n \ — > +00 

n— f 00 



1.1.22. IToKajKeM, hto Bo3bMeM mhojkcctbo (— 00;— 1) U (l;+oo) 

lim n 2 = +00 

n— > 00 



Bo3bMeM KaKOH-HH6yn,b HHTepBaji (E; +00) 



Torfla 

x n £ (E; +00) x n > E «4> n 2 > E 

Tenepb Haflo paccMOTpeTb ppa. cjiynaa: 

1) ecjiH E < 0, to HepaBeHCTBO n 2 > E Bbinoji- 
HHeTCH jijih Bcex neN; 

2) ecjiH E 0, to HepaBeHCTBO n 2 > E SKBHBa- 
jieHTHO HepaBeHCTBy n > VE~, a oho BbinojiroieTCH 
fljia noHTH Bcex neNno TeopeMe ApxHMena 1 1 . 1 . 1 1 

TaKHM o6pa30M, mh nojiynaeM, hto b jho6om 
cjiynae noHTH Bee nncjia x n cojrepjKaTCH b HHTep- 
Bajie (£7; +00). IIocKOjibKy sto BepHO jno6oro 
HHTepBajia (E; +00), nocjieflOBaTejibHOCTb x n = n 2 

JJ,eHCTBHTejlbHO CTpCMHTCH K +OO. 



h paccMOTpHM He^eTHbie HOMepa n, to ecTb hhc- 

jia BHjj,a n = 2k — 1, iyje k g N. Tor^a (—1)™ = 
(_!)2fc-l = _ lj H 



x„ 6 (— 00; — 1) U (1; +00) |x r . 

i^" 1 )" > 1 



<=}■ 



IipjlMCllMCM paBCIICTBa 

n = 2k - 1, 
(-1)" = (-l) 2 * 5-1 = -1 

-1 



> 1 



^ (2fc-l) _1 >l 2fe — 1 < 1 <S> 

4^ fc < 1 

IlocjieflHee HepaBeHCTBO He BBinojiHaeTCH hh npH 
KaKOM k = 1,2,3... 3to 03HaHaeT, hto Bee hhc- 
jia X2k~i He co^epjKaTCH b MHOJKecTBe (—00; —1) U 
(1; +00). TaKHM o6pa30M, 6ecKOH6HHoe mhojkcctbo 
HHceji x n He co/i,ep}KaTCH b "oxpecTHOCTH 6ecK0- 
HeHHOCTH" (—00; —1) U (1; +00). 3HanHT, 6ecKOHen- 
hoctb He MOJKeT 6bitb npejrejiOM nocjiejrpBaTejibHO- 
cth {x n — rS~~ ls> }. 



o 1.1.23. noKaxeM, hto nocjieflOBaTejibHOCTb >!> 113 - AoKa3aTb ito 



{x n = n' ^ } He CTpeMHTca k 6ecKOHeHHOCTH: 



lim |2±i ^ +oc 
lim 1 "„ = —00 

0-400 i" 2 ™ 



§ 1 . HncjiOBbie nocjieflOBarejibHOCTH h hx npe^ejibi 
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(d) BecKOHenHO Majiwe h 6ecKOHeHHO 6ojit>iiiHe nocjie,a,OBaTejii>HOCTH 

• nocjieflOBaTejibHOCTb {x n } Ha3tiBaeTCH 6ecKoneHHo mclaou , ecjiii BbinojiHHiOTCfl cjie,zi,yiomHe 
paBHOCHjibHbie ycjiOBHH: 

(i) {x n } CTpeMiiTca k Hyjiio: 

X n > 

n— »oo 

(ii) {x n } no Mopymo CTpeMHTCfl k Hyjno: 

\Xn\ — > 
n— ^oo 

/l ] oKa3ameji'bcmeo. 3,n,eci> Heo6xo/niMO npoBepHTb, hto ycjiOBiia (i) h (m) fleftcTBHTejitHO paBHOCiijibHbi. 
^jia SToro nepennnieM cbohctbo MopyjiR 2° nyHKTa 0.6, noflCTaBHB bmccto x nocjieflOBaTejitHOCTb {x n }: 

x n e{-e;+e) ^> \x n \ € (-e; +e) 

Ilocjie 3Toro nojiynaeTCH cne/iyiomafl uenoHKa paBHOCiuibHOCTeft: 

— >• 

n— foo 

fljia BcaKoro e > cooTHOineHHe x„ G (— e; +e) BbinojiHaeTCH pjin iiohth Bcex n G N 
fljia BcaKoro e > cooTHOHiemie \x n \ G (— e; +e) BbinojinaeTCH .zyiH iiohth Bcex n G N 



W — ► 

n— >-oo 



□ 



• IIocjieflOBaTejibHOCTb {x n } Ha3biBaeTCH 6cckohghho 6oJit,mou , ecjiH BbinojiHHiOTCH cjieflyiomHe 
paBHOCHjibHbie ycjiOBHa: 

(i) {x n } CTpeMHTca k 6ecKOHeHHOCTii 

x n — > oo 

n— f oo 



(ii) {x n } no MOflyjno CTpeMiiTca k 6gckohghhocth 

\x n \ — > oo 

n— >oo 

/foKasameji'bcmeo paenociiA'bHOCmu ycjioeuu {%) u (ii). 

x n — > oo 

n— >-oo 

t 

fljiK Bcaxoro e > coothohichhc x n G (— oo; —E) U (i? : +oo) BbinojiHaeTCH pjin iiohth Bcex n€N 

$ HO. 2. 841 

fljia bchkoto e > cooTHOineHHe \x n \ G (— oo; — E) U (E : +oo) BbinojiHaeTCH ,n,jia noHTH Bcex n G N 

t 

\x n \ — > oo 

n— *-oo 

□ 

TeopeMa 1.1.3 (o CBH3H Me>K,fl;y 6ecKOHeHHO MajiBiMH h 6ecKOHeHHO 6ojibluhmh nocjie^oBa- 
TejitHOCTHMH) . TLycmb x n 7^ 0. Tozda noc/iedoeameAbHocmb {x n } 6ecKoneHHO Majiasi mozda u moAbKO 
moada, Koeda nocAedoeamejibHOcmb {^-} 6ecKOHeHHO 6oAbmaH. 
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Diasa 1. nPEflEJl IlOCJlEflOBATEJlbHOCTH 



/JoKaaameAbcmeo. 



{x n } - 6ecKOHenHO Majiaa 
t 

X n > 

n— too 

t 

Ve > \x n \ < e - BepHO pflsi iiohth Bcex n € 

t 



Ve > 



WE > 



> — - BepHO fljia: noHTH Bcex neN 

£ 

t 



> E - BepHO fljia noHTH Bcex neN 



oo 



1 

X n n-s-oo 

t 



— } - SecKOHenHO 6ojibinaa. 



□ 

TeopeMa 1.1.4 (o cbh3h Meac^y 6ecKOHeiHO MajitiMH nocjie^OBaTejitHOCTHMH h kohghhbimh 
npe^ejiaMH). IIocAedoeameAbHocmb {x n } cmpeMumcH k uuc/iy a 

X n r a 

n— >oo 

mozda u moAbKo mosda, nozda ona uMeem eud 

Xn — CI -\- Gi ri 

ede {«„} - HeKomopaM 6ecKcmenHO MdJiasi nocAedoeamejibHOcmb. 
/JoKa3ameAbcmeo. IIojio^khm 



Xn a 



h 3aMeTHM cpa3y, hto 



x n e (a — e; a + e) 



a — e < x n < a + e 



a — e < x n 

X n < a + £ 



— £ < x n — a 

X n - a < £ 



— £ < X n — CI < £ 



-£ < a n < £ 



a n E {-£■,£) 



nosTOMy OKpecTHOCTb (a — e;a + e) tohkh a co,n,ep:HaiT noHTH Bee sjieMeHTbi nocjieflOBaTejibHOCTH x n b 
tom h tojibko b tom cjrynae, ecjiH OKpecTHOCTb (— e; e) tohkh coflepjKHT noHTH Bee sjieMeHTbi nocjie- 

flOBaTejIBHOCTH a n . 

OTCiofla cjie^yeT, hto ecjiH x n — > a (to ecTb jno6aa OKpecTHOCTb (a — e; a + e) tohkh a co,n,ep}KHT 
noHTH Bee sjieMeHTbi nocjieflOBaTejitHOCTH x n ), to sto paBHOCHjibHO TOMy, hto a n — > (to ecTb TOMy, 
hto jno6aa OKpecTHOCTb (— s;s) tohkh coflepjKHT noHTH Bee ajieMeHTbi nocjie/i,OBaTejibHOCTH a n ). □ 



CBoficTBa 6ecKOHeiHO MajiBix nocjie^OBaTejiBHOCTefi 

1° Ecjih {«„} - 6ecKOHeHHO Majiaa nocjieflOBaTejitHOCTb, to pjisi jno6oro nncjia C € K nocjie/i,OBa- 
TejibHOCTb {C • a n } - TO»ce SecKOHenHO Majiaa. 
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2° Ecjih {a n } h {fi n } - 6ecK0HeHH0 Majibie nocjiejrpBaTejibHOCTH, to {a„ + fi n } h {a„ — fi n } - 
tojke 6ecKOHeHHO Majibie nocjieflOBaTejibHOCTH. 

3° Ecjih {a n } h {/?„} - 6ecKOH6HHO Majibie nocjiejrpBaTejibHOCTH, to {a n • fin} _ TOJKe 6ecKOHeHHO 
Majiaa nocjieflOBaTejibHOCTb. 

fl,oK,a3ameA'bcmeo. 1. IlycTb {a n } - 6ecKOH6 x iHO Majiaa nocjieflOBaTejibHOCTb. Toiyja ecjin C = 0, to 

C ■ a n = — >• 

h nosTOMy {C • a n } - TO»ce 6ecKOHeHHO Manas. PaccMOTpHM cjiyqaii, Kor^a C ^ 0. Torjia: 

{a n } - 6ecKOHeHHO Manas 

t 

a n — > 

n— too 
t 

Ve > o \a n \ < e - BepHO ajis iiohth Bcex n e N 

Ve > o \a n \ < j-— - BepHO ajis iiohth Bcex neN 
\ c \ 

t 

Ve > o \C ■ a n \ < e - BepHO ji,jih noHTH Bcex neN 

t 

{C ■ a„} - 6ecKOHeHHO Majiaa 

2. IlycTb {a n } h {fin} - 6ecKOHG x iHO Majibie nocjiejrpBaTejibHOCTH, noKa»ceM hto TOiyia {a n + fin} 
TO»ce 6ecKOHe i iHO Majias nocjiejxpBaTejibHOCTb: 

{a n } h {fi n } - GecKOHenHO Majibie 
a n — > 0, fi n — > 

n— too n— >-oo 

Ve > o |a n | < e & |/3„| < e - BepHO ajih noHTH Bcex neN 
Ve > o \a n \ < — & \fi n \ < — - BepHO ^jih iiohth Bcex n 6 N 

> o |a n + /3 n | ^ \a n \ + |/? n | < - + - - BepHO ^jis noHTH Bcex n G N 

a- 

{a n + fin} ~ 6ecKOHenHO Majias 

Tohho Tax »;e paccMaTpHBaeTCs cjiynait {a n — fin}- 

3. IlycTb CHOBa {a n } h {fi n } — GecKOHe-HHO Majibie nocjieflOBaTejibHOCTH, noKajKEM hto {a n • fin} 
TO»ce 6ecKOHe i iHO Majias nocjiejrpBaTejibHOCTb: 

{a n } h {fin} - 6ecKOHeHHO Majibie 
a n — y 0, /3„ — y 

71— >-oo n— J-oo 

Ve > o |a n | < e & |/3„| < e - BepHO jijih no^TH Bcex neN 
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a- 

Ve > o \a n \ < \fe & \/3 n \ < \fe - BepHO ajih iiohth Bcex n G N 
Ve > o \a n ■ /3 n \ — \ot n \ ■ |/3 n | < \fs ■ \fs = £ - BepHO fljia iio^ith Bcex n G N 

{cCn 1 /?ra} _ 6eCKOHeHHO Majiaa. 

□ 

CBoficTBa 6ecKOHeMHO 6ojibihhx nocjie^OBaTejiBHOCTefi 

1° Ecjih (7 ^ h y n — > oo , to C • y n — > oo. 

2° Ecjih x„ — > C ^ oo, a t/ n — oo , to x n + y n — > oo . 

n— >-oo n— ^oo n— !-oo 

3° Ecjih x n — > C^fl, a t/„ — >■ oo, to x n ■ y n — > oo. 
4° Ecjih a;„ — C =/= oo, a y„ — > oo, to ^ — > oo. 

n— >-oo n— >oo Xn n— >oo 

5° Ecjih x„ — >• oo h \x n \ ^ y n , to ?/„ — > oo. 



n— s-oo 



J^oKa3ameAbcmeo. Mm flOKajKeM tojibko BTopoe H3 sthx cbohctb (ocTajitHbie jj,OKa3i>iBaiOTCH aHajioriin- 
ho): 

x n — > C^oo y n — > oo 

n— foo n— voo 
4 ^ 

|a?n| - \C\ < flUMED < \x n - C\ < 1 VL>>0 Jy n | > D+ |C| + 1 

T t 

sepHo flJiH noMTii Bcex n £ N BepHO ajih iioith Bcex n£N 
kn| <|C| + 1 



t 

BCpHO flJIH nOMTH BCeX TL £ N 



D + |C| + 1 

A 



VL> > |^+x^| ^ (|0.2.80p > |y„| > (D+\C\+1)-\C\-1 = D - BepHO jym hohth Bcex n G N 



v 

-|C|-1 



+ y n — ► oo 

n— »-oo 

□ 



o 1.1.24. ^jih jno6oro a^O nocjie,n,OBaTejii>HOCTi> SKBHBajieHTHO ycjiOBiiio 
{a ■ n}„ 6 N HBjiaeTCH GecKOHenHO 6ojibHioii, TOHHee: 



lim n • a = < 


+oo, ecjiH a > 


n— > oo 


— oo, ecjiH a < 



n > — 



(1.1.6) 



KOTopoe no TeopeMe ApxHMe^a II. 1.11 BbinojiHaeTCH 
jijih nonTH Bcex n. 3to oaHa^aeT, hto 



n • a — 5- +oo 

n— >oo 



,IJoKa3ameJibcmeo. 1. IlycTb CHanajia a > 0. Tor^a 
fljiH jiio6oro E > ycjiOBne 2. Ecjih jkc a < 0, to ,zyia jno6oro E > ycjio- 

Bne 

n ■ a > E n ■ a < —E 
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SKBHBajieHTHO yCJIOBHK) 



To ecTb, 



E 

n> 

a 



n onHTb no TeopeMe ApxnMeiia 1 1 . 1 . 1 1 3to Bbinojinfl- 
eTca pjin nonTH Bcex n. 3to 03HanaeT, hto 



n ■ a — 5- — oo 

n— >oo 



□ 

o 1.1.25. IIocjieflOBaTejibHOCTi, {n k } n ^ HBjiHeTCH 

6ecKOHenHO Majioft, ecjiH k < 0; 

6ecKOHeHHO 6ojibino{t, ecjin k > 0. 
ToHHee, 





fo, 


ecjiH fc < 


lim n k = < 


n— >oo 




ecjiH k > 



(1.1.7) 



/JoKasameJibcmeo. 1. IlycTb A: > 0. IIpHMeHHH 
HepaBCHCTBO Bcpnyjijin (10.3. Hip , mm nojiynnM 



11.1.61 



HO. 3. lilt 

i fc = (1 + (n - l)) fc > 

^l + fe-(n-l) = l- fc + fc-n 

J| 5° Ha c [92l 



n — > oo 

n— f oo 

2. IlycTb k < 0. Tor,a,a — fc > 0, n, no yste flOKa- 
3aHHOMy, 

77T fc — > oo 



JJ. TeopeMa ll.l.3l 
1 



77, n— 4-00 



□ 



o 1.1.26. riocjieflOBaTejibHOCTb a™ HBjineTCH 
6ecKOHenHO Majioft, ecjin \a\ < 1; 
6ecKOHenHO 6ojibhioh, ecjin \a\ > 1. 



lim a n = < 


oo, 


ecjin |et| > 1 




n— J-oo 


[0, 


ecjin \a\ < 1 



fl.l. 



/JoKasamejibcmeo. 1. Ecjih |a| > 1, to sto 03HanaeT 
jih6o a > 1, jih6o a < — 1. PaccMOTpiiM KajKjxbiii H3 
3thx cjiynaeB OTjrejibHO. Ecjih a > 1, to npiiMenan 
HepaBGHCTBO BepHyjijin (|0.3.11ip . mbi nojiymiM 



10.3. 1111 

(l+(a-l)) n ^ l+n-(a-l) — > oo 

n— foo 

JJ. 5° Ha c l92l 

a" — !> oo 

n— j-cjo 

Ecjih »ce a < —1. to |a| = —a > 1, h no ysce jrpKa- 
3aHHOMy, 



i«r = (-«)" 



30 



2. riycTb Hao6opoT, |a| < 1. Tor,na |~| = ■At > 1, 
h mbi nojiynaeM 



y>Ke 
flOKa3aHO 



JJ- TGOpeMa ll.1.31 



a " -> 



□ 



> 1.1.4. KaKne H3 nocjieflOBaTejibHOCTeii sbjihiotch 
6ecKOHenno Ma jimmh , a Kaxne - GecKOHenHO 6ojii>- 

niHMH? 

2 ) X 7-) —T 



3) x„ = n 

4) x n = (-l) n -n 

5) x„ = 

7) x n = n 2 



(e) ApHc|)MeTHHecKHe onepaipra c npe^ejiaMH 

CjieflyiomHe CBOiicTBa npejrejiOB CBiraaHbi c apncpMCTn^ecKHMn onepannsMn. 



1°. 


Ecjiu 


n 


71- 


+ OO 


a 


mo 3jik ecjiKozo hucacl C € R cnpaeedAueo C ■ x n — 


-> C-a. 

OO 


2°. 


Ecjiu 




n- 


>oo 


a 


u Vn — > b, mo x n + y n — > a + b u x n - y n — > a 

n— >oo n—too n— fco 


-fc. 


3°. 


Ecjiu 




n- 


>oo 


a 


u y n — > b, mo x n ■ y n — > a ■ b. 

n— >oo n— >-oo 




4°. 


Ecjiu 


n 


n- 


>oo 


a 


u Vn — I b, npuueM a^0 mi„ ( npu aw6om n ), 

n— >oo 


mo — 5- - 

Xn n— >oo a 



floKa3ameJi'bcm60 ceoucme 1 -3 . 1. Cbohctbo 1° ^OKasbiBaeTCs TaKOH jioriinecKOH u;enoHKOH: 



x n ■ r a 

n—>-oc 



2. Cbohctbo 2°: 



TOHHO TcLK JKe flJlK X n — y n 

3. Cbohctbo 3°: 



Tji&b& 1. nPE^EJl nOCJIEflOBATEJlbHOCTH 

TeopeMa |1.1.4| 







C • x n — C • a + C • a r , 



4- 4- (cbohctbo 1° Ha c |90t 



Jj- TeopeMa |1.1.4l 

C ■ Xn y C ' ci 
— > a, y n — > b 

n^-oo n— too 

TeopeMa |1.1.4| 

y n = b+ /3 n 



I 4- 

GO 

o 







+ Vn = a + b + a n + /3„ 

4- 4- (cbohctbo 2° Ha c !90t 


-I)- TcopcMa ll.1.41 

+ Vn — > a + b 



x n — > a, y n — > b 

n—too in—too 

TcopcMa |1.1.4l 

x n = a + a n , y n = b + f3 n 



CO 

o 



o 



(CBOHCTBO 1 D 
Ha c l90l 


t t 



x n ■ y n = a ■ b + a n ■ b + a ■ f3 n + a n 



I i 
o 

(CBOHCTBO 1 C 
Ha c l90l 





(CBOHCTBO 3° 
Ha c l90l 



J, 4- (cbohctbo 2° Ha c !90t 



JJ- TcopcMa ll.1.41 
' Vn — > a ■ b 



□ 
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JlflSL ^i,OKa3aTejii>CTBa nocjie/i,Hero CBOiicTBa HaM noiia,zi,o6iiTCfl cjie/jyromaa 

JleMMa 1.1.1. Ecjiu nocjiedoeameAbHOcmb {x n } cmpeMumcM k uucAy a, npuneM i„ / a a ^ 0, mo 
nocjiedoeameA'bHOcmb {-^-} cmpeMumcsi k nucjiy ~: 

x n — > a (x n 7^ & a^O) =^ — — > — 

n—>oo x n n— yoo a 

JJoKasameA&cmeo. Ilo ycjiOBHio, a ^ 0, 3HaHHT jih6o a < 0, jih6o a > 0. 

1. PaccMOTpiiM CHanajia cjiynaft, Kor^a a > 0. Toiyi,a b cmiy (|0.2.37|) . - > 0. Bbi6epeM npoH3BOjibHoe 
s Taxoe, hto 

< £ < - 

a 

Torfla 

e ■ a > > —e ■ a 

a- 

l + £- a>l>l — e ■ a 
1 <1< 1 



1 + e • a 1 — e 

a a 

< a < 



1 + e ■ a 1 — e ■ a 

4j- npe jjio>KeHHc ri .1.11 

35 > : <a-<5<a<a + <S< 



1 + £ ■ a 1 — e • a 

3 anoMHHM 3to hhcjio (5 h 3aMeTiiM Tenepb i^eno^Ky: 



X n r a 

n— yoo 



x n (z (a — 5, a + 5) - BbinojiHaeTCH .zyiH iiohtii Bcex n G N 
< a — o < x n < a + o < - BbinojiHaeTCH fljia noiTii bccx n G IS 



1 + e • a 1 — e • a 

a a 

< x n < - BbinojiHseTCfl fljiH noiTH Bcex n G N 

1 + e • a 1 — £ • a 

1 + e ■ a 1 1 — £ • a 

> — > - BbinojiHseTCH pjia noHTii Bcex nefi 

a x n a 

111 

— h £ > — > £ - BbinojiHaeTCH fljia no^Tii Bcex n G N 

a x n a 

1/1 1 \ 

— G £, — h£ - BbinojiHHCTCa fljiH noHTH Bcex n G N 

In \ a a J 

Mm nojiyHHjiii, hto jiio6aH "MajieHtKaa" OKpecTHOCTb (- — e\ - + e) tohkii - (pafliiyca e < — ) coflep- 
jkht noHTH Bee ajieMeHTbi nocjieflOBaTejiBHOCTii . OTCio^a cnepyeT, hto jno6aH "Gojibiiiafl" OKpecTHOCTb 
(i — £; - + ej tohkh i (pafliiyca £ -) TOJKe coflepjKHT noHTH Bee sjicmchtbi nocjieflOBaTejiBHOCTH 
(noTOMy hto b Heii mojkho Bbi6paTb KaKyio-Hii6yi],i> "MajieHbKyio" OKpecTHOCTb, KOTopaa 6yn,eT co/i,ep}KaTi> 
iioith Bee — ). BMecTe sto osHaiaer, hto — — > -. 

Xn Xn n^roo a 
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Dismal. IIPE/IEJI nOCJIEAOBATEJIbHOCTH 



2. Mbi flOKasajiH Hainy jieMMy ,zi,jia cjiy^aa, Korjia a > 0. PaccMOTpiiM Tenepb cjiynaii a < 0. Tor,n,a 
6yneT no y»ce ;xpKa3aHHOMy CBOiicTBy 1° c l93l nocjie,aoBaTejibHOCTb y n = —x n CTpeMHTbca k nncjiy —a > 0. 
3HanHT, b CHjiy ysce ,n,OKa3aHHoro b nanieii jieMMe, 

1 1 



OTKya,a onaTb no CBOiicTBy 1° c[ 



floKaaameAbcmeo ceoilcmea 4°. 



Vn n ^°° -a 



1 1 1 

y n n->oo —a a 




% * 

X n 7 ft, 

n— >oo 
jieMMa fl.l.ll -IJ- 

1 . 1 



□ 



cbohctbo 3° Ha c |93l 

^ _ J_ . l , _ b 

x n x n ™ «->oo a a 



□ 



(f) OrpaHHneHHfaie nocjie,zi,OBaTejifaHOCTH 

riocjieflOBaTejibHOCTB {x n } Ha3biBaeTca ozpaHuueHHou, ecjni mhojkcctbo Hiiceji X — {x n } orpaHH^ieHO 
(cBepxy h CHH3y), to ecTb cymecTByiOT Taxne nncjia C, D, nTO jijih jno6oro n G N BtinojinaeTCH 

C < x n D 



o 1.1.27. IIpoBepbTe, hto cjiejryioiniie nocjiejrpBa- KaKne H3 hhx cxoflHTca (to ecTb hmciot KOHe^mbin 
TejibHOCTH orpaHH^ieHbi: npejreji)? 

_/_ n n _ n + 1 fn 2 + r 



TeopeMa 1.1.5 (06 orpaHHieHHOCTH cxcyjameficH nocjie^OBaTejitHOCTH). Bcsvkiir cxodsimasicsi 
nocJiedoeameAbHOcmb ogpaHuuena. 

CBOHCTBa orpaHHMeHHtix nocjie^oBaTejitHOCTefi 

1°° Ecjih {x n } - orpaHHieHHaa nocjiejrpBaTejibHOCTb, a {y n } - GecKOHe^HO Majiaa nocjiejrpBaTejib- 
HOCTb, to {x n ■ y n } - 6ecKOHeHHO Majiaa nocjieflOBaTejibHOCTb. 

2°° Ecjih {x n } - orpaHHHeHHaa nocjie,n,OBaTejibHOCTb, a {y n } - 6ecKOHeHHO 6ojibiuaa nocjiejrpBa- 
TejibHOCTb, to {^-} - 6ecKOHeHHO Majiaa nocjiejj,OBaTejibHOCTb. 

3°° Ecjih {x n } - orpamrqeHHaH nocjiejrpBaTejibHOCTb, a {y n } - 6ecKOHeHHO 6ojibiuaa nocjiejrpBa- 
TejibHOCTb, to {x n + y n } - 6ecKOHeHHO 6ojibinaa nocjieflOBaTejibHOCTb. 
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o 1.1.28. HaiiTii npe^eji » 1.1.4. Haii/niTe npeflejibi 

(-1)" 



lim 



i). 



CBoficTBy 2 00 ,apo6b — — floJKKHa 6biTb 6ec- 



lim 



{ } 



IIocKOjibKy nocjie^OBaTejibHOCTb b HHCjiHTejie n -*oo n 

(x n = (— l) n ) orpaHiraena, a nocjie^OBaTejibHOCTb n + 5 

b 3HaMeHaTejie (y n = n) 6ecKOHeHHO 6ojibinaa, no n^5» 

2 oo Apo6t a, = (: 
KOHenHO Majioii, to ecTb 

(-1) 



oo n + {n + i} ' 

/ nf+n+l 1 
\ n+2 / 

f n 3 +5 ~l 
\ n+5 / 



n 

lim — 

n— >-oo 



(g) BbiHHCJieHHe npe,n,ejiOB 

Tenepb, Kor^a ppnas&mA rjiaBHbie CBOiicTBa cxoahihhxch nocjie^OBaTejibHOCTeit, mm, HaKonen;, mojkcm 
HayniiTbca BbinncjiaTb npocTeftiiiHe npeflejibi. J\jik SToro nojie3HO nepeepopMyjiiipoBaTb yTBepjKfleHHH H3 
(c]|[d) h (c][e) b BHfle cjieflyioiHeH cepHH (popMyji. 



3to, BO-nepBbix, "apHcpMeTHneciaie epopMyjibi": 



lim (x n + y n ) 

n— too 


= lim x n + lim y n 

n— foo n— >-oo 


(1.1.9) 


lim (x n - y n ) 

n—too 


= lim x n - lim y n 

n— >oo n— >-oo 


(1.1.10) 


lim (C • x n ) 

n— >oo 


= C ■ lim I„ 


(1.1.11) 


lim (x n ■ y n ) 

71 —tOO 


= lim x„ • lim y n 

n— >oo n— >oo 


(1.1.12) 


lim — 


lim^oo y„ 
liiii^—j-oQ x n 


(1.1.13) 



H, BO-BTopbix - "sBpncTHHecKHe" (3flecb C o6o3HaHaeT HeHyjieBoe hhcjio: ^ C ^ oo) 





C 

oo 







c 

~ 


X . 


(1.1.14) 




oo 

~c = 


00 






c ~ 





(1.1.15) 


c 


+ oo = 


00 


C 


oo = 


00 


(1.1.16) 


oo 


+ oo = 


00 


oo 


oo — 


00 


(1.1.17) 




oo 
oo 


? 






~ 


? 


(1.1.18) 


00 


— oo = 


? 





oo 


? 


(1.1.19) 



3flecb BonpociiTejibHbie 3HaKii b nocjie/niHx neTbipex (popMynax 03HaHaK>T. hto b paccMaTpiiBaeMbix 
cjiynaax CKa3aTb onpeflejieHHO, neivry paBeH npe^eji, HeB03M0»cH0, h Tpe6yeTca flonojiHHTejibHoe nccjie- 
flOBaHne. 3th CHTyauiiH o6 r beflHHHK)TCH o6ihhm tgpmhhom neonpedeAeHHocmb, h hto oh osnanaeT jierne 
Bcero noHHTb H3 cjieflyioiHiix npHMepoB. 

o 1.1.29. Bmhhcjihm npe fl eji _ Jjm n-1 ^ ^ _ 1 E^U ^ E^U ? 

2 • lim n + 3 2 • oo + 3 oo 

n — 1 n->oo 

lim 

n->oo ri + nOHBHBIHHHCH BOnpOCHTejIbHblft 3HaK 03HaHaeT, 

T7- r X, i n h TTO TaKHM CnOCo6oM HaHTH npe/TejI HGB03MOJKHO, 

bcjiH nonpoooBaTb npHMeHHTb cpopMyjibi (|1.1.9D - r ' 

C 1 w a k h 3to tot cjivHaii, Korira npHHSTO roBopHTb, hto 

.1. lop cpa3y, to mh yBH,n,HM, hto OTBeTa He nojiy- J ' " 1 r > 

naeTCH' B03HHKaeT Heonpe,nejieHHOCTb. 3to b cboio OHepe,n,b 

03HanaeT, hto HyjKHO HCKaTb KaKoii-TO flpyroit cno- 
q A 12 l j- m ( n _ i i.i.n i c °6 (npn kotopom STOii HeonpeflejieHHOCTH He B03- 

li m U — - = ± HHKHeT). 

n-i-oo 2n + 3 lim (2n + 3) fljia SToro o6hhho 6biBaeT floCTaTOHHO npeo6- 
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pa30BaTb noflxoflam,MM o6pa30M BbipajKCHHe ilor 
npe^ejiOM. B HaineM cjiynae mojkho noflejiiiTb hhc- 
jiHTejii. h 3HaMeHaTejib Ha n: 



lim 

n— s-oo 2n - 



i l lim (1 - i) 
lim (2 + |) 



lim 

n— >-oo 2 + — 



;i<\ I11M 'IMCJlMTCJIb 

ii 3HaMCHaTCJit> Ha n 



1 - lim i 



1 - lim i 



1-0 



2+ lim £ 2 + 3- lim ± 2 + 3-0 

n— voo n n— voo n 



HiaK, co BTopoii nonbiTKii mm na/iyHHjiH OTBeT: ^. 

Ha 3tom o6cyjK,n,eHHe 3Toro npHMepa mojkho 
3aKOHHHTB. ho nepe,n, 3thm mbi xotcjih 6bi noKa- 

3aTb, KaK MOJKHO COKpaTHTB KOJIHHeCTBO nHCaHHHM 

b no,n,o6HMx BbiHHCjieHHHx, oflHOBpeMeHHO, c^ejiaB 
hx 6ojiee HarjiHflHMMH. KopoTKO h npocTO Hainy 
nepByio nonbiTKy mojkho 3anHcaTt> Tax: 



lim - — 

n— >oo 2n 



1 



1 



oo 



00 
00 



A BTopyio - Tax: 




n— >oo 2l~l 



^CJIMM 'lHCJlMTCJlb 

h 3HaMeHaTejiij Ha n 



HnjKe mm nocTapaeMCH BCio^y nojib30BaTbCH TaKoii 
"HarjiHflHoft" 3anHCbio, nosTOMy 6yfleT xoponio, ec- 
jih HHTaTejib ysce ceinac o6paTHT Ha Hee BHHMaHiie. 

o 1.1.30. Bmhhcjihm npe^eji 

3n 2 + 5ri + 7 
lim 

n^oo 8n z — in + 1 

3^ecb TaKJKe nepBas nonbiTKa HHnero He flaeT, no- 
TOMy hto HeonpeflejieHHOCTb B03HHKaeT Ha stot pa3 
b 3HaM6HaTejie: 



lim 



3n 2 + 5n + 7_3-oo 2 + 5- oo + 7_oo 



n->oo 8n 2 — An + 1 8 • oo 2 — 4 • oo + 1 

IIosTOMy Mbi CHOBa npeo6pa3yeM ^po6b, npejK^e 
neM nojib30BaTbCH npaBHjiaMH (|1.1.9|l -( |1.1.13|) : 



3n 2 + 5?i + 7 
lim — = = lim 

n-»oo 8n — An + 1 n-»oo 



flCJIHM HHCJIHTCJIB 

h 3HaMeHaTejib Ha n 2 



o 1.1.31. BbmncjiHM npe^eji 

hn 2 — n + 1 



3 + 


5 

n 


+ 


7 

n 2 




8- 


4 
n 


+ 


1 

n 2 








\ 





\ 




_ 3 + 


OH 


-0 


3 


i 


s - 


- 


- 


~ 8 



3^ecb y Hac ysce ^ocTaTOHHO onbiTa, x iTo6bi coo6- 
pa3HTb cpa3y, hto nepBaa nonbiTKa "no^CTaBHTb b 
jio6" CHOBa npHBe/i,eT k HeonpeflejieHHOCTH, nosTO- 
My mm mojkem cpa3y nepefiTH k npeo6pa30BaHHio 
,h,Po6h: 



/ / 



/ 



5n 2 



lim 

n->oo XV i + IT, + 2 



= lim 



flCJIHM HHCJIHTCJIB 

h 3HaMeHaTejib Ha 
MaKCHMajitHyio CTeneHb n, 
to ecTfc Ha n 3 



0-0 + 
1 + + 



= 



lim 

n->oo n J + n + 2 



1.1.32. B cjicyiyioiHCM npnMcpe HHTaTejib yace 
cpa3y ppjissen coo6pa3HTb, hto 6e3 npeo6pa30Ba- 
hhh HHnero He nojiyHHTca, nosTOMy o "no,n,CTaHOBKe 
b jio6" mm ysce h He 3aHKaeMca: 



/ 



lim 



3n + 2 



lim 

n— yoo 



, IC 1 1 1 M '■IHCJIHTeJIIj 

ii 3HaMeHaTejit> Ha 
MaKCHMajibHyio cTeneHb n, 

4 

to ecTb Ha n 



1 + 


1 

n 2 


+ 


5 


1 

n 




3 

n 3 


+ 


2 



1+0+0 1 



0-0+0 



o 1.1.33. 



lim 



pacKptiBacM ckoSkh 
/ A , 

(n + 5) 3 - n(n + 7) 2 
n' 2 

= lim (n 3 + 15n 2 + 75n + 125- 

- n(n 2 + 14n + 49)| : |n 2 | = 
15n 2 + 75n + 125 - 14n 2 + 49n 



= lim 



lim 

n— ► oo 



n 2 + 26n + 125 



= lim 1 



+ 



125 



=1+0+0=1 



o 1.1.34. ^OKa»ceM (popMyjiy: 





'0, fc<? 














^00, fc > z 



(1.1.20) 



§ 2. KjiaccHHecKue reopeMbi o nocjie^OBaTejibHOCTxx 
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/JoKa3ameAbcmeo. HaHHeM co cjiynaa k — I: 



A npH k > I mi>i nojiyniiM: 



/?■! 



n k n k ■ k\ ■ (n — k)\ 



k MHOJKHTG J1CH 



n • (n — 1) • ... • (n — k + 1) 



• n ■ ... • n -k\ 




/ 





1 


).....(!- 


fc - 1 


) 




n 


n 





fc! 



Ilocjie SToro npn k < I mm nojiyHHM: 



1 

fc! 



A'! 



k-l 



A'! 



» 1.1.5. 


BbiHHCjiHTe npe^ejibi 


1) lim 

n— >oo 


2-ra 
3n+4 


2) lim 

n—>oo 


n 2 -3 


3n-4n 2 


3) lim 

n— ► oo 


3+2n+n 2 
4— 9ri+4n 3 


4) lim 

n— 5-oo 


n 2 +l 3n 2 + l 
2n+l 6)1+1 


5) lim 

n— ►oo 


n 2 +2n + l 


n+5 


6) lim 


n 3 -n 2 +l 


5 — n— n 2 



□ 



§ 2 KjiaccHHecKHe TeopeMbi o nocjie^oBaTejibHOCTax 
(a) IIpe/],ejifaHfaiH nepexo/i, b HepaBeHCTBax 

TeopeMa 1.2.1 (o npe/j;ejiBHOM nepexo^e b HepaBeHCTBe c KOHeHH&iM npe^ejioM). 1 Ecjiu 
nocJiedoeameji'bHocmu {x n }, {y n } cest3a.HU HepaeencmeoM 

x„ < y n (1.2.21) 

u cxodnmcsi 

x n — > a y n — > b 

n— ►oo n— ►oo 

mo ux npedejiu c6si3a.Hu me.M otce HepaeencmeoM 

a < b 

/foita3ameAbcmeo. Ilpe/i,nojiojKHM, hto b < a. Toiyi,a mojkho b3htb e = H3 x n — > a 6yn,eT cjieflo- 

71— fOO 

BaTB, tito noHTH Bee HHCJia x n jiexaT b okpgcthocth (a — e; a + e). To eerb, /yra iiohth Bcex HOMepoB 
n G N BtinojiHJieTCH HepaBeHCTBO 

a — e < x n < a + e 

C flpyroft CTopoHbi, 113 y n — > a 6yn,eT cjie/i,OBaTb, hto noHTH Bee Hiicjia y n jiexaT b okpgcthocth 

n— ►oo 

(b — e;b + e). To ecTb, pjia iiohth Bcex HOMepoB neN BtmojiHaeTca HepaBGHCTBO 

b — e<y n <b + £ 

TaKHM o6pa30M, y Hac nojiynaeTca, hto pjin iiohth Bcex HOMepoB n G N bbiiio.jihhiotch HepaBencTBa 

y n <b + e = a-e<x n 

To ecTb, fljiH noTTH Bcex n G N 

3to npoTHBopenHT ycjiOBHio (|1.2.23() . □ 

AHBJIOrHHHO /I,OKa3bIBaeTCH 

^tot pe3yjibTaT Hcnanb3yeTCH HH*ce b pa3Hbix CHTyaijimx, b nacTHOCTH, b raaBe[2]npH AOKa3aTejibCTBe TeopeMbi l2,3.1l 
o coxpaHeHHH 3HaKa HenpepbiBHoii (pyHKLi,iieii 
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TeopeMa 1.2.2 (o npe^ejibHOM nepexo^e b HepaBeHCTBe c 6ecKOHeHH&iM npe,n;ejioM). Ilycmb 
nocAedoeameAbHocmu {x n }, {y n } ceH3aHtL nepaeencmeoM 

•^n ^ Vn 

mozda 

— ecjiu x n — > +oo, mo y n — > +oo; 

n— >oo n— >oo 

— ecAU y n — > — oo, mo x n — > — oo. 

TeopeMa 1.2.3 (o flByx MHJiimiioHepax) . 2 

Ilycmb nocAedoeameAbHocmu {x n }, {y n }, { z n} C6H3aHM HepaeencmeaMU 

Xn ^ Vn ^ 

npuueM dee npaunue U3 hux cxodnmcn k odnoMy npedeAy 

x n y C Zyi v C 

n— >oo n— >oo 

Tozda cpednsw nocAedoeameAbnocmb moofce cmpeMumcM k smoMy npedeAy: 

y n — > C 

n— >oo 

/(oKasameAbcmeo. Bo3bMeM nporoBOjibHyio OKpecTHOCTb (C — e; C + e) tohkh C. Tor,a,a 

1) nocKOJibKy x n — > C, iiohtii Bee HHCjia x n co/i,ep}KaTCH b OKpecTHOCTH (C — e; C + e); nosTOMy 

^jih noHTH Bcex HOMepoB neN BbinojiHHeTCH HepaBeHCTBO 

to ecTb fljia noHTH Bcex HOMepoB n £ N BbinojiHHeTCH 

C - e < x n s$ y n 

2) nocKOJibKy z„ — >■ C, iiohth Bee nncjia z n coflepjKaTca b OKpecTHOCTH (C — e; C + e); nosTOMy 
,h,jih noHTH Bcex HOMepoB neN BbinojiHaeTCH HepaBeHCTBO 

z n < C + e 

to ecTb fljm noHTH Bcex HOMepoB n £ N BbinojiHHeTCH 

Vn < Zn < C + £ 

HTaK, mm nonyHHjiii, hto pjisi iiohth Bcex HOMepoB n £ N BbinojiHHiOTCfl HepaBCHCTBa 

C -e <y n y n <C + e 

3to 03HanaeT, hto iiohth Bee Hiiana y n coflepjKaTca b OKpecTHOCTH (C — e; C + s) tohkh C 
3to BepHO pjin jik)6oh OKpecTHOCTH, Mbi nojiynaeM, hto y n — > C, 

n— ¥ oo 



o 1.2.1. ,U,OKa}KeM cpopMyjiy: 1. Ecjih k < h a > 1, to Bee OHeBH^Ho: 

— — ► \ °' ! ! > ] (keZ) (1.2.22) a n - n -k ' a n 

a™ n-»oo I oo, |a| < 1 

11 

o o 

/JoKa3ameAbcmeo. OneBHflHO, 3/i,ecb /i,ocTaTOHHO 

paccMOTpe-Tb cjiynafi, Kor^a a > 0. 2. IlycTb k ^ h a > 1. Tor,n,a a — 1 + e, e > 0, 

2 3Ta TeopeMa TaioKe Hcnojib3yeTC5i ^,obojti>ho MacTO, Hanpiisviep, b npn ^,OKa3aTejii>CTBe TeopeMBi Bojibr^ano- 
BeiiepmTpacca 11.2.61 npn ^,OKa3aTejii>CTBe HenpeptiBHOCTH MO^yjia, CHHyca h KOCiiHyca (npefljio^KeHiie 13.1. 271 1 h npn flOKa- 
3aTejii>CTBe 3aMeMaTejiBHBix npe^ejiOB (TeopeMi>i l3.3.4] H l3.3.5ll . 



§ 2. KjiaccHHecKme xeopeubi o nocjie^OBaTejibHOCTax 
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ii npii n k + 1 mh nojiynaeM nenoHity: J| 

n 

a" = (1 + s) n = G l n e l > C* +1 e k+1 



oo 



o < nK < nK 1 nk > 

^ a™ ^ C fe+1 £ fe+1 ~ E k+1 (jk+l n-ioo 

n v — v — ' ' 4. HaKOHeu,, npii fc>0n0<a<l Bee oilhtb 

KOHCTaHTa i J -, -, nn i 

J. 11.1. 201 OHeBHflHO: 


JJ. TeopcMa[L2~3] / 1 \ " 

n fc — = n fc ■ ( - ) — > oo 

— — 5- a™ V a / n ~ s ' 00 

a™ n->oo 4. v v ' 

3. Ecjm fc^0ii0<a< 1. to, no y»ce ^,OKa3aH- °° i 

HOMy, 

> o 

(Ct ) n n— foo 



(b) MoHOTOHHbie nocjie/],OBaTejifaHOCTH h TeopeMa Beftepiirrpacca 

IIocjieflOBaTejibHOCTb {x n } Ha3MBaeTCH 
eo3pacmaKnufiu, ecjin 

xi < x 2 < x 3 < ... < x n < x n+ i < ... 



y&bieaiouifiu, ecjiii 



xi > x 2 > x 3 > ... > x n > x n+1 > 



Hey&bieatouufiU, ecjiH 



Xi ^ x 2 < x 3 < ... < a; n < x„ + i 



Heeo3pacmatoui,eu, ecjiii 



□ 



sci > x 2 ^ x 3 > ... > x n > x„ + i ^ 
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Dismal. IIPE/1EJI nOCJIEAOBATEJIbHOCTH 



MOHomoHHoil, ecjiH OHa Hey6biBaioiHa{i hjih HeB03pacTaioiHaH; 

CBoficTBa mohotohhhx nocjie/jBaTejiBHOCTefi 

1° Ecjiu nocJiedoeameA'bHocmb x n eospacmaem, mo ona Hey6ueaem. 
2° Ecjiu nocAedoeameA-bHocmb x n y6ueaem, mo ona neeospacmaem. 



o 1.2.2. IIocjieflOBaTejibHOCTb x n — ^ MOHOTOHHa (tohhcg, B03pacTaeT) h HeorpaHH^eHa; 
(TOHHee, y6biBaeT) h orpaHirceHa; 



o 1.2.4. IIocjieflOBaTejibHOCTb x n = — HeMOHO- 
o 1.2.3. IIocjieflOBaTejibHOCTb x n = n MOHOTOHHa TOHHa, ho orpaHH^CHa; 



TeopeMa 1.2.4 (BeiiepniTpacca o mohotohbix orpaHHHeHHBix nocjie^oBaTejiBHOCTHx) . 3 

BcMKaM MOHomonnasi ozpaHuuewHafi nocAedoeameAbnocmb {x n } cxodumcn (mo ecmt UMeem Konen- 
huu npedeA), npuueM 

— ecAU {x n } Hey6ueamm l aH nocAedoeameA&Hocm'b, mo 

lim x n = sup x n 

— ecAU {x n } HeeospacmammaM nocAedoeameAwocm'b, mo 

lim x n — inf x n 

n— >oo nGN 

/JoKa3ameAt>cmeo. Ecjih nocjie,a,OBaTejibHOCTi> {x n } MOHOTOHHa, to sto 3HaHHT, hto OHa hjih Hey6biBaio- 
maa, hjih HeBOspacTaiomaH. ^OKasceM TeopeMy jj,jih cjiynaa, Korjj,a {x n } - Hey6biBaioiHaH (cjiynaH, Korjj,a 
OHa HCB03pacTaiOHi,aa paccMaTpHBaeTca aHajiorciHHo): 

C < xx < x 2 ^x 3 (^ ... < x n < x n+1 (1.2.23) 

PaccMOTpHM MHOJKecTBO X, cocTOHinee H3 ajieMeHTOB {x n }. H3 n.enoHKH HepaBeHCTB (|1.2.23[) cjiejryeT, 
hto oho 6y/i,eT orpaHHieno CBepxy h HenycTO. SHa^iHT, no TeopeMe 10.2.31 (o tohhoh rpaHHne), oho HMeeT 
TOHHyio BepxHioio rpaHb B: 

B = sup{x n ; n 6 N} 

IlOKajKeM. HTO {x n } CTpGMHTCH K B. Bo3bMeM OKpeCTHOCTb (B — E, B + s) TOHKH B. IIoCKOJIbKy B - 

TOHHaa BepxHSH rpaHb pjin {x n }, hhcjio B — e < B He MOJKeT 6tiTb BepxHefi rpaHbio /i,jiji {x n }. 3to 
3HanHT, hto cymecTByeT Taxoe k, hto 

B — e < Xk 

3 3tot pe3yjibTaT ncnojiB3yeTCH flajiee b rjiaBe ?? npn ,n,OKa3aTejiBCTBe TeopeMBi o BjiCMceHHBix OTpe3Kax 1 1 . 2 . 5 1 h b ruiaBe 
?? rrpn ^OKasaTejiBCTBe BToporo 3aMeMaTejiBHoro npe^ejia (jieMMa|(b)| 
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IIpH 3tom h/ih jiK)6oro n k mm nojiyHHM 

B - e < x k ^ x n 

to ecTb Bee HHCJia {x n }, HanHHaa c HOMepa k, jiexaT b HHTepBajie {B — e, B + e). 



HiaK, nojiynaeTCH, hto jno6aH OKpecTHOCTb [B—e, B+e) tohkh i? co,zi,ep}KHT noHTH Bee totkm nocjieflOBa- 

TejIBHOCTH {x n }. 3HaHHT 

lim x n = B 

n— >oo 

□ 



o 1.2.5. IloKajKeM, hto nocneflOBaTejibHOCTb, 3a- 
flaHHaa peicyppeHTHO 



1 ( 1 

Xl = 2, X„+i = - I x n H 



cxo,h,htch, h HaiifleM ee npe^eji. 

1. Bhhhcjihm CHana.ua HecKOjibKO nepBbix ajie- 
MeHTOB nocjieflOBaTejibHOCTH {x n }, h HapHcyeM 
KapTHHKy: 



2. 3aMeTHM, hto Bee HHCJia {x n } nojio>KHTejib- 

Hbi: 

X n > 

(sto mojkho OTflejibHO npxasaTb HH/ryKHHeii). 

3. H3 KapTHHKH BHflHO, hto Ha nepBbix 
HecKOjibKiix ajieMeHTax {i„} Haina nocjieflOBaTejib- 
hoctb HeB03pacTaeT. IIonpo6yeM npKa3aTb, hto OHa 
HeB03pacTaeT Bcerna: 

x n +i (1.2.24) 

IlofiMeM CHanajia, hto 03HanaeT sto HepaBeHCTBo: 

yMHOjKaeM Ha 2x n ; 
nocKOjibKy x n > 0, 
3HaK HepaBeHCTBa He MeHHeTca 

4- 



CC n+ i X n ^ - [X n H K^n 

2 V £n/ 

O a;^ + 1 < 2x n x n ^ 1 a; n > 1 

Tenepb flOKaaceM, nocnenHee HepaBeHCTBo: 

x n > 1 (1.2.25) 



3to nejiaeTCH MaTeMaTHnecKoii HHny khhch . 

a) CHanajia npoBepaeM Haine HepaBeHCTBo npn 
n = 1: 

xi = 2 ^ 1 

b) Upe/niojiaraeM, hto oho BepHO npH n = k: 

x k > 1 (1.2.26) 

c) ,H,OKa3biBaeM, hto Torn,a oho 6ya;eT bcpho npH 
n = k + 1. 

Zfc+i 1 (1.2.27) 

^eiicTBHTejibHO , 

y MHO>KaeM Ha 2^^, 
h, nocKOjibKy a;^ > 0, 
3HaK HepaBeHCTBa He MeHaeTCH 

i 



X k+1 > 1 ^ - \ X k | 

2 V X k, 

xl + 1^ 2x k ^ x\ - 2x k + 1^0 <^ 
& (x k - l) 2 > 

a nocjie/i,Hee HepaBeHCTBo BbinojiHHeTCH Bcerna (no- 
TOMy hto KBanpaT jno6oro nncjia HeoTpHHa/rejieH) . 

HTaK, mbi flOKa3ajiH (jl.2.24p . a 3HannT h paB- 
HOCHjibHoe eMy ycjiOBne (11.2. 25[) . 3th HepaBeHCTBa 
03HanaK)T, hto {x n } HeB03pacTaeT h orpaHHneHa 
CBepxy. 3HanHT, no TeopeMe BeiiepHiTpacca 11.2.41 
OHa HMeeT npe^eji. 06o3HanHM ero 6yKB0it c: 

lim x n = c 

n— > oo 

h 3aMeTHM, hto c ^ 0, nocKOjibKy x n 3* 0. Tor,n,a H3 
cpopMyjibi 

1 / 1 



nojiynaeM 



2 V X r 
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Diana 1. IIPE/XEJI nOCJIEflOBATEJIbHOCTH 



To ecTB c y/jOBjieTBopaeT ypaBHCHHio 



peinaa KOTopoe mm nojiynaeM 


1) 


Xl 


— 3, X n +l — 


2c 2 = c 2 + 1 <=> 2 = 1 


2) 


Xi 


= 1, x n+ i = 


OTKya,a (c yneTOM c ^ 0) HMeeM c = 1. 


3) 


Xl 


= -1, X n+ l 


Otbct: lim x n = 1 


4) 


Xl 


= 2, x„ + i = 



» 1.2.1. ^OKajKHTe , hto nocjieflOBaTejibHOCTb, 3a- 
,a,aHHaH peKyppeHTHO cxo/hitch, h Hafl^HTe ee npe- 
fleji: 



5:i' 7( 



3x„ + l ' 
ix n . 

~ 2 ' 

(6—2:71) 



(c) TeopeMa o BJio>KeHHt>ix OTpe3Kax 

IlycTb ,n,aHa nocjieflOBaTejibHOCTb 0Tpe3K0B [a n ;&„] Tanas, hto KajK^biH nocjieflyioiHHH co/i,ep}KHTca b 
npeflbiflymeM: 

[ai;h} 2 [a2;b 2 ] 2 [03,63] 2 ••• 2 [a n ;b n ] D ■■■ 

IlOHHTHO, HTO B 3TOM CJiyHae KOHHM 0Tpe3K0B CBSBaHM HepaBeHCTBaMH 

ai ^ a 2 ^ a 3 ^ ... ^ a n ^ ... < 6„ < ... ^ b 3 ^ b 2 ^ h (1.2.28) 
IlycTb, KpoMe Toro, ajihhm 3tiix OTpe3KOB CTpeMSTca k Hyjiio: 

K -a n — > (1.2.29) 

n— 7-00 

Taxaa: nocneflOBaTejibHOCTb OTpe3KOB Ha3MBaeTca nocAedoeameAtHocmbm eJiocnceHHux ompe3Koe. 

Teopeivra 1.2.5 (o BJiojKeHHtix OTpe3Kax). 4 JJasi aw6ou nocaedoeameJibHocmu eAocHcennux ompe3- 
Koe [a n ;b n ] cymecmeyem eduHcmeennafi mouKa C, npunadAewcawp,K gccm ompe3Ka,M 3mou nocAedoea- 
meAbHocmu, 

Ce[a„;b n ] (1.2.30) 

Hpu smoM 

lim a n = C — lim b n (1.2.31) 

n— >oo n— >oo 

/JoKaaameAbcmeo. HepaBeHCTBa (|1.2.28[) 03HanaiOT, hto nocjieflOBaTejibHOCTH {a n } h {&„} mohotohbi h 
orpanHHeHbi. 3naHHT, ohh cxoahtch (to ecTB hmgiot npeflejibi) . 06o3HanHM 6yKBaMii An B sth npeflejibi: 

A = lim a n B = lim b n 

IloKajKeM, hto 3th Hiicjia coBna,n;aiOT. ^eftcTBHTejibHO, 

_B — A = lim 6„ — lim a n — IIcnojl "y™™ HCTBO _ ij m ^ _ a n ) — (iicnojib3yeM (|1.2.29p ) = 

to ecTb 

A = B 

HTaK, mm nojiyniijiii, hto mojkho B3STb C = A = B, h Tor^a 6yneT BbinojiHHTbca (|1.2.3ip . IIo TeopeMe 
BeHepinTpacca [1.2.4[ nojiynaeM 

«i < a-2 < a 3 < ... < a n ^ ... ^ supa„ = A = C = B = inf b n ^ ... ^ b n < ... < 63 < b 2 ^ h 

h 3to 03HanaeT, hto C npima^jie^KHT bcgm HHTepBajiaM [a n ; b n ]. HaKOHeu,, Taxaa Tomca C (oGjia^aromaa 
cbohctbom p.2.30p ) , e,n,HHCTBeHHa, noTOMy hto ecjm 6m cymecTBOBajia KaKaa-TO ^pyraa TOHKa C c TeM 
»ce caMMM cbohctbom (|1.2.30|l . OTjiHHK>maacH ot C, HanpiiMep, 6ojibinaa, neM C, to mm nonyHnjiii 6m, 
u,enoHKy HepaBeHCTB 

ai ^ a 2 ^ 0,3 ^ ... ^ a n ^ ... ^ C < C ^ ... ^ b n ^ ... ^ 63 ^ 62 ^ &i 

H3 KOTopbix cjieflOBajio 6m, hto paccToamie MejK/i,y KOHn,aMH jiio6oro OTpe3Ka [a n ; b n ] He MeHbine neM 

CpHKCHpOBaHHOe HHCJIO A — C — C 

K - a n > C - C = A > 
h nosTOMy 6„ — a n He mojkct ctpcmhtbch k Hyjno. □ 



4 3tot pe3yjibTaT Hcnojii>3yeTCH b raaBe ?? npn /],OKa3aTejibCTBe TeopeMti BojibnaHO-BeftepniTpacca |1.2.6l n b raaBe ?? 
npH flOKa3aTejiBCTBe Teopeivibi KoniH o npoivie>KyTOMHOM 3Ha i ieHHii 12.3.21 
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(d) IIo/],nocjie/],OBaTejii>HOCTH h Teopeivia Bojifau,aHO-BeHepiirrpacca 

IlycTb Haii flaHa KaKaa-TO nocjieflOBaTejibHOCTb Bem,ecTBeHHbix Hiiceji 



h nycTb KpoMe Toro flaHa GecKOHCTHO 6ojit>inaa: nocneflOBaTejibHOCTb HaTypajibHbix nnceji: 

n k — ► +00 

k— >oo 

Tor,n;a mojkho paccMOTpeTb nocjieflOBaTejibHOCTb y k — x nk (3aBiiCHHryio ot inmeKca k). Ctaa Ha3biBaeTCH 
nodnocAedoeameAbnocmbw hhcjioboh nocjieflOBaTejibHOCTH x n . 



HOCTb 



o 1.2.6. IlycTb, CKa>KeM, HaM flaHa nocjie/i,OBaTejib- » 1.2.2. KaKyio Hy>KHO B3HTb nocjieflOBaTejib- 

HOCTb HHflCKCOB {n k }, HT06bI IIOCJieflOBaTejIbHOCTb 

{y k } 6bijia no^nocjieflOBaTejibHOCTbio nocjieflOBa- 

TejIbHOCTH {x n }7 



1 

n 



ECJIH B3HTb 

n k = k 2 

to mm nojiyHHM noflnocjieflOBaTejibHOCTb 

11 

Vk ~ X,lk -~ k ~k2~ 
o 1.2.7. IlycTb 

x n = (-1)" 

ECJIH B3HTb 

rik = 2k 

to mm nojiyHHM no/i,nocjieflOBaTejibHOCTb 



n 1 



1) X 

2) x n = (-l) n ,y k 



1 



-1 



» 1.2.3. 5lBjiaeTCH jih flaHHaa: nocjieflOBaTejib- 
HOCTb {y k } noflnocjieflOBaTejibHOCTbio nocjie,n;oBa- 
TejibHOCTH {x n }7 (Ecjih fla, to yxa3aTb cootbct- 
CTByromyro nocjieflOBaTejibHOCTb hh/^gkcob {n k }.) 

1) x n = n, y k = k 2 

2) x n = n 2 , y k = k 

3) x n = n,y k = 2 



Vk 



(_!)"* = (_!) 



2 A- 



1 



CBoficTBa noflnocjie^OBaTejitHOCTefi 

1°. Ecau nocjiedoeamejibHOcmb {x n } cmpeMumcn k uucAy a, mo Aw6a.n, ee nodnocAedoeameAb- 
nocmb {x nk } mootce cmpeMumcM k HUCAy a: 

X n ^ d ^rik ^ ^ 

n— >oo k— >co 

2°. Etviu nocAedoeameAbHOcmb {x n } ne cmpeMumcn k HUCAy a, mo naudemcH manasi nodnocAe- 
doeameAbnocmb {x nk } u manoe hucao e > 0, umo {x nk } omcmoum om a 6oAbuie ueM na 
e: 

x n —/-^ a =>■ Be > 3x rlfc Vfc \x nk — a\ > e 

n— >oo 

3°. Ecau nocAedoeameAbnocmb {x n } neozpanuuena, mo ona codepoKum neKomopyw 6ecKOHeuno 
6oAbmyw nodnocAedoeameAbnocmb: 

sup \x n \ — +00 =>■ 3a;„ fc — > 00 

4°. Ecau 6cckohchhuu na6op SAeMenmoe nocAedoeameAbnocmu {x n } codepwcumcn e MHootcecmee 
M, mo {x n } codepotcum neKomopyw nodnocAedoeameAbnocmb, noAuocmbW codepowavnywcfi e 
M: 

3x nk C M 

/JoKaaameAbcmeo. 1. flpK&yneM CHanajia 1°. Bo3bMeM npoii3BOjibHyio OKpecTHOCTb (a — e; a + e) tohkh 
a. IlocKOjibKy x n — > a, no^TH Bee tohkh {x n } flOJBKHbi jiexaTb b (a — e;a + e). 3HanHT, tohkh c 

HH,n;eKcaMH n k TO»ce iiohth Bee jiexaT b (a — e; a + e). IlocKOjibKy sto BepHO pjin jiioGoh OKpecTHOCTH 
(a — e; a + e) mm nojrynaeM x nk — > a. 
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2. Cjie;xyfl o6emaHiiio na c !24[ mm fla^HM ;xBa ,n,OKa3aTejibCTBa CBOiicTBa 2°: Tpa/niHHOHHoe, ncnojib- 
3yioinee npneM 6ecKOHCHHOKpaTHoro Bbi6opa, h aKKypaTHoe, co ccmjikoh Ha aKCHOMy (b flaHHOM cjiynae 
cneTHoro) Bbi6opa. 

a) JJoKaaameAbcmeo npueMOM 6ecKOHeunoKpamnozo eu6opa. Ecjih x n a, to sto 03HanaeT, hto Haii- 

n— >co 

^eTCH Taxaa OKpecTHOCTb (a — e, a + s) tohkh a, BHe KOTopoii jiokht 6ecKOHeHHoe hhcjio ajieMeHTOB 

X n . TO eCTb MH0JK6CTB0 

N = {neN: x n <£ (a - e, a + s)} 

6ecKOHeHHO. 

1) Bbi6epeM npoH3BOjibHoe ri\ G AT. 

2) IlocKOjibKy N 6ecKOHeHHO, HaftireTCH ri2 G AT TaKoe hto n2 2. 3acpHKCiipyeM sto 713. 

3) IlocKOjibKy A" 6ecKOHeHHO, HaiifleTCH £ N TaKoe hto n^, 3. 3acpHKCiipyeM sto 713. 

H Tax ^ajiee. riocTynaa noji;o6HMM o6pa30M, mm nojiynHM nocjiejrpBaTejibHOCTb hhackcob {n k } Ta- 
Kyio, HTO 

n k > k, k G N 

nosTOMy no TeopeMe 11.2.21 o npejrejibHOM nepexojre b HepaBencTBe, nk — > +00, to gctb {x nk } - 

k— >-oo 

noflnocjieflOBaTejibHOCTb b {x n }. 
6) /foKaaameAbcmeo c sienou ccujikou na aKcuoMy eu6opa. Eme pa3, ecjin x n —/-> a, to HaftjreTCH Taxaa 

n— > 00 

OKpecTHOCTb (a — e, a + e) tohkh a, BHe KOTopoii jigjkht 6ecKOHCHHoe hhcjio sjieMeHTOB x n . To ecTb 

MHOJKECTBO 

A r = {neN: x n ^ (a - e, a + e)} 
6ecKOHeHHO. Flo TeopeMe lO. 3.121 oho ne orpaHHneHO, to ecTb jijih bchkoto k G N 

N k = {n £ N : n < k} ^ 

Ilo aKCHOMe cneTHoro Bbi6opa fc !23[) . HaftireTCH nocjiejj;oBaTejibHOCTb 

n k G AT* 

^jia Hee mm nojiynaeM BO-nepBbix: 

^n fe ^ (a — e, a + e), fc G N 

to ecTb 

\x nk - a\ > e, keN 

H, BO-BTOpbIX, 

n k ^ k, k G N, 

OTKy^,a no TeopeMe 11.2.21 o npejrejibHOM nepexojre b nepaBeHCTBe, — > +00, to ecTb {i„J - 

k— > 00 

nojj;nocjiejj;oBaTejibHOCTb b 

3. KaK h b npejTbiixymeM cjiynae, mm jiaeM ;xBa ;xpKa3aTejibCTBa CBoiicTBa 3°: Tpa^HiniOHHoe n c hbhoh 
ccmjikoh Ha aKCHOMy (cneTHoro) Bbi6opa. 

a) /JoKasameAhcmeo npueMOM GecKOHeunoKpamnozo eu6opa. ITycTb sup ngN \x n \ = +00, nocTpoHM nofl- 
nocjrejTpBaTejibHOCTb x Uk — > 00. 

k— > 00 

1) CHanajia BbiGnpaeTCH HHjj;eKC tlx- 3to /i,ejiaeTCH Tax: nocKOjibKy {x n } HeorpaHHHena, Haftjj;eTCH 
TaKOH HOMep rii, hto 

l^ml > 1 

3tot HOMep n\ cpHKcnpyeTca. 

2) 3aTeM Bbi6HpaeTCH HHjj;eKC 712: nocKOjibKy {x n } HeorpaHHneHa, HaftfleTCH TaKOH HOMep n.2, hto 
3tot HOMep ni (pHKcnpyeTCH. 

k). Korjia hhj^ckcm n\,n-i, ...,rik-i y>Ke Bbi6paHM, Bbi6HpaeTCH HHfleKC n k : nocKOjibKy {x n } Heorpa- 
HHHCHa, HaiifleTCH TaKoii HOMep n k , hto 

\x nk I 5^ k 
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3tot HOMep nk (f)HKCHpyeTCH. 

H Tax ,n,ajiee. B pe3yjiKraTe nojiynaeTca nocjie^OBaTejibHOCTB {x nk } co cbohctbom 

VfceN \x nh \>k 

H3 KOToporo h cjie^yeT x„ k — > oo. 
6) /JoKaaameji'bcmeo c ftenou ccuakou na ancuoMy eu6opa. IlycTb sup n(EN \x n \ — +oo. 3to 3HanHT, hto 

VfceN {neN: \x n \ > fc} 7^ 

IIo aKCHOMe cneTHoro Bbi6opa fc !23[) . HafifleTCH nocjieflOBaTejibHOCTb {n^} TaKaa, hto 

B t £{iieN: |x„| ^ fc}, fc e N 

to ecTb 

\x nk \ >k, k G N. 

OTcro^a cjie/i,yeT x„ fe — 5- 00. 

4. Cbohctbo 4° ^,OKa3biBaeTCH TeM ace npneMOM, tojibko HOMepa 3flecb Hysaio Bbi6npaTb Tax, 
hto6m BbinojiHHjiHCb He OflHO, a /i,Ba ycnoBHfl: 

n fe+ i > n fe & x nk+1 G M. 

□ 

Mojkho 3aMeTiiTb, hto HHorfla nojiynaeTCH, hto, xoth flaHHaa nocjieflOBaTejibHOCTb pacxo/niTCH 
(to ecTb He HMeeT npe^ejia), TeM He MeHee, Bbi6paHHaH noflnocjieflOBaTejibHOCTb {yk} cxo/hitch. 



» 1.2.4. fl,nsi ,n;aHHOH nocjieflOBaTejibHOCTH {x n } 
yKa>KHTe KaKyio-HH6yii,b cxcyjamyiocji no/Hiocjieflo- 
BaTejibHOCTb {x nk }, ecjiH OHa cymecTByeT. 

1) x n = (-l) n -n 



3) 


J n 


= n< 


-1)™ 




4) 


•'*// 


= n 


•(l+(- 


-1)") 


5) 


3 n 


_ 2H 


-(-1)" 

2 


n 


6) 


n 


= (- 




(2+| 



TeopeMa 1.2.6 (BojiBU,aHO-BeiiepiiiTpacca). 5 Bcunan ozpanunenHasi nocAedoeameAbHocmb {x n } 
UMeem cxodsmiAjmcsi nodnocAedoeameAbHocmb {x Hk }. 

,H\iih ^,OKa3aTejibCTBa ycjiOBHMCH dAunou ompe3Ka I — [a. b] Ha3biBaTb hhcjio 

diam I = b — a 

HaM yn,o6HO HanaTb co cjieflyromeH jieMMti: 

JleMMa 1.2.1. Ecau ompe30K I codepoKum 6ecKOHeHHO mhozo SAeMenmoe nocAedoeameAbHocmu {x n }, 

card{n G N : x n G 1} = 00 

mo e 7 codepmcumcsi ompe30K J e dea paaa Memiueu 3auhu, 

diam/ 
diam J = , 

2 

maKMce codepcncaiu,uu 6ecKOHeuHO mhozo SAeMenmoe {x n }: 

card{n G N : x n G J} = 00 

3tot pe3yjibTaT ncnojiB3yeTC5i b rjiaBe ?? npii flOKa3aTejiBCTBe KpiiTepira Kohih cxo^hmocth mhcjtoboh nocneflOBaTejiB- 
hocth ( Teopeivia l 1 . 2. 7 1 ) , a TaioKe b rjiaBe[2]npH ^OKasaTejiBCTBe TeopeM BeiiepmTpacca 06 orpamiMeHHOCTii h 06 SKCTpeiviyMax 
(TeopeMBi 12.3,31 h 12,3.411 h TeopeniBi KaHTopa o paBHOMepHoft orpaHHHeHHOCTH (TeopeMa 12,3,51 
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/JoKa3ameMbcmeo. 3to oneBH^Ho: pa3/i,ejiHM OTpe30K I Ha #Ba paBHbix (no fljiHHe) OTpe3Ka J n if. IIo 
Kpaimeii Mepe b o/htom h3 hhx aojbkho coflepaaTbCH 6ecKOHeHHoe hhcjio 3jigmghtob {x n } (noTOMy hto 
HHane nojiy^Hjiocb 6m, hto J h K coflepjKaT KonenHMH Ha6op sjieMeHTOB {x n }, n 3HanHT hx o6i>e/],HHeHne 
I = J U K TO»ce coflep>KHT KOHenHbiii Ha6op ajieMeHTOB. □ 

/J,oKa3ameAt>cmeo meoveMu \1.2.6\ Mm o6ema.jiH Ha c l24l naTb ppa, flOKasaTejibCTBa 3Toro yTBepjK,ii;eHHa: 
TpaflHH;HOHHoe, npneMOM 6ecKOHeHHOKpaTHoro Bbi6opa, h coBpeMeHHoe, b kotopom aKCHOMa Bbi6opa hbho 
ynoMHHaeTCH. 

a) /foKaaameAbcmeo npueMOM 6ecKOHeHHOKpamnozo eu6opa. 

1) IIocjie/],OBaTejii>HOCTb {x n } orpaHnneHa, 3naHHT OHa jicjkht b HeKOTopoM OTpe3Ke I\ — [a\;b\\. 
IIojiojkhm rii = 1, h 38LM6THM Ha 6yayiHee, hto x ni G I\ = [a±; b\]. 

2) IIo jieMMe [I.2.11 b I\ co^epjKHTCH hckhh OTpe30K I2 = [0,2] 62] BHBoe MeHbineii fljiHHbi. 

diam/i 
diam/ 2 = — 2 — ' 

TaKJKe co^epjKamHH 6ecKOHeHHO MHoro nnceji {cc n }. Bbi6npaeM KaKOH-HH6yi];b HOMep n-z ^ 2, TaKoft 
hto x„ 2 e I2 = [&2i ^2] (TaKoft HOMep n 2 Hafi^eTCH, noTOMy hto x„ G [02562] AJ 1 ^ 6ecKOHeHHoro 

KOJIHHeCTBa HOMepoB n). 

3) OnaTb no jieMMe [1.2.11 b I2 coflepjKHTCH hckhh OTpe30K I3 = [03; 63] BHBoe MeHbHieft ,h,.iihhm, 

diam/ 2 
diamA = , 

j 2 ' 

Taitsce coflepjKamHH 6ecKOHenHO MHoro nnceji {x n }. Bbi6HpaeM KaKOH-HH6yflb HOMep 713 ^ 3, TaKoil 
hto x n3 G I3 = [03; 63] (TaKoft HOMep 713 HafifleTCH, noTOMy hto x n e [03; 63] h,jih 6ecKOHeHHoro 
KOjinnecTBa HOMepoB n). 

IIpo^,ojiJKaH 3Ty npoue/iypy, mm nojiynHM nocjieflOBaTejibHOCTb OTpe3KOB I k = [a k ;b k ] n nnceji x nk 

CO CJieflyiOIHHMH CBOHCTBaMHI 

[ai;6i] 2 [a 2 ;b 2 ] 3 [a 3 ;b 3 ] 2 ■•• 3 [a/cA] 2 ■•■ b k - a k — > sc nji G [a k ;b k ] (1.2.32) 

k— ¥00 

IlepBbie ppa, CBOiicTBa 03HanaiOT, hto [a k ; b k ] - nocneflOBaTejibHOCTb BjiojKeHHbix OTpe3KOB, 3HannT, 
no TeopeMe 11.2.51 o BjioaceHHbix OTpe3Kax, cymecTByeT hhcjio C TaKoe hto 

lim a k = C = lim b k 

>oo k— ^00 

ilocjie^Hee jkb cbohctbo b nenoHKe (|1.2.32[) 03HanaeT, hto 

a-k < x nk ^ b k 

n nosTOMy mm MOxceM npHMeHHTb TeopeMy flByx MHjinnHOHepax \l . 2 .31 H3 KOTopoii cjie^yeT, hto 

lim x nk = C 

k— foo 

To ecTb nocjieflOBaTejibHOCTb x nk HMeeT npe^eji. 

6) /JoKasameAbcmeo c hbhou ccujikou na aitcuoMy eu6opa. OnaTb 3aMeTHM CHanajia, hto nocKOjibKy 
nocjieflOBaTejibHOCTb {x n } orpaHnneHa, OHa jicjkht b HeKOTopoM 0Tpe3Ke / = [a; b\. IlycTb I 060- 
3nanaeT mhojkcctbo 0Tpe3K0B J, co,n,epjKaHi,HxcH b I, n coflepjKam,Hx 6ecKOHeHHbiii Ha6op sjieMeHTOB 
nocjieflOBaTejibHOCTH {x n } 

J el <^=^ J C I & card{n G N : cc„ G J} = 00 

(MHOJKecTBO I HenycTO, noTOMy hto, HanpHMep, I E X). IlycTb Tenepb Ii, 1%, I k - KOHenHaa 
nocjieflOBaTejibHOCTb 0Tpe3K0B, ynpBjieTBopHiomaH tekhm ycjiOBHHM: 

{h,...I k }CX, h D I 2 D ... D I k , Vi<k diam/ m = ^^, (1.2.33) 

Torfla no jieMMe 11.2.11 HaiifleTCH OTpe30K J co CBOiiCTBaMH: 

J el, Jc/fe, diam J= dia ^ /fc . (1.2.34) 
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3to Ha6jiK>flCHiie mojkho nepeepopMyjrnpoBaTB trkhm xhtpbim o6pa30M: ^jih jik>6oh nocjieflOBaTejiB- 

HOCTH II, I2, Ik, yflOBJieTBOpflKDmeft yCJIOBHHM (|1.2.33P . MHCXSCeCTBO J{I\, I2, Ik) BCeX OTpe3KOB 

J, yn,OBjieTBopHK>LLi,Hx ycjiOBHSM (|1.2.34p . HenycTo: 

J[h,h,-:h) = {j 61: J eh, diamJ=^M ^0 



TenepB mbi npiiMenaeM aKCHOMy BBi6opa: aojijkho cymecTBOBaTB OTo6pajKeHHe (7i, I2, Ik) 1— > 
G(I\, I2, ■ Ik)i KOTopoe KajKfloii nocjieflOBaTejitHOCTH (7i, Tj, 7ft) OTpe3KOB, yapBjieTBopiiioiiiHx 
ycjiOBHSM (|1.2.33p . CTaBiiT b cooTBeTCTBiie OTpe30K G(I\, I2, ...,1k), npHHafljie»caLn,HH J(I\,l2, ...,Ik), 
to ecTB yflOBjieTBopHiomHii ycjiOBHHM 

G(Ji,/ 2s ...,J fc )eZ, G(h,I 2 ,...,Ik)cI k , diamG(7 l! 7 2 ,...,7 fe ) = ^^. (1.2.35) 

Ilocjie 3Toro mbi iiphmghhgm TeopeMv 10.3.71 06 onpeflejieHnax HacTHOii nn^oy Kiiiieii ; ecjiH nojiojKHTB 
1 1 = I, to 3to onpe^ejiHT nocjieflOBaTejiBHOCTB {7fc} G I, co^,ep:scaiiryio I\ b KanecTBe nepBoro 
sjieMeHTa n ynpBjieTBopaioiHyio ycjiOBHio 

G(7 l! ...,7 fe )=7 fe+1 , k<N 

Tflfi BejiHHHHa N onpe,i];ejia:eTCH ywiOBiieM: 

JV = sup{fceN: 3{I 2 ,..,4}C1 Vze{2,...,fc} G(7 1; 7_x) = 7,} 

Ho 3^ecb BepxHHH rpaHB paBHa 6ecKone x iHOCTH, noTOMy hto Haine OTo6pa»ceHHe G 6bijio onpeflejieHO 
Ha Bcex KOHe^HBix nocjieflOBaTejiBHOCTHx co CBoncTBaMn (jl.2.33p . FlosTOMy nocjie,n,OBaTejiBHOCTB 
{7^}, onpeflejiaeMaa: TeopeMon 10.3.71 jo ji acHa 6bitb Ggckohghhoh. 

TenepB KajK^Biii OTpe30K {7^} coflepjKHT 6ecKOHeHHBiii Ha6op sjieMeHTOB {x n }, noaTOMy 

{n^ k : x n € 7 fc } 7^ 

OTCio/ja no aKCHOMe cneTHoro BBi6opa f c J23|) cjie^yeT, hto cymecTByeT nocjieflOBaTejiBHOCTB HOMepoB 

n k e {n > k : x n e h} 

to ecTb TaKaH, hto 

n k > fe & x„ fc € 7 fe 

06o3HaHHB TenepB nepe3 a k 11 6^ kohixbi OTpe3KOB 7fc], mbi nojiyniiM b tohhocth ycjiOBHH (|1.2.32p . n 
,n,ajiBnie paccyjKflenna noBTopaiOT nyHKT a). 

□ 

(e) KpHTepHH Koiiih cxo^hmocth nocjie^OBaTejifaHOCTH 

TeopeMa 1.2.7 (KpHTepHH Kohih cxo^hmocth hhcjioboh nocjie/i,OBaTejiBHOCTH). 6 

x IucAoeasi nocAedoeameAbHocmb {x n } mozda u moAbno mozda exodumesi, Kozda ona ydoenemeopsiem 
CAedywvuuM deyM 3KeueajienmnuM ycAoeujiM: 

(i) dM aw6ux deyx 6ecKOHeuHO 6oAbmux nocAedoeameAbtiocmeu undeKcoe {pi}, {qt} C N 

Pi — 5- 00, qi — > 00 (1.2.36) 

coomeemcmeywinue nodnocAedoeameAbHocmu {x Pi } u {x qi } cmpeMMmcM dpyz K dpyzy: 

X Pi -x qi — > (1.2.37) 



i— >oo 



(ii) 3ak aw6ou nocAedoeameAbHocmu {li} C N u aw6ou 6ecKoneHHO 6oAbiuou nocAedoeameAt>HO- 
cmu {ki} C N 

h — ^00 (1.2.38) 

i— >oo 

eunoAHMemcM coorrmoweHue 

Xki+u - — >0 (1.2.39) 

i— >oo 



6 3tot pe3yjii>TaT noHaflo6nTCH HaM tojibko b raaBe 18 npn flOKa3aTejiBCTBe KpiiTepiiH Koluh cxoahmocth hhcjioboto 
pa^a (xeopeMa 4.1) 
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Diana 1. IIPE/XEJI nOCJIEflOBATEJIbHOCTH 



JXnsi ^i,OKa3aTejii>CTBa Hail noHa,n,o6HTCH flBe jieMMM. 
JleMMa 1.2.2. Ecjiu nocAedoeameAbnocmb {x n } 6ecKOHe%HO 6oAbmasi 



x n — > oo 

n— >oo 



mo cma codepatcum neKomopyw nodnocAedoeameAbnocmb {x Uk } co ceoilcmeoM 

Xn k ~ X nk _ 1 > OO (1.2.40) 

/c— >oo 

/JoKa3ameJit>cmeo. nonnocjienoBaTejibHOCTb {x rik } CTpoHTca 6ecKOHCHHOKpaTHMM Bbi6opoM (Tpa/n-nn-i- 
ohho 3tot npneM Ha3biBaeTCH "nocTpoeHiieM no HH/ryKHHH") . 

1. HHneKC rii Bbi6npaeTCH npoH3BOjibHMM, HanpHMep, m = 1. 

2. 3aTeM Bbi6npaeTca hh^gkc Ti2- P^na stoto npon3HOCHTCH <ppa3a: nocKOjibKy {x n } HeorpannneHa, 
HaftfleTCH TaKoii HOMep ri2, hto 

\Xri2 X ni | ^ 2 

9tot HOMep ri2 (pHKcnpyeTca. 

k. Korna HHneKCM Ui } n2, ...,rik-i y>Ke Bbi6paHbi, Bbi6npaeTCH HHneKC n^. OnHTb roBopiiTCH Tax: 
nocKOjibKy {a; n } HeorpaHnneHa, HaiifleTca Taicon HOMep n^. hto 



> k 



3tot HOMep rik cpHKcnpyeTCH. 

H Tax ^.ajiee. B pe3yjibTaTe nojiynaeTCH nocjieflOBaTejibHOCTb {x nk } co cbohctbom 

Vfc £ N \x nk - X nk „ 1 | ^ fc 

H3 KOToporo h cjie^yeT (jl.2.401) . □ 

JleMMa 1.2.3. Ecjiu nocAedoeameAbnocmb {x n } o6Aadaem ceoilcmeoM (i) meoveMu \1.2. r A mo ona ozpa- 
nuuena. 

JJoKa3ameAbcmeo. Ilpe/i,nojiojKHM, hto sto He Tax, to ecTb hto {x n } - HeorpaHHHeHHaa nocjieflOBa- 
TejiBHOCTb, o6jianaiomaa cbohctbom (i). Tor^a no CBOftcTBy 3° npeflbLuyinero naparpacpa, nainjiacb 6bi 
no^nocjieflOBaTejibHOCTb {x nk } Taxaa hto 

X n k , > OO 

k— >oo 

a no jieMMe H.2.2l 3TO 03Hanajio 6m, hto moscho Bbi6paTb no/nioc.jie,zi,OBaTejibHOCTb {x nk , } nocjienpBaTejib- 

HOCTH {X nk } TaKyiO HTO 

X ri k ~ X nk f OO 

k—too 

Ilocjie 3Toro mu 6m motjih b3htb ,n,Be nocjieflOBaTejibHOCTH 

Pi=n ki , qi=n ki _ 1 

h y Hac 6bi nojiyHHjiocb, hto 



— > OO 
!_1 fc— >co 



Ho sto HeB03MOJKHO, noTOMy hto {x n } o6jiaflaeT cbohctbom (i). 3HanHT, Hanie ncxoflHoe npeflnojiojKeHHe 
(o tom, hto {x n } - HeorpaHHHeHnaa nocjienpBaTejibHOCTb) HeBepHO. To ecTb {x n } o6a3aTejibHO orpaHH- 
neHa. □ 

floKaaameJibcmeo meove.Mu \1.2. 71 y6e,n,HMCH CHanajia hto ycjiOBna (i) h (ii) fleftcTBHTejibHO 3KBHBa- 

JieHTHbl. 

1. HMnjiHKanHH (i) (ii) oneBHflHa: ecjin BbinojiHHeTCH (i) to ecTb jno6bie flBe noflnocjieflOBaTejib- 
hocth {x Pi } n {x qi } nocjieflOBaTejibHOCTH {x n } CTpeMHTCH APyr k flpyry 

Xpi Xq i ^ 0, 

i— ¥ oo 

to aBTOMaTHnecKH BbinojiHaeTCH h (ii). noTOMy hto fljia jiK)6oii nocjienpBaTejibHOCTH {li} C N h jno6oii 
6ecKOHenHO 6ojibinoH nocjieflOBaTejibHOCTH {ki} C N mm mojkcm nojioJKHTb pi = ki + li h qi = ki, n Tor^a 
6y,iieT BbinojiHHTbCH cooTHOnieHnc 

Xki-\-li Xki — Xq^ ^ 

i— ¥ oo 



§ 2. KjiaccHHecKme xeopeubi o nocjie^OBaTejibHOCTax 
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2. ^OKajKeM HMnjiHKarpiio (ii) =>■ (i). IlycTb BbinojiHHeTCH (ii), to ecTb pjin jiio6oh nocneflOBaTejibHO- 
cth {li} C N h jik>6oh 6ecKOHeHHO 6ojibinoH nocjie/i,OBaTejibHOCTH {fc^} C N BbinojiHaeTCH cooTHOineHHe 
(|1.2.39p . Bo3bMeM KaKHe-HH6yn,b flBe 6ecKOHeHHO 6ojiBiniie nocjie/i,OBaTejibHOCTH hh/^gkcob 



IIojIOJKHM 

Toiyja 

h nosTOMy 



— > 00, — S> 00 

i— >oo i— foo 



fcj = minfe; g,}, Z,- = m&x{pi; g,} - fej 
fei + Zj = max{p l ; gj 



^maxfpj;^} ^minjpj ;q^ } ) eCJIH Pi S> qi 
*^min{pi;qi} ^maxjpi \qi } ) 6CJIH p^ ^ 9i 



B jik)6om cjiynae nojiynaeTCH 
nosTOMy 



II 3HaHIIT, 



0, ecjiii j»i = qi 

\ X Pi ~ X qi\ = \ X ki+k - x ki\ 
\ x Pi ~ X q<\ = \ X ki+h - X kA 

i— ¥Q 



Xki+h - x kil ecjiii p l > q. L 
Xk, - Xk,+h, ecjin p. L < q. L 
0, ecjin p., = qi 



IIocjie/i,OBaTejibHOCTii {pi} 11 {qi} 3flecb BbiGnpajiHCb c caMoro Hanajia npoH3BOjibHbiMii. 3to SHa^HT, ^ito 
BbinojiHHeTCH (i). TaKiiM o6pa30M, mm ,n,OKa3ajiH, hto h3 (ii) cjiepyeT (i). 

3. ^OKa^KeM Tenepb, hto ecjiii nocjie^OBaTejibHOCTb {x n } cxo,h,htch, to ecTt cymecTByeT KOHenHbiii 
npe^eji 

lim x n = a 

n— >oo 

to {x n } o6H3aTejibHO flojciaia o6jia,a,aTb cbohctbom (i). Bo3bMeM jno6bie ppe 6ecKOHe x iHO 6ojibniHe no- 
cjieflOBaTejibHOCTii iiH^eKCOB {pi}, {qi} C N 

Pi — > 00, qi — > 00 

i— foo i— voo 

CooTBeTCTByioiii,He noflnocjieflOBaTejibHOCTH {x Pi } h {x qi } toxk CTpeMHTCH k Hiicjiy a no CBOiicTBy 1° 
npe^biflymero naparpacpa: 



% — yoo 

nosTOMy hx pa3HOCTb flOJOKHa CTpeMHTbca k Hyjiio: 



Ct, Xq i 



a ~ a = 



Bto 3HaHiiT, hto {x n } ^eitcTBiiTejibHO flOjBKHa o6jia,n,aTb cbohctbom (i). 

4. Tenepb flOKa»ceM, ^to nao6opoT, ecjin {x n } o6jia,n,aeT cbohctbom (?), to OHa o6H3aTejibHO cxo/ihtch. 
fleiiCTBHTejibHO, no jieMMe [1.2.31 {x n } orpaHHHCHa. 3HaHHT, no TeopeMe BojibnaHO-BciicpniTpacca II . 2 . 6[ 
{x n } co^epjKHT HeKOTopyio cxoflHmyiocH noflnocjie^OBaTejibHOCTb {x ni }: 



X ni 7 d 

i— >OD 



(1.2.41) 



Tenepb B03bMeM cjieflyiomHe ppe nocjieflOBaTejibHOCTH hh^ckcob 

Pi =i, qi = rii 

IlocKOjibKy {x n } o6jiaflaeT cbohctbom (i), ^ojbkho BbinojiHHTbCH cooTHOineHHe 



Xi X Tl 







(1.2.42) 



Hs (|1.2.4ip h p. 2.421) nojiynaeM 



Xi — (xi — x ni ) + x 7li — > + a = a 



To ecTb nocjieflOBaT&jibHOCTb {x n } ctpcmhtch k HeKOTopoMy KOHe^HOMy upepfijiy a. 



□ 
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» 1.2.5. IlpoBepBTe c noMomtio KpiiTepiia Koihh 1) x n = 3' l ) 
cxo^hmoctb nocjie,n;oBaTejii>HOCTeii : 



(f) TeopeMa IIlTOJii>u,a 

TeopeMa 1.2.8 (IIlTOJibn;). 7 Ylycmb {y n } u {z n } - dee nocAedoeameAt>Hocmu, npuneM 
(i) {y n } cmpozo MOHomoHHa: 



2/1 < 2/2 < ••• < Vn < 

(ii) {y n } 6ecKOHeuHO 6oA-bmasi: 



2/1 > 2/2 > ■■■ > y n > ■■ 



y n — > oo 

n— f oo 



(Hi) nocAedoeameAbHocm-b — — z " 1 UMeem kohchhuu npedeA: 



lim 

n ->°° Vn - Vn-l 



A 



(1.2.43) 
(1.2.44) 

(1.2.45) 



Tozda nocAedoeameA'bHoem'b {^j moMce UMeem kohchhuu npedeA, u oh coenadaem c A: 



lim 



lim 



Zn-l 



A 



(1.2.46) 



Vn n ^°° Vn - Vn-l 

/JoKaaameAbcmeo. 3aMeTHM cpa3y, hto ,n,ocTaTOHHO paccMOTpeTb cjiy^aii, KOiyja y n B03pacTaeT: 

Vi < 2/2 < ■■■ < Vn < -, 
nocKOjiBKy cjiynaii y6biBaK>in,eii nocjieflOBaTejitHOCTii 

2/1 > 2/2 > ■■• > Vn > ■■■ 

cbo/i,htch k cjiynaio B03pacTaioiii;eH 3aMeH0ii y n = —y n , (j7i < 2/2 < •■• < Vn < •••)■ 3ao,n,HO moscho cih- 
TaTb, hto Bee y n nojic»KHTejibHbi: 

< 2/i < 2/2 < ... < V„ < ... (1.2.47) 

H3 ycjiOBHH (in) cjie^yeT, hto 2zLZ? n - 1 



npeflCTaBHMO b bh^c 



z n -i 



y n - y n -i 



= A 



a n — > 

n— »oo 



3a(pHKCHpyeM e > 0, 11 no,a,6epeM AT Tax hto6bi 



Vn > iV la J < - 



(sto mojkho c^ejiaTb, noTOMy hto \a n \ — > 0). 

n— yoo 

Ife (|1.2.44p cjie^yeT, ^ito cymecTByeT M > N Taxoe, hto 



(1.2.48) 
(1.2.49) 

(1.2.50) 



Vn > M y n > — 

e 



z N - A-y N 
z N - A-y N 



Vn > M 

3a<pHKCHpyeM sth N h M. H3 (11.2.481) nojiy^aeM: ^jih BCHKoro n > M > N 

Zn - Zn-l = (On + A) ■ (y n - 2/n-l) = OL n • (j/„ " Vn-l) + A ■ (y n - J/„-l) 



(1.2.51) 



7 3Ta TeopeMa HcnojiB3yeTCH npn flOKa3aTejibCTBe npaBHjia JIonHTajra 14.4.31 ajih pacKptiTHH HeonpeflejieHHOCTeit rana 



§ 2. KjiaccHHecKme reopeMbi o nocjie^OBaTejibHOCTax 
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z n - z n -\ = a n ■ (y n - Vn-l) + A ■ (y n - y n -i) 

Zn-1 - Zn-2 = a n -l ■ (Vn-l ~ Vn-2) + A ■ (y n -i - Vn-2) 



.zjv+1 - z N = a N+ i ■ (un+i - Vn) + A ■ (dn+x ~ Vn) 



4 ( 



CKJiaflbmaeM ypaBHGHHSi J 



nocjic coKpaiu,ciiMii ocraioTca 
TOJibKO ncpeoe h nocne/jHee cjiaraeMoe 



z n - Zn-1 + ■■■ + z N +i - z N =a n - (y n - y n -i) + 



+ a N+ i ■ (vn+i - Vn)+ 

+ A ■ ( y n - y n -i + ... + y N+ i - y N 



nocjic coKpamciii-iii oeraiOTCM 
TOJibKO nepBoe h nocjie^Hee cjiaraeivioc 



a- 

z n - z N = a n ■ (y n - y n -i) + ■■• + «JV+i • {vn+i - Vn) + A ■ (y n - j/at) 
z n - A- y n = a n ■ (y n - y n -i) + ■■■ + «jv+i ■ (vn+i - Vn) + z N - A ■ y N 

a- 



z n -A-y n = a n {y n -y n -i) + ... + a N+ \{y N+ \-y N ) + z N - A-y N < 



< \otr, 



y n - y n -i 



A (1.2.501 



+ |ajv+i|- 



y N+1 - y N 



z N - A-y N 



< 



A HI. 2. 501 



< 




z N - A ■ y N 



{Vn - Vn-l) + ■ 

( y n -y„-i + 



+ I • (yN+i - Vn) + 

■ + vn+i - m ) + 



z N - A-y N 
z N - A-y N 



nOCJIC COKpaiUCIIMH OCTaiOTCH 

TOjitKO nepBoe h nocjie^Hee cjiaraeMoe 



A 11.2.471 



A 

Vn 



z N - A-y N 



e e 



A 11.2.511 



a- 

- A-y n 

!$■ 

— — A 

Vn 



<s-y n 



< e 



y Hac nojiyniijiocb, hto ^jih BCHKoro e > Haft^eTCH M TaKoe, hto 



Vn > M 



— — A 

Vn 



< e 



To ecTb 



Vn > M -e < — - A<e 
y n 



114 Tji&b&I. nPE^EJl nOCJIEfiOBATEJlbHOCTH 

Hhbimh cjiOBaMH, ,zyia jiio6oro e > hoith Bee Hiicjia — A jiejKaT b HHTepBajie (— s,e). 3iiaHHT, 

— — A — > 

Vn n ^°° 

to ecTb, 

— — > A 

Vn n ^°° 

□ 



§ 3 IlpHJioxceHHH npe^ejia no- 
cjie^,OBaTejibHOCTH 

(a) flecaTHMHaa 3anHCt> Bem,ecTBeH- 

HL.IX HHCejI. 

JleMMa 1.3.1. fl^jisi ecjiKozo eewficmeennozo uuc- 
Aa x G (0,1) nocAedoeame/ibHocmb 



x N 



[x ■ 10 
^0^ 



(1.3.52) 



o6Aadaem cJiedywiu,UMU ceoilcmeaMu: 



(i) djisi bcsikozo N G N eunoAHSiemcfi Hepaeen- 
cmeo 

0^x-x N <j^ (1.3.53) 
U3 KomopoBO CAedyem, umo xn cxodumcn k x: 



xn — > x 

JV-s-oo 



(ii) nocAedoeameJi'bHocm'b {a-k] k G N} ; onpede- 
achholh npaeuAOM 

a_i =xi-10= [x-W], (1.3.55) 
a- k = {x k - x k -i) ■ I0 k (k > 1) (1.3.56) 

cocmoum U3 u,eAux hucca e unmepeaAe 
{0,1,...,9}: 



VfcGN a_fe G {0, 1, 9} 
(Hi) cnpaeedAueo momcdecmeo 

N 



(1.3.57) 



(1.3.58) 



k=l 



/JoKasameAbcmeo. 1. HanHCM c (|1.3.53p : 

{x ■ 10 N } G [0, 1) 1 0.4.166 1 



JVl 



x — xn = x 
x-\0 N 



[x-lQ _ 
[x • 10 w ] x ■ IQ N - [x ■ 10 N ] 



0, 



1 



10 



JV 



2. ^oicajKeM (|1.3.57p . CHanajia 3aMeTiiM, hto 
Vfc G N x k - 10 fe = [x ■ I0 k ] G Z 



^-U^-Xfc-O-lO*, /,• \ } 
Tenepb jijib. k — 1 nojiy^aeM: 

< x < 1 
< x ■ 10 < 10 

JJ. 10.4.1631 
[x ■ 10] < 10 

o_i = [at -10] G {0,1, -,9} 
(1.3.54) 3aTeM fljia k > 1 nojiy^aeM: 

1 



^ a; — Xk-i < 



a- 



10 fe-i 



11.3.531 



< (af-a;fc_i) ■ 10 fc < 10 

JJ- 10.4.1631 

s$ {{x-Xk-i) ■ 10 fe ] < 10 

II 

[x- 10* -x fe _i -10 fc ] 
II 

[a • 10 fc ] - z fc _i • 10 fc 
II 

II 

(x fc - x fc _i) • 10 fc 
II 

a-k 

a_ fe G {0,1, ...,9} 

3. Oopiviyjia [|1.3.58p ,n,OKa3biBaeTca HHflyKniieft. 
IIpi! N = 1 OHa npiiHHMaeT bh^: 

x\ = a_i ■ 10 _1 , 



h 3to 3KBiiBajieHTHO (|1.3.55[) . ,Hajiee, ecjiii (|1.3.5i; 
BcpHa fljia N = m. 



^a-fe-10- 



•Em i 



fe=l 



§ 3. IIpHjioxeHHa npegejia nocjieflOBaxejibHOCTH 
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to fljia N = m + 1 mm nojiynaeM: 

m+1 

fc=l 

, A v 

m 

= £ a_ fe • 10- fc +a_ m _! • ltr ™- 1 = 
fc=i 

= x m + a_ m _i • 10-™- 1 = (fT536l = 
= x m + ((awn " asm) ' 10 m+1 ) • 10-™- 1 = 

□ 

Ife jieMMu ri-3.il h TeopeMbi 10.4.51 cjiejyeT 

TeopeMa 1.3.1. BcjiKoe hucao x > npedcmaeu- 
mo e eude 

n N 

x = V a fc • 10 fe + lim V a_ fc ■ l(T fe (1.3.59) 

k=0 k=l 

zde n G Z_|_, a, G {0, 1, 9}. 

/JoKasameJibcmeo. Pa3ji0JKHM x b cyMMy uejion h 
,h,Po6hoh HacTii: 

a; = [x] + {x} 

Ecjih [x] = 0, to b (|1.3.59p HyjKHO hojiojkhtb n = 0, 
ao = 0, ecjiH >Ke [x] ^ 0, to no TeopeMe 10.4.51 [x] 

MOJKHO npeflCTaBHTb B BHfle 

n 

[x]=J2^k-lO k (afc G {0, 1, 9}) 

fe=0 

To ace caMoe c /h3o6hoh nacTbio: ecjin {a;} = 0, to b 
(|1.3.59p HyjKHO nojio>KHTij a_fc = npn k G N, a ec- 
jih {a;} ^ 0, to {a;} mojkho no jieMMe IT.3.11 3anncaTi> 

B BHfle 

JV 

{x}= lim (o>-k G {0, 1, 9}). 

TV— >-oo ^ — ' 

fe=l 

□ 

• <DopMyjia (11.3.59P Ha3MBaeTca decnmuHHUM 
npedcmaeAenueM HHCjia x > 0, a nocjie- 
/jOBaTejibHOCTb {a n , a„_i, ai, ao, a_i, ...} - 
nocJiedoeameji&Hocm'bH) Koscfjc/jwuuenmoe 3Toro 
npe/i,CTaBjieHHH. Ecjih HanHHaa c HOMepa N + 1 
Bee HHCjia a_fc (fc ^ TV + 1) paBHbi Hyjno. to 

CnpaBC^JIHBO paBCHCTBO 

n TV 

x = «fe ■ io fc + a - k ■ 10 ~ fe 

fc=0 fc=l 

KOTopoe kopotko npHHHTO 3anHCbiBaTb Tax: 
x = a n ...aiao, a_i...a_jv 

(3anaTaa OT^ejiaeT Hiieppbi c HH^eKcaMH h 
— 1), h 3to Ha3BiBaeTCH decnmuHHou 3anuct>K) 
HHCjia x. 



o 1.3.1. 3anncb 

x = 45,28 

paCIHHCppOBMBaeTCH KaK paBeHCTBO 

a; = 4 • 10 1 + 5 ■ 10° + 2 ■ 10" 1 + 8 • 10~ 2 

• IlOMHMO 3TOTO, 3anncb BHJJ,a 

x = a n ...aiao, a_i...a_j\r... 

(b KOTopoii nepe^HCjieHbi Bee Hncjia ^1,0 ho- 
Mepa a-N BKjiiOHHTejibHO, a nocjie hhx ctoht 
MHoroTonne) , Ha3biBaeTca npu6AuotceHHou de- 
cjimuHHou 3anucvK> nncjia x n 03HaHaeT, hto x 
OTjinnaeTCH ot mcjia a n ...aiaQ, a_i...a_jv He 
6ojibine neM Ha 10~ N : 

^5 x — a n ...aiao, a-\...a~N < 10~ N 

o 1.3.2. 3anHCb 

x = 102,67... 

03HaHaeT, hto cnpaBe^jinBa on;eHKa 
< x- 102, 67 < 10~ 2 

• Ecjih x < 0, to no TeopeMe 1 1 . 3 . 1 1 hhc jio — x > 

npeflCTaBHMO b BH^e 

n N 

-x=j2^-w k +J2 a -^- 1Q ~ k 

k=0 fe=l 

OnaTb »;e, ecjiH 3jj,eci> HanHHaa c HOMepa N + 1 
Bee HHCjia a_fc (k ^ JV + 1) paBHbi Hyjno. to 
cnpaBe,n;jiHBO paBCHCTBO 

n JV 

-a; = Ea fe -10' £ + Ea_ fc -10-' £ 

fc=0 fc=l 

h ero npHHHTO kopotko 3anHCbiBaTi3 Tax: 
a; = — a n ...aia,Q, a_ i...a_jy 

(3anHTaa OT^ejiaeT inieppbi c HH/i,eKcaMH h 
— 1). 3to Ha3MBaeTCH decsimuHnou aanuctw 
HHCjia x < 0. 

o 1.3.3. 3anHCb 

x = -34, 72 
paciHHcppoBMBaeTCH KaK paBeHCTBO 

-x = 3 ■ 10 1 + 4 • 10° + 7 ■ 10" 1 + 2 • 10~ 2 
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• IIomhmo SToro, 3anncb BH^a 

x = — a rl ...ai<2o, a_i...a_jv--- 

(b KOTopoii nepeHHCJieHM Bee HHCJia ak flo 
HOMepa a_7\r BKjiiOHHTCjibHO , a nocjic hhx 
ctoht MHoroTOHHe) , Ha3biBaeTCH npu6jiuMceH- 
nou decnmuHHOU 3anucbw HHCJia x < 
ii 03HaHaeT, hto — x OTjinnaeTCH ot HHCJia 
a n ...aiao, a_i...o_jv He 6ojn>nie neM Ha 10 _Ar : 

$5 —x — a n ...aido, a_i...a_jy < 10 _Ar 

IlOHHTHO, HTO 3TO paBHOCHJIbHO OHeHKE 

10~ N < x + a n ...aiao, a_i...a_jv ^ 
o 1.3.4. 3anncb 

at = -2,31... 

03HaHaeT oneHKy 

1CT 2 < x + 2,31 sC 

(b) Hhcjio Henepa e. 

H3 TeopeMbi BeiiepiHTpacca 11.2.41 BMBO/piTca cjie- 
/jyiomee yTBep:»c,zi,eHHe, HeoiKH^aHHO OKa3MBaioiHe- 
eca BajKHbiM b aHajiH3e: 

• IlocjieflOBaTejibHOCTb (l + — ) hmcgt 
KOHeHHbiii npe^eji, KOTopbiii Ha3MBaeTCH 
hucjiom Henepa h o6o3HaHaeTCH 6yKBOii 
e: 

e = lim I 1 + - ) (1.3.60) 

/J,oKa3ameAt>cmeo. PaccMOTpHM CHanajia BcnoMO- 
raTejiBHyio nowieflOBaTejibHOCTb y n = (1 + ^) n+1 
h flOKa>KeM hto OHa cxo/hitch. JXjis n 2 mm no- 
jiynaeM: 

1 



Vn-1 (! + —)" (^t)™ 



2/™ + ( 2i ± i )" +1 

»,2 



(n 2 - 1)™ n + 1 \n 2 -l/ n+1 
1 



1 



n 2 - 1 J n + 1 

n 

> 1 



jl i HepaBCHCTBO 

[ BepHyjuiH I ^5 
10.3.1111 



n 



> 



n 2 — 1 / n+1 



n \ n / 1 

> + — )•— T= 1 + - , , 

n z J n + 1 V n / n+1 



n 



= 1 



To ecTb nocjieflOBaTejibHOCTb y n mohotohho y6bi- 
BaeT: 

Vn-l > Vn 

C flpyroft CTopoHbi, Bee HHCJia y n nojiojKHTejibHbi, 
h nosTOMy OHa orpaHiincHa: 

< ... < y n < y n -i < ... < y 3 < y 2 < yi 



Flo TeopeMe BeHepiHTpacca lT".2.4[ sto 03HanaeT, hto 
nocjieflOBaTejibHOCTb y n cxo/hitch. 06o3HanHM ee 
npe^eji 6yKB0ii e: 



e = lim y n = lim I 1 H — 

n— >oo n— foo \ n 



n+1 



(1.3.61) 



Tenepb cxo/niMOCTb nocjieflOBaTejibHOCTH (l + i)™ 
cjieflyeT H3 npaBHjia BMHHCjieHHH npe^,ejia ,n,po6H 
(cbohctbo 4° Ha c. I52")) : 



1 

1 + - 

n 



n+1 



/ 





2M 








1 


1 


+ 










n 



e 

n—too 1 







OcTaeTCH 3aM6THTb, HTO B 3TOM H3JIOJK6HHH MM, 

(popMajibHO roBopa, onpeflejiajin hhcjio e HHane, 
h6m o6em,ajiH: bmccto (|1.3.60p . mm onpe^ejinjiH e 
no (popMyjie (jl.3.6ip . a 3aTeM (I1.3.60P BbiBejin KaK 
cjieflCTBHe. Ho, nocKOjibKy H3 Hamnx paccyjKfleHHii 
cjie^yeT, hto npeflejibi b (|1.3.61[) h p.3.60p coBna- 

flaiOT, HCBajKHO, KaKyiO H3 3THX (pOpMyjI CHHTaTb 

onpe/i,ejieHHeM, a KaKyio cjieflCTBHeM. □ 

TeopeMa 1.3.2. Hucao Henepa e ydoeAemeopsiem 
coowiHouienum: 



n 1 

= lim > — 

n— >oo * — * /c! 



(1.3.62) 



k=0 



npuueM 3aji mo6o20 n € N cnpaeedAueo deounoe 
Hepaeencmeo: 



fc=0 



k\ n! ■ n 



(1.3.63) 



uau, umo mo Mce caMoe deounoe Hepaeencmeo 



k\ n! • 



(1.3.64) 



k=0 k=0 

/JoKa3ameAbcmeo. 06o3HaHHM 



n 



k=0 



h floxajKeM CHanajia paBeHCTBO (| 1 .3.62[) . 
1. FIocKOjibKy 

n ~f^ A:! < ^-fc! + (n+1)! 



fe=0 fe=0 



n+1 



fc=0 



3Ta nocjie/i,OBaTejibHOCTb B03pacTaeT. 



§ 3. IIpHjioxeHHa npegejia nocjie^OBaTejibHOCTH 
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C flpyroit ctopohm, 113 ()0.3.113|) nojiynaeM: 
Vfc e Z+ fc! ^ 2 k ~ 1 



\M ( 1 



k- V 



= 1 



\. (n — > oo) 

e 



n 1 n 1 n / 1 



fc! - ^ 2 fc - 

fc=0 fe=0 

= (I0.3.115I) =2 



fc=0 



1 



= 2 • 



1 - 



•l\n+l 



= 4- 1 



2 



= 4- 



< 4, 



E m ^e (to e N) 
_B = lim _E TO ^ e 

m— >oo 



2. ^],OKa>KeM Tenepb (|1.3.63p . IlepBoe HepaBeH- 
ctbo 3fleci> cjieflyeT 113 B03pacTaHiiH nocjieflOBa- 

TejIBHOCTH E n : 



11 3naHHT OHa orpamiHCHa CBcpxy. 

IIo TeopeMe BeHeDinTpacca H^^l nojivHaeM. hto 
OHa HMeeT npefleji. 06o3HaHHM ero 6yKBOii E: 

E n — > E 

n— >oo 

Hania sa/ja^ia - npoBepiiTb, ^to E — e. C o/nroft 

CTOpOHbl. 



1 \ n - 1 

i + - =mm=J2 c n-- k 



e = lim E m = sup E m ^ E n+ \ > E n 
e - £L > 



fe=0 



E 



fc=0 



ra! 1 
k\ ■ (n — k)\ n k 



n 1 
E fcf 



fc=0 



fe! (n — fc)! \n 



n .. ...(„_ k + i). 



k MHOJKHTeJICH 



n n 



k MHOJKHTejiefi 



El n n — 1 n — fc + 1 



k=0 



k MHCUKHTCJieH 



^ 1 / 1 

Err 1 ' 1-- 



fc=0 



MHOJKHTeJICH, H BCC < 1 



n 



e = lim 1 H — 

n— >oo \ ?i 



fc=0 



^ lim J5 n = E 

n— f oo 



A c flpyroii - npii jiio6om m ^ n 

-C'm — Z^fc=o fc! 

^ (n — > oo) 



A BTopoe - H3 HepaBeHCTBa ()0.3. 1 14|) : fljia jiio6bix 
n, p £ N mm nojiy^HM 

(?i + to)! ^ rt! • (n + l) m to.3.ii4t 



1 



1 



{n + m)\ ?i!-(n + l) ? 

4 



E n+P - E n = 22T\ "Ew = E w 



fc! ^ fc! ^ fc! 

fc^O k=0 



m — k — n 
k — rn + n 
1 ^ m ^ p 



E 



^ (n + to) ! 



' n! • (n + l) m n\ ^ V n + 1 



(IUXTTD 



1 n+l \_ ri+1 y 



p+1 



1 n+l 



1 



1 - 



n+l 



1 



1 - 



n+l 



n\ ri + 1 — 1 n\ 

1$. 



1 1 _ ( n+T 



■ oo) 4- 
e-E n 



I (p -> oo) 



118 



Diana 2. nPE^EJI IIOCJIE/IOBATEJIbHOCTH 



! 1.3.1. ,H,BOHHoe HepaBeHCTBO (|1.3.64[) no3BOjiaeT 
OHCHHBaTb HHCJIO e. JXjisi Haxo»c^,eHHH flByx nepBBix 

3HRKOB nOCJie 3anHTOH MOJKHO B3HTB U = 7\ 

7 1 7 1 1 

k=0 



k=0 

3HaneHHH bcjihhhh cnpaBa h cjieBa mojkho npn- 
6jiH>KeHHO bbihhcjihtb (Ha 6yMare, hjih c noMomtio 
KajibKyjiaTopa) , nojryHHB ohchkh CBepxy h cmi3y, 
H3 KOToptix 3aTeM BbiBO^HTca oneHKa ajih e: c o,n,- 

HOH CTOpOHM, 

= 0,000198412698... 



TeopeMa 1.3.3. Hucao e uppai^uonaAtHo: 



/JoKa3ameJit>cmeo. IIpeflnojiojKHM, hto oho painio- 
HajibHO, to ecTb HMeeT bha 

rn 



0,00019 < < 0,0002 



c APyron 



ELof = 2 - 71827877 - 

a- 

2,718<ELoW < 2 ' 719 
H BMecTe 3to flaeT: 



^jih HeKOToptix m,n e N. H3 ohghkh (|1.3.65[) cjie- 
AyeT, hto n 2 (noTOMy hto npn n = 1 mbi nojiyHH- 
jih 6bi, hto e uejioe). 3anoMHHM sto. H3 flBoiiHoro 
HepaBGHCTBa (|1.3.63[) mm nojiynaeM: 



m 

n ^-^ k 

k 



vl < — 

Z—t h\ "~ n\ ■ 



< 



a- 

- V- < I 



k—n 



2 ' 718 <E^< e <Er 



1 



fe=0 



fe=0 



fc! 81 ■; 



< 



< 2,719 + 0,0002 = 2,7192 

a. 

' (1.3.65) 



2,71< e < 2,72 



2,71. 



(1.3.66) 



< m ■ (n — 1)! — n ■ (n — 1) • ... ■ (n — k) 



1 1 

< - s$ - 
n 2 



Mbi nojiynaeM, hto b nojiyHHTepBajie (0; ^] jicjkht 
Kaxoe-TO nejioe hhcjio. Hohhtho, hto sto HeB03- 
mojkho, h 3HanHT Hanie npeflnojiojKeHHe (o panii- 

OHajIBHOCTH e) 6bIJIO HeBepHblM. □ 



rjiaBa 2 



OyHKI^HH, EE HEnPEPHBHOCTb 
H nPE^EJl 

§ 1 MncjioBbie (J)yHKi],HH 

(a) Onpe^ejieHHe cJ>yHKu,HH h npHMepbi 

IIOHHTHe CpyHKHHH <pOpMajIH3yeT B M&T6M&THK6 HfleiO B3cLHMHOH 3RBHCHMOCTH CpHSH^ICCKHX BCJIHHHH. 

VLpfisi »;e coctoht b cjie,n,yiomeM. 

KaK mbi yjKe roBopnjiH Ha c !25l cpH3HHecKHe BejiHHHHbi, Taxne KaK paccTOHmie, Macca, CKopocTb, h 
TaK flajiee, no/maiOTCH kojihhgctbghhoh oueHKe b nncjiax. JIk>jth HaxoflaT h ycTaHaBjiHBaiOT npaBHjia, 

n03BOJISIOmHe H3MepHTb 3TH B&JIHHHHbl (cpaBHHBaH MX C 3TajIOHaMIl) , TO eCTb BbipajKaTb HX HHCJiaMH! 

200 MeTpoB, 1,8 KHjiorpaMMa, h t.jj,. Co6ctb6hho roBopa, b stom coctoht CMbicji caMoro noraTna cpn- 
3HHecKoii bcjihhhhbi: napaMeTp, cymecTBOBaHHe KOToporo npe,n,nojiaraeTca TeopeTHnecKH, flOjisceH 6bitb 
CHa6»ceH chctcmoh npaBHji, no3BOjisioiHHx ero h3mcphtb h cpaBHHBaTb 3HaneHHH b pa3jiHHHbix CHTya- 
hhjtx - TOjibKO b 3tom cjrynae oh npHo6peTaeT CTaTyc cpH3HHecK0ii BejiHiHHbi. 

Ilpn 3tom oneHb BajKHoe Ha6jHO r n 1 CHHe , c KOToporo h HanHHaeTCH bch HayKa, coctoht b tom, hto npn 
cpHKCHpoBaHHbix npaBHjiax H3MepeHHH o6HapyjKHBaeTCH, hto pa3Hbie bgjihhhhbi MoryT 6bitb CBSBanbi 
flpyr c flpyroM /i,obojh>ho jkcctkhmh coothohichhhmh (3aKOHaMH npHpo^bi) : ecjin BaM H3BecTHbi pe3yjib- 

TaTBI H3MCpeHHH KaKOH-TO B&JIHHHHbl, TO 3TO, KaK npaBHJIO, 03HaHaeT, HTO Bbl HMeeTe B03MOJKHOCTB 

BHHHCjiHTb KaKHe-TO flpyrne bgjihhhhbi b paccMaTpHBaeMOH BaMH CHTyaniiH (6e3 Heo6xojTHMOCTH hx 

H3M6paTb). 



o 2.1.1. HanpHMep, no pe3yjibTaTaM H3MepcHHa 
/niaMeTpa OKpyamocTH D, momo c ,a,ocTaTOHHOH 

TOHHOCTbK) CyiH-ITb O TOM, KaKOH 6yO,eT ee flJIHHa I, 

1 = ttD, (2.1.1) 
hjih njiomajrb orpaHHHHBaeMoro eio Kpyra: 

S=-D 2 . (2.1.2) 
4 

Ba>KHO, hto BaM He HyjKHO H3MepsTb I h S, ecjin 
Bbi H3MepnjiH D, noTOMy hto 3aBHCHMOCTH (|2.1.ip 

H (|2.1.2P n03BOJIHIOT BblHHCJIHTb I H S nO flaHHOMy 

D. 



o 2.1.2. Tohho TaKJKe, 3Haa (c jjpcTaTOHHoft toh- 
hoctbio) Maccy Tejia m h njiOTHOCTb p MaTepnajia, 

H3 KOTOpOrO OHO H3rOTOBJieHO, Bbl MOJKeTe (onaTb 

>Ke, floCTaTOHHO tohho) onpe^ejiHTb o6T>eM V stoto 
Tejia no cpopMyjie 

V = p ■ m. 

BaM pjui 3Toro ne nyjKHO CTaBHTb SKcnepHMeHTOB, 
Tpe6yioiHHx bpcmchh h fleHer (ecjin, CKajKeM, H3y- 
HaeMbiii BaMH npejxMeT aobojibho rpoMOSflOK) - Bee 
jierKO h 6biCTpo BbiHHCjraeTCH Ha 6yMare (hjih b 
yMe). 



B 3thx npHMepax o/nia BejiHHHHa BbipajKaeTCH nepe3 flpyryro c noMombio jiornnecKHx npaBHji, no3- 
bojihioihhx npoBOjj,HTb eunucJienuM, to ecTb HaxojTHTb Hysmbie 3HaneHHH, bo3mojkho npn6 jiHJKCHHbic , 
nojib3yacb 3apaHee pa3pa6oTaHHbiMH ajiropHTMaMH. HroKeHep, npHBbiKiHHH nojib30BaTbca no,i];o6HbiMH 

BblHHCJieHHHMH Ha npaKTHKe, o6bIHHO TOJIbKO TaK H nOHHMaeT (pyHKH,HOHajIbHyiO 3aBHCHMOCTb. Ho flJlSL 

HCCjiejj,OBaTejiH, b nacTHOCTH, MaTeMaTHKa, TaKoe TOjiKOBaHne hohhthh cpyHKii^HH 6bijio 6bi 
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Diana 2. OyHKLlIIX, EE HEllPEPblBHOCTb H IJPEJJEJl 



cjiiiiHKOM Heyn,o6HbiM, noTOMy hto, ecjin onpeflejiHTB cpyHKiniOHajibHbie 3aBHCHM0CTn, KaK npa- 

BHJia, flJIH KOTOpblX ajirOpHTMbl BtlHHCJieHHa K HaCTOHmeMy BpCMCHH yCTaHOBJieHBI, TO npHfleT- 

ch cpa3y »ce b stom onpeflejieHHH onHCbmaTb n caMii 3th ajiropHTMBi BMHiicjieHiiii, h sto caMO 
no ce6e yTHxcejiaeT onpeflejieHHe HacTOJitKO, hto onpaB^aHHOCTb TaKoro no/rxofla HHKOiyja He 
6yn,eT OHeBHflHoii, 

ii cjinniKOM y3KiiM, noTOMy hto Taxoe onpe^ejieHne HHKOiyia Hejn>3fl 6ya,eT CHHTaTb OKOHna- 
TejiBHbiM, hjih xoth 6bi roflHtiM Ha o6o3pHMoe 6yflymee, nocKOJibKy co BpeMeHeM, n BecbMa 
CKopo, ero HeH36ejKHO npH^eTca KoppeKTHpoBaTb, no Mepe Toro, KaK 6yayT o6Hapy>KHBaTbCfl 
HOBBie 3aBHCHM0CTn MesKfly BejiHiHHaMH, pjin KOToptix 6yzryT npHflyMbiBaTBCH HOBbie ajiro- 
pnTMbi BbinncjieHHH - ti&6jik>r&si 3a pa3BiiTiieM Hayxn, nejieno nojiaraTb, hto nejiOBenecTBO 
Korfla-HH6yn,b floCTnraeT Taxoro coctohhhh, KOiyja 3aBnciiMOCTH MejK^y pa3jiHHHbiMH cpii3H- 
necKHMH BejinnnnaMH, y*:e otkpbitbimh h eme He Haii/jeHHbiMH, 6ynyT onncbiBaTbCH 3a<pHK- 

CHpOBaHHblMH K TOMy MOMeHTy ajiropHTMaMH BbinHCJieHHH. 

3th coo6pajKeHna npnBOflST MaTeMaTHKOB k cjie/ryiomeMy caMOMy innpoKOMy onpeflejieHHio cpyHK- 
hhh, KaK npocTO npaBHjia, KOTopoe mojkho onncaTb cpe^CTBaMH H3biKa: 

• Hucaobou (f}yHKv,ueu Ha3biBaeTCH npoH3BOjn>Hoe OTo6pa:sceHHe / : X — > Y , y KOToporo o6jiacTb 
onpcflejieHHH X n o6jiacTb 3HaHCHnn Y o6a hbjihiotch hhcjiobmmh MHO»cecTBaMH: 

icr, yen 

KaK n y jno6oro OTo6pa*;eHHa (cm. onpe^ejieHna Ha c l20[) . o6jiacTb onpeflejieHHH X cpyHKinin 
/ mm o6o3HanaeM D(/). 

HHTynTHBHO acnee, xoth h MeHee tohho, 3BynnT cjieflyioinaH nepecpopMyjinpoBKa SToro onpe^ejieHHii, 
CKonnpoBannaa c HecpopMeuibHoro onpeflejieHna OTo6pajKeHHH, flaHHoro HaMn Ha c. 1191 

• IlycTb flaHbi flBa nncjiOBbix MHOJKecTBa X n Y , h nycTb 3a,naH0 HeKoe npaBnjio, KOTopoe xajK- 
AOMy sjieMeHTy x £ X CTaBHT b cooTBeTCTBne eflHHCTBeHHhiit (saBHCHinHii ot x) sjieMeHT 
y = f(x) G Y. TaKoe npaBnjio o6o3HanaeTCH / : X — > Y hjih npocTO / h Ha3biBaeTCH hucaobou 
cfjyHKV,ueu c o6Aacmbw onpedeAenuM X h MHOMcecmeoM 3hclhchuu Y . 

HanoMHHM, hto cpopuajibHoe onpeflejieHne Ha c. He pa3JiHnaeT OTo6pa*;eHHe h ero rpacpHK. B 

COOTBeTCTBHH C HHM, Mbl MOJKCM CKa3aTb, HTO HHCJIOBaH CpyHKIHlH / : X — > Y {X , Y C R) npe^CTaBjiHeT 

H3 ce6a noflMHOJKecTBO b /i,eKapTOBOM npoH3BefleHHH X xY, ynpBjieTBopiiioinee ycjiOBHHM 1) - 2) Ha c !20l 
06binHO Bee »ce TaKoe pa3Jinnne npoBOflHTca: nejiOBenecKOMy BOo6pa>KeHHio yn,o6HO npe^CTaBjiaTb ce6e 
(pyHKiniio KaK npaBHjio, a He KaK noflMHOJKecTBO, nosTOMy mh 6yn,eM cpyHKnnio / : X — > Y cniiTaTb npa- 
bhjiom, a k ee rpaepHKy othochtbch KaK k MHOJKecTBy b ^eKapTOBOM npon3Be/i,eHHH 1x7, cocTOHm,eMy 
H3 ynopHflOHeHHbix nap BHfla [x; f(y)), x € X . IIocKOJibKy npn stom o6a MHOJKecTBa X h Y coflepjKaTca 
b R, hx ,n,eKapTOBO npoH3BefleHne X x Y mojkho CHHTaTb noflMHOJKecTBOM b fleKapTOBOii njiocKOCTn 

IxYClxl. 

IlosTOMy Ka*c,iryio napy (x; f(y)), x £ X, mo>kho cnnTaTb tohkoh Ha fleKapTOBOii njiocKOCTH 

(x; f(y)) elxYCExl, x e X, 

a gpcufiuK (fiyHKi^uu f : X — > Y — noflMHOJKecTBOM Ha fleKapTOBOii njiocKOCTH M x K (coctoshhim h3 tohck 
(x; y) y^OBjieTBopaioiinrx ycjiOBnio f(x) = y). 



o 2.1.3. CTeneHHaa cpyHKLi,HH c ijejiMM no- 
Ka3aTejieM. HanoMHHM, hto Ha CTpaHHne [59] mbi 
onpe/i,ejiHjiH CTeneHH c n,ejibiM noKa3aTejieM. Cie- 
neHHOii (pyHKn,neH c noKa3aTejieM n € Z Ha3biBaeT- 
ch cpyHKn,na 

f(x) = x n 

Ilpn n ^ OHa onpe^ejieHa Ha Bceii hhcjioboh 
npHMOii R, a npn n < - tojibko Ha MHOJKecTBe 
R \ {0} = (-oo; 0) U (0;+oo). 



o 2.1.4. Mo^yjit MHCJia. Bbinie (popMyjioit 
(|0.2.75p Mbi onpe,n,ejiHjiH MOflyjib nncjia 




x, ecjin x ^ 
x, ecjin x < 



iloHHTHO, hto npaBnjio x i— > I a; I 6y^eT cpyHKi^Hen , 
onpe/i,ejieHHOH BCio/i,y Ha hhcjioboh npHMOii R. 

o 2.1.5. IJejian MacTt HHCJia. ©opMyjioii 
(|0.4.158p Bbinie mbi onpe^ejiHjiH n,ejiyio nacTB nnc- 



§ 1 . HncjiOBbie cfryHKifiiii 
jia x £ K: 

[x] = max{n 6Z: n ^ a;}, 

IIpaBHjio x i — ^ [x] 6yn,eT (pyHKHHeii, onpeflejiCHHOft 
BCKyry Ha hhcjioboh npHMOft R. Ee rpacpiiK HHTe- 
peceH TeM, hto HMeeT 6ecKOHe x iHO MHoro pa3pbiBOB 
(hto TaKoe pa3pbiB mm o6t>hchhm hh^kc Ha c. ??): 
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o 2.1.7. CnrHyM nncjia iel onpeflejiaeTCH npa- 

BHJIOM 

{1, CCJIH X > 

0, ecjin x = (2.1.3) 

— 1, ecjin x < 

TpaCpHK 3TOH CpyHKHHH HMeeT pa3pbIB TOJIBKO B Ofl- 

hoh TOHKe x = 0: 



o 2.1.8. <3>yHKij,HH ,II,HpHXJie. OyHKHHH D Ha 
onpeflejieHHaa npaBHjiOM 



o 2.1.6. ,Hpo6HaH MacTb HHCJia. <DopMyjioii 
(|0.4.164p Mbi onpe^,ejiHjiH flpo6Hyio nacTb HHCjia 
x e K: 

{a;} := x — [ac] 

3to TOJKe 6yn,eT cpyHKinis:, onpeflejieHHaa Ha R, h 
ee rpacpHK tckkc HMeeT 6ecKone x iHoe hhcjio pa3pbi- 
bob: 



D(x) 



X G 



(2.1.4) 



Ha3BiBaeTca tfiyHKv,ueu flupuxjie. B rjiaBe [^] mm j\o- 
KajKeM (popMyjiy (|9.1.2p , BbipajKaKJmyio 3Ty cpyHK- 

HHK) KaK flBOHHOfl npeflejl CTaHflapTHblX CpyHKHHH. 

o 2.1.9. IlycTaH CpyHKHHH. B cnncoK npHMepoB 
nojie3HO BKjHOHHTb nycmyw cfiyHtcuwo, to ecTb ny- 
CToe OTo6pa?KeHHe, onpe,zi,e.iieHHoe HaMi b 10. 1.131 h 
paccMaTpHBaeMoe KaK OTo6pajKeHHe H3 b R. 



(b) <E>yHKU,HH C CHMMeTpHaMH 

HeTHtie h HeneTHBie (pymaiHH. 

• OyHKHHH / Ha3bIBaeTCH 

- uemHou, ecjin 

(1) flJISl BCHKOH TOHKH X H3 o6jiaCTH OnpeflejieHHH D(f) CpyHKHHH / TOHKa ~x TaKJKe 

jiejKHT b o6jiacTH onpeflejieHHa, 

VxED(f) -xED(f) 

(2) BbinOJIHHeTCH TOJK/jeCTBO 

/(-*) = fix) 

3th ycjiOBHa 03HanaiOT, hto rpacpHK cpyHKinin / ^ojijkch 6mtb CHMMeTpnneH OTHOCHTejib- 
ho och opflHHaT: 



HeuemHou, ecjin 
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(1) flJIH BCHKOH TOTKM X H3 o6jiaCTH OnpeflejieHHH D(f) (pyHKITHH / TOHKa —X TcLKJKG 

jicjkht b o6jiacTH onpcflejiCHna, 

VxeD(f) -xeD(f) 

(2) BbinOJIHSeTCH TOJKfleCTBO 

f(-x) = -f(x) 

3th ycjiOBHH 03HanaK>T, hto rpacpnK cpyHKnnn / /ipjrsceH 6biti> chmmctphhch OTHOCHTejib- 
ho Hanajia KOop/niHaT: 



o 2.1.10. CTeneHHaa (pyHKiniH c hcthmm noKa3a- 
TejieM aBjiaeTca neTHOft: 



(-x) 



2n _ x 2n 



(2.1.5) 



/toKa3amejibcmeo. KaK h b npe,n,i>myineM npnivie- 
pe, 3flecb floCTaTOHHO ,n,OKa3aTb yTBepacflenne fljin 
n ^ 0, noTOMy hto fljia n = — fc, k G Z + , sto bhbo- 
,h,htch KaK cjieflCTBHe: 



ffoKaaameji'bcmeo. 3aMeTHM, hto sto floCTaTOHHO 
flOKa3aTb fljia n 0, noTOMy hto cjiynaii OTpnna- 
TejibHbix CTeneHeft nojrynaeTca OTcro^a b KanecTBe 

CJieflCTBHH: 



(-x)-* k 



2k-l 



1 



1 



-2fc-l 



(_ a .)2fe 



2fe+l 



„2fc+l 



-2n 



1 



1 



{-x) 2n x 2n 



-In 



^jih 7i ^ ^OKa3aTejibCTBO npoBOflHTca no nn/iyK- 

UHH. 

1. Ilpn n — yTBepjK^eHHe oneBHflHo: 

(-a;) = 1 = a; 

2. IIpe,n,nojiO}KHM, hto mm ,a,OKa3ajiH sto /i,jia 
KaKoro-TO n = k: 

{-x) 2k =x 2k (2.1.6) 

3. Tor^a pjin n — k + 1 mh nojiynaeM: 
(_a;)a(fc+i) = (_. T )2fc+2 = 



^jih n ^ ,n,OKa3aTejibCTBO npoBO/niTCH no HH/ryK- 
nnn. 

1. Ilpn n = TOJK,n,ecTBO (|2.1.7p npeBpamaeTca 
b yjKe ,n,OKa3aHHoe tojk^gctbo (|0.2.28[) : 



2. Ilpc^nojiojKHM, hto mbi flOKa3ajin sto j\nsi 
KaKoro-TO n = k: 

(-x) 2 ^ 1 = -x 2k ~ x (2.1.8) 

3. Tbiyja fljia n = k + 1 mbi nojiynaeM: 



(_ a . ) 2(fc+ l )-l = ( _ x) 2fe+l = 

= ■ 

ii ii 

- x 2 k -\ x 2 

b ciuiy \2. 1.811 b CHJiy j0.2.25t 



~x 2k - x ■ x 2 



(_xT ■ 

II II 

x 2 \ x 2 

b cmiy J2.1.6H b CHJiy JQ.2.25t 



x 2k ■ x 2 



x 2k+2 _ ^(fc+l) 



□ 



o 2.1.11. CTeneHHaa (pyHKnira c HeneTHbiM noKa- 
3aTejieM aBjiaeTca HencTHon: 



. x 2fc+l _ x 2(fc+l)-l 



□ 

o 2.1.12. Moflyjib aBjiHCTCa ^cthoh cpynKnnen: 

|-s| = M (2.1.9) 
JJoKaaameAbcmeo. Ecjih x > 0, to 



-a; | = —(—a;) = x = | a; 



(-.*) 



2n - x = -x 2n -\ neZ (2.1.7) 
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Ecjih X = 0, TO 



□ 



s|= I -01=101 = 1*1 



Ecjih x < 0, to 



-x = —x = X 



A 




! 2.1.1. Ha bchkhh cjiynaii nojie3HO 3aMeTirn>, hto 

(DyHKHHH He 06H3aHM 6bITi> TOJIBKO HCTHblMH HJIH 

HeneTHMMH. HanpHMep, (pyHKiniH 

f(x) = l + x 
He 6yn,eT hh hcthoh hh HeneTHOii. flpKaxwie sto. 



IIepHO/I,HMeCKHe CpyHKIl,HH. 

• Hhcjio T Ha3BiBaeTCH nepuodoM hhcjioboh (byHKiniH /, ecjiH 

(a) oho nojiojKHTejibHo: 

T > 0, 

(b) o6jiacTb onpeflejieHHH D(/) cpyHKiniH / HHBapnaHTHa OTHOCHTejitHO c^BHroB Ha T BnpaBO 
h BjieBo: 

D(/)-T=D(/) = D(/)+T 
(to ecTb ^jih jno6oro x £ D(/) nncjia x + T h x — T TOJKe jiejKaT b D(/)), 

(c) cnpaBe/i,jiHBO jjBOHHoe TOJKflecTBo: 

f(x-T)=f(x)=f(x + T), xeD(f) (2.1.10) 

(3flecb H3-3a ycjiOBHa (b) jjpcTaTOHHO BtmojiHeHHH KaKoro-HH6yn,b ojxfioro H3 sthx flByx 
paBeHCTB, HanpHMep f(x) — f(x + T)). 

• Hhcjio h Ha3BiBaeTca no/iynepuodoM hhcjioboh cbyHKiniH /, ecjiH hhcjio 2h HBjiaeTca nepnoflOM 

<pyHKH,HH /. 

• HncjiOBaji (pyHKinia / Ha3BiBaeTca 

nepuoduuecKou, ecjiH OHa o6jia,naeT KaKHM-HH6yn,t nepnoflOM T, 
T -nepuoduuecKou, ecjin hhcjio T HBjiaeTCH ee nepnoflOM, 



o 2.1.13. HenepHOflHHecKHe cbyHKijHii. Ilo- 

hhtho, hto He BCHKaH cbyHKH,HH 6yn,eT nepnoflHHe- 
CKOii. HanpHMep, cpyHKiniH 

f(x) = x, iel 

- He nepno^HHecKaa, noTOMy hto pjin Hee TOJKjre- 

CTBO (|2.1.10P SKBHBajieHTHO TOJKfleCTBy 

x + T = x, i£l 

KOTopoe BbinojiHaeTCH tojibko ecjiH T = 0. To 
ecTb nepnojia (nncjia T > 0, yjjpBjieTBopHioiHero 
(|2.1.10p ) y STOfl; (pyHKHHH He cym,ecTByeT. 

o 2.1.14. KoHCTaHTti. BcsKyio (pyHKiniio, tojk- 
flecTBeHHO paBHyio KaKOMy-HH6yn,b nncjiy Ce I, 

f(x) =C, xER 

MOJKHO CHHTaTb nepHOflHHCCKOH, nOTOMy HTO flJIH 

Hee jno6oe hhcjio T > 6ya,eT nepnoflOM: 
f(x+T) = C = f(x), xER 

2.1.15. ,Hpo6HaH HacTt. QyHKinia x H> {a:}, 
conocTaBjiinomaH nncjiy x ero flpo6Hyio nacTb {x} 
(mi>i onpeflejiHjiH ee cbopMyjioft (|0.4.164[) ). hbjihct- 
ch nepHOflHHecKofi, noTOMy hto, HanpHMep, hhcjio 

1 HBjiaeTCii fljia Hee nepnoflOM: 

{x + l} = {x}, xER 



Mojkho 3aMeTHTB, hto BOo6me jno6oe HaTypajitnoe 
hhcjio ntN HBjiaeTCH nepno^OM jijih x t— > {x}: 

{x + n} = {x}, xER 

Hpyrnx »ce nepnoflOB 3flecb hct: 

|t>0: VxeR {x + n} = {x}\=N 

Kax cjieflCTBne, 3Ta cpyHKiniH o6jia^aeT BajKHtiM 
cbohctbom, KOTopoe BCTpenaeTCH He y bchkoh ne- 
pHOflHHecKoii <byHKH,HH (HanpHMep, y KOHCTaHT ero 
hct) : y Hee ecTt HaHMCHbniHH nepnofl - hhcjio 1 . 

o 2.1.16. <3>yHKii,HH ,II,HpHXJie x i-> D(x), onpe- 
flejieHHaa b rjiaBe[D](popMyjiOH (|2.1.4I) . TaKJKe 6y^eT 
nepHOflHHecKoii, noTOMy hto jno6oe nojiojKHTejib- 
Hoe pan;HOHajii>Hoe hhcjio r € Q HBjiaeTCH jj,jih Hee 
nepnoflOM 

D(x + r) = D(x), xeR 

O^HaKO cpeflH TaKHx nnceji r He cymecTByeT Han- 
MeHBinero. noaTOMy D, 6y^yHH nepHOflnnecKOH, He 
o6jia,naeT HaHMeHbniHM nepno^OM. 
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TeopeMa 2.1.1. Ecau tfiyHKi^iui f siejifiemcsi nepuoduuecKou u o6jiadaem HauMenbtuuM nepuodoM M , 
mo mo6ou ee nepuod T uMeem eud 

T = n ■ M 

zde u£N. 

/JoKasameJibcmeo. Pas^ejiiiM T Ha M c octrtkom no TeopeMe 10.4.61 

T = n ■ M + r, < r < M 

Ecjih 6bi OKa3ajioci>, ^to r > 0, to mm nojiyHHjiH 6m, hto r = T — n • M — nepiiofl (pyHKiniii /, MeHbiHirfi 
M. To ecTb M b 3tom cjiynae He Morjio 6m 6mtb HaHMeHbniHM nepno^OM. 3HanHT r — 0, h sto to, hto 

HaM HyjKHO. □ 

TeopeMa 2.1.2. Ecau cfjyHKii t uM f sieAfiemcsi nepuoduuecKou, ho ne o6Aadaem nauMenbiuuM nepuodoM 
M, mo 

(i) numcnsui zpawb ecex ee nepuodoe paena hi/aw: 

inf|r>0: VzeD(/) f(x + T) = f(x)\ = (2.1.11) 

(zi) Ha aw6om nenycmoM uumepeaAe I = (a,b) (fjyHKV,UM f npunuMaem see ceou 3HaueHUR: 

/(/nD(/)) =/(D(/)) (2.1.12) 

(uhumu cAoeaMU, KaKoeu 6u hu 6ujiu a u b, a < b, djiti aw6ou ttiohku x G D(/) naudemcsi 
moHKa t € (a, &) D D(/) manasi, umo fit) = f(x) ). 

JJoKa3ameAbcmeo. 1. 06o3HaHHM 6yKBOH P MHO»cecTBO Bcex nepHOflOB pjin /, a ero hhjkhioio rpaHb 
6yKBoii a: 

P=|r>0: VxGD(/) f(x + T) = /(a;)}, a = infP 
Ecjih a P, to pjm BCHKoro j3 > a HaiifleTca TeP Tarcoe, hto 

a < T < /? 

Bo3bMeM npoH3BOjn>Hoe e > 0. ,3,™ nero cymecTByeT KaKoe-TO T\ £ P co cbohctbom 

a < Ti < a + s 
IIocKOJibKy T\ > a, mojkho no/i;o6paTb T2 € P TaKoe, ^ito 

a<T 2 <T 1 <a + e 

Hiicjia Ti h T2 hbjijhotch nepiioflaMii fljia /. IIosTOMy hx pa3HOCTt T = T\ — T2 (xoTopaa 6ojibnie Hyjia, 
noTOMy hto T\ > T2) tojkb 6yn,eT nepnoflOM p/in f: 

f(x + T) = f{x + Ti - T 2 ) = /(a; + Ti) = /(*) 

C flpyroii CTopoHbi, T± h T2 jiexaT b HHTepBajie [a, a + e) /rjiHHbi e, nosTOMy hx pa3H0CTb flOJiJKHa 6bitb 
MeHbrne s: 

T = T 1 -T 2 <e 

Mm nojiy^HjiH, hto ajih BCHKoro e > HafifleTCH nepnofl T € P, MeHbiHHH e. 3HanHT, a = inf P = 

2. PaccMOTpHM CHanajia HHTepBaji / = (— e,e), e > 0. B cnjiy yxe jj,OKa3aHHOH (popMyjibi (|2. 1.111) . 
HaiifleTCH nepnofl T < e. Bo3bMeM npoH3BOjibHyio TOHKy x G D(/), h o6o3Ha x iHM nepe3 n n,ejiyio nacTb 
HHCjia ^: 

r ^ " 

n = — 
iTi 

Toiyja TOHKa t = x — nT 6yn,eT o6jiaflaTb HyjKHbiMH CBOHCTBaMir. 

te (-£,£), teD(/), fit) = f(x) 
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fleHCTBHTejibHO, nocjieflHiie pp& ycjiOBHH - t £ D(/) h fit) — f(x) - bbihojihsiotcji noTOMy hto T 
ncpnofl. A nepBoe cjie/jyeT H3 cbohctb Hejioii nacTH: 



J| 10.4.1601 



X s 
n^ — <n + l<n+ — 



nT x < nT + e 



< x - nT < e 



te {-£,£) 

3. IlycTb, HaKOHeu,, / = (a, b) - npoH3BOJiBHtiH HHTepBaji. IIojiojkhm e = h, nojit3yHCb (popMyjioii 
(|2.1.1ip . no/r6epeM nepno/i, T Tax, hto6bi 

Toiyja a + e < b — e, nosTOMy < npnneM paccTOHHiie MejKfly TOHKaMH h 2=£ 6ojii>ine 

CflHHHHbi: 

6 — : a + e (b — e) — (a + e) (6 — a) — 2e 3e — 2e e _^ 
Siia^iHT, MejKfly hhmh jiokht xoth 6bi o,hho nejioe hhcjio neZ: 

— — 

Ymhomb Ha T mm nojiyniiM: 

a + s<nT<b-e 



a- 

a<nT-e & nT + e < b 



(-e; e) + nT= (nT - e; nT + e) C (a; 6) 

To ecTb (— e; e) - Taicon HHTepBaji, c^BHr KOToporo Ha hhcjio nT, KpaTHoe nepHO/iy T, nonaflaeT b 
HHTepBaji (a; 6). Mm ysce ,n,OKa3ajiH, hto fljia: jik>6oh tohkh x 6 D(/) b HHTepBaji g (— e;e) HaftfleTCH 
TOHKa i, Ha KOTopofl: (pyHKH,Hii / onpe^ejieHa h npnHHMaeT to jkc 3HaneHHe: 



/(*) = /(*) 

IIojiojkhb s = t + nT, mbi nojiyHHM TOHKy H3 HHTepBajia (nT — e; nT + e) C (a; 6) c Tenia jkb CBOiicTBaMii: 



/( s ) = /(t + nT) = /(t) = /(z) 

□ 
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(c) CBoftcTBa 4>yHKu,HH, CBa3aHHi>ie c OTHomeHHeM nopa^Ka 

OrpaHHHeHHtie cpyHKirHH h TOMHan rpaHt cpyHKijHH Ha MHO»cecTBe. IlycTb / - uHCjiOBaa 
(pyHKiniH h E - noflMHOJKecTBO b ee o6jiacTH onpeflejieHira: 

E C D(/) 

HanoMHHM (cm. onpe^ejiemie Ha c !20[) . hto o6pa30M SToro MHOJKecTBa nop fleiicTBHeM cpyHKiniii / Ha3M- 

BaCTCH MHO>KeCTBO 

f(E) = {f(x); xeE} 

• TouHaa hhjkhhs rpaHt MHOJKecTBa f(E) Ha3biBaeTCH mouHou humchcu, gpantm (p~yHKv,uu f na 
MHootcecmee E h o6o3HauaeTCH inf^gs f( x ) : 

inf f(x) = inf f(E) = inf \f(x); x <= e\ (2.1.13) 

Ecjih (pyHKinia / ozpaHuneua cnu3y Ha mhojkgctbg E, to ecTb cymecTByeT hhcjio A TaKoe, hto 

(3to SKBHBajieHTHO TOMy, hto MHOJKecTBO f(E) orpaHHueno CHH3y), to TOHHaa hidkhsih rpaHb 
/ Ha E coBnaflaeT c HaH6ojibiHHM H3 TaKHx unceji A: 

inf f(x) = m&x{A e E : Vx € E A ^ f(x)}. 

xGE 

B TaKHx cjiyuaax inf^g^; /(x) caMO aBjiaeTca uhcjiom (a He chmbojiom — oo, kb,k tojkg HHOiy^a 
6biBaeT), h 3to kopotko 3anHCbiBaeTCH (popMyjioii: 

inf f(x) > — oo 

B npoTHBHOM cjiyuae roBopaT, hto (pyHKiniH / He ozpaHuneua cnu3y Ha MHOxcecTBe E, h 
3anHCBiBaeTca: sto (popMyjioii: 

inf f(x) = — oo 

• ToHHaa BepxHaa rpaHb MHOJKecTBa f(E) Ha3tiBaeTCH mownou eepxneu zpanbrn cfjyHKv,uu f na 
MHootcecmee E h o6o3HauaeTCH sup^g^ fix): 

sup / '(a;) = sup f(E) = sup \f(x); x e e\ (2.1.14) 
xeE J 

Ecjih (pyHKiniH / ozpanuuena ceepxy Ha MHOJKecTBe £7, to ecTt cymecTByeT hhcjio B TaKoe, 

HTO 

Vx £ E f(x) < S 

(sto 3KBHBajieHTH0 TOMy, hto mhojkcctbo f (E) orpami^iCHO CBcpxy), to TOHHaa BepxHHa rpaHb 
/ Ha E coBnaflaeT c HaHMeHtiHHM H3 TaKHx unceji B: 

sup f(x) = min{B G R : Vx £ E f{x) < £?}. 

KGB 

B TaKHx cjiyuaax sup^g^ /(a;) aBjiaeTCH hhcjiom (a He chmbojiom +oo), h sto kopotko 3ann- 
CBiBaeTCH (popMyjioii: 

sup f(x) < +oo 

x£E 

B npoTHBHOM cjiyuae roBopsT, ito (pyHKUHH / ne ozpaHuuena ceepxy Ha MHOscecTBe E, h 
3anHCBiBaeTca sto (popMyjioii: 

sup f(x) = +oo 

xeE 

• MncjiOBaa (pyHKHHH / Ha3biBaeTCH ozpanuneHHou Ha MHOJKecTBe C D(/), ecjin OHa orpaHH- 
ueHa Ha _E CBepxy h CHH3y, to ecTb cym,ecTByiOT uncjia A h B, Tarae hto: 

Vx £ E A < /(x) < B 
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CBoiicTBa tohhoh BepxHeii h tohhoh HHJKHeii rpaHH cpyHKH,HH: 
1° ToHHaa rpaHt ot KOHCTaHTBi: 



(Vx G E f(x) =C) inf /(x) = C= sup f(x) 

V / xeE xeE 



2° Mohotohhoctb: 



(Vx £ E f(x) ^ g(x)) ==> inf /(x) ^ inf g(x) & sup f(x) ^ sup g(x) 

3° AHTHOflHOpOflHOCTb: 

in t ( ~ f( x n = - su ~p f( x ) 

xeE \ J rraP. 



xeE 



sup 

xeE 



(-m) =- inf f{x) 
\ / xeE 



(2.1.15) 



4° riojiya^HTHBHOCTB: 



inf 

xeE 



(f(x)+g(x)) > inf : /(x) + mi > g(x) 
\ I xeE xeE 

sup (f(x)+g(x)) < sup /(x) + sup g(x) 
xeE K ' xeE xeE 

5° Ilojiy MyjiBTHnjiHKaTHBHOCTB : ecjiu f(x),g(x) ^ 0, to 

inf ( /(x) • g{x) J > inf /(x) • infa(x) 

sup ( /(x) • ff(x) ) < sup /(x) • sup g{x) 
xeE v ' xeE xeE 

6° Cbh3b c MO/ryjieM: 1 



(2.1.16) 



(2.1.17) 



sup 

x,yeE 



f(x)-f(y) = sup (f{x) - f(yj) (2.1.18) 

x,yeE K ' 



/foKa.jameAbcmeo. B KaxflOM nyHKTe (3a HCKjuoneHneM 6°) mh ppK&meM tojibko nepByio nojiOBHHy 
yTBepjKfleHna (BTopaa flOKa3biBaeTca no aHajiornn) . 
1. 

(Vx G E fix) = C) {4: Viefi 4^ /(x)} = {A : i^C} = (-00; C] =► 



=>■ inf /(x) = max{A : Vx G £ 4^ /(x)} = max(-oo; C] = C 
xeE 

2. nycTb Vx G E fix) < g(x). Tor^a 

{C : Vx G £ C < /(x)} C {C : Vx E E C < , 9 (x)} 

4J- (cbohctbo 1° Ha CTp. ??) 

inf fix) = max{C : Vx G E C < /(x)} < max{C : Vx G £ C* ^ g{x)} = inf 5 (x) 

xeE xeE 

3. 

inf I — fix) J = inf I — f(E) ) = (cbohctbo 3 Ha cTp.QsFj) = — sup/(-E) = — sup /(x) 
xeE \ J \ J xeE 



Vx G E fix) inf /(x) 

* 6B , , Vx e £ /(x) + <?(x) > inf /(x) + inf g(x) 

VxeE g{x) > inf g(x) W " W ' ' 



xeE' 



inf (/(x)+ 5 (x)) > inf /(x) + inf g(x) 



3to TO^K^ecTBO noHa,n;o6HTC5i HaM B|(c)|rjiaB£>i[6l 
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VxeE f{x) > inf f(x) > 

xEE 

VxeE g(x) ^ inf g(x) > 

x£E 



Vxe£ f(x) ■ g(x) > inf /(a;) • inf o(a:) 



inf (/(a;) • g{x)j ^ inf /(or) • inf 5(0;) 

6. Bo-nepBbix, Hysoio 3Eim6tiitb HepaBencTBo: 

sup (/(a;) - f(y)) ^ sup /(a;) - f(y) 

■ '/(= R v ' x.yEE 



x,yeE 

Oho cjie^yeT H3 CBoiicTBa mohotohhocth: 

Vx, y € £ (/(a;) - /(y)) f(x) - f(y) => sup (f(x) - f(y)) s$ sup f(x) - f(y) 

v ' x.yEE v y x,yEE 

Ilocjie SToro Hysoio y6e,n,HTbCH, hto sto HepaBeHCTBO He mojkct 6biTb CTporHM. IlpeflnojiojKHM, hto 

sup (f(x) - f(y)j < sup /(or) - f(y) 

x.yEE v 7 x.yEE 

to ecTb hto fljia KaKHx-TO sjieivieHTOB a,b E BbinOJIHSeTCH 

Mx,y€E (f(x)-f(y)) < \f(a)-f(b) 
B nacTHOCTH, b3hb x = a,y = b, Mbi nojiyHHjiH 6bi 

f(a)-f(b)<\f(a)-f(b) 

a, b3hb x = b,y = a, nojiynnjin 6m 

f(b) - f(a) < f(a) - f(b) 



BMecTe 3th flBa HepaBeHCTBa BbinojiHHTbCH He MoryT, noTOMy hto 
jhi6o f(b) - /(a). 



/(«) - f( b ) paseH jih6o /(a) - /(&), 



□ 



MoHOTOHHbie CpyHKU,HH 

• MncjiOBaa apyHKHiia / Ha3biBaeTca 

eo3pacmamiu,eu Ha MHOJKecTBe _E C D(/), ecjin fljia jho6bix tohck x,y G -E Taxnx 
hto x < y BbinojiHaeTca HepaBeHCTBO /(x) < f(y); 



y6u6awiu l eu Ha mhojkgctbg C D(/), ecjin fljia jhoGbix tohck x,y G i? Taxnx hto 
x < y BbinojiHaeTca HepaBeHCTBO /(a;) > f(y); 



Heeospacmawineu Ha MHOJKecTBe E C D(/), ecjin ^jia jno6bix tohck x,y £ E Taxnx 
hto x < y BbinojiHaeTca HepaBeHCTBO f(x) ^ f(y)', 
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Hey6ueawui,eu Ha MHCxscecTBe E C D(/), ecjiH jxw jhoGbix tohck x,y € E trkhx hto 
x < y BbinojiHaeTCH HepaBeHCTBO f(x) ^ /(j/); 



MOHomoHHou Ha MHOJKecTBe _E C D(/), ecjiH OHa HeB03pacTarc>niaH hjih Hey6biBaio- 
maa; 

cmpozo MOHomoHHou Ha mhojkgctbg E C D(/), ecjiH OHa B03pacTaioiHafl hjih y6ti- 
BaiomaH. 

,II,OKa3aTejibCTBO cjie/ryioiinix cbohctb mbi ocTaBjiaeM HHTaT&jno: 

CBOHCTBa MOHOTOHHWX CpyHKITHH 

1° Ecau cfjyHKv,uM f eo3pacmaem na MHOwcecmee E, mo ona neySueaem na Muootcecmee E. 

2° Ecau <fiyHKv ) uM f y6ueaem na Mnowcecmee E , mo ona neeo3pacmaem na MHOwcecmee E. 

3° Ecau cfiynKu^uM f ney6ueaem na Muootcecmee E, mo na ecsiKOM ozpaHuueuHOM cnuay (ceepxy) 
nodMHoatcecmee MCE maKOM, nmo inf M 6 E (sup M £ E) cfyHKUun f ozpaHuuena cnu3y 
(ceepxy) u ydoeAemeopsiem Hepaeencmey 

/(inf M) < inf f(x) ( sup f(x) < /(sup M)) (2.1.19) 

4° Ecau qjyHKV,UM f Heeo3pacmaem na MHoatcecmee E, mo na bcmkom ozpanuueHHOM ceepxy 
(cnu3y) nodMHOotcecmee MCE matcoM, nmo supM £ E (inf M £ E) <fiyHKU,usi f ozpaHuneua 
CHU3y (ceepxy) u ydoeAemeopsiem Hepaeencmey 

/(supM) < inf f(x) ( sup /(*) < /(inf M)) (2.1.20) 

5° KoMno3uv,UH g o / qiyuKuiiu fug 

eo3pacmaem (ney6ueaem), ecAU o6e cfiyHKVALU fug eospacmawm (Hey6ueawm) , 
au6o o6e y6ueawm (neeoapacmawm) , 

y6ueaem (neeo3pacmaem) , ecAU odna U3 aiyHKVALU fug eospacmaem (ney6ueaem) , 
y6ueaem (neeoapacmaem) . 



o 2.1.17. CTeneHHaa (pyHKinifl x i— >• x 2n . n£N, C flpyrofi CTopoHbi, b cnjiy (|2.1.5[) . Hania (pyHKinia 



y6biBaeT Ha nojiyHHTepBajie (— oo; 0], 
B03pacTaeT Ha nojiyHHTepBajie [0; +oo) 



ueTHaa: 

(~ x y n = x 2n 

OTCiojia cjie/ryeT, hto OHa y6biBaeT Ha nojiyHHTcp- 
KaK cjieflCTBne, Bajie (_oo; 0] : 

x < y ^ 

-y < -x 
4 



x ^ x 2n > (2.1.21) 



/JonaaameAbcmeo. Bo3pacTaHHe Ha nojiyHHTepBa- 
jie [0; +oo) cjieflyeT H3 TeopeMti 10.4.41 b cnjiy 
(|0.4.152p , <pyHKn,HH x t— > x 2n B03pacTaeT Ha HHTep- 



sajie (0;'+oo): (-?/) 2 " < (~x) 2n 

0<x<y => x 2n <y 2n y 2n 



A cjiyuafi x — nojiyuaeTCH H3 ycjiOBHH coxpane- 
hhh 3Haxa (|0.4.151|) : 



y 2n < x 2n 



( ^ J^jisi ji,OKa3aTejibCTBa (|2.1.2ip Hyxno npocTO pac- 

< y 2n = < y 2n CMOTpeTb pp& cjiynaa: i > a i < 0. □ 



130 



Diana 2. OYHKIXHH, EE HEllPEPblBHOCTb II nPEJJEJI 



o 2.1.18. CTeneHHaa cpyHKiniH x (-> x 2n_1 , n e N, 
B03pacTaeT Bcro^y Ha CBoeii o6jiacTH onpeflejieHHH 
(to ecTb Ha npsMofi R). KaK cjiejrcTBHe, 



x > = 


=» a; 2 "" 1 > 


x < = 


=> x 271 - 1 < 



(2.1.22) 



/toKa3ameji'bcmeo. Bo3pacTaHHe Ha nojryHHTepBa- 
jie [0; +00) 3flecB ^OKasbiBaeTca Tax »ce, KaK b 
npejTbijxyineM npHMepe 12.1.171 IIocKOjibKy B,a,o6a- 
bok, b CHjiy (|2. 1.7ft . Hania (pyHKnrra HeneTHaH, 



{-x) 



2n-l _ _ a; 2n-l 



OHa flOjBKHa B03pacTaTb h na nojiyHHTepBajie 
(-oo;0]: 



/JoKaaameJibcmeo. y6biBaHne Ha HHTepBajie 
(0; +oo) cjiejxyeT H3 ycjiOBHH mohotohhocth 
(|0. 4. 153ft TeopeMbi 10.4.41 H3 Hero h ycjiOBHH Herao- 
CTH (12.1.5ft BblBOflHTCH B03pacTaHHe Ha HHTepBajie 
(— oo;0) no aHajiornn c TeM, KaK sto ^ejiajiocb b 
npHMepe 12.1.171 CBOiicTBa (|2.1.24[) cjie^yiOT H3 H3 
ycjiOBHH coxpaHenHa 3HaKa (|0.4.151[) TeopeMbi l0.4.4l 

H yCJIOBHH HeTHOCTH (|2.1.5|) . □ 

o 2.1.20. CTeneHHaa: (pyHKiniH x \-t x - ' 2 ™^ 1 ), 

y6biBaeT Ha HHTepBajie (— oo; 0), 
y6biBaeT Ha HHTepBajie (0; +oo). 

IIpH 3TOM, 



x <y ^0 


x > = 




> 


4 


x < = 


4> x -(2«-l) 


< 



(2.1.25) 



s$ -y < -x 

a. 

(-y) 2 - 1 < {-xf 
.. ' — 



OcTaeTCH 3aMeTHTb, hto 3HaieHiia (pymciniH Ha 
nojiyHHTepBajie (— oo; 0] MeHbine 3hshghe& Ha 
[0; +oo). 3to cjiejxyeT H3 toto, hto sth HHTepBajibi 
HMeiOT o6myio TOHKy 0: 




noTOMy HTO 
1,06 (-oo; 0] 



noTOMy MTO 
0,j6 [0; +oo) 



a- 

<0<y z 



(2.1.23) 



OopMyjIbl (|2. 1.221) MOJKHO BblBeCTH H3 B03paCTaHHH 

(pyHKiniH x i — ^ sc , a mojkho o6 r b5iBHTb ix cnefl- 
CTBneM y»;e ^OKa3aHHoro HepaBeHCTBa (|2. 1.23ft . □ 

o 2.1.19. CTeneHHaa (pyHKiniH x h-> a; -2 ", neN, 
B03pacTaeT Ha HHTepBajie (— oo;0), 
y6biBaeT Ha HHTepBajie (0; +oo). 

IIpH 3TOM, 



x ± 



x- 2 " > 



(2.1.24) 



/JoKasameJibcmeo. KaK h b npejrbijxyiHeM npHMe- 
pe yGbiBaHne Ha HHTepBajie (0; +00) cjiejxyeT H3 
ycjiOBHa mohotohhocth (|0. 4. 153(1 TeopeMbi 10.4.41 

H3 HerO H yCJIOBHH HeHeTHOCTH (|2. 1.7ft BblBOflHT- 

ca y6biBaHne Ha HHTepBajie (—00; 0) no aHajiornn c 
TeM, KaK 3to ^ejiajiocb b npHMepe !2. 1.181 CBOiicTBa 
(|2. 1.25ft cjie/ryiOT H3 h3 ycjiOBHa coxpaHeHHH 3Ha- 
Ka (jO. 4. 151ft TeopeMbi 10.4.41 h ycjiOBHH He^eTHOCTH 
(l2~l~TH . □ 

> 2.1.1. HapncyiiTe rpaepHK KaKOH-HH6ya;b cpyHK- 
hhh / : R — > R co cjiejxyioiHHMH CBOiiCTBaMH: 

1) Ha HHTepBajie (— 00;— 1) (pyHKiniH / ySbmaeT 
h orpaHHHCHa; 

2) Ha HHTepBajie (— 1;0) cpyHKinia / B03pacTaeT 
h orpaHHneHa; 

3) Ha HHTepBajie (0; 1) (pyHKinia / y6biBaeT, orpa- 
HHHCHa CHH3y, ho He orpaHHHCHa CBepxy; 

4) Ha HHTepBajie (1; +00) (pyHKirnsi / B03pacTaeT 
h orpaHHHCHa; 

IlOHHTHO, HTO 3Ta 3ajTana HMeeT HeeflHHCTBeH- 

Hoe penieHHe. B KanecTBe B03MOJKHoro OTBeTa mm 
npejijiaraeM cjie/ryioiHyio KapTHHKy: 



> 2.1.2. HapncyiiTe rpaepHK KaKOH-Hn6yflb cpyHK- 
hhh / : R — > R co cjiejxyioiHHMH CBOiiCTBaMH: 

1) Ha HHTepBajie (—00; —2) (pyHKnira / B03pacTa- 
eT h orpaHHneHa; 

2) Ha HHTepBajie (—2; 0) (pyHKiniH / y6biBaeT, 
orpaHHHCHa CBepxy, ho He orpamiHCHa CHH3y; 



§ 2. HenpephiBHhie cpyHKipai 
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3) Ha HHTepBajie (0; 1) (pyHKinia / B03pacTaeT h h orpaHHneHa CHH3y. 
He orpaHH^eHa hh CBepxy, hh CHH3y; 

4) Ha HHTepBajie (1; +oo) (pyHKiniH / B03pacTaeT Ojthh H3 bo3mojkhbix otbctob bbiimihaht Tax: 



§ 2 HenpepbiBHbie (pyHKii,HH 

(a) Hto Taxoe HenpeptiBHaa cpyHKu,Ha? 

IlycTb HaM jxaHO ypaBHeHne, CBH3BiBaioiHee jxse (pH3HHecKHe BejiHHHHti, 

y = f(x), 

H MBI TOBOpHM, HTO y HenpepBIBHO 3aBHCHT OT X. HTO 3TO 03HaHaeT? IlHTyHTHBHBIH OTBeT OHeBHfleH: 

HenpepBiBHaa (pyHKinia - 3to TaKaa, y KOTopoii rpacpHK - HenpeptiBHaa jihhhh. 



o 2.2.1. HanpHMep, (pyHKiniH 

f(x) = x 2 



o 2.2.2. li HaoSopoT, (pyHKHHs cuzuyM 



sgn.T — < 



1, ecjiH x > 
0, ecjiH x = 
— 1, ecjiH x < 



HenpepBiBHa, noTOMy hto y Hee rpacpHK - Henpe- pa3pBiBHa, noTOMy hto y Hee rpaepHK HMeeT pa3- 

pBIBHaH JIHHHH pBIBI 



O/ipaKO, 3to coo6pajKeHne He nkmkbt 6bitb tohhbim onpeflejiemieM, noTOMy hto oho o6 r bHCHaeT cmbicji 
ojiHoro HOBOro noHHTHH (HenpepBiBHaa: (pyHKinia) c noMom;Bio jxpyroro HOBOro noHHTHH (HenpepbiBHaa 
jihhhh) . 

KaK »ce 6bitb? 0Ka3BiBaeTCH, HMeeTCH oneHb npocToft cnocoG o6tjHChhtb, hto Taxoe HenpepBiBHaa 
(pyHKH,Ha, onnpaacB Ha H3BecTHoe HaM ysce (to ecTB, CTapoe pjisi Hac) noHHTHe npe^ejia nocjieflOBaTejiB- 
hocth. 3to flejiaeTCH c noMOinBio cjiejryioineH cepHH onpe^ejieHHii. 

• OyHKi^HH /, onpeflejieHHaa Ha MHOJKecTBe £CE, Ha3BiBaeTCH 

nenpepuenou e monne a e E na MHootcecmee E, ecjiH / onpe^ejieHa Ha MHOJKecTBe E, h 
jijiji bchkoh nocjieflOBaTejiBHOCTH ToneK x n G E, cxojTHineHCH k Tonice a, 




cooTBeTCTByiomaH nocjiejrpBaTejiBHOCTb f(x n ) 3HancHHH cpyHKinin / CTpeMHTca k /(a): 




(npn 3tom TOHKa a Ha3biBaeTCH mouKoil Henpepuenocmu tfiyHKuuu f na MHootcecmee E); 

pa3puenou e mouKe a na MHootcecmee E, ecjiH / onpejrejiena Ha MHOJKecTBe E, h HaftfleTca 
nocjieji,OBaTejiBHOCTB 

a (x n e E^j 



n— >oo 
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Taxaa, hto f(x n ) He CTpeMHTca k /(a) 

f{x n )-h /(o) 



(npn 3tom TOHKa a Ha3biBaeTCH moHKou pa3puea cfjyHKv > uu f na MHomcecmee E) 

• OyHKiniH /, onpeflejieHHaa Ha MHOJKecTBe E, Ha3t>iBaeTCH 

Henpepuenou na MHowcecmee E, ecjin OHa HenpepbiBHa b jiio6oh TOHKe a € E Ha 
MHO»cecTBe E, to ecTb pjisi bchkoh nocjieflOBaTejibHOCTH ToneK x n € E, cxo^Hmeftca 
k jho6oh TOHKe bG-E, 

x n — > a (x n ,a E E) 

n— too \ / 

COOTBeTCTByK)H];aH nOCJieflOBaTejIBHOCTb f(x n ) 3HaHCHHH CpyHKIHlH f CTpeMHTCH K 

/(«): 

f(x n ) — > /(a) 

n— ^oo 

pa,3pu6Hou na MHOMcecmee E, ecjin cma pa3pbiBHa b HeKOTopoii tohke a £ £ Ha 
MHOJKecTBe to ecTb cymecTByeT TaKaa TOHKa aefii Taxaa nocneflOBaTejibHOCTH 
ToneK x n G E, cxo,n,Hiii,aHCH k a, 



— > a (x n ,a E E) 

n— >oo \ / 



hto cooTBeTCTByioiHafl nocjie/i,OBaTejibHOCTb f{x n ) 3HaneHHH cpyHKiniH / He CTpe- 
mhtch k /(a): 



n— >oo 



• OyHKH^HH / Ha3biBaeTCH Henpepuenou (cooTBeTCTBeHHO, pa3puenou) , ecjin OHa HenpepbiBHa 
(cooTBeTCTBeHHO, pa3pbiBHa) Ha CBoeft o6jiacTH onpeflejieHHH D(/). 



o 2.2.3. OyHKiniH f(x) 



6yn,eT nenpepbiB- (a — e; a + e), to pjin bchkoh nocjienpBaTejibHOCTH 



Ha Ha MHOJKecTBe E = M, noTOMy hto (no cboh- 
CTBy 3° cxo/ynniixcH nocjieflOBaTejibHOCTeii Ha c !93|) 
H3 ycjiOBHH x„ — ^ a cjie^yeT ycjiOBHe f(x n ) = 



{X n f 



/(«)• 



o 2.2.4. Hao6opoT, cpyHKnnH cnrayM f(x) = sgnx, 
onpe/i,ejieHHaa bmhic (popMyjiofl (12.1.31) . pa3pbiBHa 
Ha MHOJKecTBe E = M. TOHHee, b TOHKe a; = 0, no- 
TOMy hto ecjin B3HTb nocjieflOBaTejibHOCTb 

X n = - > 



TO OKajKeTCH, HTO 



f(Xn) 



1 



1^0 = /(0) 



OflHaKO, b J11060H npyroii TOHKe OHa HenpepbiB- 
Ha. HanpHMep, b jiio6oh TOHKe a > 0: ecjin B3HTb 
e = a > h paccMOTpeTb OKpecTHOCTb (0; 2a) = 



Xji r 
71— >00 



Mbl nOJiyHHM, HTO nOHTH BCe HHCJia x n jie>KaT B hh- 

TepBajie (0; 2a), 3HanHT, fljia noHTH Bcex n€N bh- 
nojiHaeTCH HepaBeHCTBO 

x n > 

nosTOMy ,zyiH noHTH Bcex n 6 N 

f(x n ) = sgnx n = 1 
h cjieflOBaTejibHO, 

/(i n ) — > 1 = /(a) 



AHajiorHHHO flOKa3biBaeTCH, hto f(x) 
HenpepbiBHa b jno6oft tohkc a < 0. 

> 2.2.1. IIoKa>KHTe, hto cpyHKHna 



/(ar) = sgn x = 



1, ecjin 

0, ecjin x = 



sgn a; 



§ 2. HenpephiBHhie (pyHKifiiii 
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TaKHce pa3pi>iBHa b tohkc 0, ho HenpepbiBHa b jho- 
6oh TOHKe a ^ 0. 

o 2.2.5. IIoKajKeM, hto cpyHKin-ia /(x) — {x} 
(,n,po6HaH nacTb nncjia) pa3pbiBHa b tohkc 1. ^eii- 

CTBHTejIbHO, flJIH nOCJieflOBaTejIbHOCTH 



1 



1 



1 



x n y 1 , 

n— >oo 



Mbi nojiyHHM 

{x n } = (10.4.16,^ 

to ecTb 

{x„}^> = {1}. 

n— j-cjo 

B CHjiy nepnoflHiHOCTH cpyHKnnn /(x) = {x}, ot- 
ciofla cjieflyeT, hto OHa pa3pbiBHa b jno6oii Tomce 
a G Z. C ,npyroH CTopoHbi, HeTpyznro y6eflHTbca, 
hto OHa HenpepbiBHa b jiio6oh tohkg a <^ Z. 

> 2.2.2. B Karaix Tonicax HenpepbiBHa cpyHKHHH 
/(x) = [x] (nejiaa nacTb nncjia)? 

> 2.2.3. JIjir cjic/ryioiHHx (pyHKHHH nan/niTe totkh 
pa3pBiBa (ecjiH ohh ecTb) h floxajKHTe, hto b 3thx 

TOHKaX CpyHKIHlH fleftCTBHTejIbHO pa3pbiBHbi: 

!1 — x, ecjiH x > 
— 1 — x, ecjiH x < , 
0, ecjiH x — 

0, ecjiH x < 
x 2 , ecjiH ^ x ^ 1 , 
0, ecjiH x > 1 



g(x) 



h(x) 



|, ecjiH x G (— oo; —1) 

arcsinx, ecjiH x G [— 1; 1] 



o 2.2.6. HenpepbiBHOCTb MO,a,yjiH CDyHKiniH 
/(x) = |x| HenpepbiBHa. 

J^oKasameAbcmeo. J^nsi jno6oii tohkh a G M h jho- 
6oil nocjieflOBaTejibHOCTH x„ — > a nojiynaeM ne- 

noiKy cjieflCTBHii: 



Xji ? a 

n— >-oo 



I { npHMCHHCM \ 

^ I TCQPCMV |1,1,4|/ 

a — > 



IBCnOMHHaGM \ 
onpe^ejieHHe 
GeCKOHGMHO MaJIO H 
nocji-Tii b I (d)| / 



\x n - a\ — > 

71— >QO 

(npHMCHHCM 
CBOHCTBO MOflyjia 4° 
H3 §6 rjiaBM [0] 

-|x„ - o| < |x„| - |a| ^ |x„ - a| 



/ lipilMCllMCM \ 

Tcopciviy o flByx 
\ MHJiHUHOHepax |1.2.3]y 



a — > 

n— >oo 



Mm nojiynnjiH, hto ecjiH x„ — s- a, to |x„| — > 

n— ^oo n— >oo 

|a|. 3to 03HanaeT, hto (pyHKHHH /(x) = |x| Henpe- 
pbiBHa b jiio6oh TOHKe a G R. TaKHM o6pa30M, 
/(x) = |x| - HenpepbiBHaa cpyHKiniH. □ 

o 2.2.7. HenpepbiBHOCTb jiHHefhioii cpyHK- 

U,HH. OyHKHHH BHfla 



/(x) = kx + b. 



k,be 



(2.2.26) 



Ha3biBaeTca jiHHeiraoH. IIoKa>KeM, hto OHa Henpe- 
pbiBHa. 

JJoKasameAbcmeo. ITycTb 



Tor/i,a, b CHjiy apnepMeTHnecKHx cbohctb npe^ejiOB 



nocjie^OBaTejibHOCTen (1,3 H3 



(e) I , HMeeM 
f(x n ) = kx n + b — > ka + b = f(a) 

n— >oo 

to ecTb /(x) HenpepbiBHa b Tonxe a □ 

o 2.2.8. HenpepbiBHOCTb CTeneHHofi cpyHK- 
n,nn. OyHKHHH /(x) = x k HenpepbiBHa npn jho6om 
k G Z. B nacTHOCTH, cpyHKii,HH 14^ HenpepbiBHa. 

/] ] OKa3ameA'bC'meo. HanoMHHM, hto npn k ^ CTe- 
neHb x k onpeflejiajiacb HHflyKTHBHbiM cooTHonieHH- 
eM (|0.3.104[) . a npn k < - (popMyjioii (10.4.142p . 
PaecMOTpnM Tpn ejiynaa. 

1. Ilpn fc = 3Ta cpyHKi^HH 6yn,eT no onpeflejie- 

HHK) KOHCTaHTOH 

x° = l, 

nosTOMy b stom cjiynae OHa HenpepbiBHa TpHBnajib- 
hmm o6pa30M. 



2. IlycTb k G N, Tor,n,a cpyHKnna /(x) 



x 



onpe/i,ejieHa Ha Been nncjiOBOii npaMoii R. 3aopHK- 
cnpyeM TOHKy a G R h paccMOTpHM npoH3BOjibHyio 
nocjieflOBaTejibnocTb 



a 



Torfla, b enjiy apncpMeTHnecKnx cbohctb npe^ejiOB 
nocjieflOBaTejibHOCTeii (4° Ha c. 1931) . HMeeM 



f(x n ) = (x„) s 



/(«) 



to ecTb /(x) HenpepbiBHa b Tonxe a. IlocKOjibKy 
Tonxa a G £*(/) Bbi6npajiacb npon3B0jibH0, mm no- 
jiynaeM, hto (pyHKH,HH /(x) = x k HenpepbiBHa. 

2. IlycTb k = —m, m G N, Tor^a (pyHKn,na 
/(x) = x~ m onpeflejieHa Ha MHOJKecTBe (— 00; 0) U 
(0;+oo). 3a<pHKcnpyeM Tonxy a G (— 00; 0) U 
(0; +00) h paccMOTpHM npon3BOjibHyio nocjieflOBa- 

TejIbHOCTb 

Xn ? d 
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Tor,n,a, b CHjiy apncpMeTHnecKHx cbohctb npe^ejiOB to ecTb f(x) HcnpcpbiBHa b tohkc a. HocKOjibKy 
nocjieflOBaTejibHOCTeii (4° Ha c. I93[) . iiMeeM TOHKa a G D(f) Bbi6Hpajiacb npoH3B0jibH0, mm no- 

jrynaeM, hto (pyHKiniH f(x) = x k HenpepbiBHa. □ 

\Xn ) ' U 

a 3aTeM no jieMMe II. 1.11 rjiaBbi [TJ 

f(x n ) — - — t — — > = f(a) 



IlHTyHTHBHblH CMBICJI HenpepblBHOCTH B TOM, HTO rpaCpHK (pyHKIXHH / HenpepBIBHOH Ha KaKOM-HH6yZH} 

HHTepBajie (a; /3) HBjiaeTCH HenpepbiBHOii kphboh . 



> 2.2.4. Ho rpacpHKy cpyHKHHH Pbibhoh, h 6yflCT jm OHa HcnpcptiBHOH 

1) Ha HHTepBajie (— oo; 1)? 

2) Ha HHTepBajie (— oo;0)? 

3) Ha HHTepBajie (1; +oo)? 
onpe,n,ejiHTe, b KaKHx Tonicax OHa HBjiaeTCH Henpe- 4) Ha HHTepBajie (0; 1)? 



(b) HenpepwBHOCTfa h MOHOTOHHbie nocjie,zi,OBaTejii>HOCTH 

TeopeMa 2.2.1. /fjui bchkou <fiyHKv > uu f , onpedejienHou na MHoatcecmee M , cAedytomue ycjioeusi skbu- 
eaAeHmnu: 

(i) f nenpepuena e mouKe a na M; 

(ii) 3aji aw6ou cmpoao MonomoHHou nocAedoeameAwocmu x n — > a 

71— >O0 

f(x n ) — > f(a) (2.2.27) 

n— ^oo 

J^oKa3ameAt>cmeo. 5Icho, hto h3 (i) cjieflyeT (ii), noTOMy nTO ecjin / HenpepbiBHa b a, to f(x n ) — > f(a) 
jijih jHo6ofl nocjie^OBaTejibHOCTH x n — > a (Heo6H3aTejn>HO mohotohhoh). ^OKajKeM , hto Hao6opoT ecjin 

n— >-oo 

(i) He BbinojiHaeTCH, to He BbinojinaeTCH h (ii). IlycTb / - pa3pbiBHaa (pyHKiniH Ha M, to ecTb cymecTByeT 
nocjieflOBaTejiBHOCTb x n G M TaKHe hto 

x n — > a & f(x n )-/-* f(a) 



n— >oc 



IIjiaH HaniHx fleiicTBHH coctoht b tom, hto6h, nocjiejipBaTejibHO nepexojxa ot x n k ee noji,nocjieflOBa- 

TejIBHOCTHM, nOCTpOHTb CTpOTO MOHOTOHHyK) nOCJieflOBaTejIbHOCTb C TeMH JKe CBOIICTBaMH. 

1. IIpe>K^,e Bcero, no CBOficTBy no/HiocjieflOBaTejibHOCTeii 2° Ha c !1051 BTopoe ycjiOBne 03HaHaeT, hto 
cym,ecTByeT e > n nocjie,n,OBaTejibHOCTb HaTypajibHbix nnceji n k — > 00, Taiaie hto 

k— f oo 

VfceN f(x nh ) $ (f(a)-e:f(a) + e) 
06o3HaHHB yk — x nk , mm nojiyHHM nocjiejrpBaTejibHOCTb c TaKHMH CBOflcTBaMn: 
Vk — > a & VteN f(Vk)i(.f(a)-e:J(a) + e) 

k— > oo 

2. 3aMeTHM ^ajiee, hto nncjia yk He MoryT coBnaflaTb c a 

Vk e N y k ± a 

noTOMy nTO HHane mbi nojiynnjin 6bi, hto fljia HexoTopbix k nncjia f(yk) = /(a) JiexaT b HHTepBajie 
(f(a) — s;f(a) + e). OTCio^,a cjie^yeT, ito jih6o 6ecKOHe x nn>iH Ha6op sthx nnceji jie>KHT jieBee a, jih6o 
SecKOHeHHbiii na6op sthx nnceji jie>KHT npaBee a. Bya,eM ji,jih onpeflejieHHOCTH CHHTaTb, hto BbinojiHHeTCH 
nepBoe (btopoh cjiynaii paccMaTpHBaeTCH no aHajiornn): 



Vk < a- 



§ 2. HenpephiBHhie (pyHKifiiii 135 
Tor,u;a no CBOHCTBy 4° Ha c !1051 HafifleTCH nocjie,n,OBaTejiBHOCTb fcj — > oo Taxaa. hto 

i— >oo 

Vi G N Vk % < a 

06o3HaHHB = j/fej , Mbi nojiy^HM nocjieflOBaTejibHOCTb c TaKHMii CBOftcTBaMii: 

Zi — ■> a & (Vi G N Z; < a) & (vi G N /(z,) £ (/(a) - e; /(a) + e)\ 
3. Ilocjie SToro mbi hhaykthbho onpe,n,ejiHM #Be nocjie,n,OBaTejiBHOCTH i m vit m . CHa^ajia nojiaraeM 

h = 1, t\ = zi 

3aTeM, ecjiH fljra m = I,..., I nucjia i m h t m onpeflejieHBi, mbi 3aMenaeM bot hto. IIocKOjiBKy z% < a, 
Zi — > a n ti < a, HaflfleTCH Taxoe ij+i, hto jigjkht b HHTepBajie (i;; a): 

Bbi6npaeM Taxoe h nojiaraeM 

IIojiyneHHaH nocjie,n,OBaTejiBHOCTb t m = z m +i o6jia,n,aeT HyscHbiMH HaM CBOftcTBaMii. Bo-nepBBix, xax 
noflnocjie,n;oBaTejibHOCTb z,-, OHa ctpcmhtch k a: 

m— >oo 

Bo-BTopbix, nocjie^OBaTejiBHOCTb 3HaneHnii / Ha Heft He 3axo#HT b HHTepBaji (/(a) — e; /(a) + e): 

Vm G N /(* ro ) = £ (/(a) - e; /(a) + e) 

H, B-TpeTbHx, OHa CTporo mohotohhr; 

□ 

(c) Onepau,HH Ha# Henpept>iBHMMH cpyHKu,H5iMH 

H3 HenpepbiBHbix (pyHKniift mojkho KoncTpynpoBaTB HOBbie HenpepbiBHBie cpyHKHiin c noMombio ajire6- 
pannecKHx onepaniift h onepannn komho3hh,hh. 

ApH(pMeTHHecKHe onepari,HH c HenpepbiBHBiMH cpymcijHHMii . 

• Ecjih fug— ppe (pyHKtncH, onpe,a,ejieHHbie Ha MHOJKecTBe J, to hx ci/mmou, pa3HocmbK> u 
npou3eedeHueM Ha3bmaiOTCH cpyHKinin Ha X, o6o3HanaeMBie f+g, f — gnf-g,n onpeflejieHHBie 
(popMyjiaMH 

(/ + g)(x) := f{x) + g(x), xeX (2.2.28) 

(/ - g)(x) := f{x) - g(x), xeX (2.2.29) 

(f-g)(x):=f(x)-g(x), xeX (2.2.30) 



• Ecjih / h g - ppe cpyHKipm, onpeflejieHHBie Ha MHOxecTBe X, npnieM / Hmyi.e He o6pamaeTCJi 

/ 



b Hyjib Ha X, to omHomeHueM 3thx (pyHKniift 4 Ha3biBaeTca cpyHKniiH Ha X, onpe^ejieHHaa 



(popMynoft 



• Ecjih / - (pyHKiniH, onpe^ejienHaa Ha MHOJKecTBe X, a A - hhcjio, to hx npou3eedeHueM 
Ha3BiBaeTCH cpy mania A • / Ha X, onpeflejieHHaa (popMyjioft 

(A • f){x) := A • f(x), i£l (2.2.32) 
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TeopeMa 2.2.2 (06 apHcpMeTHHecKHX onepaixHHX c HenpepBiBHBiMH <pyHKn,HHMH). Ecau (fynn- 
v,uu fug nenpepuenu (na o6jiacmu onpedejieHun) , mo nenpepuenu (na o6jiacmu onpedejienusi) u tfiynK- 
u,uu 

f + 9, f~9, A-/, / ■ g, 



'I 

f 



(zde A € M - npou380AbHoe hucao). 



/JoKasameJibcmeo. IlycTb tohkcl a h nocjieflOBaTejibHOCTb {x n } Tclkobm, hto o6e (pyHKiniH /hjb hhx 
onpe/i,ejieHbi, rrpmeM 



x n ? a 

n— >oo 



Tor^a, nocKOJibKy cpyHKHHH fug nenpepbiBHbi b Tomce x = a, mh nojiynaeM 

f{x n ) — > f{a) g(x n ) — > g(a) 



II03TOMy, B CHJiy CBOHCTB 1°,2°,4° H3 (e) 



mm nojiy^aeM 



f(xn)+g(x„) — > f(a)+g(a) f(x n )-g(x n ) — > f(a)-g(a) f(x n )-g(x n ) — > f(a)-g(a) 



Bto BepHO pjia npoH3BOjn>Hoii tohkh a h nocjie,n,OBaTejibHOCTH x n — > a, nosTOMy (pymcnHH f + g, f — g, 

n— foo 

/ • g HenpepbiBHbi. AnajiorHHHO ,n;0Ka3i>iBaeTca: HenpepbiBHOCTb pjisi cpyHKHHH A • /. 

Ecjih, KpoMe Toro, jrpnojiHHTejibHO noTpe6oBaTb, hto6bi f(a) ^ h f(x n ) ^ 0, to no CBOiicTBy 5° H3 
(e) mbi nojiyHHM 

9{Xn) > fl(ffl) 

f(x n ) n^oo f(a) 

h nocKOJibKy 3to 6yfleT BepHO pflB jik>6oh tohkh a € D(j?) h jik>6oh nocjiejrpBaTejrbHOCTH x n G D(j), 



x n — > a, mm nojiy^HM, hto cpyHKHHH 4 TOJKe flOjBKHa 6biTb nenpepbiBHa. 

n— >oo I 



□ 



HenpeptiBHOCTt KOMno3HirHH. BcnoMHHM, hto Ha c(5T]Mbi onpejrejiHjiH noHHTHe komho3hhhh A B y x 
OTo6pa>KeHHH. B nacTHOM cjiynae, Kor,n,a OTo6pa»ccHHH hbjijhotch hhcjiobbimh (py hkihismh , hx KOMno- 
3hihih Tam«e CTaHOBiiTca hhcjioboh cpy hkhhch , h mh mojkcm noBTopnTB 3to onpe,n,ejieHHe, bbiGpochb H3 
Hero cjiobo "oTo6pa>KeHHe": 



• IlycTb g h / - flpe cpyHKHHH. Tor,n,a (pyHKHHH go/, onpeflejieHHaa npaBHjiOM 

(9°f)(x) = g(f(x)), 



(2.2.33) 



Ha3MBaeTCH KOMno3uu,ueu cpyHKiniH g h f. 3Ty (pyracnHio Ha3biBaiOT Taitsce caochchou cfynK- 
u,ueu, cocTaBjieHHOft H3 cpyHKHHH fug. 



o 2.2.9. nycTb g(y) = \ h /(x) = a: + 1. Tor fl a 



i 



i 



^=x+l X + 1 



Ecjih }Ke B3HTb komho3hh;hio sthx cpyHKH^HH b 06- 
paTHOM nopaflxe, to mbi nojiyHHM jrpyryio (pyHK- 
h;hio: 

=x+l =- 

x=g(y) x=\ y 



r(y) = f(x) 



1 



O 2.2.10. IlpeflCTaBHTb CpyHKHHH B BHfle KOMn03H- 
H,HH AByX CpyHKH^HH H3 cnHCKa Ha c ll20l 



G(x) = \x+1\, H(x) 



1 

{x} 



PeineHHe: 



G(x) = \x + l\ = \y\ 



y=x+l 



H(x) = ±r = \ 

\x] y 



y={x} 



» 2.2.1. CocTaBbTe komho3hh;hh h3 cjieflyiomHx 
cpyHKH,HH b pa3HOM nopsflKe (to ecTb HaiiflHTe 



g(y) 



y=f(x) 



H f(x) 



x=g(y) 



), h npoBepbTe, 6y,a;yT jih 



3TH CpyHKH,HH OflHHaKOBbl! 

1) g(y) = y 2 vf(x) = D(x)- 

2) = sgny h /(x) = 



» 2.2.2. IIpeflCTaBbTe cpyHKH,HH b BH^e KOMno3H- 

H,HH flByX CpyHKH^HH H3 cnHCKa Ha c ll20l 

1) [f], 

2) M. 



§ 3. KjiaccHHecKue TeopeMbi o HenpepbiBHbix cpyHKpnax 
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TeopeMa 2.2.3 (o KOMno3HiijiH Henpep&iBHtix cpyHKU,Hft) . Ecjiu (fiynKuuu fug nenpepuenu (na 
o6Aacmu onpedeAenusi) , mo ux KOM,no3uuuK h(x) — g{f{x)) mooKe nenpepuena (na o6Aacmu onpedeAe- 
nusi). 

/JoKa3ameAt>cmeo. HycTb tohkr a h nocjieflOBaTejibHOCTb {x n } jiexaT b o6jiacTH onpeflejieHHH (pyHKHHH 
K x ) = 9(f( x ))- npmeM 

X n ■ 7 CI 

n—^-oc 

Tor^a, nocKOjibKy f(x) HenpepbiBHa b tohkc x — a. 

f(x n ) — > f(a) 

OTCio/ja, nocKOjiBKy g(y) HenpepbiBHa b tohkb y = f(a), 

h{x n ) = g(f{x n )) — ► g(f(a)) 

n— >oo 

Mm nojiy^Hjiii, hto ecjin x n — > a, to h(x n ) = g{f{x n )) — > g(f(a)). 3to 03HanaeT, hto h(x) = g{f{x)) 

n— >oo ' n— >-oo 

HenpepbiBHa b tohkg x — a. HocKOjibKy TOHKa a c caMoro Hanajia BBi6Hpajiacb npoH3BOjibHOH, nojiynaeM, 
hto h(x) = g(f{x)) HenpepbiBHa b npoH3BOjibHoii tohkb, to ecTb BCKviy Ha o6jiacTH onpeflejieHHH. □ 



§ 3 KjiaccHHecKHe TeopeMbi o HenpepbiBHbix (pyHKiniax 

HenpepblBHbie (pyHKHHH o6jiaflaiOT HeCKOJIbKHMH BajKHblMH CBOHCTBaMH , KOTOpbie Ha3BIBaiOTCH KAaccu- 

uecKUMU meopejuaMU o nenpepuenux cjiynKuufix, noTOMy hto 6bijih ,n,0Ka3aHbi b 19 BeKe H3BecTHbiMH 
MHpoBbiMH MaTeMaTHKaMH. 3th TeopeMbi HyjKHbi pjin ,z],0Ka3aTejibCTBa flpyrnx BajKHbix cpaKTOB MaTe- 
MaTHnecKoro aHajiH3a, b nacTHOCTH, TeopeMbi Pojijis 14.2.21 (Heo6xo^HMOH ^jih flOKa3aTejibCTBa TeopeM 
JIarpaHJKa, Kohih h Tefuiopa H3 rjiaBbi ??), a TaiQKe TeopeMbi do HHTerpnpyeMOCTH HenpepbiBHOii cpyHK- 
HHH H3 rjiaBbi 14. 



(a) TeopeMa o coxpatieHHH 3HaKa 

TeopeMa 2.3.1 (o coxpaHemm 3HaKa HenpepbiBHOii cpyHKHHefi). 2 Ilycmb (f>ynKuu,K f onpedeAena 
e nenomopou OKpecrrmocmu tuohku c u nenpepuena e mouKe c, npuueM /(c) 7^ 0. Tozda cyuificmeyem 
oKpecmnocmb (c — 5; c + 5) uiohku c manan, umo ecwdy e amou oKpecmnocmu aiymmxLsi f UMeem mom 
wee 3Ha,K, umo u /(c): 

Vx e (c- 6;c + S) sgn/(x) = sgn/(c) 
/(oKasameAbcmeo. IlycTb pjm onpeflejieHHOCTH /(c) > 0, noKajKEM hto fljia HeKOToporo 5 > Bbinojimi- 

eTCH COOTHOHieHHe 

Vx € (c-5;c + 5) f(x)>0 (2.3.34) 



^OKasaTejibCTBO npoBO^HTCH MeTOflOM ot npoTHBHoro. npe,i];nojio>KHM, hto (1.1) He BbinojiHHeTCH hi pjm 
Kaxoro S > 0, to ecTb hto 

V<5>0 3a; G (c-S;c + 6) f(x)^0 



2 9Ta TeopeMa Hcnojib3yeTCH ^ajiee b rjiaBe ?? npH ^OKa3aTejibCTBe TeopeMbi !4.3.6l o tomkax nepernGa 
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Tor,n;a, b nacTHOCTH, oho He BtmojiHseTCH ^jih Hnceji 5„ 



VnGN 3x n G I c — — ;e + — ) f{x n ) sC 
n n 



Mm nojiynaeM, hto HMeeTca nocjieflOBaTejibHOCTb 



X n 7 C 

n— f oo 



(2.3.35) 



JSflS KOTOpOH 

f(x n ) < (2.3.36) 
IIocKOjibKy f{x) HenpepBiBHa b tohke c, h3 (12.3.35)) cjie^yeT 

f(x n ) — > /(c) 

a no TeopeMe 11.2.11 (o npe^ejiBHOM nepexo^e b HepaBencTBe) , 113 (|2.3.36p cjie^yeT 

/(c) < 

3to npoTHBopeiHT npeflnojiojKeHHio, hto /(c) > 0. 3HanHT, (|2.3.34p Bce-Taiai aojbkho bbihojihhtbch pjm 
KaKoro-TO 5 > 0. □ 

(b) TeopeMa Koihh o npoMe^yTOHHOM 3HaneHHH. 

JleMMa 2.3.1 (o npoMexyToiHOM 3HaieHHH). Ilycmb (fiywKv^usi ip nenpepuena na ompe3Ke [a;b], u 
na Kowuflx ego npunuMaem 3HaueHusi pa3Hux 3naKoe: 

ip(a) < < ip(b) (uau ip(a) > > ip(b)) 

Tozda cyuificmeyem moHKa c € (a; b) e Komopou tpix) paena nyAto: 

<p(c) = 

floKa3ameA"bcmeo. IlycTb ^jih onpeflejieHHOCTH 

(p(a) < < <p(b) 



Pa3/i,ejiHM 0Tpe30K [a; b] nonojiaM. Ecjih 3HaneHHe (pyHKiniH b cepe/niHe OTpe3Ka paBHO Hyjno, to TeopeMa 
,u;0Ka3aHa. Ecjih :sce HeT, to Bbi6epeM H3 AByx hojiobhhok Ty, y KOTopofi Ha KOHnax cpyHKiniH ip npHHHMaeT 
3HaneHHH pa3HBix 3HaKOB, h o6o3HaHHM ee [ai; b{\: 

ip(ax) < < tp(bi), [ai; 6i] C [a; b] 

ripo^ejiaeM to jkb caMoe c OTpe3KOM [ai; b\]: pa3,n,ejiHM ero nonojiaM, Bbi6epeM Ty nojiOBHHKy, Ha KOHnax 
KOTopoft (p(x) MeHaeT 3HaK, h oGosHa^iHM ee [02; 62]: 

ip{a 2 ) < < ip(b 2 ), [a 2 ;6 2 ] C [ai;6i] 

3aTeM noflejiHM OTpe30K [02; 62], h TaK ,a,ajiee. B pe3yjn>TaTe y Hac nojiyHHTCH nenoHKa BjiojKeHHbix 

OTpe3KOB, Ha KOHnax KOTOpblX CpyHKHHH MeHHeT 3HaK! 

[a; b] D [o x ; bi] D [a 2 ;b 2 ] D ... b n - a n = ^— - — > 0, (p(a n ) < < cp(b n ) 



§ 3. KjiaccHHecKme TeopeMbi o HenpepbiBHhix cpymmiisix 139 

IIo TeopeMe 11.2.51 o bjiojkehhbix OTpe3Kax, cymecTByeT g^hhctbghhrh TOHKa c, npHHafljiejKamaa bcgm 
OTpe3KaM [a„;6„], npnHCM 

lim a„ = c = lim b n 

n— >oc n— voo 

OTCio/ja cjieflyeT, hto c o,hhoh ctopohbi, nocKOJibKy ip(a n ) < 0, 

f(c) = lim ip(a n ) ^ 

n— >oo 

a c .apyroft, nocKOJitKy <p(b n ) > 0, 

ip{c) = lim (p(b n ) ^ 

n— > oo 

H cjieflOBaTejibHO, ty?(c) = 0. □ 

TeopeMa 2.3.2 (Koihh o npoMeacyTOHHOM 3HaHeHHn). 3 IIycmt> $>ynKuusi f nenpepuena na om- 
pe3Ke [a;b], u nycmt C - npou.360JibHoe hucao, Aeotcaiu,ee Meatcdy f(a) u f(b): 

f(a) <C< f(b) (ujiu f(a) >C> /(&)) 

Tozda na unmepeaAe (a; b) naudemcsi mouKa c manasi, nmo 

f(c) = C 

JJoKasameAbcmeo. PaccMOTpiiM cpyHKHHio 

ip(x) = f(x) - C 

OHa 6yn,eT HenpeptiBHa Ha OTpe3Ke [a; b] (k&vl pa3HOCTt> HenpepbiBHbix (pyHKiniii) h npimiiMaeT Ha KOHuax 

3TOrO OTpe3Ka SHa^ieHHH pa3HBIX 3HaKOB 

<p(a) = /(a) - C < < f(b) -C = <p{b) (mm <p{a) = /(a) - C> > f(b) - C = p(6)) 

IlosTOMy, no jieMMe [2.3.11 cymecTByeT TOHKa c £ [a; b] TarcaH, hto f(c) = 0. OTCiofla /(c) = tp(c) + C = 
C. □ 

(c) TeopeMi>i Beftepiirrpacca 

TeopeMa BefiepniTpacca 06 orpaHHieHHOcra. HanoMHiM, hto cpyHKinifl / Ha3t>iBaeTCfl 
ozpanuuennou ceepxy Ha MHOJKecTBe E, ecjin cymecTByeT hhcjio B TaKoe, hto 

VxeE f(x) < £ 

ozpanunennou cuu3y Ha mho^kgctbg ecjin cymecTByeT hhcjio A TaKoe, hto 

VseB A sc f{x) 

ozpanunennou Ha mhojkcctbg -E, ecjin OHa orpaHH^ieHa Ha E CBepxy h CHH3y, to ecTb cyme- 
CTByiOT TaKne nncjia A h B hto: 

VxeE A /(or) s$ B 

TeopeMa 2.3.3 (BefiepniTpacca 06 orpaHHHeHHOcra). 4 Ecau aiynKuun f onpedeAena u nenpepuena 
na ompe3Ke [a\b], mo ona ozpanuuena na amOM ompe3Ke. 

/JoKasameAbcmeo. npe/nrojioaaiM o6paTHoe, to ecTb mo f(x) He orpaHHneHa Ha OTpe3Ke [a; b]. 3nemiT 
f(x) He orpaHH^eHa CBepxy hjih CHH3y. IlycTb pjin onpe^ejieHHOCTH f(x) He orpaHH^eHa CBepxy: 

VBet 3a; G [a; 6] f(x) > B 



3 3Ta TeopeMa Hcnojib3yeTCs ^ajiee b §6 raaBM 14 npii flOKa3aTejibCTBe TeopeMbi o cpeflHeM ^jih HeonpeflejieHHoro iiHTe- 
rpajia. 

4 9Ta TeopeMa Hcnojib3yeTCH b cjie/ryioirj,eM naparpacpe npn ^,OKa3aTejibCTBe TeopeMbi BefiepniTpacca 06 SKCTpeMyMax 
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Toiyja BCHKoro ngK Moamo noflo6paTb TOHKy x n £ [a; b] Taxyio, hto 

f(x n ) > n (2.3.37) 

HocjieflOBaTejibHOCTb ToneK {x n } npHHafljiejKHT OTpe3Ky [a; b) h 3HanHT orpaHHneHa. CjieflOBaTejibHO, no 
TeopeMe BojibuaHO-BeHepniTDacca ll.2.61 {x n } coflepjKHT cxofljniryiocH noflnocjieflOBaTejibHOCTb {x nk }: 

x nk -4ce [a; b] (2.3.38) 

k— >oo 



H3 (popMyjibi (|2.3.37p nojiynaeM 



f(x Uk ) > n k — > +oo 

k-^oo 



noaTOMy 

/(*»*) — > +™ (2.3.39) 

A;— >oo 

Ho c flpyroit ctopohh, cpyHKinia / HenpepbiBHa b jho6oh tohkb OTpe3Ka [a; b], h b nacTHOCTH b TOHKe 
c S [a; 6], 3HaHHT 113 (12.3. 38[) cjie/jyeT 

/(x„J — > /(c) ^ +oo (2.3.40) 

k— > oo 

Mm nojiyiHjiH npoTHBopenne MejKfly (j2.3.39[) h (|2.3.40[) , KOTopoe 03HaHaeT, hto Haine ncxoflHoe npe/uio- 
jiosKeHiie 6bijio neBepno. 3HaHHT, cpyHKiniH f Bce-TaKH orpamiHeHa. □ 

TeopeMa Beftepnrrpacca 06 SKCTpeivryMax. ITycTb cpyHKirHH / onpe^ejieHa Ha MHoacecTBe E CM.. 
ToHKa x max G E Ha3biBaeTCH mouKou mqkcumi/mcl cpyHKiniH / Ha MHOJKecTBe E, ecjin 

\fx e E f(x) s$ /(x max ) 

Hhcjio /(i maK ) npn 3tom Ha3biBaeTca MaKcuMyMOM cpyHKHHH / Ha MHOJKecTBe E h o6o3HaHaeTCH 

/(aJmax) = max /(a;) 

Hao6opoT, TOHKa x m ; n € _E Ha3biBaeTCH mouKou MimuMyMa cpyHKiniH / Ha mhojkcctbg E, ecjin 

\fx £ E f(x mia ) s$ f(x) 
Hhcjio /(a; m i n ) npn stom Ha3biBaeTca muhumi/mom cpyHKHHH / Ha mhojkcctbg E h o6o3HanaeTca 

f(x m in) = mmf(x) 

x£E 

9KcmpeMyM0M cpyHKHHH / Ha MHOJKecTBe E Ha3biBaeTCH MHHHMyM hjih MaKCHMyM (pyHKHHH / Ha 
MHOJKecTBe E. 

3aMeuaHue 2.3.1. MaKCHMyM h MHHHMyM cpyHKHHH - ne to >Ke caMoe, hto Tonnaa BepxnsH h TOHHaa 
hhjkhsh rpaHb. 



o 2.3.1. IlycTb E = [—1; 1] h f(x) = x 2 . MaKCHMyM - c tohhoh BepxHeii rpaHbio: 



min x 2 = x 2 
xe[-i;i] 



= = inf x 2 

x=0 xe[-l;l] 



Tor^a na mhojkcctbg E y cpyHKHHH / HMeeTCH o^Ha 

TOHKa MHHHMyMa h flBe tohkh MaKCHMyMa, npHneM max x 2 — x 2 = x 2 

xf-\— I'll X— — 1 

MHHHMyM coBna^aeT c to^ihoh hhjkhch rpaHbio, a 1 ' ' 



= 1 = sup x 

x=1 x£[-l;l] 



2 
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J — 1 - 1 max x 2 



o 2.3.2. nycTb E = (-1; 1) H f{x) = x 2 . sup x 2 = 1 $ 

xG(-l;l) sG(-l;l) 

o 2.3.3. nycTb E = Rn f(x) = {x}. 



Torfla na mhojkgctbg E y cpyHKiroH / mieeTca o/nia 
TOHKa MHHHMyMa h nem monetc MdKCUMyMa, npn- 

neM TOHHaa hhjkhhh rpam> (cymecTByeT h) coBna- Tor^a na mhojkgctbg E y (pyHKoiiii / wem monen 
flaeT c MHHHMy mom , a TO^Haa BepxHHH rpaHb cyme- MUHUMyMa, xoth TOHHaa hhjkhhh rpaHb cymecTBy- 
CTByeT, ho He coBna,n,aeT c MaKCHMyMOM, KOToporo eT: 

Ha MHOJKecTBe E = (—1:1) HeT (nOTOMy hto HeT inf{a;} =0 Jminjx} 

l£l 2)61 

ToneK MaKCHMyMa): 

IIpH 9TOM MaKCHMyM Ha 3TOM MHOJKeCTBe ecTb: 



min x 2 — x 2 
xe(-iii) 



n . c 2 supja;} = maxij;} = 1 



HTaK, SKCTpeMyMbi MoryT cymecTBOBaTb, a MoryT h He cymecTBOBaTb. 

TeopeMa 2.3.4 (Beftepnrrpacca 06 SKCTpeMyiviax) . 5 Ecjiu f^ywKv^un f onpedejiena u nenpepuena 
na ompe3Ke [a;b], mo ona uMeem MUHUMyM u MaKcuMyM na smoM ompe3Ke. 

floKa3ameA"bcmeo. ,H,OKa:»ceM cymecTBOBaHHe MaKCHMyMa. ITo TeopeMe 12.3.31 cpyHKUHH / orpaHHHCHa 
CBepxy Ha [a; b]: 

3C Vxe[a;b} f{x)^C 

nosTOMy no TeopeMe l0.2.3l o tohhoh rpaHHue, y cpyHKiniH / cymecTByeT TOHHaa BepxHHH rpaHb na stom 
MHOJKecTBe: 

3 sup f(x) = M 

x£ [a;6] 

Bto 3HaHHT, hto BO-nepBbix, Bee SHaneHHH cpyHKiniH / Ha OTpe3Ke [a; b] He npeBoexo^HT M 

Vx e [a; b] f(x) «C M (2.3.41) 

h BO-BTopbix ecjiH B3HTb jno6oe hhcjio a < M, to o6a3aTejibHO oho OKajKeTCH MeHbuie, neM KaKoe-TO 
3HaHeHne fix) Ha OTpe3Ke [a; b] 

Va < M 3x G [a; b] a < f(x) 
Bo3bMeM b Ka^ecTBe a HHCJia BH^a M — i. Toiyja y Hac nojiyHHTCH u,ejiaa nocjieflOBaTejibHOCTb {x n }: 

Vn € N 3x„ e [a; 6] M - - < /(x n ) (2.3.42) 

IlocKOjibKy nocjieflOBaTejibHOCTb {x n } jiejKHT b OTpe3Ke [a; b], OHa orpamneHa. 3HaiHT no TeopeMe 
BojibHaHO-BefiepuiTpacca 11.2.61 H3 Hee mojkho Bbi6paTb cxoflHinyioca noflnocjieflOBaTejibHOCTb: 

x nk — ► c (c € [a; 6]) 

A;— >oo 

IlocKOjibKy f(x) HenpepbiBHa b jho6oh Tonice OTpe3Ka [a; b] h. b nacTHOCTH, b TOHKe c € [a;b], mm 
nojiynaeM 

/(»nj , ► /(c) 

fe— >-oo 



5 3Ta TeopeMa ncnojib3yeTC5i flajiee b rjiaBe ?? npn ^OKaaaTejibCTBe TeopeMbi Pojijih, a TaK?Ke b §6 rjiaBbi 14 npn 
^],OKa3aTejii>CTBe iiHTerpajiBHofi TeopeMbi o cpe^HeM, h b §7 rjiaBti 14 npn ^OKaaaTejibCTBe TeopeMBi 06 HHTerpiipyeMOCTii 
HenpeptiBHOH c|>yHKiiHH. 
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C flpyroii CTopoHbi, H3 (|2.3.41[) h (I2.3.42j) ejie/ryeT 

M- — <f(x nh )^M 
n k 

OTKy/ia 

M = lim [M - — ) < Km f(x nk ) = /(c) M 

TO eCTb 

/(c) = M 

Eme pa3 BcnoMHHB (|2.3.41j) . nojiyniiM 

Vx e [a; 6] /(z) < M = /(c) 
3to 03HanaeT, hto c G [a; 6] HBjraeTCH tohkoh MaKCHMyMa cpyHKHHH / Ha mhojkgctbg [a; b]. □ 

(d) TeopeMa KaHTopa o paBHOMepHoft Henpept>iBHOCTH 

ToBopaT, hto (pyHKUHH / paeHOMepHo nenpepuena na MHootcecmee E ecjm pjin jho6mx flByx nocjieflo- 
BaTejibHOCTeii apryMeHTOB a n G E h € E CTpeMHirnixcH APyr k flpyry, cooTBeTCTByiomHe nocjie^OBa- 
TejiBHOCTH SHaneHHit {/(a n )} h {/(/3 n )} TOJKe CTpeMHTCH /rpy r K APy r y : 

Va„,/3„G£ an-Pn— >0 => /( a „) - /08„) — > (2.3.43) 



n— fOO n— foo 



o 2.3.4. JlHHefraaa cpyHKinia /(a;) = kx + b paBHO- to mm nojiyHHM, hto 
MepHO HenpepbiBHa Ha mhojkcctbg E = R, noTOMy 

hto ecjiH a n - fi n = ► 

a n - £n — >■ n ™ 

n— >-oo 

TO HO npH 3TOM 

f(a n )-m) = (ka n + b)-(kp n + b)= / iy 2 

= *a„ - Jbft, = feK - /3„) fiPn)-m) = K) -(AO = (n + - J -n 

n— foo 

o 2.3.5. KBaflpaTHiHas cbyHKiniH f(x) = x 2 He = 2n ■ — | - = 2 H — - — > 2^0 

HBjiaeTCH paBHOMepHO HenpepbiBHOH Ha MHOJKecTBe 
E = R, noTOMy hto ecjiH b3stb, HanpnMep, 

a„ = n+ i, (3 n = n 
n 



TeopeMa 2.3.5 (KaHTopa o paBHOMepHoft HenpepbiBHOCTn) . 6 Ecjiu $ynKuusi / onpedejiena u 
nenpepuena na ompe,3Ke [a;b], mo ona paenoMepno nenpepuena na smoM ompe3Ke. 

floKa3ameji , bcmGo. /],OKa3aTejibCTBO npoBO/niTCH ot npoTHBHoro. IIpeflnojio>KHM, hto f{x) He HBjiaeTCH 
paBHOMepHO HenpepbiBHOfi Ha [a; b]. Toiyja cymecTByiOT nocjieflOBaTejibHOCTH apryMeHTOB a n G [a; b] h 
/3 n G [a; b] KOTopbie CTpeMHTCH Apyr k flpyry 

a n - (3 n — > 

71— >00 

ho npn 3TOM nocjieflOBaTejibHOCTH 3HaHeHHfl He CTpeMHTCH APy r K APyry : 
PaccMOTpHM nocjie/i,OBaTejibHOCTb 

7n = /("«) - f(Pn) 

6 3Ta TeopeMa HcnojiK3yeTCH ^ajiee b §7 rjiaBBi 14 npn ^OKasaTejiBCTBe TeopeMbi 06 HHTerpiipyeMOCTH HenpepMBHoii 

4>yHKLI,HH. 
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To, hto OHa He CTpeMHTCH k Hyjiio 



n— ¥ oo 



03naHacT, hto HafifleTCH HeKOTopaa OKpecTHOCTb Hyjia (— e; e) KOTopaa He co,zi,ep}KHT 6ecKOHeHHoe kojih- 
necTBO HHceji {7n}- 3HaHHT mojkho Bbi6paTb no/nrocjieflOBaTejibHOCTb {7n fc }, KOTopaa BOo6me He 6yzi;eT 
3axo^,HTb b OKpecTHOCTb (—£;£): 

Vfc l7nJ = |/K)-/CS»)|>e (2-3.44) 

PaccMOTpHM Tenepb HHfleKCbi {n^}. Hm cooTBeTCTByeT HeKOTopaa no/nrocjieflOBaTejibHOCTb {a rik } nocjie- 
flOBaTejibHOCTH {a„}. IIocKOjibKy OHa orpaHHneHa (n3-3a Toro, hto a rik € [a; 6]), no TeopeMe BojibnaHO- 
BeHepiHTpacca ["l. 2.61 mm mojkcm Bbi6paTb y Hee HeKOTopyio cxoflHinyiocH noflnocjie,noBaTejibHOCTb {a nk }: 

a„ t — > c (c € [a; b]) 

Torfla mbi nojiyHHM, hto cooTBeTCTByioiHaH nocjieflOBaTejibHOCTb {/3 nfc . } CTpeMHTca k TOMy ace npeflejiy 

c, nOTOMy HTO 

/3„ fc = 03 n - a„ . ) + a„ — * + c = c 

J J J J J— ).QO 

OTCio/ja cjie/ryeT. hto 

/K. ) - /(/3n fc , ) — ► c - c = 

J J J— > oo 

a sto npoTHBopenHT ycjiOBHio (|2.3.44l) . H3 KOToporo bh/i,ho, hto paccTOHHHe MejK/i,y f(a rik ) H f(fin k ) He 
mojket 6biTb MeHbuie e. 

HTaK, Mbi npe/HiojiojKHjiH, hto f(x) He HBjiHeTca paBHOMepHO HenpepbiBHOii Ha [a; 6] h nojiynnjiH npo- 
THBopenHe. 3to 03HanaeT, hto npeflnojiojKeHHC HeBepHO, h (pyHKinis: / Bce-TaKH paBHOMepHO HenpcpbiBHa 
Ha [a; b]. □ 

(e) TeopeMBi o mohotohhbix cJ)yHKu,Hax. 

MoHOTOHHbie CpyHKI^HH Ha OTpe3Ke. 

TeopeMa 2.3.6 (o mohotohhoh cpyHKiniH Ha OTpe3Ke). Jlycmt, qiynKi^ufi f onpedejiena u cmpozo 
MOHomoHHa Ha ompe,3Ke I = [a,b], u nycrm> J - ompe30K c nonufiMU /(a) u f(b): 



J = 



{[/(a);/(6)], ecAU f eo3pacmaem 
[/(&); f(a)], ecjiu f v& 



ueaem. 



Tozda: 

(i) ecAU f Guettmueno omo6pameaem ompesoK I na ompe30K J, mo 

(a) ona nenpepuena na I, u 

(b) ee o6pamHaH q^yuKuusi f^ 1 : J — > / manatee nenpepuena u cmpozo Monomonna. 
(ii) ecAU f nenpepuena na I, mo 

(a) ona 6ueKmueno omo6pawcaem ompeaoK I na ompe30K J, u 

(b) ee o6pamnasi qiynKuun f^ 1 : J — > I manotee nenpepuena u cmpozo Monomonna. 
Upu smoM xapanmep Monomonnocmu nacAedyemcK o6pamnou q^ynKuiieu: 

ecAU f : I — > J eo3pacmaem, mo u f^ 1 : J — > I eo3pacmaem, 
— ecAU f ; I — > J y6ueaem, mo u f^ 1 : J — > / y6ueaem. 

/JoKa3ameAt>cmeo. By^eM CHHTaTb pjin onpeflejieHHOCTH, hto (pyHKHira / CTporo B03pacTaeT: 

s<t => f(s)<f(t) (2.3.45) 

(cjiynaii y6biBaHHa paccMaTpHBaeTca aHajiorHHHo). 

/],OKa>KeM (i) . riycTb / 6h6kthbho OTo6pa?KaeT OTpe30K / Ha OTpe30K J. Tor^a y Hee HMeeTCH o6paTHaa 
cpyHKH,Ha / _1 : J — > I. 
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1. IIpe>K/i,e Bcero 3£lmgthm, hto / 1 : J — > I TamKe 6yn,eT B03pacTaTb. fleftcTBHTejibHO, ecjin 6 m 3to 
6bijio He Tax, to pjin HexoTopbix yi, J/2 € J mbi nojiy^HjiH 6bi 

vx <V2 & r\yi)> r\y2) 

Toiy^a moxho 6mjio 6m o6o3HaHHTb xi = / (j/i) 0x2 = f (yz), h nojiyHHjiocb 6m: 

/(xi) < /(x 2 ) & ^ ^^2^ 

3to npoTHBopenHT yTBepjKfleHHio 1° Ha c !129l nocKOjibKy / B03pacTaeT, OHa ^ojoKHa Hey6biBaTb, 3HanHT 
ycjiOBne x\ X2 flOjBKHO Bjie^ib 3a co6oii ycjiOBHe f(x±) f(x2), a y nac nojiyiaeTCH Hao6opoT, f{x\) < 

2. IIoKajKeM, hto (pyHKH,HH f : I J HenpeptiBHa. IlycTb x„ — >• x, iiOKasceM hto f(x n ) — ^ 

n— voo n— voo 

/(x). IIo TeopeMe 12.2.11 nocjieflOBaTejibHOCTb x n moxho CHHTaTb CTporo mohotohhoh. HaM npH^eTCH 
paccMOTpeTB ,n,Ba cjiynaH. 

A. IlycTb CHanajia x n B03pacTaeT: 

X\ < X2 < ■■■ < x n < ... < x 
Tor/i,a npe^eji x stoh nocjieflOBaTejibHOCTH paBeH ee tohhoh BepxHeii rpaHH 

lim x„ = supx„ = x (2.3.46) 

h to ace pjisi npe^ejia nocjieflOBaTejibHOCTH f(x n ) nocKOjibKy, b cnjiy (|2.3.45|) . OHa TOJKe bo3- 
pacTaeT: 

lim /(x„) = sup /(x„) (2.3.47) 

06o3HanHB y n = f(x n ), mbi nojiyHHM 

supy n = sup/(x„) < SUim < /(supx„) = (12~X15D = /(x) 

raeN neN n£R 



supy„ < f(x) 

Jj- (/ 1 B03pacTaeT, KaK y5Ke flOKa3aHo) 

rHsupyn) <r 1 {f(x)) = x (2.3. 

A c flpyroii CTopoHbi, onaTt, nocKOjibKy / _1 B03pacTaeT, 

x = supx„ = sup/ _1 (/(x„)) = sup/ _1 (y„) < (|2.1.19p < supy„J 



n£N nGN nGN v nGN 

x < /-^supj/n) (2.3.49) 

V nGN 7 

HepaBeHCTBa (12. 3.48ft h (|2. 3.49ft BMecTe ,n,aiOT 

x = f~ 1 ( supy n ) 

\ ticN / 



To ecTb 



/(x) = supy„ = sup/(x„) = (12.3.47ft = lim f(x v 

nGN nGN n^oo 
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B. IlycTb Tenepi. Hao6opoT, x n y6biBaeT: 

X < ... < X n < ... < X2 < Xl 

Toiyja npe^eji x stoh nowieflOBaTejibHOCTH paBeH ee tohhoh hii^khch rpaHH 

lim x n = inf x n = x (2.3.50) 

n— ► oo neN 

ii to are fljia npe^ejia nocjieflOBaTejibnocTii f(x n ) nocKOJibKy, b cmiy (|2.3.45|) . OHa TOJKe bo3- 
pacTaeT: 

lim f(x n ) = inf f{x n ) (2.3.51) 

n— too n£N 

06o3HanHB y n — f(x n ), mm nojiyniiM 

inf y n = inf f(x n ) ^ 12X151 ^ /( inf x n ) = (123301) = f(x) 

neN nEN v neN ' 

!$■ 

supy n ^ fix) 

neN 

•Ij- C/ — 1 B03pacTaeT, KaK y5Ke flOKa3aHo) 

f- 1 ( inf jm) ^ r 1 (/(a)) = x (2.3.52) 
A c flpyroft ctopohm, omiTb, nocKOJibKy / _1 B03pacTaeT, 

x = inf a; n = inf j"" 1 (/(£„)) = inf j"" 1 ^) ^ EH ^ inf y„) 

neN neN v ' neN V neN / 

x>f- x ( inf yj (2.3.53) 

V neN / 

HepaBeHCTBa (|2.3.52p ii (|2.3.53p BMecTe ^aiOT 

£ = inf yn) 

VneN / 

To ecTb 

/(as) = inf y n = inf / (x„) = (12X5T1) = lim /(x„) 

neN neN n— >oo 

3. Mm noKa3ajm, hto ecjm cpyHKinia f : I J B03pacTaeT ii 6iieKTHBHa, to OHa aBTOMaraHecKH 
HenpepbiBHa. IIocKOjibKy o6paTHaa cpyHKiniH / _1 : J — > / Toare 6neKTHBHa h, KaK mm ysce y6efliijmcb, 
Toace B03pacTaeT, mm nojiynaeM, hto OHa tojkg flojiama 6biTb HenpepbiBHOfi. 

,H,OKa>KeM (ii). IlycTb / HenpepbiBHa Ha I. 

1. 3aMeTHM, hto / OTo6pa»:aeT I b J. 3to cjie,ziyeT H3 Toro, hto cpyHKinia / Hey6biBaeT (1° Ha c ll29D : 
ecjiH x G J = [a, 6], to 

a^x^b =^ /(a) < f(x) < f(b) =^ f(x)eJ=[f(a)J(b)} 

2. IlpoBepHM j hto / hhtjCkthbho OTo6paacaeT I b J. /],jih jno6bix x,y <E I nojiynaeM: 



x^y 



x < y f(x) < f{y) 

V < x => fiy) < fix) 



fix) < fiy) 

m < f{?) 



fix) ± fiy) (2.3.54) 



3. IIoKaaceM flajiee, hto / cioptjCkthbho OTo6paacaeT / b J, to ecTb hto /(/) = J. fl^Jin Jiio6oro 
C G J = [f '(a), fib)} nojiynaeM: 

— jhi6o C jiejKHT Ha jieBOM KOHne OTpe3Ka J = [/(a), fib)], to ecTb C — /(a), h Tor,na TOHKa 
x = a £ I = [a,b] 6yn,eT npoo6pa30M pflB C: C = fix); 

— jih6o C jiejKHT Ha npaBOM KOHne 0Tpe3Ka J = [/(a), /(&)], to ecTb C = fib), h Tor,n,a TOHKa 
x = b € I = [a, b] 6ya,eT npoo6pa30M jsjisl C: C = fix); 

— jih6o C jiejKHT BHyTpn OTpe3Ka J = [/(a), fib)], to ecTb /(a) < C < /(&), H Tor^a no 
TeopeMe Koeih o npoMeacyTOHHOM 3HaneHHH 12.3.21 HaftjieTCH TOHKa x € (a, b) TaKaa, hto C = 
fix)- 
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4. IlHteKTHBHOCTt h doptCKTHBHOCTb OTo6pajKeHHa f : I —} J 03HanaiOT, hto oho HBjiHeTca 6hckd;h- 
cfi. h nosTOMy npaBHjio 

f(x) = y x = f~ 1 (y) 

onpeflejiaeT o6paTHoe k HeMy OTo6pajKeHHe f^ 1 : J — > I. 

5. IlpoBepHM, hto (pyHKinia / _1 : J — > I CTporo MOHOTOHHa. ITycTb J/i < J/2 ~ A Be tohkh H3 J. 
06o3HaHHM x\ = f l {yi) h X2 — f (yz)- IIocKOJibKy OTo6pa»ceHHe / _1 6h6kthbho, x\ He mojkct 6biti> 
paBHO X2- 3HanHT, jih6o x\ < X2, jih6o x\ > X2- Ho BTopoe, b CHjiy CTpororo B03pacTaHHH /, BjieneT 3a 
co6oii HepaBeHCTBO j/i > y 2 - 

x\ > x 2 => yi = /(ati) > f(x 2 ) = 2/2, 

hto npoTHBopenHT HCxoflHOMy Bbi6opy j/i < j/2- 3HanHT, xi > X2 TO»ce HeB03MOJKHO. Mbi nojiynaeM, HTO 
bo3mo>kho tojibko HepaBeHCTBO x\ < X2, h 3to 03HanaeT, hto (pyHKiniH / _1 CTporo B03pacTaeT: 

yi>y2 xi = f^ 1 (yi) > f^ 1 {y2) = x 2 . 

6. OcTajiocb y6eflHTbca, hto cpyHKiniH / _1 : J — > I HenpepbiBHa. IIpe/],nojio>KHM, hto sto He TaK, to 
ecTb hto cymecTByeT nowieflOBaTejibHOCTb y n G J — [/(a), f{b)] Tarcaa hto 



y n — ► y & r x (y„) -7^ (2.3.55) 

06o3HanHM x n = / _1 (j/„) h a; = f^ 1 (y), Torna 

z n = / -1 (2/n) r\y) = x 

n— too 

h no CBOHCTBy 2° Ha c !105l sto 03HanaeT, hto cymecTByeT no,zi,noc.jie,zi,OBaTe.jibHOCTb x nk , jiejKamaH BHe 

HeKOTOpOH OKpeCTHOCTH (x ~ S] X + s) TOHKH X'. 

x n k ^ (x — s; x + e), e>0 (2.3.56) 

C ,apyroii CTopoHbi, nocjie^OBaTejibHOCTb x nk jicjkht b OTpe3Ke [a, b], nosTOMy no TeopeMe BojibnaHO- 
BeftepiHTpacca fl . 2 . 6[ y Hee ^ojoKHa 6bitb cxoflHmaHCH no/HiocneflOBaTejibHOCTb: 

x n . — > t (t e I = [a, b}) 
H3 (|2.3.56p cjienyeT, hto t $ (x — e\ x + e), nosTOMy t ^ x. Ho, c ,n,pyroH cropOHti, 

1 n— J-oo 

1$. 

y nk . = f(x„ h ) — > f(t) 

/(t) — lim y nfc = (cbohctbo 1° Ha c. I105[) = lim y n = y 

i — »-oo 1 n— >-oo 

t = r 1 (f{t)) = f-\y)=x 
To ecTb < 7^ x h oflHOBpeMeHHO t — x. 3to npoTHBopenHe 03HanaeT, hto Hame npeflnojio>KeHHe (|2.3.55p 

O pa3pbIBHOCTH (pyHKLi;HH / _ 6hjio neBepHO. □ 

MoHOTOHHBie 4>yHKii;HH Ha HHTepBajie. 

TeopeMa 2.3.7 (o mohotohhoh cpyHKiniH Ha HHTepBajie). IIycmt> cfiynKi^usi f onpedeAena u cmpozo 
MOHomoHna na unmepeajie I = (a, 6), u nycmt, J - unmepeaM c KOHVflMU inf xe / f(x) u sup^gj f(x): 



J = ( inf ■ /(x);sup/(x)) 

\x£l xeI / 



Tozda: 

(i) ecjiu f 6u6ktru6ho omo6paDfcaem unmepeaA I na unmepeaA J , mo 



§ 3. KjiaccuHecKue reopeMbi o HenpepbiBHhix cpyHKpnax 
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(a) ona nenpepuena na I, u 

(b) ee o6pamHaH QiynKousi f^ 1 : J — > I manatee nenpepuena u cmpozo MOHomonna. 
(ii) ecAU f nenpepuena na I , mo 

(a) ona 6ueKmueno omo6pawcaem unmepeaji I na unmepeaji J, u 

(b) ee o6pamnaH aiymiuuK f^ 1 : J I manatee nenpepuena u cmpozo Monomonna. 
Upu smoM xapanmep Monomonnocmu nacAedyemcK o6pamnou aiynnvALeu: 

ecAU f : I J eo3pacmaem, mo u f^ 1 : J — > I eo3pacmaem, 
— ecAU f : I — >■ J y6ueaem, mo u / _1 : J — > I y6ueaem. 

! 2.3.1. B ycjiOBHHx TeopeMbi 113 paBeHCTBa f~ l {J) = / cjieflyiOT ppe (popMyjibi, KOTopbie, HecMOTpa Ha 
cbok) OHeBH/i,HOCTb, OKa3biBaiOTca nojie3HbiMii: 7 

inf r\y) =inf/ sup/" 1 ^) -sup/ (2.3.57) 

/J,oKa3ameAbcmeo. KaK h b flOKa3aTejibCTBe npeflbmymeii TeopeMbi 6yneM CHHTaTb, hto / CTporo bo3- 
pacTaeT. 

^HoKajKeM (i). IlycTb / 6hckthbho OTo6pa»caeT HHTepBaji / Ha HHTepBaji J. Tor,n,a y nee HMeeTCH 
o6paTHaa (pyHKHira f^ 1 : J — > I. 

1. IlpejKfle Bcero, KaK h b TeopeMe l2.3.6l 6e3 Tpy^a ,z];0Ka3biBaeTCs:, hto o6paTHaa <pyHKiniH f^ 1 : J — > 
/ TaKJKe B03pacTaeT. 

2. Bbi6epeM OTpe30K [a, ft] C J, h noKajKeM, hto / 6hckthbho OTo6pa»caeT ero Ha 0Tpe30K [f{a), f(ft)] C 
J. Bo-nepBbix, H3-3a mohotohhocth, / fleftcTBHTejibHO OTo6pa»caeT [a, ft] b [f (a) , f (ft)]: 

ie[M => a < x < /? => /(a) < /(re) < /(/9) 

Bo-BTopbix, ecjiH C € [/(a), /(/?)], to, nocKOjibKy / : / — > J 6hckthbho, aojijkho cymecTBOBaTb c € 7 
TaKoe, ^ito 

/(c) = C 

HaM HyjKHO noKa3aTb, hto sto c jicjkht b OTpe3Ke [a, ft]. Ecjih 6bi sto 6bijio He TaK, to Mbi nojiynnjiH 
6bi: 

jih6o c < a, h Torfla C — /(c) < f{a), a sto hcbo3mojkho , noTOMy hto C € [/(en), f(/3)], 
jih6o /3 < c, h TOiyja /(/3) < f{c) = C, h sto TOJKe hgbo3mojkho , noTOMy hto C € [/(«), /(/?)]■ 

TaKHM o6pa30M, hto cG [a, /3] , h sto ,n;0Ka3biBaeT cioptjCkthbhoctb OTo6pajKeHHH / : [a, ft] — ¥ [/(a), /(/?)] ■ 
C flpyroii CTopoHbi, 6ynyHH CTporo mohotohhbim, oho hhtjCkthbho, nosTOMy HBjiaeTCH 6HeKH,Hcii. 

3. Ilo TeopeMe 12.3.61 (pyHKH,HH / : [a, f3] — > [/(«),/(/?)] ^ojiJKHa 6biTb HenpepbiBHOii. 3to BepHO fljia 
jno6oro OTpe3Ka [oi,0] C I, nosTOMy Hania ncxo/i,Haa: cpyHKH,Ha f : I —¥ J HenpepbiBHa Ha HHTepBaji e /. 

4. fljisi jTpKa3aTejn>CTBa (i) ocTaeTCH tojibko y6e,nHTbCH, hto o6paTHaa (pyHKu,Ha / _1 : J — > I TOJKe 
HenpepbiBHa Ha J. JXflH SToro B03bMeM npoH3BOjibHbiii OTpe30K [A, B] e J (A < B) h hojiojkhm 

a = r\A), (3 = r\B) 

IIocKOjibKy, KaK mm ysce 3aMeTHjiH, f~ 1 B03pacTaeT, nojiynaeM 

a < (3 

h, onaTb Mbi sto y>Ke noKa3ajiH, cpyHKinis: / 6yji;eT Ghckthbho (h CTporo mohotohho) OTo6pa»caTb OTpe30K 
[a,/3] Ha 0Tpe30K [A,_B] = [f(a),f((3)}. 3Ha*iHT, no TeopeMe 12.3.61 o6paTHaH cpyHKinia f^ 1 : [A, B] — > 
[a, ft] TO»ce flOjiJKHa 6biTb HenpepbiBHOii. 3to BepHO fljia: jno6oro 0Tpe3Ka [A, B] G J, nosTOMy cpyHKii,Ha 
f^ 1 : J — > I ,n;ojiJKHa 6biTb HenpepbiBHa. 

flpKameM (ii). HycTb / HenpepbiBHa Ha /. 

1. Ecjih x € I = (a, b), to Bbi6paB a h ft TaK, HTo6bi x £ [a, ft] C (a, b) = I. Tor^a: 

a <a < x < ft <b 

7 Mbi ncnojii>3yeM (J)opMyjibi l|2.3.57|l hhjkc b npe^jio^eHHH 13.1.11 
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Diana 2. OYHKIXHH, EE HEllPEPblBHOCTb H IJPEJJEJl 



inf /(t) < f(a) < f(x) < f(/3) ^ sup/(t) 
xei xeI 



J 



4 

f(x)e( M f(t), sup f(t)) 

\x£I xeI J 

To ecTb /(I) C J. 

2. HHteKTHBHOCTb OTo6pa»ceHHH / : I — > J ,u;0Ka3i>iBaeTca toh ?Ke nenonKoii (|2.3.54|l . hto h fljia 
cjiynas, Korfla / - OTpe30K. 

3. CMpteKTHBHOCTb OTo6pajKeHHa / : I — > J. IlycTb y G J = (inf tg / f(t), sup teI /(£))• Tor^a: 

mff(t)<y < sup f(t) =► 3ti,t 2 e/: f (h) < y < f (t 2 ) =► 

=> l/e[/(*i)5/(*2)] 3a:G[ti;t 2 ] y = / (*) 

TeopcMa li. j.bl 

4. CHOBa HHTjCKTHBHOCTB H CHOpijCKTHBHOCTB OTo6pajKCHHa / : J — > J 03HaHaiOT, ^TO OHO HBJIHCTCH 

6iieKinieH, h nosTOMy npaBHjio 

f(x) = y x = f~ 1 (y) 

onpeflejiaeT o6paTHoe k HeMy OTo6pajKeHHe : J — > J. 

5. CTporaa mohotohhoctb (pyHKiniH : J — > / flOKa3BiBaeTCH Tax a;e, KaK h b cjiyqae, KOiyja I - 

OTpe30K. 

6. OcTaeTca npoBepHTb HenpepbiBHOCTb (pyHKinm / : J — > I. HycTB t/i < j/2 ~~ npoH3BOjiBHBie 

TOHKH H3 J. PaCCMOTpilM TOHKH Xl = / (j/l) H 12 = f (Vz) H3 7. IloCKOJIBKy (pyHKHHfl I J — > 7 

CTporo B03pacTaeT, /jojijkho bbihojihhtbch HepaBCHCTBO xi < 2:2- PaccMOTpiiM OTpe30K [xi,X2]. Ha HeM 
cpyHKinis: / HenpepbiBHa h CTporo B03pacTaeT, nosTOMy, KaK mu ysce flOKa3ajiii, / ^ojiJKHa HenpcpBiB- 
ho ii 6neKTiiBHO OTo6pajKaTb [xi,X2] Ha [/(xi), /(X2)] = [2/1,2/2]) a o6paTHoe OTo6pajKCHHe / _1 6yn,eT 
HenpepbiBHO OTo6pajKaTb [y 1,2/2] b [xi,X2]. 

H3 SToro mojkho CflejiaTb bbibo/i,, hto (pyHKin-ra / _1 : J — > I HenpepbiBHa na KajK^OM OTpe3Ke [y%, y 2 ] 
H3 HHTepBajia J. 3to aBTOMaTHHecKH osHanaeT, hto / _1 HenpepbiBHa na J. □ 

! 2.3.2. YTBepjKfleHHa, aHajiornnHBie TeopeMaM 12.3.61 h 12.3.71 cnpaB&gjHiBBi h ^jih nojiyHHTepBajiOB. Mbi 
npe^jiaraeM HHTaTejiio caMOCTOHTejiBHO hx ccpopMyjinpoBaTb h flOKa3aTB. 

§ 4 Ilpe^eji (J)yHKi],HH 

B npHMepe 12.2.51 Bbinie mbi 3aMeTHjiH, hto (pyHKiniH /(x) = {x} (^,po6Haa nacTB nncjia) pa3pBiBHa b 
TOHKe x = 1 (fla h BOo6me bo Bcex uejiBix TOHKax a € Z), to ecTb pjisi hckotopbix nocjieflOBaTejiBHOCTeit 
apryMeHTOB x n bbihojihhiotch cooTHonieHHH 

X„ ► 1, f(Xn)-/^ /(I) 

n—toc n — 

Ecjih npHrjiHfleTBCH k stoh cpyHKHiiH, to momo 3aMeTHTb, hto b noBefleHHH nocjieflOBaTejiBHOCTH f(x n ) 
HMeeTCH cjieflyiomaa npocTaa 3aKOHOMepHOCTb: ecjin x n CTpeMHTca k 1 cjieBa, to f(x n ) CTpeMHTCH k 1, 

X n > 1, X n < 1 =^ /(in) ► 1, (2.4.58) 

n— ^oo n— >oo 

a ecjin x n CTpeMHTca: k 1 cnpaBa, to f(x n ) CTpeMHTca k 0: 

x n —> 1, K x„ =^ /(x„) — > 0. (2.4.59) 

Bto Ha6jnofleHHe OKa3biBaeTca oneHB nojie3HbiM, noTOMy hto no3BOjiHeT npocTO h HarjiHflHO o6T>a:cHHTb, 
KaK Be^eT ce6a Hania (pyHKiiHH b6jih3h cbohx tohck pa3pBiBa: ecjin CKa3aTB, hto npn npii6jiH>KeHHH 
apryMCHTa k tohkc pa3pbiBa cjieBa (pyHKiiHH CTpeMHTca k eflHHHile, a npn npH6jiHJKeHHH apryivreHTa 
cnpaBa - k Hynio, to H3o6pa3HB sto rpacpHnecKH KapTiiHKOii 



mbi flaeM nejiOBenecKOMy co3HaHHio HarjiHflHBifi o6pa3, c noMomBio KOToporo Bee bohdocbi o npeppji&x 
nocjieflOBaTejiBHOCTeii BH/i,a f(x n ) peniaiOTCH 6e3 Tpyn,a. 



§ 4. npe^eji (jjyHKLfHH 

ycjiOBiie (|2.4.58p kopotko 3anHCtiBaeTca (popMyjioii 
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lim f(x) = 1, 

x— f 1 — 

h b Tclkhx cjiynaax roBopaT, hto cpyHKinin / HMeeT npe^eji cjieBa b Tomce 1. A ycjiOBHe (|2.4.59[) 3anii- 
CBiBaeTCH (popMyjiofl; 

lim /(z)=0, 

x— >l+0 

h b TaKHx cjiynaax roBopHT, hto cpyHKiniH / HMeeT npefleji cnpaBa b tohkc 1, paBHMH 0. 

B 3tom naparpacpe mm no,n,po6HO o6cyzniM noHHTHe npe^ejia cpyHKiniH. Hhjkc b rjiaBe U] 6yn,eT ,a,aHO 
ero BaxcHoe npiiMGHeHiic: c ero noMombio onpeflejiaeTCH noHHTHe npouaeodnou, Hrpaioiinie neHTpajitHyio 
pojib bo BceM MaTeMaTH^ecKOM aHajiH3e. 



(a) Onpe^ejieHHe npe,o,ejia cpyHKipra 

Korjia b §2 rjiaBbi ?? mm onpeflejiajiH npe^eji nocjieflOBaTejibHOCTii, Mbi npHBO/nijiH ppa, onpeflejieHHH: ot- 
^ejitHO fljia KOHenHoro h 6ecKOHCHHoro npejrejia. B cjiynae c npe^ejiOM cpyHKiniH CHTyainiH MHoroKpaTHO 
ycjiojKHaeTCH H3-3a Toro, hto apryMeHT cpyHKiniH x h ee 3HaneHHe f(x) MoryT CTpeMHTbca b pa3jiHHHbix 
CHTyarniax k kohchhmm BejiHHHHaM hjih 6ecKOHeHHOCTH. B cootbctctbhh c stem pa3jiHnaiOTCH leTtipe 
ochobhbix BHfla npejrejiOB cpy hkhhh , npnneM KaxflbiK H3 hex HMeeT ;xBa jipnojiHHTejibHbrx "nojiBHiia", 
noTOMy hto apryMeHT x npe/nrojiaraeTCH HHorjia CTpeMHiiniMCH k a c o/hioh CTopoHbi. 

IIpeflCTaBjieHHe 06 stoh xapTHHC jiaeT cjie/ryioiHaH Ta6jiHiia: 



THIIBI nPE^EJTOB OyHKID/lH 


OyHKHHH CTpeMHTCH 
K KOHeHHOH BCJIHHHHe: 

f(x) -> A 


OyHKIHIH CTpeMHTCJI 

k 6ecKOHenHOCTH: 
f{x) -» 00 


ApryMeHT ctpcmhtch 

K KOHeHHOH BejIHHHHe: 

x — > a 


KoHeHHBill npejreji 
b TOHKe: 
lim f(x) = A 

x—¥a 


BeCKOHCHHBIH npejTCJI 

b tohkb: 
lim f(x) = oo 

x^ra 


B03M0JKH0, C OiXHOH ctopohm: 

cjieBa 
x — > a — 

hjih cnpaBa 
x -> a + 


KoHeHHBifi npejreji 
b TOHKe a cjieBa: 
lim f{x) = A 

X— >GE— 

KoHeHHMii npejreji 
b TOHKe a cnpaBa: 
lim f{x) = A 

x— >a+0 


BecKOHCHHMH npe^eji 
b TOHKe a cjieBa: 
lim f(x) — oo 

x— 

BecKOHeHHbiii npe^eji 
b TOHKe a cnpaBa: 
lim f(x) = oo 

x~ 


ApryMeHT ctpcmhtch 

K 6eCKOHeHHOCTH: 

x — > oo 


KoHeHHBili npejreji 
b 6ecKOHenHOCTH: 
lim f(x) — A 

>oo 


BecKOHenHbiii npe/i,eji 

B 6eCKOHeHHOCTH: 

lim f(x) — oo 

x— ¥oo 


B03MOJKHO, b o,zniy CTOpoHy: 

BJieBO 

x — > — oo 
hjih BnpaBO 

x — > +0O 


KoHenHBiH npejreji 
b MHHyc 6ecKOHenHOCTH: 
lim fix) — A 

x — ^ — oo 

KoHenHbiii npejreji 
b njnoc 6ecKOHenHOCTH: 
lim f(x) = A 

x— >-\-oo 


BecKOHenHbiii npe^eji 

B MHHyC 6eCKOHCHHOCTH: 

lim f(x) = oo 

x — y — oo 

BecKOHenHBiii npe^eji 
b njnoc 6ecKOHenHOCTH : 
lim f(x) = oo 

x— > +oo 



K sthm 12 THnaM npe^ejiOB cjie^yeT /i,o6aBTi> em;e 12, cooTBeTCTByiom,Hx cjiynaaM, Kor^a (pyHKin-ra / 

CTpeMHTCH K 6eCKOHCHHOCTH c onpeflejieHHMM 3HaKOM: 
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Fji&b& 2. QYHKLIHH, EE HEllPEPblBHOCTb II nPE^EJI 



THIIbl nPE^EJlOB OYHKUHH 


OyHKHHH CTpeMHTCa 
K MHHyC 6eCKOHeHHOCTH: 


OyHKHHH CTpeMHTCH 

k njiioc 6ecKOHeHHOCTH: 


ApryMeHT ctpgmhtch 
k kohchhoh BejiHHHHe: 

x — y a 


BecKOHenHMH npe^eji 
b TOHKe: 
lim f(x) = — oo 


BecKOHenHbifl: npe^eji 
b tohkb: 
lim f(x) = +oo 

x— >a 


B03MCBKHO, C OflHOH CTOpOHbi: 

cjieBa 
x — > a — 

hjih cnpaBa 
x -> a + 


BecKOHenHMH npe^eji 
b TOHKe a cjieBa: 
lim f(x) = — oo 

x— >a— ' 

BecKOHenHMH npe^eji 
b TOHKe a cnpaBa: 
lim /(a;) = — oo 

x— >a+0 ' 


BecKOHenHbiH npe^eji 
b TOHKe a cjieBa: 
lim f(x) = +oo 

x— >a+0 ' 

BecKOHenHbifl: npefleji 
b TOHKe a cnpaBa: 
lim f{x) = +oo 

i-a+0 ' 


ApryMeHT CTpeMHTCH 

K 6eCKOHeHHOCTH: 

.T — ^ OO 


BecKOHeHHBiii npe^eji 

B 6eCKOHeHHOCTH: 

lim /(x) = — oo 

x~ >oo 


BecKonenHbiH npe^eji 
b 6ecKOHeHHOCTH: 
lim f(x) = +oo 

x— >oo ' 


B03MO)KHO, B OJTHy CTOpoHy: 
BJieBO 

x — > — oo 

hjih BnpaBO 

a; — > +oo 


BecKOHeHHBiii npe^eji 

B MHHyC GeCKOHeHHOCTH: 

lim / (a; J = — oo 

x— > — oo 

BecKOHeHH&iii npejieji 
b njnoc GecKOHeHHOCTH: 
lim fix) = — oo 


BecKOHenHbifl: npe^eji 
b MHHyc 6ecKOHenHOCTH: 
lim f(x) = +oo 

x— > — oo 

BecKonenHbiH npe^eji 
b njiioc 6ecKOHeHHOCTH: 
lim /(x) = +oo 

rr^+oo 



TaKHM o6pa30M, hto6m onpejiejiHTb npe,n,eji <pyHKHHH, Hyaoio cpopMajibHO ccpopMyjinpoBaTt 24 pa3- 
hmx onpeflejieHHH. HtoGbi He yTOMjiHTb HHTaTejia TcIkhmh Bpa3yMjieHHHMH, o6biHHO nocTynaiOT HHane. 
ToBopaT Tax: nycTB oii o6o3HanaiOT mrcjia, hjih chmbojibi GecKOHenHOCTH, bo3mojkho c onpejxejieHHMM 

3HaKOM 

a,4el hjih a, A = oo, — oo, +oo 

h nycTb jj,jih BCHKOro TaKoro a 

npoKOJiomou oKpecmHocm-bm bcjihhhhbi a Ha3biBaeTCH BCHKoe mhojkcctbo BH^a 



U = < 



(a — (5, a) U (a, a + 5), rjj,e <5 > ^ecjni a - hhcjio 

(— oo, — E) U +oo), r,u;ei?>0 ^ecjnia = oo^; 

(— oo, — E), rflfi E > I ecjiH a = — oo ) ; 

(E, +oo), r,u;ei?>0 I ecjin a = +oo 1 ; 

jieeoil nojiyoKpecm,Hocm'bK> a Ha3biBaeTCH bchkhh HHTepBaji BHiia 

U = (a — 5, a), rpp 5 > ^ecjni a - hhcjio^ 
npaeou nojiyoKpecmHocmbw a Ha3biBaeTCfl: bchkhh HHTepBaji BHjj,a 

U = (a, a + (5), rfle 5 > ^ecjni a - hhcjio^ 

^ajiee cjiejxyeT onpejj,ejieHHe, BnepBbie ccpopMyjinpoBaHHoe hcmci^khm MaieMaraKOM TeHpHxoM TeiiHe: 8 
• BejiHHHHa A Ha3biBaeTCs npedejioM cfjyHKV,uu f{x) npn x CTpeMani,HMCa k a 

A = lim f(x) (f(x) — ► A) 

x^a \ x^a / 



CCJIH 



1) ,f{x) onpeflejieHa b HeKOTopoii bbikojiotoh OKpecTHOCTH U bcjihhhhm a h 



8 TeHpHx TeftHe (1821-1881) - H3BecTHbiit HeMeu,KHit m£it6m£ithk, no3T h ny6jiHu;HCT (1797-1856). 



§ 4. Ilpefleji (pyHKLfHH 
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2) /jjih jik>6oh nocjieflOBaTejibHOCTH x n G U, CTpeMHineiicH k a 

x n — > a ( x n ^ a ) 

n— >oo \ / 

cooTBeTCTByiomaH nocjieflOBaTejibHOCTb 3HaHeHHH f(x n ) ctpgmhtch k A: 

f{x n ) — > A 



n— >oo 



OT^ejibHO onpeflejiaiOTCH o/THOCTopoHHHe npe,n,ejibi: 
• BejiHHHHa A Ha3i>iBaeTCH npedeAOM cjieea (cnpaea) cf}yHKV,uu f(x) b t 0*1x6 a 

A= lim f(x) (a= lim /ft 

x— >a— \ x— >a+0 

ecjiH 

1) f(x) onpe,n;ejieHa b HeKOTopoii jieBoft (npaBoft) nonyoKpecTHOCTH U tohkh a 11 

2) ,h,jih jik)6oh nocjieflOBaTejibHOCTH x n & U , CTpeMHineiicH k a 



Xn 

n— >oo 



a (x n ^ aj 

cooTBeTCTByiomaH nocjieflOBaTejibHOCTb 3HaHeHHH f{x n ) CTpeMiiTca k A: 

f(x n ) — > A 



n— >oo 



IlepenHineM sth oGmne onpe,n,ejieHHH ,n,jrH hgko- 

TOpblX KOHKpeTHblX CHTyaiHlft. 



o 2.4.1 (KOHeHHtifi npe,n,eji cpymcirnn b TOixe 
no TeHHe). IlpiiMGHiiTejibHO k cjiynaio kohchho- 
ro npeflejia cpyHKHHH b tohkc Haine onpe^ejieHHe 
mojkho ccpopMyjinpoBaTb cjie/ryionniM o6pa30M. 

Hhcjio A Ha3biBaeTca npedejioM cpyHKHHH / b 
tohkc nel, ecjiH 

1 ) cpyHKHHH / onpeflejieim Ha hgkotopom mhojkc- 
CTBe BHfla (a — 5; a) U (a; a + 5), 11 

2) /yiH bchkoh nocjieflOBaTejiBHOCTH apryMeHTOB 
{x n }, CTpeMHineiicH k tohkc a, ho He nona^a- 
ioihch b a 



x n — > a x n G (a — 6; a) U (a; a + S) 

n— >oo 



cooTBeTCTByiomaH nocjieflOBaTejibHOCTb 3Hane- 

HHE CpyHKHHH {/(^n)} CTpeMHTCH K HHCJiy A\ 



f{Xn) > A 

n—>-oc 



B 3tom cjiynae iraniyT 

f(x) — ► A 

HJIH 

lim /(x) = A 

o 2.4.2 (KOHeHHtiii npe,n,eji cpyHKirmi b TOHKe 
cjieBa no TenHe). Hhcjio A Ha3MBaeTCH npedeAOM 
cjieea cpyHKHHH / b tohkc a, ecjiH 

1) cpyHKHHH / onpe,u;ejieHa Ha HeKOTopoM HHTep- 
Bajie BHfla (a — 6; a), h 

2) pflsi bchkoh nocjieflOBaTejibHOCTH apryMeHTOB 
{x n }, CTpeMHiHeiicH cjieBa k tohkc a 

x n — > a x n G (a — (5; a) 

n— >oo 

cooTBeTCTByiomaH nocjieflOBaTejibHOCTb 3Hane- 

HHE CpyHKHHH {f(x n )} CTpeMHTCH K HHCJiy A: 

f(x n ) — > i4 

n— J-oo 
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B 3tom cjiynae nninyT 



x^a—O 



HJIH 



lim f(x) = A 

x— ¥a— 



o 2.4.3 (6ecKOHeHHBifi npe^eji cpymcirnn b 
TOHKe no TeHHe). Tobopht, hto cpyHKHHH / cmpe- 
MumcM k oo) b tohk6 a, ecjiH 

1) cpyHKHHH / onpejrejieHa Ha hgkotopom mhojkb- 
CTBe BHfla (a — 5; a) U (a; a + 5), h 

2) ,zyis bchkoh nocjieflOBaTejibHOCTH apryMeHTOB 
{x n }, CTpeMHiHeifcH k to^ke a, ho He nona^a- 
K>meH b a 



X n r CI 

n— >oo 



.T n G (a — <5; a) U (a; a + 5) 



cooTBeTCTByioiHaH nocjie^OBaTejibHOCTb 3Hanc- 

HHH CpyHKHHH {/(x n )} CTpeMHTCH K OO! 



f{Xn) 



OO 



B 3tom cjiynae nninyT 

f(x) — > +oo (hjih — oo, hjih oo) 

x— >a 

HJIH 

lim f(x) = +oo (hjih — oo, hjih oo) 



o 2.4.4 (KOHeHHtiii npe^eji cpyHKn,HH b 6ecKO- 
HeiHOCTH no refine). Hhcjio A Ha3biBaeTCH npe- 
dtJiOM cf}yHKV,uu f npu x — > +oo, ecjin 

1) (pyHKH,Ha / onpeflejieHa Ha HeKOTopoM HHTep- 
Bajie BHfla (E; +oo), h 

2) jijih bchkoh nocjiejj,OBaTejibHOCTH apryMeHTOB 
{x n } C (/3;+oo), CTpeMHmeflcH k +oo 



ir„ — >• +oo 

n— yoo 



cooTBeTCTByiomaH nocjiejj,OBaTejibHOCTi> 3HaHe- 

HHH CpyHKHHH {f(x n )} CTpeMHTCH K HHCJiy A: 

f(x n ) — > i4 



B 3tom cjiynae nnuiyT 



x— > +oo 



HJIH 



lim f(x) = A 

x— >+oo 



> 2.4.1. CcpopMyjinpyHTe onpejrejieHHH npejrejia 

CpyHKHHH flJIH OCTajIbHblX CHTyaHHH, OnHCaHHblX B 

Asyx Ta6jiHii,ax stoto naparpacpa, h npHBe/niTe rpa- 

CpHHeCKHe HJIJIIOCTpaHHH. 

> 2.4.2. HapncyHTe rpacpHK KaKOH-HH6yzr£> cpyHK- 
h,hh / : M — > R, yn,OBjieTBopaiOHi,eH cjiejxyronniM 
ycjiOBHHM (BceM cpa3y): 



1) 


lim f(x) 

x — y — OO 


= -2; 


2) 


lim f(x) -- 

x— > — 1 


= 0; 


3) 


lim f(x) 

x— >1 — 


= — oo; 


4) 


lim f(x) 


= 2; 


5) 


lim /(a;) 

X— s- + oo 


= +oo; 



(b) HaxojK^eHHe npe^ejia cbyHKUHH no onpe^ejieHHio 



§ 4. Tlpe^eji (^tymnxan 



153 



o 2.4.5. IIoKajKeM hto o 2.4.8. noKa»ceM hto 

,. 1 x 2 + l x 2 + l 

lim - = oo lim — = 1 lim 



x^ox x^+oo \ x \(x + 1) x->-oo |a;|(x + l) 

^eiicTBHTejibHO, ecjiH b3htb nocjieflOBaTejibHOCTb ^eiiCTBHTejibHO, ecjin b3htb nocjieflOBaTejibHOCTb 
apryMenTOB {x n }, CTpeMHmyioCH k nyjno, ho ne no- apryM e H TOB {x n }, CTpeMHnryiocH k +oo, 
naflaromyio b HOjib 

x n — > +oo 

x n — > x n ^ n ~>°° 

n— > oo 

TO Mbl nojiyHHM 

TO Mbl nOJiyHHM 

x 2 + 1 

_L , lim f(x n ) = lim 



f( x n)— x n — ^ 00 n->-oo " n^oo |x„|(a; n + 1) 

kn|=X«, \ Xl+l 



_ / |x„| =x n , \ _ 

3to BepHO ajih bchkoh nocjienoBaTejibHOCTH = noTOM) ' HTO I = Hm 

-, ynoiTH Bee x n > 0/ n— >oo :r n (^ n ~r -L J 



./ „ — > :r n 7^ 0, nosTOMy lim - = oo. 

n— foo a;— yO x 



o 2.4.6. IloKajKeM hto 



t 

.HGJIHM HHCJIHTGJIfc 

h 3HaMeHaTejib Ha 



v x + 2 1 1 + 4 / x 1+n 

11111 — — — n . X n / npilMCHHCM \ x \ u 



x— >oo 



2x - 1 2 = Jim - ^eopcMylfojj = T-p5 = 1 



^eiicTBHTejibHO, ecjiH B3HTb nocjieflOBaTejibHOCTb 

apryMeHTOB {x n }, CTpeMsmyiocH k 6ecKOHeHHOCTH ^ TO Be P H0 Wra bchkoh nocjienoBaTejibHOCTH 



x n — > oo 

n—too 



x n — > +oo, nosTOMy x Hrn^ j^^j = 1. 



AHajiorHHHO, ecjin 

to Mbi nojiy^HM ^ ^ _ Q0 



n— > oo 



/./ \ %n + 2 1 + ■ rn 1 TO MM nOJiyHHM 

J{Xn >- 2x n -l ~ 2-± «^oc 2 

x 2 + 1 

lim f Ct "l = lim 

3tO BepHO flJIH BCHKOH nOCJieflOBaTejIbHOCTH n->oo n^too 



n-x» |x„|(a; n + 1) 



x„ — > oo, nosTOMy lim „ a+2 1 = h. , , , s k,, 

J 2^0 2a; - 1 2 / |Xn|="Xn, \ CC 2 +1 



n— >-oo 



noTOMy ^ito 



lim 



O 2.4.7. Il0Ka>KeM HTO \ no11 ™ BCC < °J -^n(^n + 1) 

V v ' 

r 1 r 1 T 

JjfQ = qq Hm = -["OO fleJIHM MHCJIHTeJIb 

a:— >0— X x— >-0+0 X h 3HaMeHaTejii> Ha a:^ 

,HeHCTBHTejIbHO, eCJIH B3STb nOCJie^OBaTejIbHOCTb .. ^ / npHMCHHeM \ 1+0 _^ 

apryMeHTOB {x„}, CTpeMamyroca k cjieBa, n->oo —1 3- \^TeopeMy[TX3y —1 — 

a^n x„ < 3to BepHO ^yia bcskoh nocjienoBaTejibHOCTH 

cc n — > — oo, nosTOMy lim , x u ^ ; = 1. 
TO Mbl nOJiyHHM n-too x-y-oo \ X \( X + L ) 

I o 2.4.9. IloKa>KeM hto 

lim = (npHMeHaeM TeopeMv ll.l.3j) — — OO 

n—>oo x n 1 

lim — = 

„ X-> + 00 X 6 

Sio BepHO fljia bchkoh nocjienoBaTejibHOCTH 

x n x n < 0, nosTOMy km - = — oo. ^encTBHTejibHO, ecjin b3htb nocjie^OBaTejibHOCTb 

AHajiorHHHO, ecjiH apryMeHTOB {x n }, CTpeMHmyioCH k oo, 



X n > OO 

n— >oo 



X n > X n > 

n— > oo 

TO Mbl HOJiyHHM TO MM nojiyHHM 

lim — = (npHMOHHCM Teo P eMy[TX3j) = +oo lim f(x n ) = lim ( — ] = ("d^omTiTXsi) = 



3to Bepno fljia bchkoh nocjienoBaTejibHOCTH 3to BepHO fljia bcskoh nocjienoBaTejibHOCTH 
x n — > x n > 0, nosTOMy lim i = +oo. Xn — > oo, nosTOMy lim -4 = 0. 
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1 — > 1 

n— f oo 



-00 



o 2.4.10. IIoKajKeM hto cpyHKHiiH f(x) = cosx He 
HMeeT npe^ejia npH x — > +oo: 

$ lim cos x 

x— >-+oo 

Bo3bMeM CHanajia nocjieflOBaTejibHOCTb apryMeH- 

TOB 

x n = 27m — > +oo 

n— >oo 

Torfla mm nojiyHHM 

f(x n ) = cos:r„ = cos 27m 
C flpyroii ctopohm, ecjiH B3HTb 
a;„ = 7r + 27m — > 

n— yoa 

TO MM nOJiyHHM 

f{Xn) = C0SX n — COs(7T + 27m) = —1 > —1 

n— > oo 

TaKHM o6pa30M, mm nojiynaeM, hto ecjin b3hti> o,n,- 
Hy nocjieflOBaTejibHOCTb apryMeHTOB x n — > +00, 

n— ¥ oo 

to cooTBecTByiomaH nocjie^OBaTejibHOCTb f(x n ) 6y- 
,n,eT CTpeMHTbca k oflHOMy HHCJiy (A — 1), a ecjm 
B3aTb /rpyryio nocjieflOBaTejibHOCTb x n — > +00, 

n— ¥ oo 

to f(x n ) 6ya,eT CTpeMHTbca k /rpyroMy nncjiy (A = 
-!)■ 

3to 03HanaeT, hto cpyHKHHH /(x) = cosx He 
HMeeT npe^ejia npn x — > +00, noTOMy hto HHane 

f(x n ) flOJIJKHO 6bIJI0 6bl CTpeMHTBCH K 3TOMy KOH- 

KpeTHOMy npe/i,ejiy A, He3aBHCHMO ot Toro, KaKyio 
6epenib nocjieflOBaTejibHOCTb x n — > +00. 



o 2.4.11. IIoKajKeM hto 



lim \x\x = +00 



lim \x\x = —00 

x— > — oo 



fleiicTBHTejibHO, ecjiH b3htb nocneflOBaTejibHOCTb 
apryMeHTOB {x n }, CTpeMHinyiocH k +00, 



x n — > +00 
n— > 00 



TO MM nojiyHHM 



lim /(a;„) = lim \x n \x r , 



\x n \ — x n , 

noTOMy hto ] = lim X, n — + OG 
noMTH Bee a:^ > / 



3TO BepHO flJIH BCSKOH nOCJieflOBaTCJIbHOCTH 

i„ — > +00. nosTOMy lim = +00. 

n— foo :r— >+oo 

Bo3bMeM Tenepb nocneflOBaTejibHOCTb apryMeH- 
TOB {x n }, CTpeMHHXyiOCH k -co, 



x n — > —00 

n— >-oo 



Tor,n;a 



lim f(x n ) = lim \x n \x r , 

n— >oo n— ^00 

/ \x n \ — — a;„,noTOMy hto\ 

I no^TH Bee a:^ < 



= — lim X„ = — C 



3to BepHO fljia bchkoh nocjieflOBaTejibHOCTH 
a;„ — > —oo, nosTOMy lim \x\x = — oo. 



x — > — oo 



Teopeivra 2.4.1 (o CBH3H Meacfly HyjieBtiM h GecKOHeHHtiM npe/i,ejiaMH) . Ilpede/i (fiyHKv,uu f npu 
x — > a paeen hi/aw e moM u moA-bKO e moM cjiyuae, ecAU npedeA o6pamHou (fiyHKi^uu y npu x — > a paeen 
6ecK0HeHH0cmu: 

lim f(x) = lim — - = oo. (2.4.60) 

x— >a x— ya J ^x) 

/JoKaaameAbcmeo. 3to cjie^yeT H3 TeopeMbi 11.1.31 o cbh3h MejKfly 6ecKOHenHO 6ojh>ihhmh h 6ecKOHen- 
ho MajibiMH nocjieflOBaTejibHOCTHMH: ecjiH x n — > a, to cooTHomeHne y n — f(x n ) — > SKBHBajieHTHO 

COOTHOIHCHHK) — = ,/ ; — > OO. □ 



o 2.4.12. IlocKOjibKy sto BepHO pjin jho6oh nocjieflOBaTejib- 

hocth x n — > 0, mm nojiynaeM, hto 



h 0, ecjiH k > 
hm x k = < 

oo, ecjiH k < 



(2.4.61) x k — ► (k > 0) 



2. IlycTb fc < 0. Tor^a m = — fc > 0, nosTOMy: 

J^OKa3ameAt>cmeo. 1. IlycTb fc > 0. Tor,n,a 

X m y (y>KC flOKa3aHo) 

x n — > 

4J- I2.4.60t 

JL (cbohctbo 3° Ha c l93t h 

v — X = > oo 

x m x^a 

(x n ) k ^0 □ 



§ 4. npe^eji (jjyHKLfHH 
o 2.4.13. 



lim x k = < 


OO, 


ecjiH k > 




X— >OD 


[0, 


ecjiH fc < 



(2.4.62) 



JJ : 0Ka3ameA'bcm60. 1. HycTb fc > h 



x n — >■ oo 



06o3HaHHM y„ = — . Tor^a 



y n y fTeopcMa ll. 1.3l 

x— >0 



-1J- (cbohctbo 3° Ha c l93t 



(yn) fc — > o 

x— >0 



•Jj- fTeopeMa |1.1.3ll 

l 



00 



(Vn) k ^0 

IIocKOjibKy 3to BepHO fljia jiio6oii nocneflOBaTejib- 
hocth x n — >■ oo, mm nojiyraeM, hto 

x fe — ► oo (fc > 0) 

>oo 

2. IlycTb fc < 0. Toiyja m = — k > 0, nosTOMy: 

^ m > OO (y^Ke flOKa3aHo) 

x— > oo 

J| 1 12. 4. 601 



1 







X >-oo 



o 2.4.14. ,Hjih jiro6oro n G N 



lim a; 2 ™ = +oo 

x— > — oo 

lim x 2 ™ = +oo 



o 2.4.15. ,Hjih jiro6oro n G 
lim x- 2n = 



lim 2; 



-In ^ q 

o 2.4.16. J\jih jiro6oro neN 

lim x 2,l_1 = -oo 

a;— > — oo 

lim a; 2 " -1 = +oo 

x— v+oo 

o 2.4.17. ,Hjih jiio6oro n G N 

lim x~ (2n - 1] = -oo 
lim a;^ 2 ™- 1 ) = +oo 
lim a^ 2 "- 1 ) = 



» 2.4.1. IloKa>KHTe hto 
1) Km M = 1 

x->+oo x 



□ 



2) lim 

X — Y — OO 



\x\ 
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(2.4.63) 
(2.4.64) 



(2.4.65) 
(2.4.66) 



(2.4.67) 
(2.4.68) 



(2.4.69) 
(2.4.70) 
(2.4.71) 



(c) CB33fa Me^Kfiy OflHOCTOpOHHHMH H flByCTOpOHHHMH npeflejiaMH 
TeopeMa 2.4.2. Bejiununa A 6ydem npedeAOM (p"yHKV,uu f e moHKe a 

A = lim f(x) 

x^ra 

mozda u moM>KO mozda, Kozda A neAKemcsi npedeAOM CAeea u npedeAOM cnpaea (p"yHKV,uu f e moHKe a: 

lim f{x) = A = lim f(x) 

x—>a—0 x— >a+0 

/JoKasameAbcmeo. 1.EgjihA = lim f(x), to /jjih jiio6oii nocneflOBaTejibHOCTii x n — > a, x n ^ a ^ojijkho 

x— >a n— >-oo 

BbinojiHHTBCH f(x n ) — > A. B nacTHOCTH, ecnii x n — > a, x n < a to f(x n ) — > A, h nosTOMy 

n— >oo n— >oo n— >-oo 

A = lim f(x). AirajiorimHO nojiy^aeTCH A = lim f(x). 

x— fa+0 

2. Hao6opoT, ecjin lim fix) = A = lim f{x) 1 to sto 03HaiaeT, ito 

x— >a— a;— >a+0 

Vx„ — >■ a, x n < a => f(x n ) — > A 

n— ^oo n— foo 

H 

Vx„ — >■ a, x n > a =4- /(x„) — > A 

n— foo n— ^oo 

IIosTOMy ecjiH b3htb nocjieflOBaTejiBHOCTb x n — > a, x n =/= a to, pa3jiojKHB ee na /me noflnocjieflOBa- 

TejIBHOCTH 

^5 ^^fc ^ ^ J i 1 ^mfc ^ ^5 Xm. ^> ft j 



fc- 
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mm nojiyHHM 



f( x n k ) > A, f(x mk ) > A 

K— >oo k— >oo 



3to 03HanaeT, hto 

f(x n ) — ► A, 

n— >-oo 

IIocKOjibKy 3to BepHO ,h,jih jik)6oh nocjie^OBaTejibHOCTH x n — > a, x n ^ a, mm nojiynaeivi A = lim /(#). 

n— !-oo ' !-a 

□ 

TeopeMa 2.4.3. BejiuuuHa A 6ydem npedejioM <fiyHKv,uu f na 6ecK0HeHH0cmu 

A = lim f(x) 

x— >oo 

mozda u moJibKO mozda, nozda A sieAKemcsi npedejioM aiyHKV,uu f npu x cmpeM^muMCH k —00 u k +00: 

lim f(x) = A = lim f(x) 

x— > — 00 ' x— Hoc ' 

/JoKaaameAbcmeo. 1. Ecjih ^4 = lim /(x), to /tjih jno6oft nocjieflOBaTejibHOCTH x n — ^ 00 flOjracHO bu- 

2;— >oo n— >oo 



nojiHHTbca f(x n ) — >■ A. B nacTHOCTH, ecjiH x„ — > —00 to f(x n ) — > A, h nosTOMy A = lim /(x). 

n— >oo n— >oo n— >oo 

AHajioriiHHO nojiy^aeTCH A = lim /(x). 



a:— >+oo 

2. Hao6opoT, ecjin lim f(x) = A = lim f(x), to sto 03HaHaeT, hto 

x— } — 00 ' a;— >+oo ' 

Vx„ — >• -00 /(x„) — ► A 



Vx„ — >• +00 f(x„) — > A 

n—too n-^co 

ITosTOMy ecjiH B3HTb nocjieflOBaTejibHOCTb x n — > 00 to, pa3jiojKHB ee Ha flBe no/niocjieflOBaTejiBHOCTH 



Mbi nojiyHHM 



— > -00, x mk — > +00, 

k— >oo k— >oo 



f( X n k ) >■ A, f{x, nk ) > A 
k— i-00 K— >oo 



3to 03HanaeT, hto 

/(&„) — )• A, 



ITocKOjibKy 3to BepHO pjin jik)6oh nocjieflOBaTejiBHOCTH x n — > 00, mm nanynaeM A = lim f(x). □ 



o 2.4.18. IloKajKeM hto 
-1 



lim — 

x->-0-0 X 



lim a 

z- s-0+0 a; 



fleiicTBHTejiijHO, ecjiH b3htb nocneflOBaTejibHOCTB 
apryMeHTOB {x„}, CTpeMamyiocH k cjieBa, 



x n — > 

n— 7-00 



TO MM nOJiyHHM 



lim — 

ra->oo x„ 



\x n \ — —x n 
nocKOjitKy 
x„ < 



X n < 



lim 



= lim (-1) = -1 

n— >oo 



3to Bepno bchkoh nocjieflOBaTejitHOCTH 

x„ — >■ x n < 0, nosTOMy lim — = — 1. 

n— i-oo ....... 

AHajiorHHHO, ecjiH 



X -5-0-0 



to mm nojiyHHM 



lim 



\ Xn \ /M = *n,\ 



nocKOjitKy I 



lim — = lim 1 = 1 



ra-S-oo x n \ x n > / n-s-oo X 

3to BepHO ,u;jih BcaKoii nocjie,n;oBaTejiBHOCTH 
x„ — > x„ > 0, nosTOMy lim — = 1. 

n— i>oo x— >0— 2 
O 2.4.19. IlOKajKeM HTO 



lim 



x 2 -l 



► i-o \x - 11 



= -2 



lim — 

■-s-i+o \x - 1 



^eiicTBHTejHjHO, ecjiH b3htb nocjieflOBaTejibHOCTb 
apryMeHTOB {x n }, CTpeMamyioca k 1 cjieBa, 



x n y 1 x n <c 1 

n— 7- 00 



X n > 

n— >oo 



x„, > 



TO Mbi nojiyHHM 



§ 4. Tlpe^eji (^tymnxan 
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x — 1 
lim -j— - : = lim 

n->oo \x n — 1| n— ¥<x. 

\x n - 1| = -(x n - 1), 
nocKOJiijKy x n — 1 < 



(x n + l)(x n - 1) 



X n - 1| 

(Xn + l)(x n - 1) 
So -(x„ - 1) 

lim (Ta^n+ 1) = -2 



lim 



n— >oo Xn 



lim (x„ + x n ) = 



lim 



1 



3TO BepHO pjlSl BCHKOH nOCJICflOBaTejIBHOCTH 



x n — > 1 x n < 1, nosTOMy lim 

n— >oo ' 1 



= -2. 



AHajioriiHHO, ecjiH 



1 x n > 1 



3to BepHO fljia bchkoh nocjie^OBaTejiBHOCTH 



x„ > 0, noaTOMy lim 



o+o l x l 



1. 



Mm nojiynaeM, hto pjin cpyHKinin /(x) — — ^ — 
jieBBifi ii npaBBifi npe,a,eji b toikc coBnaflaiOT, no- 
STOMy 



lim 



X 2 + X 3 



lim 



x 2 + X 3 



lim ; ; — = 



x-J-0 |x| x-J-0-0 |x| z-s-O+O |x| 

o 2.4.21. IloKa>KeM hto 



to mh nojiyniiM 

,. x n -l (x„ + l)(x„ - 1) 
lim = hm j j 

n-K» |<E n — 1| n-+oo \X n — 1\ 

_ ( \x n - 1| = x n - 1, 
\ nocKOjibKy a;„ , — 1 > 

(x„ + l)(x„ - 1) 



lim 



X'n 1 



lim (r^n+ 1) = 2 

\ 



3TO BepHO pjlSl BCHKOH nOCJICflOBaTCJIBHOCTH 

2_-| 

x„ — > 1, x„ > 1, nosTOMy lim fr = 2. 



o 2.4.20. IIoKajKeM hto 



x 2 + x 3 



lim 

x->o Ixl 



= 



Bo3bMeM CHanajia nocjieflOBaTejibHOCTb apryMeH- 
tob {x n }, CTpeMHin,yioca k cjieBa, 



x n — > x„ < 

n— >oo 



Torfla 



l im X " ± ^ = f 

n— »oo \x n \ \ 



\x n \ — —x n , 
nocKOJibKy x n < 



rv«2 I rp 3 

lim X " + a; " 

Tl->00 — X„ 



lim (-x„ - x 2 ) = 



3TO BepHO pjlSl BCHKOH nOCJICflOBaTCJIbHOCTH 

2, 3 

— ^ x„ < 0, nosTOMy lim z , f = 0. 

n->co ' x->-0-0 m 

AHajiorHHHO, ecjiH 

X n > X n > 



lim : — - = +oo 

rr->0 |x| 

^eiiCTBHTejibHO, ecjiH b3htb nocjieflOBaTejibHOCTb 
apryMeHTOB {x„}, CTpeMHinyiocH k cjieBa, 



X n > 

n— >-oo 



x„ < 



TO MM nojiyHHM 



lim 

ti-hx \x n \ 



:J ( 



l^n I — — j 
noTOMy mto x n < 



lim — 

n->oo x„ 



upHMSHHeM 



i TeopeMy 11.1.3 



+OO 



3TO BepHO flJIH BCHKOH nOCJICflOBaTCJIBHOCTH 

x n — > x n < 0, nosTOMy lim - = +oo. 

tnoo a;— >0— a 



AHajiorHHHO. ecjni 



X n > 



x„ > 



TO mbi nojiyHHM 



n->oo |x„ I ( 



la;^! — x n , 
noTOMy ^ito x n > 



lim — 



(npilMCHHCM \ | 
TeopeMy [TX3]J — ' 00 

3to BepHO fljia bchkoh nocjieflOBaTejibHOCTH 
— > x„ > 0, 

n— >oo 

Mbi nojiy^mjiH 



x„ — > x n > 0, nosTOMy lim - = +00 

n— >oo x— >0+0 31 



lim - — - = +00 = lim - — r 

x->o-Q \x\ x^a+a \x\ 



TO Mbi nojiyHHM 



h 3to osHa^iaeT ^ito 



lim X n +X " 
n->oo |x n | 



/ |x„| = a„, 

\ nocKOjitKy x n > 



lim — 

x->o \x\ 



(d) IIpe,zi,eji cJjyHKi^HH h MOHOTOHHbie nocjie/i,OBaTejii>HOCTH 

Onpe^ejieHHe npe^ejia no Kohih ynpomaeT ,n;oKa3aTejibCTBO cjie^yiomero (paKTa. 
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TeopeMa 2.4.4. 9 Hycmb tf>yHKv > ufi f onpedejiena na HenomopoM uwmepeajie (a, b) u C - npou3eoJibnoe 
hucao. Tozda cAedywiu,ue ycAoeusi aKeueaJienmHu: 

(i) lim f(x) = C; 

x— Yo— 

(ii) djiR mo6ou MonomoHHOu nocjiedoGameAbHocmu x n 

xi < x 2 < ... < x n < ... < b, x n — > b (2.4.72) 

n— >oo 

etinoAHHemcsi 

f(x n ) — ► C (2.4.73) 

71— >OC 

/JoKa3ameAt>cmeo. 5Icho, hto h3 (i) cjie/jyeT (ii), noTOMy hto eanii lim f(x) = C, to f(x n ) — > C 

x— yb— n->oo 

jho6oh nocjie^OBaTejiBHOCTH x n — > b, x n < b (Heo6H3aTejibHO mohotohhoh). ^Q,OKa>KeM, hto Hao6opoT 

71— VOO 

ecjiH (i) He BbinojiHaeTca, to He BbinojiHaeTCH h (ii). IlycTb lim f{x) ^ C, to ecTb cymecTByeT TOHKa 

x— yb— 

nocjieflOBaTejibHOCTb x n <E M Tanas hto 

ie„ e (a, 6) & — S> a & f(x n )-/^ C 



n— >oo 



n— >-oo 



IIjiaH HaniHx fleiicTBHH coctoht b tom, HTo6bi, nepexoflH ot i„ k ee noflnocjieflOBaTejibHOCTHM, nocTpoHTb 
CTporo MOHOTOHHyio nocjieflOBaTejibHOCTb c tcmh »ce CBOiicTBaMH. 

1. IIpejKfle Bcero, no CBOiicTBy noflnocneflOBaTejibHOCTeii 2° na c !105l BTopoe ycjiOBHe 03HanaeT, hto 
cymecTByeT e > h nocjieflOBaTejibHOCTb HaTypajibHbix HHceji rik — > 00, Taiaie hto 

VfceN /(a: n Jg(C-e;C + e) 
06o3HanHB = x nk , mbi nojiyHHM nocjie/i,OBaTejibHOCTi> c TamiH CBOiicTBaMH: 

Vk&(a,b) k y k — ► a & Vfc € N /(ifc) £ (C - e; C + e) 

2. Ilocjie 3Toro mm HHnyKTHBHO onpeflejiHM ppe nocjienpBaTejibHOCTH k rn h t m . CHanajia nojiaraeM 

ki = 1, ti= yi 



3aTeM, ecjiH p/in m = 1,...,/ HHCjra k m h i m onpe,nejieHbi, mbi 3aMenaeM bot hto. IlocKOjibKy a < y k , 

b !+1 jiexm 



y k — > a h a < t/, HaiifleTca Taxoe fc;+i, hto j/fc !+1 jicjkht b HHTepBajie (a; t;): 



Bbi6npaeM TaKoe fc; + i h nojiaraeM 

= Vki +1 

IIojiyHeHHaH nocneflOBaTejibHOCTb t m = z m+ \ o6jia r naeT HyaoibiMH HaM CBOiicTBaMH. Bo-nepBbix, (xaK h 
,Hjih x n h yk) see HHCjia t m jiescaT b HHTepBajie (a, &): 

t rn £ (a, 6) 

Bo-BTopbix, nocjieflOBaTejibHOCTb t m , KaK no,nnocjieflOBaTejibHOCTb t/^, ^ojBKHa CTpeMHTbca k a: 

m— too 

B-TpeTbHx, nocjie/i,OBaTejibHOCTb 3HaHCHHft / na Heft He 3axoniiT b HHTepBaji (C — e; C + e): 

VmeN /(tm) = /(«fc m )^(C-e;^ + e) 
H, B-neTBepTbix, OHa CTporo mohotohhe; 

□ 



9 3Ta TeopeMa iicnojib3yeTCH b rjiaBe ?? npH ,n;oKa3aTejibCTBe npaBHJia JIonHTajin ^jih pacKpBiTHH Heonpe^ejieHHOCTefi 
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3aMeHoii nepeMeHHOii flOKa3tiBaeTca CHMMeTpiiuHoe yTBep?K/i,eHHe: 

TeopeMa 2.4.5. Ilycmb cf}yuKu,ufi f onpedeAeua na uenomopoM uumepeaAe (a, b) u C - npou3eoAbuoe 
hucjio. Tozda CAedymmxie ycAoeusi SKeueaAeumuu: 

(i) lhr i f(x) = C; 

x^a+O 

(ii) djiH aw6ou MOHomoHHOu nocAedoeameAbuocmu x n 

a < ... < x n < ... < x 2 < Xi < b, x n — > a 

n— >oo 

eunoAunemcsi 

f(x n ) — ► C 

n— ^oo 

(e) Ilpe^eji mohotohhoh cpyHKijHH 

TeopeMa 2.4.6. Tlycmb cjiyuKuiisi f onpedeAeua ua ueKomopoM unmepeaAe (a, b) u MonomoHHa ua ueM. 
Tozda 

ccau f Hey6ueaem, mo 

lim f(x) = inf f(x) lim f(x) = sup f(x) (2.4.74) 

x^a+0 xe(a-b) x^b-0 xe(a;b) 

— ecAU f neeoapacmaem, mo 

lim f(x) = sup f(x) lim f(x) = inf f(x) (2.4.75) 

x^a+O xe(a:b) x^b-0 xe{a;b) 

(f) KjiaccHnecKHe TeopeMM o npe^ejiax 
Cbh3b MejKfly noHHTneM npe^ejia h HenpeptiBHOCTtio. 

TeopeMa 2.4.7 (KpirrepHH HenpeptiBHOCTJi). Ilycmb q^ynnuxiK f onpedeAeua na uenomopoM unmep- 
eaAe (a;/3), codepmcamfiM moHKy x = a. Tozda cAedymuixie ycAoeuM 9KeueaAeum.Hu: 

(i) cpyuKU^UM f uenpepueua e monne a; 

(ii) (fiyuKuusi f UMeem Kouenuuu npedeA e monne a, paeuuu f(a): 

3 lim f(x) = f(a) 

x^a 

JToKaaameAbcmeo. 1. (i) =>- (ii). IlycTb cpyHKHiiH / HenpepbiBHa b toukc a, to ecTb pjisl bchkoh no- 
cjieflOBaTejibHOCTH apryMeHTOB {x„}, CTpeMHm,eiicH k to^ke a cooTBeTCTByionraH nocjieflOBaTejitHOCTb 
3HaueHHH {f(x n )} CTpeMHTCH k 3HauGHiuo f(a). Tor^a, b nacTHOCTii, pjisi bchkoh nocjie,n,OBaTejibHOCTH 

X n T Q 7 X n 

7^ a 

n— >oo 

BbinojiHHeTca 

f(x n ) — > f{a) 

n— >oo 

Uo onpe^ejieHHio npe^ejia 3to 03HanaeT, hto npe^eji (jpyHKipra / b tohkc x — a paBeH f(a): 

lim f(x) = f(a) 

x^ta 

2. (ii) => (i). IlycTb Hao6opoT 

lim f{x) = /(a) 

x— >a 

3to 03HaHaeT, hto jiio6oh nocjie^OBaTejibHOCTH 

7^ a 

n— >oo 

BbinojiHaeTca 

f(x n ) — > f(a) 

n— >oo 

HaM Hy>KHO npoBepuTb to ?Ke caMoe fljia nocjieflOBaTejibHOCTeft {x„}, y KOTopbix HeKOToptie sjieivreHTbi 
x n coBnaflaiOT c a. IlycTb {x n } - Kax pa3 Taxaa nocjieflOBaTejibHOCTb, to ecTb x n — > a, upmeM x n = a 



160 rjiaisa 2. (pyHKI^HH, EE HEIIPEPblBHOCTb H nPE^EJI 

fljiH HeKOToptix n. Toiyja {x n } moscho pa3jio:scHTB na /me noTrnocjiejjpBaTejiBHOCTH {i„J h { x m k } TaKiie 

HTO 



hhx mm nojiynaeM 



f(x nk ) —> /(a), /(%J = /(a) 



OTKyzja 

/(a;„) — >■ /(a), 

Mm noKa3ajiH, tto /yis bchkoh nocjie,n,OBaTejiBHOCTH apryMeHTOB {x n }, CTpeMHineficH k to^ke a coot- 
BeTCTByiomaH nocjieflOBaTejitHOCTB 3HaHeHHH {f(x n )} CTpeMHTCH k 3HaHeiniio /(a). 3to 03HaHaeT, hto 
(pyHKn,HH / HenpepMBHa b tohkc a. □ 

TeopeMa 2.4.8 (o nepecTaHOBOHHOCTH npe/j,ejia c HenpeptiBHofi cpyHKiiHefi). Ecau cymecmeyem 
KoneHHuti, npedeji 

lim fix) = A 

x^a J y ' 

u (pyHKi^usi g(y) onpedejiena e neKomopou OKpecrrmocmu tuohku A u nenpepuena e A, mo 

3 lim g(f(x)) = g( lim f(x)) (2.4.76) 

x— >a V / \ x— >a / 

/(oKaaameAbcmeo. Ecjih x n — > a, x n 7^ a, to, nocKOjibKy lim^-^ f(x) — A, nojiynaeM f(x n ) — > A, 
h nocKOjibKy (/(y) HenpepbiBHa b tohkc A, g ( f(x n ) ) — ^ s(A). IlocKOjibKy sto BepHO jijih iipoh3bojibhoh 
nocjieflOBaTejibHOCTH x n — > a, 7^ a, mm nojiynaeM lim^^a g(^.f(x)j = g(A) = g(^lmi x ^ a f(xfj □ 

TeopeMa o 3aMeHe nepeMemiOH no/? 3H3kom npe/j,ejia. 
TeopeMa 2.4.9 (o 3aMeHe nepeMeHHofi no/? 3HaKOM npe/j;ejia). Ilycmb 

lim /(a;) =6 & lim <?(y) = c 

x— i-a ' y— »b 

\fx ^ a f(x) 7^ 
lim g(f(xj) = c 

floKasameji'bcmGO. Bo3bMeM Kaityio-HiiGyirb nocjie^OBaTejibHOCTB 

7^ a 

n— >oo 

Torfla Mbi nojiyHHM 

— >■ 6, f(x n ) ^ b 

IIosTOMy 

g{f{x n )) — > c 

n—^oo 

HocKOjibKy 3to BepHO p/in bchkoh nocjicflOBaTejibHOCTH x n — > a (x n 7^ a), mbi nojiynaeM, hto 
\\m x ^ a g{f{x)) = c. □ 

3Ta TeopeMa 6biBaeT nojie3na npii BtmHCjieHHH npe/jejia ot cjiojkhoh (pyHKmrm Ecjih HaM HyjKHO 
HaftTH npedeji 

lim g(f(x)) 

x—ta 

h H3BecTHO, hto f (x) b npiiHeM f (x) b npH x ^ a, to mo^kho c^ejiaTb 3aivieHy nepeivieHHbix: 



lim ff(/(a;)) 



/(«) = y 
V — > b 

x— >a 

y 7^ bnpnx 7^ a 



limo(y) 



§ 4. Tlpe^eji (pyHKLfun 



161 



o 2.4.22. Haft™ npe^eji 

2a; 2 - x 



lim 



10 



PeineHne: 

,. 2x 2 - x 
am - 



10 



y 1 # a; 

y — > 

x— too 



2 1 
— 

lim — - 



lim 



2-y 

^ + io »""o i + i0y 2 



( noflCTaHOBKa) 







» 2.4.2. HaftTii npeflejibi 

2x 2 -x 
x 2 + W ' 

l-3x 
22+3 ' 

(x-1) 3 
2x' d +3x + l ' 

lte+5 
o.ola^-ex ' 

z 2 -5a; + l 

a 3 — 5x 
x+W la 



1 \ 


lim 






2) 


lim 


x— foo 


Q^ 
3J 


lim 


x— foo 


4) 


lim 


x—>oo 


5) 


lim 


X—^OQ 


6) 


lim 

x— foo 



1 + 10-0 



ApHcpMeTHMecKHe onepan,HH Ha,n npe,a,ejiaMH. 

TeopeMa 2.4.10. Ecau cyuificmeywm KoneHHue npedejiu lim fix) u lim g{x), mo cnpaeedAueu (f>op- 

x— Ya a;— fa 

mi/au: 

lim (f(x) + g(x)) = lim f{x) + lim g(x) (2.4.77) 

x— fa x— fa a;— fa 

lim (f(x) - g(x)) = lim f(x) - lim g(x) (2.4.78) 

x— fa a;— fa x—ya 

lim (C* • f(x)) = C ■ lim f(x) (ecAu ^ C ^ 00) (2.4.79) 

a:— fa 2;— fa 

lim /(i) ■ g(x) = lim /(i) • lim g(x) (2.4.80) 

a;— fa a;— fa a;— fa 

of a;) ^ 

lim = v ft \ ( ecM lim f( x ) * °) ( 2 - 4 - 81 ) 

lim /(x) 9 ^ = lim f(x)^ 9ix) {ecAu lim f(x) > 0) (2.4.82) 

a;— fa a:— fa a:— fa 

floKa3ameji'bcmeo. Oopiviyjibi (I2.4.77p - (|2.4.81p cjie^yiOT 113 aptK^MeTiraecKiix cbohctb nocjie^OBaTejit- 
HOCTeft (to ecTt H3 4>opMyji (|2.4.77D - (I2.4.8ip rjiaBbi[T]). ^OKa^eM Hanpinviep (12.4. 800 . Ecjih lim f(x) = A 

a;— fa 

11 lim g(x) — B : to ,h,jih bchkoh nocjie,n,OBaTejibHOCTH x n — > a, x n ^ a B03HHKaeT jiornnecKaH u,enoH- 



x— fa 

xa: 



x n ■ ¥ Cl^ X n ^ CI 

n— f oo 

/(£„) ► A, g(x n ) — > B 

n— foo n— foo 

II / Hcnojib3yeM cbohctbcA 

V \ 3° §4 rjiaBM[T] J 



f(x n ) ■ g(x n ) — A ■ 5 

71— f OO 

IIocKOjibKy 3to BepHO ,n,ji5i jiio6oh nocjie^OBaTejiBHOCTii # n — >■ a, x n ^ a, mbi nojiy^iaeM lim f(x) 

n— foo a:— fa 

<?(x) = lim f(x) • lim 

a;— fa 2;— fa 

Ottjcjibho Hy^cHO ^OKasaTb 4)opMyjiy f|2.4.82p . 



lim f(x) 9 ^ = lim 2 log = f ^ 9M = lim 2»W' lo & f ^ = f n ^S 

a; —fa x^-a x—>a \ 1 " 



HMCHfleM 4>opiviyjiy 
3toh rjiaBbi 



\ CBoftcTBO 3° 3Toro naparpai^a J 



I CHOBa npMMCHHCM \ = ^\ ( /(*)) = | (j™ /(») 

\ tpopMyjiy j2. 4.7611 stoh rjiaBbi J 



lim/(.T)-» 9M 



□ 



162 



Diana 2. OyHKLlIIX, EE HEllPEPblBHOCTb II nPEJJEJI 



KpHTepHii KoniH cyru,ecTBOBaHHH npe^ejia cpyHKUHH. B cjie/iyioiHHx flByx TeopeMax, Ha3bmae- 
Mbix KpHTepHHMH KoniH, o6i>HCHHeTca, hto KOHCHHbiH npefleji (pyHKipiii / npn x — v a cym,ecTByeT TOiyja 
h tojibko TOiyja, KOiyja pa3HOCTb 3HaHeHiiH stoh cpyHKnim b coce/nmx Tonxax f(s) — f(t) ctpgmhtch k 
Hyjiro npn s, t — > a. 

Teopeivra 2.4.11 (KpnTepnii Koiiih cymecTBOBaHHH ,a,BycTopoHHero npe^ejia cpymaxHii). Ilycmb 
(pyHKVjUfi f onpedeAena e neKomopou npoKOAomou OKpecrrmocmu U eeJiuuuHU a ( zde a - npou3eoM>Hoe 
hucao uau cumooa 6ecKOHeuHocmu oo). Tozda CAedymu^ue ycAoeusi 3KeueaAenmHu: 

(i) cymficmeyem kohchhuu npedeA 

lim f(x) 

(ii) djifl, aw6ux deyx nocAedoeameji'bnocmeu s ni t n E U cmpeMHii^uxcH k a 

s n y q, t n y 

n— >oo n— >oo 

pa3nocm'b Meafcdy coomeemcmeymii^uMU 3naHenuHMU (pynnvruu f cmpeMumcH k nyjiw: 

f{tn) ~ /(«„) — > 
n— too 

TeopeMa 2.4.12 (KpHTepHH KoniH cymecTBOBaHHH o^HOCTopoHHero npe,a;ejia <pyHKU,Hii). 10 

Ilycmb cfiyHKUAisi f onpedeAena na unmepeaAe (a] a), zde a - npou360AbHoe hucao uau cumboa 6ecK0- 
nennocmu oo. Tozda cAedywwxie ycAoeuK SKeueajhewnHu: 



(i) cyuificmeyem KoneuHuu npedeA 



lim f(x) 

x—ta—O 



(ii) djitt ak)6ux deyx nocAedoeameji'bnocmeu s ni t n E (a; a) cmpeMMii^uxcM k a 

s n — y q, t n y q, 

pa3nocm i b Meofcdy coomeemcmeymu^uMU 3naHenuHMU cjjynKvruu f cmpeMumcH k nyjiw: 

f(tn) ~ f(Sn) — > 
n— too 

/IoKa3ameAbcmeo. 3th ppe TeopeMbi flOKa3biBaiOTca o/nisaKOBO, nosTOMy mm ^OKajKeM jiniiib BTopyio. 

1. JlerKO npoBepaeTCH, mo H3 ycjiOBHH (i) cjie^yeT ycjiOBHe (ii). ^encTBiiTejibHO, ecjin cymecTByeT 
KOHe^iHbiii npe,n,eji lim f(x) — C, to ecTb pjlk bchkoh nocjie^OBaTejibHOCTii x n € (a; a), x n — 5- a 

a;— fa— n— too 

BbinojiHHeTca cooTHOHiemie 

f(x n ) — > C 



to b3hb npoH3BOjii)Hbie nocjie^OBaTejibHOCTH s n ,t n E (a; a), s n —^y a, t n — y a, mbi nojiyniiM 

/(*n)-/(*n) — > C-C = 

2. Tenepb flOKajKCM, hto h3 ycjiOBHa (ii) cjie/iyeT ycjiOBHe (i). IlycTb BbinojiHHeTca (ii). 

a) IloKajKeM CHanajia, hto Tor^a pjm jiio6oh nocjie,n;oBaTejii>HOCTH x n £ (a; a), x n — > a cymecTByeT 

n— >oo 

KOHeHHbiii npe^eji 

lim f(x„) 

n— too 

^eiiCTBHTejibHO, o6o3HaHHM y„ = f(x n ). Tor,na ecjiii B3aTb jiio6bie ppe nocjieflOBaTejibHOCTH iiimeKCOB 

Pi — > oo, qi — > oo 

i— too i— too 

to nojiojKHB U — x Pi , Si — x qi , mm nojiyHHM, hto, b CHjiy ycjiOBHH (ii) 

V P i - Vq, = f( X Pi) - f( X q,) = f(U) - f(Si) . >■ 



3to 03HaHaeT, hto nocjieflOBaTejibHOCTb y n = f(x n ) yflOBjieTBopaeT KpiiTGpmo Koihh (to ecTb o6jia/i,aeT 
CBOflcTBOM (i) TeopeMbi 1 1. 2. 7p . StiaHHT, y n = f(x n ) HMeeT KOHCHHbifl npe^eji. 



10 3tot pe3yjibTaT noHa^,o6HTCH npn flOKa3aTejibCTBe KpiiTepiiH Kouih cxoahmocth hgco6ctb6hhofo iiHTerpana (Teopeivia 

E23}. 
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b) Mm noKa3ajin, hto ajih jnoGoii nocjie,n,OBaTejibHOCTH x n £ (a; a), x n — > a cymecTByeT KoneHHbiii 

n— >oo 

npe^eji lim f{x n ). Tenepb H3 ycjiOBHH (ii) cjie^yeT, hto Bee TaKiie npeflejibi coBnaflaiOT, noTOMy hto 

n— >oo 

fljia jiio6bix flByx nocjieflOBaTejibHOCTeit s n ,t n £ (a; a) CTpeMHinnxcH k a 



BbinOJIHHeTCa paBCHCTBO 



h cjieflOBaTejiBHO, 



n— foo n— >-oo 

lim (f(t n ) - f(s n )) = 



□ 



lim f(t n ) = lim f(s n ) 

n— >oo n— >-oo 

3to b cbok) onepeflb 03HanaeT, hto cymecTByeT hhcjio C TaKoe, hto 

lim f(x n ) = C 

n—too 

fljiH jik)6oh nocjie^OBaTejibHOCTH x n £ (0;;^), x n — > a, to ecxb 

n— >oo 

lim /(i) = C 

x— >a— 

Mbi yGennjincb, hto h3 ycjiOBHH (m) cjiejryeT ycjiOBHe (i). TeopeMa 1.1 npKa3aHa. 

§ 5 5I3MK Koluh 

(a) Onpe,a,ejieHHe npe^ejia cpyHKUHH no Kouih 

^aHHoe HaMH Ha c 1 1 501 onpeaejienne npe^ejia (pyHKiniH no FeftHe - He g/hihctbghho B03MOJKHoe. B hckoto- 
pbix cjiynaax 6biBaeT nojie3HO 3HaTb eme o,hho, SKBHBajieHTHoe onpeflejieHHe, npefljiojKeHHoe H3BecTHbiM 
cppaHH,y3CKHM MaTeMaTHKOM OnocTenoM Kohih (1789-1857). HtoSbi ero ccbopMynnpoBaTb, hsm, KaK h b 
cjiynae c onpenejienneM refine, noHanpSHTCH BcnoMmrrb HecKOjibKO TepMHHOB. 

ITycTb, KaK h b |§ ^[a) a h A o6o3HaHaiOT nncjia, hjih chmbojibi 6ecKOHeHHOCTH, bo3mojkho c onpefle- 

JICHHblM 3HaKOM 

a, A £ M hjih a, A = 00, —00, +00 

h nycTb fljisi BCHKOro TaKoro a 

npoKOAomoil OKpecmHocmbw bcjihhhhbi a Ha3biBaeTCH BCHKoe mhojkcctbo BH^a 

(a — (5, a) U (a, a + 5), rpp 5 > ^ecjin a - hhcjio^ 

(— 00, — E) U (S, +00), rfle£'>0 ( ecjni a = 00 ) : 
U = { , v s ' 

(—00,—E), iyje E > I ecjni a = — 00 ) ; 

(E, +00), rpizE > ^eanna = +00 
jieeoil noAyoKpecmHocmbw a Ha3biBaeTCH bchkhh HHTepBaji Bnna 

U = (a — 5, a), iyje 5 > ^ecjin a - hhcjio ^ 

— npaeou nojiyoKpecmHocmbw a Ha3biBaeTCH bchkhh HHTepBaji Bnna 

U = (a, a + J), rfleJ > ^ecjin a - hhcjio^ 

— OKpecmHocmbw BejiHHHHbi a Ha3biBaeTCH 
bchkhh HHTepBaji BHfla U — (a — e,a + e) (r^e e > Q), ecjin a - TOHKa; 
BCHKaa npoKOjiOTaa OKpecTHOCTb BejiHHHHbi a, ecjin a - chmboji Gcckohchhocth. 

Tenepb ^aeM caMO onpeflejieHne no Kohih: 
• BcjiHHHHa A Ha3biBaeTCH npedejioM (f>yHKii,uu f(x) npn x CTpeMsm,HMCH k a 



A = lim 



im f{x) (f{x) — > A) 



CC.TIII 
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Fji&b& 2. QYHKLIHH, EE HEllPEPblBHOCTb II YIPEREJI 



1) f{x) onpeflejieHa b HeKOTopoii bbikojiotoh OKpecTHOCTii U BejiHHHHti a h 

2) PJIK JII060H OKpeCTHOCTH V BejIHHHHbl A HaftfleTCH BBIKOJIOTaa OKpeCTHOCTb W Be- 

jiHHHHbi a Taxaa, hto 

V.t G W f(x) G V 
OT,n,ejibHO onpeflejiaiOTCH o/nrocTopomiHe npe^ejibi: 
• BejiHHHHa A Ha3BiBaeTCH npedeAOM cjieea (cnpaea) cjiyHKUuu f(x) b tohkb a 

A= lim /(a;) ( A = lim /(V 

2;— >a— y x— i-a+0 

ecjiH 

1) /(#) onpeflejieHa b HeKOTopoii jieBoii (npaBoii) nojiyoKpecTHOCTH U tohkh a h 

2) ,zyia jik)6oh OKpeCTHOCTH V BejiHHHHbi A HafifleTCH jieBaa (npaBaa) nojiyoKpecTHOCTt 
W tohkh a Taxaa, hto 

VxeW f(x) g V 



IIoKa>KeM, KaK 3Ta o6maH cxeMa pa6oTaeT b 
KOHKpeTHBIX CHTyainiax. 

• KoHeHHMii npe^eji cpymcinin b TOHKe no 
KoniH. Hhcjio A Ha3tiBaeTCH npedeAOM cfjynK- 
u,uu f e moHKe a 

lim f{x) = A 

ecjiH 

1) cpyHKiyiH / onpeflejieHa na HeKOTopoM 
MHOJKecTBe BHfla (a — n, a) U (a, a + n) (iyje 
7? > 0), H 

2) pjisi BCHKoro HHCJia e > cymecTByeT hhc- 
jio <5 > TaKoe hto pflsi jiio6oro x G 
(a — (5; a) U (a, a + <5) BbinojiHHeTCH bkjiio- 
neHHe f(x) G (A — e; A + e). 

• BecKOHeHHtiii npe^eji cpyHKn,HH b TOixe 
no Komn. ToBopHT, hto cpyHKHHH / uMeem 
6ecKoneHHUU npedeA e monne a 



lim f(x) = 00 



ecjiH 



1) cpyHKHiis / onpe,u;ejieHa Ha HeKOTopoM 
MHOJKecTBe BHfla (a — n, a) U (a, a + n) (iyje 
77 > 0), H 

2) fljia BCHKOro HHCjra _E > cymecTBy- 
eT hhcjio (5 > Taxoe hto ,h,jih jiio6oro 



a; G (a — S: a) U (a, a + 5) BbinojiHHeTCH 
BKjiiOHeHHe f(x) G (—00, — E) U (E, +00). 

• KoHeHHBifi npe^eji cpyHKn,nn cjieBa b 
TOHKe no Komn. Hhcjio A Ha3biBaeTCH npe- 
deAOM CAeea <fiyHKV,uu / e mouKe a 



lim f(x) = A 



ccjih 



1) (pyHKinia / onpe^ejieHa Ha hckotopom hh- 
TepBajie BH^a (a — rj; a) (rpp r\ > 0, h 

2) ^jih BCHKoro HHCjia e > cymecTByeT hhc- 
jio S > Taxoe ^to fljia jnoGoro .t G 
(a — (5; a) BbinojinaeTCH BKjnOTemie f(x) G 

• KoHeHHBiii npe^eji (pyHKi^MM npn a; — > 
+00 no Komn. Mhcjio A Ha3biBaeTCH npede- 
AOM (f}yHKV,uu f npu x — > +00 

lim /(.t) = ^ 

a:— >+oo 

ecjiH 

1) cpyHKn,Ha / onpeflejieHa Ha hgkotopom hh- 
TepBajie BH^a (a; +00), h 

2) fljia BcaKoro HHCjia e > cymecTByeT hhc- 
jio p > a Taxoe hto fljia jno6oro a; G 
(/3; +00) BbinojiHaeTca BRjuoneHHe /(a;) G 



TeopeMa 2.5.1 (06 SKBHBaneHTHOCTH onpe^ejieHnfi npe^ejia no Komn n no refiHe). 11 /(am 
npou3eoJibHOu $yHKv,uu f u aw6ux eeAUHun A u a CAedywiu,ue ycAoeun 9KeuecuieHmHu: 

(i) A fieAsiemctt npedeAOM (fiynKuuu f npu x — > a no Komu; 
(ii) A HBASiemcfi npedeAOM (pywKUUU f npu x — > a no Feune. 

^SKBHBajieHTHOCTt onpeflejieHHH npe^ejia no KoniH h no TeitHe ncnojib3yeTCH hhjkb b rjiaBe 17 npn flOKa3aTejibCTBe 
npn3HaKOB cpaBHeHna h6co6ctbghhbix HHTerpanoB (TeopeMbi 5.7 n 7.5). 



§ 5. H3biK e-S Kouih 
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(AnaAozuHHOe ymeepotcdenue cnpaeedAueo 3asi odnocmopoHHUx npedeAoe.) 

/J,oKa3ameAt>cmeo. Mbi flOKajKBM 3Ty TeopeMy fljifl KOHenHbix npeflejiOB cjieBa, nocitojibKy b KascflOM 
cjiynae ,n,OKa3aTejibCTBO OTjinnaeTCH jinnib HecymecTBeHHbiMn fleiajiKMH. 

1. (i) (ii). IlycTb A sBjiaeTCH npe^ejiOM no Kohih (pyHKiniH / npn x — > a — 0, to ecTb pjisi bchkoto 
e > cymecTByeT S > Taxoe hto pjia jiio6oro x G [a— 5; a) BbinojimieTCH BKjiiOHeHHe f{x) G {A— e; A+e). 
IloKajKeM, hto Tor^a A aBjiaeTca npe^ejiOM no reitae f{x) npn x — > a — 0, to ecTb hto fljia jiio6oh 
nocjieflOBaTejibnocTH apryMeHTOB x n — > a — BbinojimieTCH f(x n ) — > A. 

n— >oo n— >oo 

Bo3bMeM npoH3BOjn>nyio TaKyio nocjieflOBaTejibHOTb x n — > a — 0. n 3acpHKCHpyeM KaKoe-HH6yn;b 
e > 0. IIo npeflnojiojKeHHio, pjm Hero mojkho Bbi6paTb <5 > TaK hto6m 

yxe[a-S;a) f(x) G (A - e; A + e) (2.5.83) 

3a(pHKcnpyeM sto hhcjio <5. IlojryHaeM cjie/ryioinyio jiornnecKym nenoHKy: 

x n — > a — 

x n G [a — 5; a) jifisL noHTH Bcex n G N 

(npnMenaeM (|2.5.83|) 1 

f{x n ) G (A — e; A + e) pflsi noHTH Bcex n G N 
3to BepHO fljia npon3BOjn>noro e > 0. 3HannT, f(x n ) — ^ A, a HMeHHO sto HaM n Hy>KHO 6bijio ppnas&Tb. 

n— >oo 

2. (\) => (k) IlycTb Hao6opoT, v4 He aBjiaeTca npe^ejiOM no Konin (pyHKinin / npn a; — > a — 0, to 

ecTb cymecTByeT Taxoe e > 0, hto fljia jno6oro <5 > HanfleTCH TaKoii a; G [a — 5; a), rjisi KOToporo 
BbinojiHaeTca f(x) <£. (A — e; A + e). Toiyi,a, b nacTHOCTn, fljiH jno6oro nncjia BH^a S — — mh nojryHHM, 

HTO 

BaJn G [a — 5; a) = [a ; a) Taiaie hto f(x n ) 4. (A — e; A + e) (2.5.84) 

n 

3a(pHKcnpyeM Taxne nncjia x n . IIojiynaeTCH: 

1 

a < x n < a 

n 



x n — > a — 



Ho, c ,zrpyroH CToponbi, b cnjiy (|2.5.84[) . 



f(x n ) 



3HannT, A He HBjiaeTCH npe/i,ejiOM no TeHHC cpyHKn,nn / npn x — > a — 0. 

Mbi nojiynnjin. hto ecjin He BbinojiHaeTca (i) to aBTOMaTHnecKn He BbinojinaeTCH (ii). □ 

(b) PaBHOMepHaa HenpeptiBHOCTfa cpyHKU,HH no Kouih 

B |§ 3j[d)| rjiaBbi[2]Mbi flajin onpe/i,ejieHHe paBHOMepHO HenpepbiBHOii (pyHKn,nn Ha MHOJKecTBe. 3to onpefle- 
jieHne jierxo nepeBO/niTCH Ha h3hk e — 5 Kohih. B flajibHennieM npn ,n,OKa3aTejibCTBe pe3yjibTaTOB Taxaa 
nepecpopMyjinpoBKa HaM He noHa,i];o6HTCH, ho mbi nojiaraeM, hto OHa caMa no ce6e 6yn,eT HHTepecHa 

HHTaTejIK). 

• OyHKi^HH f(x) Ha3biBaeTca paenoMepno Henpepuenou Ha MHOJKecTBe E, ecjin f(x) onpe^ejieHa 
Ha E, h fljia Bcaxoro Hncjia e > Han^eTca: Taxoe hhcjio 5 > 0, hto ,n,jiii jno6bix x n y H3 E, 
paccTOHHne MejKfly kotophmh MeHbnie 5, cooTBeTCTByiomee paccTOHHHe Me»c,ny 3HaHennsMn 
cpyHKii^HH / n f(y) 6yn,eT MeHbnie e: 

Ve> 36 >0 Vx,yeE \x-y\<5 =^> \f(x)-f(y)\<e (2.5.85) 
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Diana 2. OYHKIXHH, EE HEllPEPblBHOCTb II nPEJJEJI 



/JoKaatceM paenocuAbHocmb amux onpedeAenuu. 1. IlycTb BbinojiHaeTCH (|2.5.85p . Bo3bMeM npoH3BOjib- 
Hbie nocjieflOBaTejibHOCTH x n ,y n € E TciKiie , ^ito 



Xn Vn ^ 
n— foo 

IIoKajKeM, hto Tor^,a 

f(Xn) - f{Vn) —> 
n— >oo 

J\jir 3Toro B03bMeM e > 0. B ciuiy (|2.5.85p . ^ojcKeH cymecTBOBaTb TaKoii (5 > 0, hto 

Vx,yeE \x-y\<6 =► |/(ar) — /(y)| < e 

B HaCTHOCTH, 

\x n -y n \<S =S> \f(xn)-f{y n )\<e 

" v ' " v ' 

BBinojiHaeTCH flJiH noiTH Bcex n 3HaMHT, h 3TO BbinojiHaeTCH flJia no T iTH Bcex n 

IIocjieflHee BepHO npn jik>6om e > 0, nosTOMy f(x n ) — f(y n ) — ^ 0. 

n— too 

2. Hao6opoT, npe^,nojio>KHM. hto (12.5. 85|) He BbinojiHaeTCH, to ecTt cymecTByeT HeKOTopoe e > 
TaKoe HTO 

V<5>0 3x,y&E \x-y\<6 & |/(a;) - f{y)\ > £ 

B HaCTHOCTH, 3TO flOJBKHO BBinOJIHSTbCH flJIH HHCejI 6 = 

VneN 3x„,y„e£ |x„-y n |<- & |/(x n ) - /(y„)| ^ e 

n 

Mbi nojiy^Hjiii nocjieflOBaTejitHOCTH x n h y n TaKiie, hto $J |af„ — y n \ < — — > 0, h nosTOMy 
ho npH 3tom |/(af n ) - f{y n )\ > s, h noaTOMy 

f{x n )-f{y n )-h o 

SHaHHT, (|2.3.43p He MO»ceT BbinojiHHTbCH. □ 

TeopeMa 2.5.2 (rcpHTepHii paBHOMepHoii nenpepbiBHOCTH). Oymmusi f : E — > R mozda u moAVKo mozda 
paenoMepno HenpepuenaR na E, Kozda eunoAHJiemcfi coomHOiuenue 

sup \f(x) - f(y)\ — > (2.5.86) 

x,yGE: |x-l/|<<5 



rjiaBa 3 

CTAH^APTHblE QYHKIJHH 



CpeflH <pyHKHHH, paccMaTpHBaeMbix b MaTeMaTinecKOM aHajiH3e, HMeeTCH HecKOjibKO, Hcnojib3yeMi>ix 
oco6eHHO nacTO. 3th (pyHKiniii Ha3biBaK>TCH sjieMenmapHUMu, h hx CBOiicTBa, a TaK»ce CBOiicTBa cpyHK- 
ijhh, nojiynaeMbix H3 hhx c noMOintio ajire6paHHecKHx onepauiiH h komho3hhhh (TaKne cpyHKiniH mm 
6yfleM Ha3biBaTb cmaHdapmHUMu) cnyscaT npe/TMeTOM H3yneHHH b pa3/i,ejie aHajiroa, Ha3biBaeMOM Hc- 
HucAenueM. Hto 3to Taxoe mbi HanHeM o6cyjK I u;aTb b cjie/ryioiHeH rjiaBe fc !217[) . a 3,n,ecb mm onpeflejiHM 
sjieMeHTapHbie cpyHKHiiH h o6cyi];HM hx CBOiicTBa, KOToptie noHa,n,o6HTCH HaM b flajibHeitnieM. CnncoK 
sjieMeHTapHbix (pyHKHHft BbirjiHflHT Tax: 1 



Ha3BaHne 


o6o3HaHeHHe: 

i 


o6jiacTb onpeflejieHHa 


CTencHHaa cpyHKi^HH 


x" 


(x em, be 5^ 

1 x > 0, be (0, +00) \ 
U>o, b e (—00, 0) \ 


noKa3aTejiBHaH 4)yHKU,HH 


a x 


(x e R, a > 
< x ^ 0, a = 

U 6 2ffcr< a < 


jiorapucpM 


log a X 


a; > 0, a e (0; 1) U (1; +oo) 


CHHyC 


sin x 


x e R 


KOCHHyC 


cos X 


u e R 


TaHreHC 




a: ^ -f ttZ 


KOTaHreHC 


ctg X 


x <£tt% 


apKCHHyc 


arcsin x 


x e [-1; 1] 


apKKOCHHyc 


arccos x 


s e [-1; 1] 


apKTaHreHC 


arctg x 


lEK 


apKKOTaHreHC 


arcctg x 


u e R 



Kax mojkgt 3aMeTHTb HHTaTejib, TOjibKO oflHa H3 3thx (pyHKHiiii - x b - 6bijia onpe/i,ejieHa HtiMH k Ha- 
CToam,eMy MOMeHTy, h to TOjibKO /jjih uejibix 3HaneHHH napaMeTpa b (cm. onpeflejieHHH Ha c !46l h I5U1) . 
OcTajibHbie cpyHKH,HH b 3tom cnncKe Mbi onpe/i,ejiHM Heo6biHHbiM npneMOM - c noMombio A B Y X TaK Ha_ 
3biBaeMbix u36umoHHux clkcuom. 

1 Cmi>icji BCTpeMaiomiixcH b 3toh Ta6jiHu;e o6o3HaMeHnfi THna gMZTT > oN^-l °6t>5iCH5ijiC5i b KOHi^e rjiaBbi[0]Ha c !76l 
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Diam 3. CTAHflAPTHHE QyHKIfHH 



3to bot hto Taxoe. H36umoHHou ancuoMou Ha3biBaeTCH Taxaa aKCHOMa TeopHH, npo KOTopyio Bno- 

CJieflCTBHH CTaHOBHTCS H3BCCTHO, HTO ee MOJKHO BblBeCTH 113 OCTajIbHblX aKCHOM 3TOH TeOpHH. KaK CJie,!!,- 

CTBne, H36i.iTOHHi.ie aKCHOMti mojkho (h c tohkh 3peHHH jiorHHecKofi CTpoiiHOCTH npaBHjibHee) oepopM- 
jiHTb He Kax aKCHOMM, a KaK TeopeMM stoh TeopHH. OflHaKO b MaTeMaTHKe BCTpenaiOTCH BpeMH ot 
BpeMeHH CHTyaniiH, Kor^a 3HaKOMCTBO c TeopeMoii 6bmaeT jKejiaTejibHO 3a,nojiro ,no Toro, KaK nosBjiH- 
eTca bo3mo>khoctij 3Ty TeopeMy CTporo flOKa3aTb. B TaKHx cjiynaax nojie3HO o6t.sbhti3 3Ty TeopeMy 

aKCHOMOH, COo6lHHB CJiyHiaTejIHM, HTO B fleftCTBHTejIbHOCTH 3Ta aKCHOMa H36bITO x ffla. 

3jieMeHTapHbie cpyHKiniH - KaK pa3 TaKoii npniviep. Mhcto jiornnecKH hhhto He MeniaeT MOjinaTb o 
hhx b Kypce aHajiH3a ,0,0 Tex nop, noKa He hohbhtch bo3mojkhoctb aKKypaTHO hx onpeflejiHTb h flOKa- 
3aTb hx xapaKTepncTHHecKHe CBOiicTBa. OflHaKO TOiyja bo3mojkhoctb peniaTb 3&r&hti c sjieivieHTapHbiMH 
cpyHKHHHMH, otjihhhbimh ot painiOHajibHbrx, noHBHTca y npenoflaBaTejiH h y CTy,n,eHTOB tojibko b koh- 
n,e BToporo ceMecTpa. nocKOjibKy Bbi6pacbiBaHHe H3 ynpajKHeHHii Bcex HppaHHOHajibHbix sjieMeHTapHbix 
<pyHKH,HH SKBHBajieHTHO npocTO 0TKa3y ot HcHHCjieHHH b KjiaccHnecKOM ero noHHMaHHH , pa3yMHO no- 
CTynHTb no-flpyroMy. B stoh rjiaBe mbi ccpopMyjinpyeM ppe H36biTOHHbie aKCHOMbi - AKCHOMy CTeneHeii 
(aKCHOMa Bl Ha c !168p h AKCHOMy TpnroHOMeTpHH (aKCHOMa B2 Ha c !18ip . ,H,OKa3aTejibCTBO hx h36bitoh- 



HOCTH MBI CMOJKeM npHBeCTH OHeHb HeCKOpO - JIHIHb B § 4 TJiaBbl 1101 IloSTOMy, B COOTBeTCTBHH C o6lHHM 



npHHininoivi, mm nepeHOCHM sth yTBepjK/i,eHHH BMecTe c hx cjie^CTBHHMH, b HjijiiocTpaTHBHbiH MaTepnaji. 



§ 1 3jieMeHTapHbie (J)yHKi],HH 

(a) CTeneHH c Heu,ejiMM noKa3aTe- 
jieM h jiorapncJ)Mi>i 

CTeneHHoe OTo6pa>KeHHe. Ha CTpaHHnaxl4"6"lH 
1591 mh y»:e onpe^ejinjiH CTeneHb nncjia c nejibiM 
noKa3aTejieM: 

a n (n G Z) 

fljia Henejibix noKa3aTejieii sto noHHTHe bbo/hitch 
c noMOiu;tio cjieflyiomeit H36biTOHHOii aKCHOMbi: 

Bl. AKCHOMa CTeneHeii. 2 Cyu^ecmeyem edun- 
cmeeHHoe omo6paotceHue 

(a, b) i— > a b , 

co CAedywuiAiMU ceoucmeaMu: 

Pq : oho onpedeAeno e CAedymuiAix mpex cumy- 
auiinx: 

npu a > u npouseojibHOM b € 

— npu a — u b ^ 0, 

— npu a < u b G ^frf , 

uau, umo mo otce caMoe, e CAedymuiAix ne- 
mupex: 

npu b G 2N^T u moz ^ a a G R Momcem 
6umb npou380Ji&HUM, 

npu b G ~2W^T u mog da «^0, 

npu b G (0, +oo) \ 2 pf-i ' u fnozda 
a ^ 0, 



npu b G 
a> 0, 



-oo,0) \ 



2N-1 ' 



u mozda 



P\ : CAedymuiAie dee zpynnu moatcdecme eu- 
noAHSitomcsi bcjikuu pa3, Kozda o6e uacmu 
moaicdecmea onpedeAenu: 



noKa3aTejibHtie 3aKOHti: 



o 



1. 



-x 



ar 

x+y _ x 



a 

a x 1 » = a~ ■ a" 
CTeneHHbie 3aKOHbi: 



l b = l, 



1 

x j 

b 



1 



{x ■ y) 



x b -y b 



(3.1.1) 
(3.1.2) 
(3.1.3) 

(3.1.4) 
(3.1.5) 
(3.1.6) 



P? 



mootcdecmeo, na3ueaeMoe HaKonHTejib- 

HMM 33KOHOM, 

(a x f = a x ' y (3.1.7) 

eunoAHRemcfi dAsi CAedymu^ux 3HaueHuu 
nepejueuHux: 

npu a > u x, y G M, 
npu a = « i ^ 0, i/ ^ 0, 
npu a < u x,y G 2N Z _ 1 , 

dAM nyAeeozo ocHoeanuji cmenem, e c/iy- 
uasix, Kozda ona onpedeAena, onucueaem- 
ck cfjopMyAoii 



0" 




(3.1.8) 



a dAM noAOCHCumeAbuux eunoAHSiemcti 
cAedywuifie ycjioBHe coxpaHeHHa 3Ha- 
Ka: 



a > 



a" > 



■ G 



(3.1.9) 



Pi 



dAM noAootcumeAbHux omoeaHuu eunoA- 
nsimmcji CAedymuiAie ycjiOBHH mohotoh- 
hocth: 



2 Il36biTOHHOCTb Akchomh CTeneHeii flOKa3BiBaeTCH b |§ 4[a)| raaBi.i n0l 
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ecjiu b > 0, mo eoseedenue e cmenewb 
b ne MenHem 3ho,k Hepaeencmea: 



= O 1 = O b -i = (13X711 = 



< x < y 



x b < y b (3.1.10) 



ecjiu b < 0, mo eoseedenue e cmenem 
b Menjiem 3hok Hepaeencmea: 



< x < y 



x b >y b (3.1.11) 



ecAU a > 1, mo nomenuupoeanue c 
ocnoeanueM a ne Mennem 3naK Hepa- 
eencmea: 



x < y 



a < a 



« 



(3.1.12) 



ecjiu < a < 1, mo nomenuupoeanue 
c ocnoeanueM a Mensiem 3naK Hepa- 
eencmea: 



= ( O b )* = !* = (IBTD = 1 



no npcflnojio>KeHHio 

3HanHT, ,n;oji>KHO 6biTb BepHO ncpBoe paBeHCTBo: 
b = 0. 

> 3.1.1. Mcmkho 3aMeTHTi>, hto ycjiOBne coxpaHe- 
hhh 3HaKa (|3.1.9[) TaK>Ke cjie^yeT 113 ocTajibHbix 
yTBepjKfleHHfi Akchomm CTeneHeii Bl. HaM stot 
cpaKT b flajibHeiiineM ne noHaflo6HTCH, oflHaxo Hi-iTa- 
T&jib b KanecTBe ynpajKHCHna mojkct ^okeiseitb ero 
caMOCTOHTejibHO. B KanecTBe no,n,CKa3KH mh coo6- 

IUHM TOJIbKO, HTO 3,H,eCb yH,o6HO HCnOJIb30BaTb Teo- 

peMy o CTeneHHOM OTo6pa>KCHHH RI 4 .41 11 npefljiaate- 
HHe lXO Ha cUM 



x < y 



a > a 



V 



! 3.1.1. JXps. HaTypajibHbix 3HaneHHii b tojk^gctbo 
(|3.1.3p Bjie^ieT 3a co6oii HH/ryKTHBHoe TC»K,n,ecTBO 
(10.3.1041) : 



(3.1.13) Cjie^CTBHe 3.1.1. CnpaeedAuea uMruiuKauusi: 

(OO & &>o) =>> a b ^0 (3.1.15) 
floKa3ameji'bcmeo. Ecjih a = 0, to 



a° = l, 



a n+1 = a n • a, 



nosTOMy a b stom cjiynae coBnaflaeT co CTeneHbio 
HHCjia a, onpeflejieHHOii Ha CTpaHinie l46l KaK cjie^i,- 
CTBiie, BbinojiHaeTca tojk^gctbo 

x 1 =x (3.1.14) 



Ecjih »ce a > 0, to 



, 13.1.91 

a b > 



! 3.1.2. HaKonHTejibHbiH 3aKOH f|3 . 1 . 7[) He 06a- 

3aH BbinOJIHHTBCH b cjrynaHx, He npeflyCMOTpCHHblX 

ycjiOBHSMH Akchomm CTeneHeii Bl. HanpHMep, pa- 

BeHCTBO 

a_i)T = (_ifi 



KOHe^iHO, He 6yn,eT BepHbiM. 

! 3.1.3. OopMyjia (|3.1.8p BbiTeKaeT H3 ocTajibHbix 
yTBepjKfleHHH TeopeMbi: ecjin b > 0, to 

0-0 = 
b • b = (l3~Tl)ll = (0 • 0) b = b 



B o6ohx cjiynasx nojiynaeTCH a 0. 



□ 



KopHH. 

• KopneM cmenenu n 6 N Ha3biBaeTCH (pyHKirKH 



' x := x " 



(3.1.16) 



H3 aKCHOMbi CTeneHeii Bl cjie^yeT, hto 3Ta 
cpyHKHiia onpe^ejieHa 

Ha Bcefi npaMoii R pjtK n G 2N— 1 (to ecTb 
Korfla n HeneTHo), 

Ha nojiyHHTepBajie [0; +00) ^;jia n € 2N 
(to ecTB Korfla n neTHo). 

KopeHb CTeneHH 2 Ha3biBaeTCH KeadpamnuM 
KopneM, h ero o6o3HaneHHe ynponi,aeTca 



ix := <jx = x-' 



(3.1.17) 



b -0 b 



b = 



4 

o b = 0' 
o b = 1 

3/i;ecb BTopoe paBeHCTBo - b = 1 - HeB03MO>KHO, 
noTOMy, hto, ecjin 6bi oho 6bijio BepHO, mbi nojiy- 
hhjih 6bi npoTHBOpenne: 



KopeHb CTeneHH 3 Ha3biBaeTCH Ky6uuecKUM 
KopneM: 



IIpe/i;jio>KeHHe 3.1.1. KopeHb ncnemnou cmene- 
nu x^t 2n ~yfx 

onpedeAen ecwdy na K, 

— eo3pacmaem na R, 

— nenpepueen na R, 
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paeen nyMO e nyAe: 



-Vo = o 



(3.1.18) 



UMeem 6ecKoneHHue npedeAu na 6gckoh6hho- 
cm.Hx: 



lim 

x— y— oo 

lim 

x— >+og 



IX = —OO 



(3.1.19) 
(3.1.20) 



ydoe/iemeopjiem cjiedywwpMy npaeuAy, Komo- 
poe Mocucem cuumambcji ezo onpedeAenueM: 



y : 



y^-^x (3.1.21) 



/JoKa3ameJit>CTneo. 1. KaK mm ysce OTMenajin, tot 
4>aKT, nro cpyHKiniH x > 2n ~Jfx = x 2 ™- 1 onpe^e- 
jieHa Ha K nocTyjinpyeTca b Akchomc CTeneHeii Bl 
Ha c !168l nosTOMy ero /K)Ka3MBaTb He Hysmo. 

2. ^OKaxeM npaBHjio (|3.1.21|) . Oho 03HaHaeT, 

HTO CpyHKL^HH 



f(x) = x* 



g(y) = v 



2n-l 



B03pacTaeT Ha Been npaMoit K (a ^jih HHTepBajia 
(0; +oo) 3to yTBepjK^aeTCH b nepBOM ycjiOBHH mo- 

HOTOHHOCTH (|3.1.10[| ). IIo TeOpeMe O MOHOTOHHOH 

cpyHKiniH 12.3.71 OTCio^a cnepyer, hto ee o6paTHaa 

CpyHKHHS 

f{x) = x 2 ^ 

PPJUKHEL B03paCTaTb H 6bITb HCnpCpblBHOH na CBOefi 

o6jiacTH onpe^ejieHHa:, to ecTb Ha mho^kgctbg 



inf. g (y); sup g(y)) = 

. set y6 R 



lim g(y); lim g(y) 

y — y — oo y— >-\-oo 

= (I2.4.71L (12.4.701) = (-oo; +oo) = E 
4. PaBencTBO (|3. 1.18ft cjie^yeT H3 TOJKflecTBa 



5. (DopMyjibi (|3.1.19|) - (|3.1.20p cjie/ryiOT H3 (pop- 
Myji (|2.3.57|) : 

lim x*^ = (|2.4.74|) = inf x 2 ^ = 

= (12.3.571) = inf D (as i— > x 2 ' 1 " 1 ) = inf M = -oo 



(onpeflejieHHbie Ha Bceli npHMOii K. no ycjiOBHHM 
Akchomm CTeneHeii Bl Ha c. I168[) aojckhm 6biTb 
o6paTHM flpyr flpyry. 3to ,n,OKa3MBaeTCH c noMO- 
m,bio HaKonHTejiBHoro 3aKona (|3.1.7[) : 3aivieTHM, nro 
uenoHKa paBeHCTB 



2n-l 



a 1 °P» a (3.1.22) 



BbinojiHHeTca npn jno6bix 3HaHCHHHX a G 



fljia a > nepBoe paBeHCTBO b (|3.1.22p Bbinoji- 

l 



I1HCTCH. IK' SHBIICIIMO OT CBOIICTB CTCIICIICH 

h In - 1, 

,h;jih a = oho BbinojiHaeTCH, noTOMy hto 
^ h 2n - 1 > 0, 

fljiH a < oho BbinojiHseTCH, noTOMy hto 
h 2n - 1 € 



2n-l ^ 2N-1 " 2N-1' 

H3 (|3.1.22p cjie^yeT TO»mecTBo: 



g(f(x)) = (x**=i) 



2n-l 



X G 



Ilo TeM »ce npHHHHaM nenoHKa paBeHCTB 

( a 2n-l )l ^T =a (2r i -l). s L T=a l =( 

BbinojiHHeTca npn jno6bix 3HaHCHHHX a G 
Hee cjie,iiyeT TOJK^ecTBo: 



f(g(y)) = (y^" 1 )^ = y 



lim x 2 ™- 1 = (|2.4.74|) = supx 2 -- 1 = 

x^+oc xeR 

= (|2.3.57p =supD(x^x 2n " 1 ) = supM = +oo 



□ 



o 3.1.1. flpejuio aceHHe 13 . 1 . 1 1 jaeT floCTaTOHHO hh- 
cpopMau,HH fljia nocTpoeHiia rpacpHKa Kopna HeneT- 
hoh CTeneHH, 3a HCKjnoneHHeM oflHoii /jeTajin, 
a HM6HHO CBOiiCTBa rpacpHKa hmctb BbinyKjiocTb 
BBepx hjih bhh3 Ha pa3Hbix ynacTKax. Cmbicji 3thx 

CJIOB HHTyHTHBHO OHeBHfleH, OflHaKO aKKypaTHoe 

o6T>HCHeHHe hm ya,o6HO p^asaTb nocjie toto, KaK 6y- 
^,eT onpeflejieHa npoH3BOflHafl, nosTOMy mbi otjio- 
>kem pa3roBop o BbinyKjiocTH flo |§ 3j[b) 



Ecjih >Ke He Tpe6oBaTb 3,necb o6t>hch6hhh othoch- 
TejibHO BbinyKjiocTH, to b ocTajibHOM H3 npefljio»ce- 
hhh 13.1.11 cjieflyeT, ito no Bimy rpaepnKa (to ecTb 
no TOMy, rpis y rpaepHKa hmciotch HHTepBajibi B03- 
pacTaHHa h y6biBaHHH. HHTepBajibi, r^e coxpaHHeT- 
ca BbinyKjiocTb, h KaKnc <pyHKn;HH HMeei npeflejibi 
Ha KOHn,ax 3thx HHTepBajiOB) Bee KopHn HeneTHOii 
CTeneHH BepyT ce6a o/i,HHaKOBo: 

rpatpHK (pyHKH,HH X l— > 2n ~Jfx BbirjIHflHT KaK 

rpatpHK jno6oro npe^CTaBHTejia H3 SToro ce- 
MeiicTBa (pyHKn;HH, HanpHMep, KaK rpacpHK Ky- 

6uueCKOZO KOpHR 

^x = x^ (x G K) 



ye 



BMecTe 3to h 03HanaeT, hto cpyHKH,HH / h g o6paT- 
hm flpyr flpyry. 

3. B npHMepe 12 . 1 . 181 mm noKa3ajni, hto CTeneH- 
Haa (pyHKHira 

g(y) = v 2n - x 



IIpe/i,Jio>KeHHe 3.1.2. Kopewb ueuiHou cmenenu 
x i-> 2 y/x 

onpedeAen ecwdy na noAyunmepeaAe [0;+oo), 
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eo3pacmaem na [0; +oo), 
Henpepueeu na [0; +oo), 
paeen Hyjim e nyAe: 

\/0 = 



(3.1.23) 



UMeem 6ecKOHeHHWu npeden na 6ecKoneHHO- 
cmu: 



lim 

x— >-+oo 



(3.1.24) 



ydoe/iemeopjiem cjiedywmfiMy npaeujiy, Komo- 
poe Mootcem cHumamtCfi ezo onpedeAenueM: 



y 2n = x & y^O 



(3.1.25) 



/JoKaaameAbcmeo. 1. Tot cpaKT, hto cpyHKHHH x t— > 
2 y/x = onpe^ejieHa Ha [0; +oo) nocTyjnrpyeT- 
ca b AKCHOMe CTeneHeii Bl Ha c !168l nosTOMy ero 
,n,OKa3i>iBaTb He Hysaio. 

2. ^OKajKeM cooTHonieHHe (|3.1.24[) . Ilpn x > 1 
mm nojiy^HM: 



1 



> 



1 



2n 2n + l 

4 



i _ _ i 13. 1.201 

x—i > (|3.1.13P > ^=T^ +oo 

x— > +00 



X 2n 



3. PaBeHCTBO (|3.1.23|l cjie/ryeT H3 TOJKflecTBa 

4. IlpOBepHM, HTO (pyHKITHH a; i— > 2 ^/a- = 

B03pacTaeT Ha [0;+oo). fljiH noflMHOscecTBa 
(0; +oo) 3tot (paKT nocTyjinpyeTca b ycjiOBHH mo- 

HOTOHHOCTH (I3.1.10[) . IloSTOMy HaM HyjKHO JIHHIb 

npoBepHTB, hto oh 6yfleT BepeH fljisi cjiynaa: napbi 
x,y G [0;+oo), x < y, b KOTopofl x = 0. 3/i,ecb 
npHMeHaeTCH cjieflCTBne ??: 

< y < (gXl < 



5. ,H,OKa}KeM npaBHjio (|3.1.25|) . B npHMjrto cto- 
poHy mm nojiynaeM: ecjiH 



y 



/X = X 2" 



TO, BO-nepBMX, 



2» 



= (15X71 = a:* 



• 2 ™ = .T 1 = X 



h, BO-BTopMx, no Akchomc CTeneHeii Bl Ha c !168l 
H3 Toro, hto x 2n cymecTByeT, cjieflyeT, hto a; ^ 0. 
IlosTOMy 

j 1 13. 1.151 

y = x^ > 



Mm flOKa3ajin HMnjiHKanHio 



,.2n 



ie & 2/ ^ 



Tenepb ,u;0Ka}KeM o6paTHyio HMnjrHKarnno: 



y 



y 



2n. 



IlycTb 
Tor^a 



y 2n = x 



x & y Ss 



1I3X151 

■ 2n ^ 



2; = y 

h noaTOMy, no Akchomc CTeneHeii Bl Hac ll68l 

a = ( y 2n )^ = mm = y 2n '^ = y 1 = y 

To ecTb 

y= 2 Vx 

6. OcTaeTCH ,n,OKa3aTb HenpepbiBHOCTb cpyHKHHH 
x 1— > 2 ^/x. 3aMeTHM, hto npaBHjio (|3.1.25p mojkho 
HHTepnpeTHpoBaTb TaK: cpyHKrpiH 

f(x)=^ = x^, g(y) = y 2n , 

ecjiH hx CHHTaTb onpeflejiCHHMMH Ha nojiynHTep- 
Bajie [0; +00) (sTa oroBopxa HyjKHa, noTOMy hto 
(pyHKniia g(y) = y 2n (popMajibHO onpeflejieHa Ha 
Bceit npsMoii K, hto 6ojTbine, neM [0; +00)) o6paT- 
Hbi flpyr flpyry. HosTOMy mojkho BOcnojib30BaTbCH 
3aMenaHHeM 12.3.21 (pyHKiniH fug onpeflejieHM Ha 
nojiyHHTepBajie [0;+oo), B3anMHO o6paTHM, npn- 
neM tpyHKi^HH / B03pacTaeT Ha HeM (mm sto y>Ke 
flOKa3ajra Ha nepBOM mare) , nosTOMy ohh ,a,oji»cHbi 
6tiTb HenpepbiBHbi. 

O^HaKO yTBepjK,u;eHHe, ynoMHHyToe HeiMii b 3a- 
MeiaHHH 12.3.21 Mbi He /i,OKa3ajiH (h ^ajKe aKKypaT- 
ho He ccpopMyjinpoBajin) . IloaTOMy pjisi CTporocTH 
mojkho nocTynHTb HHane. CHanajia 3aMeTHM, hto 
cpyHKiniH / h g, ecjiH hx CHHTaTb onpeflejieHHbi- 
mh Ha HHTepBajie (0;+oo), B3anMHO o6paTHbi, h 

CTpOrO MOHOTOHHBI (b CHJiy yCJIOBHS MOHOTOHHO- 

cth (|3.1.10p ) . 3HaHHT, no TeopeMe 12.3.71 ohh aojijk- 
Hbi 6biTb HenpepbiBHbi Ha (0;+oo). IlosTOMy ^;jih 
HenpepbiBHOCTH Ha [0; +00) HaM ocTaeTca flOKa- 
3aTb, ttto / HenpepbiBHa b Hyjie. Flpn < x < 1 
mm nojiyHHM: 

1 1 



2n > 2n 

4 



f 1 

13.1.131 



H3.1.9I 

< a;' 



< X 2 "+ 1 



x-y0 



1 13. 1.231 



4>yHKi^HH x y-^ x 2t1 + 1 

HenpepbiBHa 
no npejiJio?KeHHio l3.1. II 

4 



x^O 



□ 



o 3.1.2. ITpe/yiojKeHHe 13.1.21 no3BOjiaeT CTponTb 
rpacpHKH KopHeii hcthoh CTeneHH. OnaTb ecjin He 
HHTepecoBaTbCH ynacTKaMH BbinyKjiocTH (0 koto- 
pbix mm ynoMHHajiH b npnMepe 13.1.11) , mm nojiy^a- 
eM. hto no BH/ry rpacpHKa Bee kophh hcthoh CTene- 
hh Be fly t ce6a oflnnaKOBo: 
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rpaepHK cpyHKnnn x M- 2 ^/x BbirjiHfliiT Kax 
rpaepHK jno6oro npeflCTaBHTejiH 113 SToro ce- 
MeiicTBa cpyHKinift, HanpiiMep, KaK rpacpHK 
Keadpamnozo Kopnn 

\fx = xi (x e M) 



y = -x 



y = x 



& y>0 



HCB03M05KHO, 

noTOMy 4to x < 



y = = |z| 



IIpe/j,Jio>KeHHe 3.1.3. Cnpaeednueo mojfcdecmeo: 



(3.1.26) 



x = \ x 



/(oKasameJibcmeo. 3^eci> HyjKHO paccMOTpeTb Tpn 
cjiynaa: BO-nepBMx, ecjiH x — 0, to \fx? = = \x\ 
- oneBHflHO. Bo-BToptix, ecjiH x > 0, to nojiynaeM 



y = V x 2 



t 

y 2 = x 2 & y > 
t 

y 2 -x 2 =0 & y ^ 
t 

(y-x)(y + x) = Q k y>0 

t 



y — x = 
y + x — 



y = x 



y = -x 



& y ^ 



& y ^ 



HCB03M05KHO, 

noTOMy ito x > 



y = x = \x\ 
B-TpeTbHx, ecjiH x < 0, to 
^2 



y = V x 
t 

y 2 =x & y^O 



If - x* = & y ^ 

(y-x)(2/ + x) = & y^O 
$ 

f + a: = °l & y^O 

y — x = 



□ 



CTeneraaa cpymaiHH. KopHH, o KOTopbix mm 
roBopHjiH b npeflBi^ymeM pa3/i,ejie, hbjijhotcji nacT- 
HMMii cjiy^iasMH (pyHKinift, Ha3biBaeMbix CTeneHHM- 

MH. 

• IlpH KajKflOM CpHKCHpOBaHHOM 3HaHCHHH 6 

(pyHKinia 

Ha3BiBaeTCH cmenennou (c noKa3aTejieM 6) . Ilo 
AKCHOMe CTeneHeft Bl Ha c. 11681 3Ty tpyHKinno 
mojkho CHiiTaTb onpe^ejieHHOft 

Ha MHOJKecTBe R, ecjiH b £ 



2N-1 ' 



Ha MHOJKBCTBe R \ {0}, ecnn b € — oWZi i 
Ha MHOJKecTBe [0, +oo), ecjiH b g (0, +oo)\ 



2N-1 ' 



Ha MHOJKecTBe (0,+oo), ecjiH H & € 
(-oo,0)\^ T . 

IIpe/yiojKeHiie 3.1.4. 77pu 6 £ 2N-1 cmeneHHati 
cfiyHKVjUfi x i — y x b 

onpedeAena ecwdy na R, 

- nenpepuena na M, 

- eo3pacmaem na R, 

- paena Hyjiw e nyAe, 

b = 0, 

uMeem 6ecKOHeuHue npedejiu na 6ecKOHenHo- 
cmjix: 



lim x = — oo 

x— > — oo 



lim a: 



-DC 



(3.1.27) 
(3.1.28) 



/^OKaaameAhcmeo. 1. nocKOjiMcy 6 > 0, no Akcho- 
Me CTeneHeft Bl Ha c !168l (pyHKHHH x i— > x b ,n,eft- 
CTBHTejibHO onpe/jejieHa Ha R. 

2. Ecjih 6 = o i 1 ni, n G N. to CTeneHHaa 
(pyHKn,HH /i(x) = x b aBjiaeTca K0Mno3Hn,neft CTe- 
ncHHbix (pyHKinrft g(y) = y 2m_1 h /(x) = x 2 "- 1 : 



Mx) = g(f(x)) = y 2 ™- 1 
= (i^i) 



y=x 
1m- 1 



= fl3~LT)) = x^ 



3. rtocKOJiBKy (pyHKirHH f(x) — x 2 ™- 1 Henpe- 
pbiBHa Ha R no npe/i,jiojKCHHio 13.1.11 a (pyHKinia 
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g(y) = y 2 " 1 " 1 HenpepbiBHa na K b cmiy npHMe- 
pa 12.2.81 iix KOMno3Hn,Ha h = g o f ^ojnKHa 6biTb 
HenpepbiBHa no TeopeMe 12.2.31 

4. OyHKiniH /(x) — x 2 "- 1 B03pacTaeT bck>- 
Ha R b CHjiy npe^jiojKeHHH 13.1.11 a <pyHKin«i 

g(y) = y 2 " 1 ^ 1 B03pacTaeT BCio^y Ha R b CHjiy npn- 
Mepa [2~1. 181 3HanHT, no CBOiicTBy 5° Ha c !1291 kom- 
no3HH,Ha h — g o / TaK»ce B03pacTaeT. 

5. PaBeHCTBO Hynio b Hyjie onsTb cjie/ryeT H3 
TO»c^,ecTBa (13. 1 -8p . 

6. A npeflejibi (|3.1.27p - (|3.1.28p cjie^yiOT H3 
jHTXTTTl: front a 1^X71]) - ([3X70]) . □ 

3.1.3. KaK h b cjrynae c npejuioaceHHeM 13.1.51 
npefljio>KeHHe 13.1.41 no3BOjiaeT CTpoHTb rpacpHK 
CTeneHHOfi cpy hkithh , Tenepb y*:e c noKa3aTejieM 
b G 2N-1 • O nHTb BH A rpaepHKa 3aBHCHT ot toto, 
6ojibnie hjih MeHbHie e/ninnnbi CTeneHb b (3pecb OHa 
MO»ceT 6biTb paBHOii 1. nocKOJibKy 1 G 2N-1 )' 11 ' 
3a6eraa Bnepeji, mbi ynoTpe6jis:eM tcpmhh BbinyK- 
jioctb, paccHHTbiBaH Ha HHTyHHino (hjih apyzmrniro) 
HHTaTejia: 

b cjrynae b > 1, b G 2N-1 ' r P a( P HK cpyHKiniH 
.x 1— > x b HBjiaeTCH BbinyKjibiM BBepx Ha nojiy- 
HHTepBajie (— 00; 0] a BbinyKjibiM bhh3 Ha no- 
jiyHHTepBajie [0;+oo), h BbirjiajxHT KaK rpa- 
cpHK jno6oro npe^CTaBHTejiH H3 stoto ceMeii- 
CTBa cpyHKiniH, HanpHMep, KaK Ky6unecKaji na- 
pa6o/ia, to ecTb KaK rpacpHK (pyHKHiin: 

/(x) = x 3 (x G R) 



b cjiynae 6=1 rpacpHK cpyHKiniH x i— > x 6 = 
x 1 = x, noHHTHoe ,a,ejio, npeflCTaBjiaeT co6oii 
np.HMyw. 

/(x) = x (x e K) 



ecjiH 6 < 1, 6 G 2N-1 ' T0 r P ac P HK <py HK ~ 
ihih 141' HBjiaeTCH BbinyKjibiM bhh3 Ha no- 
jiyHHTepBajie (— oo;0] h BbinyKjibiM BBepx Ha 
nojiyHHTepBajie [0; +00), h BbirjiH,zniT KaK rpa- 
cpHK jno6oro npe,n;cTaBHTejiH H3 stoto ceMeii- 
CTBa, HanpHMep, KaK rpacpHK Ky6uuecK08o nop- 

f(x) = x3 = $x (x G R) 

IIpe/i;jio»ceHHe 3.1.5. Tlpu b G 2 n-i cm ^ n ^ H HOJi 
(^ywKVAin x v- > x b 

onpedeAena ecmdy na R, 



- nenpepuena na R, 

y6ueaem na noAyunmepeaAe (— 00; 0], 
eo3pacmaem na noAyunmepeaAe [0; +oo) ; 

- paena nyAW e nyAe, 

b = 0, 

UMeem 6ecKoneHnue npedeAU na 6ecKOHenno- 
cmsix: 

lim x b = +00 (3.1.29) 

lim x b = +00 (3.1.30) 

x— f+oo 

JJoKaaameAbcmeo. 3peci> c oneBHjxHbiMH H3MeHe- 
hhhmh mm npHMemieM Te xe paccyjKfleHHH, hto h 
npn ,i],OKa3aTejibCTBe npefljiojKeHHH 13.1.41 

1. IlocKOJibKy b > 0, no Akchomc CTeneneii Bl 
na c ll681 4)yHKn;Ha 141' fleiiCTBHTejibHO onpefle- 
jieHa Ha R. 

2. 3aMeTHM, hto fljia b = „ , m, n G N, CTe- 
ncHHaa cpyHKLi,Ha: ft,(x) = x b HBjiaeTCH K0Mno3Hn,Heii 
CTeneHHbix (pyHKH,Hii g(y) = y 2m h /(x) = x 2 "- 1 : 

Mx) = g(/(x)) = y 2m , = 

y— a; 2ri — 1 

= (x^) 2m = (13~T7D = 

3. Tenepb npoBepHM HenpepbiBHOCTb. ITocKOjib- 
Ky cpyHKi^HH g(y) — y 2m HenpepbiBHa Ha R b cnjiy 
npnMepa 12.2.81 a (pyHKHHH f(x) = x 2 ™- 1 Henpe- 
pbiBHa Ha R no npefljiojKeHHio 13.1.11 hx KOMno3H- 
hhh h = gof ^ojBKHa 6biTb HenpepbiBHa no TeopeMe 
I2~2~31 

4. flajiee pa36epeMCH c mohotohhoctbio. OyHK- 
h;hh f(x) = x 2 ™- 1 B03pacTaeT na nojiyiinTepBa- 
jie (— oo;0] b CHjiy npeajioaceHHg [3". 1 . 1 1 a (pyHKinia 
g(y) = y 2m y6biBaeT Ha nojiyHHTepBajie (— oo;0] D 
/((— oo;0]) b cnjiy npiaiepa 12.1.171 3HannT, no 
CBOiicTBy 5° Ha c !1291 KOMno3HH,Ha h = g o / y6bi- 
BaeT Ha nojiyHHTepBajie (— oo; 0]. 

Hao6opoT, cpyHKn,HH /(x) = x 2 "- 1 B03pacTaeT 
Ha [0; +oo) b cnjiy npejjioateHHg [3". 1 . 1 1 a (pyHKirna 
g(y) = y 2m B03pacTaeT Ha [0; +oo) D /([0; +oo)) b 
cnjiy npnMepa 12.1.171 SnaniiT, no CBOiicTBy 5° Ha 
c ll291 KOMno3nn,Ha h = g o / TaKace B03pacTaeT Ha 
[0;+oo). 

5. PaBeHCTBO Hyjno b Hyjie cjie^yeT H3 tojk,h;c- 
CTBa PX5|I . 

6. Ilpeflejibi (I3.1.29p -( |3.1.30p cjie^yiOT H3 
(|3.1.19p - (|3.1.20p h (12.4.63p - (|2.4.64p . HanpHMep, 
nepBbift H3 hex: 

x — > — oo 

4 13.1.291 

f(x) = x 2 "- 1 — > — oo 

J| 12.4.631 . TeopeMa 12.4.91 

g(f(x)) = x^r -> +oo 

□ 
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Diam 3. CTAHflAPTHHE QyHKIfHH 



O 3.1.4. IIpCflJIOJKCHHC 13.1.51 n03BOJIHeT CTpOHTb 

rpaepHKH CTeneHHbix (pyHKinifi c noKa3aTejiHMH 6 G 
gfzr ■ 3th rpaepHKH hmgiot yjiOBHMoe B3rjiHjxpM 
pa3jiHnne, b 3aBHCHMOCTH ot Toro, 6ojibine HJIH 
MeHbine e/niHHHbi CTeneHb b (paBHOii 1 OHa 6biTb He 

MOJKeT, H3-3a Toro. hto 1 1 ) . Pa3JIHHHe >Ke co- 

CTOHT B TOM, KBK yCTpOeHbl yiaCTKH BbinyKJIOCTH, 

KOTopbie mbi eme He ycnejin onpe;j,ejiHTb, h o koto- 
pi>ix penb noitfleT b |§ 3j[b)| rjiaBbi ??. IlocKOJibKy hh- 

TyHTHBHBIH CMblCJI BbinyKJIOCTH OHeBHJTCH, Mbi fly- 

MaeM, hto HHTaTejiio 6ya,eT noHHTHO, ecjin, 3a6e- 
rasi Bnepefl, coo6inHTb eMy, hto npn b > 1 rpacpHK 
CTeneHHOii cpyHKiniH HBjraeTCH BbinyxjibiM bhii3 Ha 
npHMOii R, a npii < b < 1 npsMaa pa36nBaeT- 
ch Ha flBa nojiyHHTepBajia (— oo,0] h [0;+oo), Ha 
KOTOpbix rpacpHK hbjihctch BbinyKjibiM BBepx: 

b cjiynae b > 1, b G 2 n-i ; r P a< P HK <py HKln ™ 
x i— > x b 1 Bbirjia,n,HT KaK rpacpHK jno6oro npeji- 
CTaBHTejia H3 SToro ceMeitcTBa cpyHKiniH, Ha- 
npHMep, KaK Keadpamunnasi napa6oAa, to ecTb 
KaK rpacpHK cpyHKinan 

f(x) = x 2 (xE R) 



tohho TaK »ce, ecjin b < 1, b G 2 n-i ' r P a( P HK 
(pyHKii,HH x 1 — y x b j BbirjiH^HT KaK rpacpHK JIK)- 
6oro npe^CTaBHTejiH H3 stoto ceMeiicTBa, Ha- 
npHMep, KaK napa6oAa co cmenenbw | , to ecTb 



KaK rpacpHK cpyHKiniH 

fix) — x* (x G 



2K 



IIpe/j;jio»ceHHe 3.1.6. IZpu b G — gw-i 

KOJl (fiyHKUUSl 14 1* 



cmenen- 



onpedeAena na Mnocucecmee R \ {0}, 

nenpepuena h«1\ {0}, 

eo3pacmaem na unmepeaAe (— 00; 0), 

y6ueaem na unmepeaAe (0; +00), 

UMeem CAedymuiAie npedeAU e gpanuunux 
mouKax o6Aacmu onpedeAenun u na 6ecKoneu- 
Hocmu: 



lim x = +00 



(3.1.31) 
= +00 (3.1.32) 
lim x b = (3.1.33) 

a;— foo 



lim x b 



/JoKa3ameAt>cmeo. Ecjih o6o3nanHTb c = —b, to 
mm nojiyniiM c G 2N-1 ' 11 Hama <py HKI ? Ha: SyneT 

KOMn03HniICH CpyHKITIIH f(x) = X°, paCCMOTpCHHOH 

b npejuioaceHiiH 13". 1 .51 11 cbyHKniiH g(y) = y^ 1 , pac- 
CMOTpeHHOii b npmiepax ?? ii 12.2.81 Bee HyjKHbic 



HaM CBoiicTBa (pyHKiniH x i— > x b cjiejjyiOT H3 sthx 

□ 



yTBepjKflCHHH . 



o 3.1.5. IIpefljiojKeHHe 13.1.61 no3BOjiHeT CTpoHTb 
rpacpHK CTeneHHOii cpyHKHHH c noKa3aTejieM b G 
— gjpjr ■ B OTjiHHHe ot npeflbiflynrHx cjiynaeB, 3,n,ecb 
bhjj, rpaepHKa (b Tex ^eTajiax, KOTopbie Hac HHTe- 

peCyiOT, a HMeHHO, MOHOTOHHOCTb, BbinyKJIOCTb H 

npe^ejibi b KpaiiHHx TOKax HHTepBajiOB mohotoh- 
hoctii ii BbinyKjiocTn) He 3aBHCHT ot 3HaneHHH b: 

ecjin b G — 2N-1 ' TO r P a( P HK <py HKL| ; HH x ^ x b , 
BbirjiaflHT KaK rpacpHK jno6oro npejj,CTaBHTejiH 
H3 SToro ceMeiicTBa cpyHKiniii, HanpHMep, KaK 
KeadpamuHnasi zunep6oAa, to ecTb KaK rpacpHK 

(pyHKII,HH 



/(*) 



(a; G 



IIpe/j;jio»ceHHe 3.1.7. IIpu b G 
nan QiynKUUR x H- x b 



2N-1 
' 2N-1 



cmeneH- 



onpedeAena na MHowcecmee K \ {0}, 

- nenpepuena ho1\ {0} 7 

y6ueaem na unmepeaAe (— 00; 0), 

y6ueaem na unmepeaAe (0;+oo), 

UMeem CAedymuiAie npedeAU e zpanunnux 
mouKax o6naemu onpedeAenusi u na 6ecKoneu- 
nocmu: 



lim x = —00 



lim x = +00 
lim x b = 



(3.1.34) 
(3.1.35) 
(3.1.36) 



/JoKa3ameAt>CTneo. Ecjih o6o3HanHTb c = — &, to 
mm nojiy^HM c G 2 n-i ' H Hama <py HKU ; HH Sy^eT 
KOMno3Hn;HeH (pyHKHHH /(a;) = x c , paccMOTpenHoii 
b npejijioateHHH I3". 1 .41 h cpyHKi^HH g(y) — y^ 1 , pac- 
CMOTpeHHOfi b npHMepax ?? h 12.2.81 Bee HyjKHbie 

HaM CBOHCTBa OpyHKH,HH X I — y X b CJieflyiOT H3 3THX 
yTBepjKflCHHH. □ 



o 3.1.6. IIpefljiojKeHHe 13.1.71 no3BOjiHeT CTpoHTb 
rpacpHK CTeneHHOii (pyHKiniH c noKa3aTejieM b G 
— ™Zi • KaK h b npejj,bijj,yni;eM cjiynae, 3jj,ecb bha 
rpaepHKa He 3aBHCHT ot 3HaneHHa b: 

ecjin 6 G — ™Ii ; TO rpacpHK (pyHKniin x n- 
BbirjiaflHT KaK rpacpHK jno6oro npeflCTaBHTe- 
jih H3 3Toro ceMeiicTBa (pyHKi^nii, HanpHMep, 
KaK Ky6u%ecKaji zunep6cuia, to ecTb KaK rpa- 
cpHK CpyHKUHH 



fix) 



(x G 



§ 1 . SjieueHTapHbie (pyHKUHii 
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IIpe^jio^KeHHe 3.1.8. IIpu b G (0; +oo) \ 2 n-\ 
cmenennan (fiynKuux, x M- x b 

onpedejiena na nojiyunmepeaAe [0; +oo), 
nenpepuena na [0;+oo) 7 

- eo3pacmaem na [0; +oo), 

- paena nyAto e nyAe, 

b = 0, (3.1.37) 

uMeem 6ecKone%nuu npedeji e 6ecK0HeHH0cmu: 
lim x b = +oo (3.1.38) 

x— »+oo 

/foKaaameAtcmeo. 3,necb mm c He6ojibiHHMH H3Me- 
HeHHSMH noBTopaeM paccyjKfleHHH, npHMeHHBiniie- 
ca npn flOKa3aTejii>CTBe npe^jiojKeHHH 13.1.21 

1. IlocKOJibKy b > 0, no Akchomc CTeneHeii Bl 
Ha c ll68l cpyHKHHH fleftcTBHTejibHO onpefle- 
jieHa Ha [0; +oo). 

2. ^OKajKeM cooTHonieHHe (13.1. 38[) . Jlflsi 3Toro 
nofl6epeM n G N TaK, hto6m 6 > 2 n-i ■ Tor^a npn 
x > 1 mm nojiyHHM: 

x b > (|3.1.13[l > — ► +00 

a;— >+oo 

x b — > +oo 

3. PaBeHCTBO (13.1. 37|1 cjie/ryeT H3 TOJK^ecTBa 

(EHUD- 

4. IlpoBepHM, hto Hania cpyHKHiiH B03pacTaeT 
Ha [0; +oo). JXjik noflMHO»cecTBa (0; +oo) stot cpaKT 
nocTyjinpyeTCH b ycjiOBHH mohotohhocth (|3.1.10p . 
IlosTOMy HaM HyjKHO jihhib npoBepiiTb, hto oh 6y- 
p/dT BepeH fljia cjiynaa napbi x,y G [0;+oo), x < y, 
b KOTopoii x — 0. 3nccb npnMeHaeTCH cjieflCTBHe 
??: 

< y < (j3~l~gf < t/ b 

5. 3aMeTHM ^.ajiee, hto cpyHKHini 

f(x) = x b , g(y) = 

ecjiH hx CHHTaTb onpeflejieHHbiMH Ha nojrynHTepBa- 
jie [0; +oo) (aTa oroBopKa Hy>KHa, noTOMy hto mo- 
aceT cjiynHTbCH, hto BTopyio H3 hhx mojkho onpc- 
nejiHTb Ha MHO»cecTBe, 6ojTbineM, hcm [0; +oo); Ha- 
npHMep, npn b — \ G (0; +oo) \ 2 n-i MbI nojrynaeM 

\ = 2 G 2flh"> H 4>yHK^a y yi = y 2 OKa3M- 

BaeTCH onpeflejieHHOft Ha Been npaMofi R) o6paTHM 
npyr ,npyry. ^eftcTBHTejibHO, c o,h,hoh CToponbi, pjxsi 
jno6oro x G [0; +oo) mm nojiynaeM 

g(f(x)) = (x b )i = gXIl) = 

= X H ^x 1 ^ ((3TTTT41 = x 

A c flpyroii - pjin jnoGoro j/6 [0; +oo) 



/(s(?/)) = (^) 6 = C3 = 

= yi- b =y 1 = jXTj = y 

6. Ilocjie SToro moscho BOcnojib30BaTbCH 3aMe- 
naHHCM 12.3.21 (pyHKH,HH fug onpe^ejieHM Ha no- 
jiyHHTepBajie [0;+oo), B3aHMHO o6paTHM, npnneM 
(pyHKH,H5i / B03pacTaeT Ha HeM (mm sto y»ce /i,OKa- 
3ajiH Ha nepBOM mare) , noaTOMy ohh /kmjkhm 6biTb 

HCnpCpblBHM. 

O^HaKO nocKOjibKy yTBepjKfleHHe, ynoMHHyToe 
HaMH b 3aMenaHHH 12.3.21 mm He flOKa3ajiH, mm pjxsi 
CTporocTH nocTynHM HHane. CHanajia 3aMeTHM, hto 
(pyHKHHH fug, ecjiH hx CHHTaTb onpeflejieHHM- 
mi Ha HHTepBajie (0;+oo), B3aHMHO o6paTHM, h 

CTpOTO MOHOTOHHM (b CHJiy yCJIOBHS MOHOTOHHO- 
CTH (|3.1.10p ). 3HaHHT, no TeopeMe 12 . 3 . 71 ohh ^ojijk- 
hm 6biTb HcnpepbiBHM Ha (0;+oo). IIosTOMy /i;jih 
HenpepbiBHOCTH Ha [0; +oo) HaM ocTaeTCH ^,OKa- 
3aTb, hto / HenpepbiBHa b Hyjie. J\jih 3Toro CHOBa 
B03bMeM n G N Tax, hto6m 2 n-\ ^ ^- Toiyja npn 
< x < 1 mm nojiyHHM: 

< dnXJl <x b < (|3.1.13|) < x^ — > 

X— >0 

x b — > 

z-s-0 

□ 

o 3.1.7. IlpefljiojKCHHe 13.1.81 no3BOjiHeT CTpoHTb 
rpaepHK CTeneHHOii (pyHKiniH c noKa3aTejieM b G 
(0; +oo) \ 2N-1 • 3fl eCb KaK H B npHMepe 13.1.41 bha 
rpaepHKa 3aBHCHT ot Toro, 6ojibnie Hjm MeHbnic 
e/i,HHHH,M CTeneHb b (paBHOfi 1 OHa onHTb 6biTb He 

MOJKeT, H3-3a TOTO, HTO 1 G )• 

b cjiynae b > 1, b G (0; +oo) \ 2N Z _ 1 , rpa- 
(pHK (pyHKu;HH x i y x b , BMrjiH^HT Kax rpa- 
cpHK jno6oro npe^CTaBHTejia H3 SToro ceMeit- 
CTBa (pyHKu^HH, HanpHMep, KaK rpaepHK cpyHK- 

H,HH 

f(x) =xi (x > 0) 



tohho TaK >Ke, ecjiH b < 1, b G (0; +oo) \ 2W _ 1 , 
rpaepHK (pyHKH;HH x i— > Bbirjia^HT KaK 

rpaepHK jno6oro npeflCTaBHTejia: H3 3Toro ce- 
MeiicTBa, HanpHMep, KaK rpaepHK KBa/rpaTHoro 

KOpHH 

f{x) = xi = yfc [x> 0) 



IIpe/i;jio>KeHHe 3.1.9. IIpu b G (— oo;0) \ 
cmenenHasi (fynnuusi x i— > x b 

onpedejiena na unmepeane (0; +oo). 
nenpepuena na (0;+oo). 
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rnaisa 3. CTAHflAPTHHE QyHKIfHH 



y6ueaem na (0; +oo) 

UMeem CAedymu^ue npedeAU na KOHV,ax smozo 
unmepeaAa: 



lim x = +oo 
lim x b = 



(3.1.39) 
(3.1.40) 



/JoKasameji'bcmeo. Ecjih o6o3HaHHTB c = —b, to 
mm nojiyniiM c G 2N-1 ' 11 Hama cpyHKinis 6yfleT 
KOMno3Hn;HeH cpyHKHHH /(#) = x c , paccMOTpeHHOii 
b npejjiQjKeHHH [3". 1 .81 h cpyHKHHH g(y) = y^ 1 , pac- 
CMOTpeHHOH b npHMepax ?? h 12.2.81 Bee HyjKHbie 
HaM CBoitcTBa cpyHKHHH x x b cjie/ryiOT H3 3thx 

yTBepjKflCHHH. □ 



o 3.1.8. npefljiojKemie 13.1.91 no3BOjiaeT ctpohtb 
rpacpHK CTeneHHOH cpyHKHHH c noKa3aTejieM b G 
(— 00; 0)\ 2 <M-i ■ 3,n,eci> bha rpacpHKa (b Tex jTSTajrax, 
KOTopbie mbi 3,necb y*:e nepeHHCjiiuin) He 3aBHCHT 
ot 3HaneHHa b: 

npn b G (— 00 ;0) \ njt—i > rpa^nK cpyHKHHH 
x 1 y x b . BBirjiajTHT k&k rpacpHK jiio6oro npeji- 
CTaBHTejiH H3 SToro ceMeiicTBa cpy hkhhh , Ha- 
npHMep, KaK rpacpHK cpyHKHHH 



/(*) = 



(x G M) 



= a" — 1 > 

H, BO-BTopbix, b CHjiy HepaBeHCTBa BepHyjijiH 
(10.3.1111) . 



a = (1 + ^ (|0.3.11ip ^ 1 + n • x r . 

a- 



a- 1 



^ 32 r, 



3anncaB sth /nm HepaBeHCTBa BMecTe, mbi nojiyHHM 
oueHKy fljisi x n , H3 KOTopoit nojiynaeTCH nepBtni H3 
flByx npeflejiOB (|3. 1.41(1 : 



a - 1 



< £„, ^ 



a » — 1 — x n — > 

n— >oo 



a" — >■ 1 

n— ¥00 



Ilocjie SToro BTopoii npejreji nojiynaeTca npHMeHe- 
HiieM TOJK/i,ecTBa (13.1. 2\ h CBOiicTBa npe^ejiOB co- 
xpaHHTb jxpo6fc: 



IIoKa3aTejIbHaH CpyHKU,HH. ilpH Kax^OM CpHK- 

cnpoBaHHOM 3HaneHHH a OTo6pa»ceHHe 

X I y Qj X 

Ha3BiBaeTca noKa3ameAbHou (fiyHKi^ueu (c ocHOBa- 
HHeM a). IIo AKCHOMe CTeneHeii Bl na c !168[ 3Ty 
cpyHKHHio mojkho CHHTaTb onpeflejieHHOft 

Ha MHOJKecTBe R, ecjin a > 0; 

Ha MHOJKecTBe [0; +00), ecjin a = 0; 



Ha MHOJKCCTBC 



2N-1 ' 



ecjni a < 0. 



JTeMMa 3.1.1. 77pu mo6om a > nocAedoeameAt- 
Hocmu a~ u a~~ cmpeMsimcsi K eduHuv,e: 



„ m 1 4°,c[93]l 

033) = -r — > T = l 



2. Ecjih a = 1, to npejrejiBi (|3. 1 .41[) CTaHOBHTCH 

TpHBHajIbHblMH CJieflCTBHHMH TOJKfleCTBa (|3.1.4j) : 

ai = I- = (gXj]) = 1 — ► 1 
a"* = I"* = (IXOD = 1 — > 1 

n— ^00 

3. Ecjih < a < 1, to nojiojKHB A = i, mh no- 
jiyniiM A > 1, h nosTOMy, KaK mbi ysce flOKa3ajin, 



A- — > 1 

n— >cx) 



KaK cjiejj,CTBHe, 



a • 



— > 1, a"» — ^ 1 (3.1.41) 



JJoKa3ameAt>cmeo. 1. IlycTB CHanajia a > 1. O60- 

3HaHHM 

a;„ = a~ — 1 
H 3aMeTHM, hto, BO-nepBBix, 

a > 1 



a " 



n— ^-00 1 



a OTCio^a y^ce 



□ 



JJ. H3.1.10> 

a« > 1" = |(5XJ| = 1 

4 



JleMMa 3.1.2. TTpw aw6om a > cnpaeedAueo co- 
omHomeHue: 



a x — > 1 



(3.1.42) 



§ 1 . SjieueHTapHbie cpyHKi^iiii 
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/JoKa3ameMbcmeo. HaM hjokho noKa3aTb, hto ,zljih IIpe,n;jio:>KeHiie 3.1.10. Hpu mo6om a > gSj/KK- 
npoii3BOjiBHOH 6ecKOHeHHO Majioii nocjie,n,OBaTejib- n-m 1 nenpepuena. 



HOCTH 



x fe — > (3.1.43) 



JJoKaaamejibcmeo. Ecjih — >• x, to Xk — x — > 

k— foo /c— >oo 



fe->oo h nosTOMy 

BbinojiHHeTca _ = aXk _ x _ = . a _ _ 

a 1 * — ► 1 (3.1.44) ^ ; fe^oo 

PaccMOTpHM HecKOJibKO cjiynaeB. B CHJly ^ j 42 | 

1. Ecjih a = 1, to (|3.1.44p BbinojiHHeTCH tphbh- 

ajitHO, noTOMy hto b stom cjiynae a Xk = 1. ^ 

2. nycTb a > 1. H3 cooTHOineHHft (j3.1.4ip cjie- npeAJioxceHHe 3.1.11. CnpaeedAueu cjiedywu^ue 



AyeT, hto .zljih jiio6oro e > HaiifleTCH HOMep N 

TaKOft, HTO 



coorrmouienusi: 

ecjiu a > 1, mo 



1 -£ < a « < a » < l + £ lira a K =0, lim a^+oo (3.1.45) 

x— > — oo a;— >+oo 

H3 p. 1.43ft cjie^yeT, hto ajih .ziaHHoro N mohcho e c/iu < a < 1, mo 

no,iio6paTij HOMep K TaKoii, hto 



1 



lim a x = +oo, lim a x = (3.1.46) 

ir— — oo a;— »+oo 



yk > K \xk\ < — JJoKa3ameAt>cm60. 1. IlycTb a > 1. Tor^a b CHjiy 

ITosTOMy: a n — > +00, 

n— >-oo 

1 l nosTOMy /ljih jiio6oro E > HafifleTCH iV € N TaKoe, 

Vfc > K - — < x k < 



N N 

J| 13.1.121 

Vfc > K 1 - e < < a Xk < ai> < 1 + e 



ITO 



a N >E 



J\nsi jiio6oro x > N mm Tenepb nojiynaeM: 

a x > (l3"TT2l >a N >E 

Mm nojiyniijiii, hto fljiH jiio6oro E > HaftfleTCH ./V 
Vfc > if a 1 * 1 £ (1 — e, 1 + e) TaKoe, hto npii x > N BbinojiHHeTCH HepaBeHCTBO 

a x > E. 3to 03HanaeT, hto cnpaBefljiiiBO BTopoe 

Mh nojiyiHjiH, hto KaKofi he bo3bmh e > iiohth pmm, 
J ' cooTHOHiemie b (13. 1 .45|) : 

Bee ajieMeHTbi nocjienpBaTejibHOCTH a Xk jiencaT b e- 

OKpecTHOCTH tohkh 1. 3to h 03HanaeT, hto cnpa- x^+oo 0, = 

BefljiiiBO (13.1.441) . ^ 

_ „ ~ _ , A , llocjie Toro, KaK oho jTOKa3aHO, nepBoe bbiboithtcji 

3. IlycTb < a < 1. Tor^a H3 (|3.1.41|) cjie^yeT, ' _ ' F ^ 



hto ,n,jiH jno6oro e > HaiifleTCH HOMep AT TaKoii, 

HTO 

1 - s < a« < a~ ™ < 1 + s 



Kax ero cjieflCTBiie: 

lim a x — | y _ ' T ) = lim a~ a 

oo \y — > +00 / £/->+oo 



OnHTb H3 (|3.1.43p nojiy^aeM, hto ^;jih flaHHoro N _ j- m \ _ m 4 gQ p _ g 

mojkho noflo6paTb HOMep K TaKoii, hto j/->+oo | a y | 

1 \ 

Vfc > K \x k \ < — +co 

2. IlycTb < a < 1. Toiyia, nojiojKHB A = -. 

h nosTOMy a . ! a 

J Mil nojiyHHM A > 1, nosTOMy 



Vfc>if -_< Xfe <_ 



lim a 1 

X— > — OO 




Jj. H3.1.13I 

Vfc > AT 1 - e < a* < a** < a"* < 1 + e = ^ A " = ®™ = +°° 

Vfc > K a Xk e (1 - e, 1 + e) 

lim a = 

TO eCTb KaKOH HH B03bMH e > 0, nOHTH Bee 2;->+°o 

sjieMeHTM nocjieflOBaTejibHOCTH a Xk jiejKaT b e- 

OKpeCTHOCTH TOHKH 1. OnHTb 3TO 03HaHaeT, HTO J/^~oo 

cnpaBefljiHBO p. 1.441) . □ □ 




lim = (|3.1.45p = 
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IIpe^jio^KeHHe 3.1.12. Tlpu mo6ux a > u x € nepecTaeT 6biTb HenpepbiBHOii jniHiieii; mojkho iim- 

TaTbca pncoBaTb OT^ejibHbie totkm Ha HeM, HanpH- 
Mep 



cnpaeedjiueo Hepaeencmeo 
a x > 



(3.1.47) 



/JoKasameJibcmeo. Ecjih a = 1, to sto HepaBeHCTBO 
6yflei OHeBHflHO, b cmiy nepBoro CTeneHHoro 3aKO- 
Ha (|3.1.4|) : l x = 1. IIosTOMy Ba>KHO paccMOTpeTb 
cjiynan a>lnO<a<l. 

1 . IlycTb a > 1 . Torfla paccMOTpeB nejiyio nacTb 
[x] HHCJia x (mm ee onpeflejimiii Bbime (popMyjioii 
(|0.4.158p ). Mbi nojiyHHM: 



[x] ^ x 
< a [x] ^ a x 

10.4.1511 

< a x 



10.4. 1601 
13.1.121 



yBejiHHHBaa hhcjio ToneK, Mbi 6yfleM ,a,o6HBaTb- 

CH yCJIOSKHCHIlH KapTHHKH 



ho, b OTjiHHHe ot npe/n^yrynrHx cjiy^aeB, 3/i,ecb 
He nojiy^HTca, iTo6bi Bee totkm npHHafljieacajiH 
KaKoii-TO oflHoii HenpepbiBHOii jihhhh. 

HacTHMM cjiynaeM 6y/i,eT rpacpHK cpyHKinin 

fix) = {-if 

B 3aBHCHMOCTH OT CTeneHH nOflpo6HOCTH OH MOJKeT 
H306pajKaTbCH TaK 



2. Hao6opoT, ecjin < a < 1, to 

X < [x] + 1 10.4. 1601 

Jj. 13.1.131 

a x > a [x]+1 > 

<0.4.151l 

a x > 



HJIH TaK 



HJIH TaK 



□ 



o 3.1.9. npefljiojKeHHft EXTU1 EIII] h EXT1] ao- 

CTaTOHHO, hto6bi nocTpoHTb rpacpHK cpyHKH^HH x i y 
a x b Tex cjiynaax, Kor^a 3to bo3mo»cho, to ecTb ko- 
r,na a ^ 0: 

- ecjiH a > 1, rpacpHK BbirjiH/niT TaK: 



ecjiH a = 1, rpacpHK CTaHOBHTca npaMoii: 



ecjiH < a < 1, rpacpHK BbirjiHflHT TaK: 



ecjiH a = 0, rpacpHK BbirjiH^HT TaK: 



o 3.1.10. OT,nejT£>HO nyjKHO CKa3aTb, hto npn a < 

0, rpacpHK H306pa3HTb HeB03MO}KHO, OTTOTO, HTO OH 



JIorapHcpM. 

• fljia bchkoto Hiicjia a, yiiOBjieTBopsioiHero 
,ii;BOHHOMy HepaBeHCTBy 

< a £ 1, 

npaBHjio 

y = log a :r a a =x (3.1.48) 

onpeflejiaeT cpyHKHHio 

x i — ^ log a sc (x > 0) 
Ha3biBaeMyio AogapucpMOM no ocHOBaHHio a. 

IIOHHTHO, HTO CpyHKHHH X ^ a X M log a CBH- 
3aHBI TOJKfleCTBaMH 

a^^x (x>0) (3.1.49) 

\og a {a x ) = x (x G R) (3.1.50) 
BTopoe H3 hhx BjieneT 3a co6oii TOJKflecTBO 

log Q a = l (0<o^l) (3.1.51) 

/J,oKa3ameAt>cmeo. Mbi flOKaxceM sto yTBepjKfleHHe 
fljiH cjiynaa a > 1 (cjiynaft < a < 1 pacciviaTpH- 
BaeTCH aHajiorHHHo) . 

1. HepaBeHCTBO (|3.1.47p osHa^aeT, hto oto6- 
pajKeHne x a x ^eftcTBHTejibHO nepeBO/niT K b 
(0;+oo). 

2. flajiee H3 ycjiOBHH B03pacTaHHH p.1.121) cjie- 
flyeT, hto OTo6pa»ceHHe 14 a 1 hhtjCkthbho. 



§ 1 . SjieueHTapHbie cpyHKi^Hii 
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3. IloKa>KeM, hto i^a 1 ciopteKTHBHO OTo6pa- floKaaamen'bcmeo. IlepBoe paBeHCTBO cjie^yeT 

xaeT R Ha (0; +oo). IlycTb C € (0; +oo). IIockojib- HenocpejiCTBeHHO H3 onpeflejieHna (|3.1.48p : 

Ky lim^^^oo a x = (nepBoe paBGHCTBO b p. 1.451) ). fl0 = ( fgxj ) = 1 <*=^> = log 1 

HaiifleTCH x € R TaKoe, hto a 11 < C. C npyroii a 

CTopoHbi, lim^^+oo a x = +oo (BTopoe paBCHCTBO Hto6m npKa3aTb BTopoe, iipcTaTOHHO bmhhc- 

b l|3.1.45|l ). nosTOMy HaiifleTCH y £ R Taxoe, hto MTb 3HaneHHH (pyHKnnn x ^ o 1 b o6enx ero na- 

a y > C. Mbi nojiynaeM, hto ctsx: 

ar<C<a» a los - = i = ^ = iXl = a— 

IloCKOJIbKy X H- - HHTjCKTHBHOe 0T06pajKGHHC. 

npHH6M x i y - He npepBiBHaa <pynKin«i b cnjiy paB6HCTB0 a io ga ± = a -io gn x 03HaHaeT . HT0 apry : 

WOKeHEH IM^lJi 3 H aHHT, no Teopewe Koinn o m6htm flOJIJKHM 6mtb paBHM; loga l = _ loga x 

cpeflaeM SHanennn MM Han fl e T CH TOHKa c e R te- Toxffl0 TaK ^ fl0Ka3bIBaeTCa noraeffliiee paees- 



Kaa, hto 

a c = C 



ctbo: 

a log a (x. S ) = x . y = fl log a x . fl log a „ = 



Mbi nojiymuin, hto Kaxoe hh bo3bmh C € (0; +oo), 
jijih Hero Hafi/i,eTca TOHKa c € R, b KOTOpoft cpyHK- — — a 

njaa x i-> a* npHHHMaeT 3HaneHHe C. 3to h osHana- OnaTb, nocKOjibxy x ^ a x - HHteKTHBHoe oto6- 

eT dOpTjCKTHBHOCTb X I — ^ CL X KaK OTo6pajKeHHH H3 pajKBHHe, paBeHCTBO a lo Sa.( x '#) — a log » x+loe " y B03- 

R b (0; +oo). mojkho tojibko ecjiH apryMeHTbi paBHbi: log a (x-y) = 

4. HhtjCkthbhoctb h ciop-beKTHBHOCTb BMe- l g a x + log a y. □ 
CTe 03HanaiOT 6neKTHBHOCTb x i— > a 2 : R — > 

(0" +oo) □ IIpefljioxceHHe 3.1.15. Cnpaeednueu cAedywmxie 

coomnomenusi: 

IIpe^;jio>KeHHe 3 .1.13. OyHKUUM log a , onpede- _ ecvro a > 1, mo 
Aennasi npaeuAOM (|3.1.48[l . 

lim log a x = — oo, lim log a x = +oo 

x— >-\-0 2:— >+oo 



603pacmaem npu a > 1: 

< x < y =>■ log Q x < log a y (3.1.52) e &/m < a < 1, mo 

y6ueaem npu < a < 1: 

< x < y =*> log a x > log a y (3.1.53) 



(3.1.57) 



lim log a x = +oo, lim log a x = — oo 

x— >-+0 x— >-+oo 



(3.1.58) 



/JoKa3amejibcmeo. IlycTb a > 0. Ecjih _E > 0, to 
^o^aine/i*c»neo. IlycTb a > 1 h x < y. Ecjih 6m flJIH ™>6oro x G (0; a - E ) nojiynaeM b cnjiy flM^: 
OKa3ajiocb, hto log n x ^ log a y, to, b cnjiy B03pac- l g a x < log a a~ E = -E 

TaHHH x i y Qj X , Mbi nOJiyHHJIH 6bl 

3to 03HanaeT, hto cnpaBefljiHBO nepBoe cooTHonie- 
lnx^lny hhc b fl3XS7|): 



a log a x ^ a log a y 



lim n !0ga X = -OO 

x— >+0 



Hao6opoT, /i;jih jno6oro x > a E nojiynaeM b cnjiy 
(13. 1.521) : 

v log a x > log Q a E = E 

JL 3to 03HanaeT, hto cnpaBefljinBO BTopoe cooTHome- 

hhc b (13.1. 57p : 



x>y 



lim log a x = +oo 

x— ^+oo 



Cjiynait < a < 1 paccMaTpnBaeTCH aHajiornn- 
ho. □ n 

„ „ , , , T , O 3.1.11. npefljiojKemiii 13.1.131 13.1.141 n 13.1.151 

llpe/rjicoKeHHe 3.1.14. <Pvhkuum log„, onpede- , , , 

° oa JJ,OCTaTOHHO, HTOObI nOCTpOHTb TpaCpHK CpyHKI^HH 



jieHHaM npaeuAOM (|3.1.48|) . ydoeAemeopsiem cAedy- ^ 
wuifiMy paeencmey u deyM mocHcdecmeaM: 



ecjiH a > 1, to KapTHHKa nojiynaeTCH TaKoii: 



log a 1 = 0, (3.1.54) 
log a i=-log a x (3.1.55) 

!oga(a; • y) = log a x + log a y, (3.1.56) - ecjin < a < 1, to Taicon: 
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OopMyjifei, CBH3feiBaK>ru;He noKa3aTejibHBie H3 (|3 . 1 . 59[) - (13 . 1.611) cjie^ryeT, hto jiio6yio noica- 

(J)yHKII,HH H JIOrapHCpMBI C pa3HBIMH OCHOBa- 3aTejIbHyiO (pyHKHHK) H JIK)60H JIOrapH<J)M MOJKHO 



HH3MH. 



IIpe/i;jio>KeHHe 3.1.16. CnpaeedAueu momcde- 
cmea: 



Bbipa3HTB nepe3 SKcnoHGHTy h HaTypajibHbiii jiora- 
pHcpM Tax: 



a x = b x ' l ° Sb a 
l og b (a x ) = x ■ \og b a 



log b a 



(3.1.59) 
(3.1.60) 

(3.1.61) 



log„ x 



In a; 
In a 



(0 < a) 
(0 < a ^ 1) 



(3.1.62) 
(3.1.63) 



, , -. TpaCpHKH 3TH dwHKHHH BBirjIHflST Kax o6bi T iHaH no- 

(e nepeux oeyx mojfcaecmeax < x, < a, , „ , 

\ . , . " ' , Ka3aTejibHaH cpyHKiniH h oohhhhh jiorapHCpM: 

< f= 1 , a e mpem-beM < x, I) < a f= 1, 





< b£ I) 

/(oKasameJibcmeo. nepBoe TO>K/i,ecTBO ,u;0Ka3BiBa- 
eTCH HcnoHKOfi: 

b x-log b a = ((3XTD = ( b log b ay = a x 

II 

13.1.491 



H3 Hero cjiepyei BTopoe 
log fe (a x ) 



x • log fc a 



A H3 BToporo cjie^yeT TpeTbe: 



log b a • log Q x log b (a log " x ) = log b : 



l0g a X = 



□ 



3KcnoHeHTa e x h HaTypajiBHBiH JiorapHCpM 

In a;. HanoMHiiM, hto hhcjio e mm onpeflejnijni b 
|(b)| rjiaBbi[H h Tan mbi noKa3ajin, ^ito oho np- 
painiOHajibHO h jiejKHT b HHTepBajie 

2,708 < e 2,720 

Cpe/ni Bcex noKa3aTejibHMx (pyHKiniii x M- a x h 
Bcex jiorapnepMOB a; i— > log Q a; cpyHKiniH c ocnoBaHH- 
eM e 3aHHMaiOT ocoSoe MecTO, noTOMy hto, c o/nroii 

CTOpOHBI, CpOpMyjIBI flJIH BMHHCJieHHH HX 3HaHCHHH, 
HX npOH3BOflHBIX H HHTerpajIOB, OKa3BIBaiOTCH oco- 

6eHHO npocTbiMii, a c flpyroft - Bee ocTajibHbie no- 
KasaTejibHbie cpyHKiniH h jiorapnepMbi Bbipa>KaiOTCH 
nepe3 hhx c noMombio cpopMyji (|3.1.59[) - (|3.1.6ip . 

• IIoKa3aTejibHaa cpyHKiniH x 1— > e x c ocHOBa- 
HiieM e HMeeT cneiniajibHoe Ha3BaHne - skcho- 
Henma. A jiorapiicpM x 1— >• log e a; c ocHOBamieM 
e Ha3BiBaeTCH HamypaAbHUM AOBapucpMOM h y 
Hero ecTb cnein-iajibHoe oGosHancHHe - In: 

In a; = log e x 



(b) TpHroHOMeTpHHecKHe cbyHKLi,HH 



AKCHOMa TpnroHOMeTpHH. HanoMHHM, hto 
CHHyc sint h KOCHHyc cost onpeflejiaiOTCH b hiko- 
jie KaK op,zi,HHaTa h aGcinicca tohkh Ha efliHHi- 
Hoii OKpyjKHOCTH, nojiynaeMOH noBopoTOM Kpaii- 
Heii npaBofi tohkh (1;0) Ha yroji t npoTHB naco- 
boh CTpejiKH (npH 3tom yroji o6bihho H3MepaeTCH B 
paflHaHax, to ecTb b KanecTBe yrjia 6epeTca fljiHHa 
,n,yrH eflHHHHHOii OKpyjKHOCTn) : 



IlocKOjibKy 3,necb He oGtHCHaeTCH, hto Taxoe fljni- 
Ha Ay rH j Taxoe «onpe/i,ejieHHe» cnrryca h KOCHHy- 

Ca, KOHeHHO, HejIb3H CHHTaTb CTpOrHM. OflHOSHa'lHO 

3th cpyHKHHH onHCbiBaiOTca cjieflyiomeH h36mtoh- 
Hoii aKCHOMOii: 



§ 1 . SjieueHTapHbie dpyHKijiiii 
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B2. Akchomh TpHroHOMeTpHH. 3 Cymecmey- 
wm u eduncmeeHHu uucAoeue q^ywKuuu cunyc 
sin u Kocunyc cos, ydoeAemeopsiwuiALe c/iedyw- 
uialm ycAoeuMM: 

Tq: aiynnuuu sin u cos onpedeAenu ecwdy na 
R u siejifiwmcfi nepuoduuecKUMU, 

T\: cnpaeedAueu CAedywwxie mpu mowcde- 
cmea (x, i; £ 1): 

sin 2 x + cos 2 x = 1 (3.1.64) 

sin(x + y) = sin x ■ cos y + cos x ■ sin y 

(3.1.65) 

cos(x + y) = cos a; • cos y — sin x ■ sin y 

(3.1.66) 

T2: npu x £ (0; 1) eunoAHfiemcM CAedywuifie 
mpounoe nepaeencmeo: 

< xcosx < sinx < x. (3.1.67) 

CHHyC H KOCHHyC. 3TO MO>KCT 6tITB HeOJKHflaH- 

hmm, ho Bee ocTajibHbie CBOiicTBa CHHyca h Kocimy- 
ca bbibo^htcs H3 3Toro cnncKa. Mbi noKa»ceM 3,necb, 
KaK 3to /i,ejiaeTCH. 

IIpe^JicoKeHiie 3.1.17. CnpaeedAueu mowcde- 
cmea: 

sin 2x — 2 sin x ■ cos x (3.1.68) 
cos 2a; = 2cos 2 x - 1 = 1 - 2 sin 2 a; (3.1.69) 

floKasamejvbcmeo. Bo-nepBBix, 



sin 2a; = sin(x + x) = (|10.4.147|1 = 

= sin x ■ cos x + sin x ■ cos x — 2 • sin x ■ cos x 

Bo-BTOpBIX, 

cos 2x = cos(x + x) = (|10.4.148p = 

= cos x ■ cos x — sin x ■ sin x = 

= cos 2 x — sin 2 x =2 cos 2 x — 1 



13.1.641 

1 — cos 2 a; 

H OTcro^a yace cjie/iyeT: 

cos 2x = 2 cos 2 x —1 = 1 — 2 sin 2 x 



• HaHMeHBiniiii nojiynepiiofl cpyHKiniH sin 060- 
3HanaeTca 6yKBOfl it: 

7r = min |/i > : Vx € R 

sin(x + 2h) =sinxj (3.1.70) 

KaK cjieflCTBne, 

sin(x + 2ir) = sinx. (3.1.71) 

! 3.1.4. OopMyjia pjin bbihhcjichhh tt 6y^eT bbi- 
BefleHa HaMii tojibko Ha c !440l Ceir4ac mbi jinnib 

OTMGTHM, HTO HHCJIO 7T HppaiHlOHajIBHO H yflOBJIC- 
TBOpHCT 01I,CHKC 

3,14 < 7T < 3,15 
floKa3ameA'bcmeo. PaccMOTpHM hhcjio 

C = sin — 



H3 (|3.1.67p cjie/ryeT, hto oho jicjkht b HHTepBajie 

(0;|): 

IIojiojkhm e = §- n paccMOTpHM HHTepBaji (0;e). 
Ecjih npeflnojiojKHTb, hto y (pyHKiniH sin hct Han- 
MeHbniero nepnofla, to no Teopeivre (|2.1.2[) , HaftfleT- 
ca TOHKa t £ (0,e) TaKaa, hto 

sini = C 

Ho b to »ce BpeMH id i C (0,e) C (0; 1) b cnjiy 
(|3.1.67p cjie/ryeT: 

C 

sin t < t < e = — < C 

nojiyneHHoe npoTHBope^nc 03HanaeT, hto Hainc 
npe/],nojio>KCHHC (^to y sin HeT HaHMeHbincro nc- 
pHO^a) HeBepHO. □ 

IIpe/j,jio>KeHHe 3.1.19. B monnax 0, 7r, 2-k cunyc 
u Kocunyc npunuMamm CAedymu^ue 3nancnuK: 



X 





7T 


2tt 


sin a; 











cos X 


1 


-1 


1 



J^oKaeameAhcmeo. 1. CHanajia paccMOTpHM cjiy- 
Hait x = 0. Bo-nepBBix, 



13.1.641 

1 — sin 2 x 



□ 



sinO = sin(2 • 0) = (|3.1.68|) = 2 ■ sinO • cosO 

sin — 2 ■ sin • cos = 

sinO • (1 - 2 • cosO) = 
4 

Il36t>iTcraHOCTb Akchomh TpiiroHOMeTpHH flOKa3biBaeTca b |§ 4[b) | rjiaBu [lOl 



IIpe/i,Jio>KeHHe 3.1.18. 0ynKU > UM sin o6Aadaem 
nauMcwbuiuM nepuodoM (a 3na%um u nauMeHb- 
vuum noAynepuodoM) . 
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sinO = 
cos = \ 



(3.1.72) 



Ho c ^pyroit CTopoHbi, 

cos = cos(2 • 0) = (|3. 1.69)1 = 2 cos 2 - 1 (3.1.73) 

ii OTCiofla cjieflyeT, hto cosO He mojkct 6i>ite> pa- 
BeH i , noTOMy ^ito npn noflCTaHOBKe b (|3. 1.73)1 mh 
nojiy^aeM HeBepHoe paBeHCTBo: 



- 1 



TaKiiM o6pa30M, b coBOKyimocTii ()3.1.72p BTopoe 
paBencTBO HeBO3MO>KH0, ii ocTaeTca nepBoe: 

sinO = 0. 

OTCioffa ysce nanynaeM 3HaneHHe fljm cos 0: 
o 

sin 2 + cos 2 = Q3. 1.64)1 = 1 
cos 2 = 1 



cos = 1 
cos = — 1 



(3.1.74) 



3fleci> CHOBa ecjiii nonpo6oBaTi> noflCTaBiiTb b 
(|3.1.73p BMecTO cos SHa^eHHe — 1 , nojiyniiTca 
HeBepHoe paBCHCTBo: 

-l = 2-(-l) 2 -l, 

nosTOMy BTopoe paBeHCTBo b coBOKyimocTii 
()3.1.74p HeBepHO, h ocTaeTCH nepBoe: 

cosO = 1 

2. Ilocjie Toro, kbr 3HaHeHHH b x — bmhhc- 
jieHbi, ii3 TOJKflecTBa ncpHO/niHHOCTH fljia ciiHyca 
(I3.1.7ip cpa3y nojryiaeTCH 3HaneHHe sin b tohkc 
x = 2n: 

sin27r = sin(0 + 2tt) = sinO = 
OTCio^a cjie/iyeT TOJKflecTBO 

sin a: = sin(x + 2ir) = sinx • cos27r+ 

+ cos x ■ sin^27r = sin x ■ cos 27r 
o 

B nacTHOCTH, npn x — i nojiynaeM: 

• 1 • 1 

sm — = sin — • cos 27r 

2 2 

Ife (|3.1.67p cjie^yeT, hto sin i > 0, noTOMy Ha Hero 

MOJKHO COKpaTHTb: 



TaKHM o6pa30M, mm 3anojiHHjin TpeTnii CTOji6eii b 
Ta6jiHne. 

3. Tojibko nocjie SToro mojkho nojiyHHTt SHa^ie- 
hhh b TOHKe x — 7T. Bo-nepBbix, 

(y5Ke BMiHCjieHo) 

= sin 2ir = ()3.1.68p = 2 sin ir ■ cos ir 



sin 7T = 

COS 7T = 



BTOpOe H3 3THX paBeHCTB - COS7T = - HeBepHO, 

noTOMy hto ecjiH sto 3HaneHHe no/i,CTaBHTb b cpop- 
Myjiy ()3.1.69p npn x = n, 

cos 2tt — 2 cos 2 7r — 1 



(y5Ke BbiHHCjieHo) 

nojiynaeTCH HeBepHoe paBeHCTBo: 

1 = 2 • 2 - 1 
3HanHT ocTaeTCH nepBoe: 

sin7r = 

H3 SToro paBeHCTBa Tenepb nojiynaeM: 



Sill 2 7T + COS 2 7T = 1 



COS 2 IT = 1 

COS 7T = 1 
COS 7T = — 1 



(3.1.75) 



npe^nojiojKHM, hto BepHO nepBoe: cos7r = 1. Tor,a,a 
b Ka^iecTBe cjic/i,ctbhh mbi nojiy^HM, BO-nepBbix, 



sin(x + tt) = ()10.4.147p = 

= sin x ■ cosjr + cos x ■ sin7r = sin x 

II II 
1 

(npe^nojiojKeHHe) (y5KC flOKa3aHo) 

To ecTB hhcjio 7T > ppjix.no 6biti> nepno^OM 
cpyHKH,HH sin. Ho sto hcbosmojkho, noTOMy hto 
HafflvieHBiniiM nepH0,ii;0M fljin sin HBjiaeTCH hhcjio 
2t:. nojiyneHHoe npoTHBopenHe osHaiaeT, hto Ha- 
nie npeflnojiojKeHHe o paBeHCTBe cos7r = 1 6bijio 

HCBepHblM. 

SHa^IHT, B COBOKynHOCTH p.l.75P flOJXHCHO 6bITI> 

BepHO BTopoe paBeHCTBo: 

COS 7T = — 1 



1 = cos 2ir 



□ 
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IIpe^jio^KeHHe 3.1.20. Hucao n neAsiemcti nojiy- 
nepuodoM u djisi (frynKuuu cos: 



cos(x + 2ir) = cosx. 



(3.1.76) 



/JoKasameJibcmeo. 3^,ect Hcnojib3yiOTCH y»ce Haii- 
^cHHtie 3HaHeHHH sin h cos b tohkc 2tt: 



cos(x + 2ir) = (|10.4.148p = 

= cos x ■ cosJ27T — sin x ■ sin^r = cos x 
1 o 

□ 

IIpe/j;jio>KeHHe 3.1.21. CnpaeedAueu momcde- 
cmea: 



a- 

B = cos x 

9to HaM h HyjKHO 6i>ijio y3HaTb npo B. Tohho TaK 
ii c A: 

{B ■ sin x + A ■ cos x = 4— VMHOJKaCM ua COS X 
B • cos x — A • sin x = 1 VMHoatacM 11a sin a: 

{B ■ sin x ■ cos x + A ■ cos 2 x = 
B ■ cos a; • sin x — A ■ sin 2 x — sin x 

JJ- (BMHHTaeM BTopoe H3 nepBoro) 

A ■ cos 2 x + A ■ sin 2 x = — sin a; 



sin(— x) 



cos(— x) = cosx (3.1.77) 



A ■ (cos 2 x + sin 2 x) 



/(oKasameAbcmeo. 3acpHKCiipyeM Tomcy x £ K h 

0603HaHHM 



A = sin(— x), £> = cos(— x) 



Toiyja 



= (TaSjiima Ha c llSljl = Sm = 

= sin(x — x) = sinx ■ cos(— x) + cosx • sin(— x) 



B A 

= B ■ sin x + A ■ cos x 



H, aHajioriiHHO. 



1 = (Ta6jiHn;a Ha c [l8T]) = COS = 

= cos(x — x) = cos x ■ cos(-x) — sin x ■ sin(— x) = 

B A 

= B ■ cos x — A ■ sin x 

BMecTe 3tii paBGHCTBa flaiOT ciiCTCMy jiHHeiiHbix 
ypaBHeHHii pjin A h B: 

{B ■ sin x + A ■ cos x = 
B ■ cos x — A ■ sin x = 1 

Ee mojkho no-pa3HOMy peniaTb, Hanpinvrep, Tax: 

{B ■ Sin X + A ■ COS X = <- yMHOxaeM Ha sin x 
-£? • COS X — yl • sin X — 1 -t— y MHOjKacM Ha cos a: 

{_B • sin 2 x + A ■ cos x ■ sin x = 
_B • cos 2 x — A ■ sin x • cos x = cos x 

JJ- (cKjiaflMBaeM paBeHCTBa) 

-B • sin 2 x + B ■ cos 2 x = cos x 

V v ' 

, II 

B ■ (sin 2 x + cos 2 x) 

ii 



smx 



□ 



OneBHflHbiM cjieflCTBiieM (|3.1.77|) 6yfleT 



IIpe/i,jio>KeHHe 3.1.22. CnpaeedAueu momcde- 
cmea: 

sin(x — y) = sinx • cosy — cosx • siny (3.1.78) 

cos(x — y) — cos x ■ cos y + sin x • sin y (3.1.79) 

Ife 8Toro b cbok) onepeflb cjie^yeT eme HecKOjib- 
ko TOJK/i,ecTB. Bo-nepBbix, TOJKflecTBa pjia npon3Be- 
^chhh: 

IIpe,n;jio:>KeHiie 3.1.23. CnpaeedAueu mowcde- 
cmea: 

sin x • sin y = — ^ cos(x — y) — cos(x + y) 



(3.1.80) 



cos x • cos y = — ( cos(x — y) + cos(x + y) 



sm x • cos y 



(3.1.81) 
- ^ sin(x - y) + sin(x + y)^ 



(3.1.82) 



/J,oKa3ameAt>cmeo. Mbi ^OKajKeM nepBoe H3 stiix 
TO>K^ecTB, noTOMy hto ocTajibHbie flBa flOKa3biBa- 
iotch no aHajiorim. 3flecb HyjKHO npocTO bbiihc- 
jihtb BbipajKeHne b CKo6Kax b npaBoii Hacrii: 



cos(x - y) - cos(x + y) = (|3.1.79|) . (|10.4.148|) = 

= cos x • cos y + sin x • sin y — cos x ■ cos y + 



+ sin x • sin y = 2 sin x • sin y 
rtoflejiiiB Ha 2, Mbi nojiymiM (|3.1.80[) . □ 

H, BO-BTOpbIX, TOJK^eCTBa flJIH cyMM: 
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IIpe/i;jio»ceHHe 3.1.24. CnpaeedAueu mowcde- 
cmea: 









. x 


+ 


y 


sinx 


+ sin y — 


2 


sin — 


2 








X 


■+ 


y 


cos a; 


+ cos y = 


2 


■ cos - 


2 








X 


+ 


y 


sin a; 


— sin y = 


2 


COS — 


2 










a; 


+ 


cos a; 


— cos y = 




2 • sin 








cos • 



(3.1.83) 
(3.1.84) 
(3.1.85) 
(3.1.86) 



/(oKasameJibcmeo. Hn»ce HaM noHa/;o6aTca tojibko 
pp& nocjie^HHx TOJK^ecTBa, nosTOMy mbi .noxajKeM 
ux. ^Ba nepBbix ^OKastmaiOTCH no aHajiornn. 06o- 

3HaHHM 

x + y a x — y 



Toiyja 

II03TOMy 



0- 

2 ' 1 2 
a + P = x, a — ft — y 



sin a; — sin?/ = sin(a + /3) — sin(a — /3) = 

= (110.4.147ft . (|3. 1.78ft = sin a- cos /3 + cos a- sin /3- 

— sin a ■ cos /3 + cos a ■ sin f3 = 2 cos a ■ sin f3 — 

x+y . x-y 

— 2 cos • sin 

2 2 

H TOHHO TaK »ce, 

cos x — cos ty = cos(a + (3) — cos(a — /3) = 

= (|10. 4.148ft . (|3.1.79p = cos a- cos /3 - sin a- sin fi- 

— cos a • cos P — sin a • sin f3 = — 2 sin a • sin /3 = 

. x+y . x-y 
= —2 sin — - — • sin — - — 



npn x = nojiy^iaeM 

| sin Oj = < 1 1 

— npn < x < 1: 

^ sin a; < x = \x\ 

4 I3.1.67i 

| sinx| ^ |x| 
npn — 1 < x < nojiy^aeM: 

x G (-1,0) 
-x G (0,1) 

J| 13.1.671 

< sin(— x) < 

— sinx 1^1 

II 

| sin a: | 

| sinx| ^ |x| 

n, HaKOHen,, ecjin x ^ (— 1, +1), to 1 ^ |x| h 
nosTOMy 

| sinx| ^ 1 ^ \x\. 

□ 

IIpe^Jio^KeHHe 3.1.26. CnpaeedAueu nepaeen- 
cmea 



□ 



IIpe/i;jio>KeHHe 3.1.25. CnpaeedAueu CAedywwAie 
nepaeencmea (x G R): 



| sinx — sina| ^ |x — a| 
| cos x — cos a| ^ |x — a| 

J^OKa3ameAt>cmeo. 

| sinx — sina| = (13. 1.78ft = 



x + a x — a 
2 ■ cos — - — • sin 



(3.1.90) 
(3.1.91) 



| sinx| ^ 1, 
| cosx| ^ 1, 
| sinx| ^ |x|. 

/JoKaaameAbcmeo. H3 (|3. 1.6411 nojiy^aeM 



(3.1.87) 
(3.1.88) 
(3.1.89) 



2 

x + a 



2 

x — a 



• 2 2-, 

sm x + cos x = 1 



sin 2 iO 



s$ (EHH1), (GDI) < 2 - 1 



j cos x — cos a\ = (|3. 1.791) 



-2 • sin • sin 

2 



. x + a 
sm — - — 



2 

x — a 



|x — a| 



I sinx| = V sin 2 x ^ 1 



s$ (EXHZD, ([3XSi < 2- 1 



X 




a 




2 




X 




a 


1 — 


2 




X 




a 


2 



\x — a\ 



h tohho Tax »ce ,noKa3biBaeTca (|3.1.88|) . 

IIocjieflHee HepaBCHCTBO flOKa3biBaeTca OTflejit- 
ho fifls. cjiynaeB x = 0, x € (0; 1), x G (—1,0) h 
x£(-l,l): 



□ 



IIpe/i;jio>KeHHe 3.1.27. QyHKu\uu sin u cos nenpe- 
puenu na R. 
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fl^oKa3amejvbcmeo. J\hsl JiK>6oro ^HCJia a G M h jik>- 

6oh nocjie^OBaTejibHOCTH x n — >■ a nojiynaeivi: 

n— >oo 



n—toc 



( TcopcMa ll.l.^ 

> 

so 

IBcnoMHHaeM 
onpe^ejieHiie 
GecKOHCHHO Majioii 
noc-TH Ha c 1-89 1 



a\ — > 

n— »oo 



npHMeHHCM 

HepaBeHCTBo A3. 1 -90ft 



•o — > 

n— f oo 



| s'mx n — sma\ \x n 

jj^ I TeopeMa o flByx 



\ MHjiHUHOHepax ll.2.3 



Sill Xn 



sin x r , 



sina| — > 

n— >oo 



/ onpe^ejieHHe \ 

6ecKOHeMHO Majioii 
\ noc-TH Ha c. 1891 J 



sin a — > 

n— f oo 



Sill Xn 



rTcopcMa fl . 1 ,4ft 

sin a 



Mm nojiynnjiH, ito ecjni x„ — > a, to sinx„ — > 

n— >oo n— foo 

sin a. 3to 03HaHaeT, hto (pyHKHHH f(x) = s'mx 
HenpeptiBHa b tohke a G R. IlocKOjibKy a - npo- 
H3BOjn>Haa TO^iKa Ha R, (pyHKinia sin HenpepbiBHa 
BCMfly Ha R. 

,HjIS (pyHKHHH COS 3TOT cpaKT ,n,0Ka3MBaeTca 

aHajiorn^HO, tojibko Hysoio bmgcto HepaBeHCTBa 
(|3.1.90p npHMeHHTb (|3.1.9ip . □ 

JleMMa 3.1.3. Ecau e neKomopou montce h > 
cunyc paeen nyAto, 

sin h = 0, 

mo ft, - noAynepuod 3ah <fiyHKV i uu sin u cos. 
/foKa3ameAbcmeo. 

o 

sin 2h = 2 • sin /i • cos /i = 
cos 2h = 1 - 2 • sin^/i = 1 
o 

1 

sin(x + 2h) = sin a; • cos 2h + cos x ■ sin 2/i = sin x 
cos(x + 2h) = cos x ■ cosj2/i — sin x ■ s\n2h — cos x 
1 o 

□ 

IIpe,fl;ji:o:>KeHiie 3.1.28. Ha uwmepecuie (0, 7r) cu- 
wyc noAOCHCumeAen, a na unmepeaAe (— tt, 0) - om- 



x G (0,7r) 
a; G (-7r, 0) 



sinx > (3.1.92) 
sinx < (3.1.93) 



/JoKa3ameAt>cmeo. H3-3a To:sc,zi,ecTBa hchcthocth 
(|3.1.77p 3^ecb ^,ocTaT0HH0 jj,OKa3aTb nepBoe yTBep- 
)KfleHHe. IIpeflnojiojKHM, hto oho HeBepHO, to ecTb 
hto jijih HeKOTOporo x G (0, tt) BbinojiHaeTCH 
sin x ^ 0. PaccMOTpHM OTjrejibHO ;xBa cjiynaa: Kor,na 
sinx = 0, h Kor/i,a sinx < 0. 

1) Ecjih sinx = 0, to no jieMMe [5.1.31 hhcjio x 
flOjBKHO 6biTb nojiynepnoflOM jijih (pyHKiniii sin h 

COS. 3TO HCB03MOJKHO, nOTOMy HTO X < 7T, TO eCTb 

x MeHbine HaHMCHbnrcro nojiynepnofla tt. 

2) Ecjih a;e sinx < 0, to Bbi6epeM KaKoe-HH6yjTB 
hhcjio e > TaK, hto6bi BbinojiHHjiHCb flBa ycjiOBHa: 

e < 1, e < x 



H3 nepBoro HepaBeHCTBa, b cnjiy p.l.67p . mm no- 
jiy^iHM: 

sine > 

To ecTb Ha OTpe3Ke [e, x] cpyHKii,Ha sin MeHaeT 3naK: 

sine > > sinx 

SHa^iHT, no TeopeMe Koihh o npoMejKyTOHHOM 3Ha- 
qeHHH E.3.21 b neKOTopoii tohkc h G (e,x) OHa 06- 
pam,aeTca b Hyjib: 

sin h = 



Ho TOiyi;a CHOBa no jieMMe 13.1.31 nojiy^iaeTca, hto 
hhcjio h flOjuKHO 6biTb nojiynepHOflOM jj,ji5i (pyHK- 

H,HH Sin, 1TO HeBO3MOJKH0, nOTOMy HTO h < X < 

7r, to ecTb h MeHbine naHMeHbinero nojiynepnofla 

TT. □ 

IIpe/i;jio>KeHHe 3.1.29. Ha ompe3Ke [0,7r] kocu- 
nyc cmpozo y6ueaem, a na ompestse [— tt, 0] moho- 
moHHO eoapacmaem: 



x,y G [0,7r], x < y 
x,y £ [— 7r, 0], x < y 



cosx > cosy 

(3.1.94) 

cosx < cosy 

(3.1.95) 



/JoKa3ameAt>cmeo. 3aMeTHM CHa^ajia, hto H3-3a 
TO»mecTBa neTHOCTH (|3.1.77p 3jj,ecb floCTaTOHHO flo- 
Ka3aTb TOjibKO yTBepjKjj;eHHe fljia OTpe3Ka [0, 7r]. 
KpoMe toto, nocKOjibKy KOCHHyc HenpepMBeH, ero 
npejj,ejibi b rpaHHHHbix TOHKax 3toto 0Tpe3Ka paB- 
hm ero 3HaneHHHM b sthx TOHKax: 

lim cos x = cos 0, lim cos x = cos tt 
OTCiojra cjiejjyeT, hto mojkho b jj;0Ka3aTejibCTBe 3a- 

MeHHTb OTpe30K [0, 7r] Ha HHTepBajI (0,7r): eCJIH KO- 
CHHyC CTporo y6biBaeT Ha HHTepBajie (0, tt), to oh 
CTporo y6biBaeT h Ha OTpe3Ke [0, tt]. fljisi HHTepBajia 
(0, tt) nojiynaeM TaKyio n;enoHKy: 

x,y G (0, tt), x < y 

a- 
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x + y 



e (o,tt), 



x - y 



G (-7T,0) 



7T 7T 7T 

cos — • sin — = cos — 
2 4 4 



cos x — cos y — (|3.1.86p = 
= —2 • sin ■ 



2/ • x ~y ^ n 
— • sin > 



OTCio/ja nojiynaeM: 



7T /7T 7T 

l = sm- = sm( I + I 



2-sin —-cos — = 2-sin — 



cosx > cosy 



□ 



IIpe^Jio^KeHHe 3.1.30. CnpaeedAuea CAedymmflK 
ma6Auv,a 3HaueHuu cunyca u Kocunyca e HeKomo- 
pux xapaKmepnux moHKax na ompe3Ke [0, 



t 





7T 
R 


7T 

4 


7T 

3 


7T 

2 


cost 


1 


2 


V2 
2 


1 
2 





smt 





1 

2 


V2 
2 


2 


1 



/^oKaaameAbcmeo. Mbi noKanceM, KaK bmbo^htch 
3HaneHHH sthx (pynKiriiH b flByx Tonxax, ocTaBHB 
BHBOfl fljia ocTajibHbix Tonex HHTaTejno. 

1. BblHHCJIHM 3HaHCHHH B TOHKfi ^: BO-nepBBIX. 

7T 7T 

= sm 7r = 2 • sin — ■ cos — 
2 2 



sin f=0 
cos f = 



H, BO-BTOpbIX. 



HCB03M05KHO, B CHJiy A3. 1 ■ 02ft 



cos — = 



sin — V cos - = 1 



sm — 

4 



7T 

sm — 

4 



V2 
2 



sin f = ^ 

Sin ^ = — ^ — HGB03M05KHO, B CHJiy ]3.1.92j 



. 7T 7T a/2 

sm — = cos — = 

4 4 2 



□ 



IIpe,a,jio}KeHHe 3.1.31. Cnpaeedjiueu momcde- 
cmea: 



sin(x + 7r) = 
cos(x + 7r) = 

sin (s + 1) 
cos(x+|) 
sin(z-|) 

/ 7T 

cos x 

V 2 



sm | - - x 



— SIM 

— COS X 

= COS X 

= — sin ir 



smi 



= cos x 



(f 



X 



(3.1.96) 
(3.1.97) 

(3.1.98) 
(3.1.99) 
(3.1.100) 
(3.1.101) 
(3.1.102) 
(3.1.103) 



sin f = 1 
sinf = -1 



sm" 2 - = 1 
2 



- HCB03M05KHO, B CHJiy J 3 - 1.92ft 

sm — = 1 
2 



2. 3aMeTHM, hto sin ? = cos ? 

sm — = sm 

4 V2 4/ 



. 7T 7T 

sm — • cos — - 
2 4 



JJoKasameAbcmeo. Mm flOKa»ceM tojibko nepBoe 
TO»c^,ecTBO, ocTajn.Hi.ie ,n,OKa3biBaiOTCH no aHajio- 
rnn: 

sin(a; + 7r) = sin x ■ cosjr + cos x ■ sin7r = sin x 

-1 o 

□ 



HHflyKn,nen H3 cpopMyji (|3. 1.961) n (|3.1.97p bm- 

BO/l,HTCH 

Cjie,o,CTBHe 3.1.2. Cnpaeed/iueu moatcdecmea: 

cos(tto) = cos(-Trn) = (-1)™, (3.1.104) 
sin(7rn) = sin(— Tin) = 0. (3.1.105) 
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IIpe,n;ji(»KeHHe 3.1.32. Ha unmepeaAe (— §,§) 
Kocunyc noAOOKume/ien, a na unmepeajie ~ 



x e 



/ 7T 7T\ 

V 2' 2 J 



7T 37T 



2'T 



cosa:>0 (3.1.106) 
coskO (3.1.107) 



/JoKa3ameJit>cmeo. 3/jecb Bee cjie^yeT H3 npefljio- 
jkchhh 13.1.281 

^ (-2' 2) 
a; + I G (0, tt) 



cos x = (|3.1.98p = sin ( x + - J > 



H tohho TaK »ce 



'TT 37T 

* el 2'T 



X+ - G (7T,27T) 



cos a; = (|3.1.98|) = sin ( a; + - J < 



□ 



IIpe/i;jio>KeHHe 3.1.33. Ha ompe3Ke [— §,§] cu- 
wyc MonomoHHO eo3pacmaem, a na ompe3Ke [5, ^1 
MonomoHHO y6ueaem: 



x,y G 



7T 7T 

2' 2 



a; < j/ 



=> sini > siny 

(3.1.108) 

sin a; < sin 3/ 
(3.1.109) 

/JoKa3amejibcm60. JIjisi OTpe3Ka [— f , nojiyna- 



x,y G 



7T 37T 

2'T 



> x < y 



x,yG 



TT 7T 

2' 2 
4 



x <y 



TT TT TT TT 

X+ 2' y + 2 6 ^ 2;+ 2 <y+ 2 
cos + I) > c °s (y+ |) 



sin a: = (|3. 1.99ft = - cos + < 



< - cos ( y + -J = (|3.1.99p = siny 



sc,y G 



7T 3n 

2'T 



x <y 



a- 



TT TT TT TT 

cos + I) < cos [y + |J 

sinx = (I3.1.99P = - cos (x + > 

> - cos (2/ + tt) = (|3.1.99|) = sin 3 



□ 



o 3.1.12. IIojiyHeHHOH Tenept HHcpopMainiH ^o- 
CTaTOHHO fljia nocTpoeHHH rpacpHKOB CHHyca 11 ko- 
CHHyca. 3th KapTHHKii o6meH3BecTHbi, o^HaKO mm 
npefljiaraeM HHTaTejiio npoBepiiTb caMOCTOHTejibHO, 
ito, ecjin CTaBHTb ce6e nejibio yKasaTb Ha rpacpn- 
Ke HHTepBajibi mohotohhocth h 3HaKOonpe,z];ejieHHO- 
cth, to H3 Toro, hto Mbi yace ycnejiH flOKaaaTb npo 
CHHyc h KOCHHyc HHKaKHx flpyrnx KapTHHOK nojiy- 
HHTbca He MOJKeT. JXnn CHHyca rpacpHK /ipjuKeH bbi- 
rjiHfleTb Tax: 



A pjia KOCHHyca Tax: 



TaHreHC h KOTaHreHC. 

• TaHreHC tg h KOTaHreHC ctg onpeflejiaiOT- 
ca (popMyjiaMH 



tsx 



ctsx = 



SIM 
COS X 

COS X 

sin x 



+ tz) 

(3.1.110) 
(x^ttZ) (3.1.111) 
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IIpe^Jio^KeHHe 3.1.34. Cnpaeedjiueu CAedymwAie 
mootcdecmea: 

tg(x + tt) = tg x, ctg(x + tt) = ctg x 

(3.1.112) 

tg (x - ^ = -ctg i, ctg (a:- |J = -tga; 

(3.1.113) 

ctg(— x) — — ctgx 

(3.1.114) 



/JoKasamejibcmeo. 3to cpa3y BbiTexaeT H3 cbohctb 
CHHyca h KOCHHyca, nanpniviep, nepBaa cpopMyna 
^OKa3biBaeTca: Tax: 

sin(x + 7r) __ 

tg(x + tt) = ; _( = (13.1.961) . (13.1.971) 



COs(.X + 7r) 



sm x sm x 



cos x cos x 



tgx 



□ 



IIpe,a,jic»KeHHe 3.1.35. Ha unmepecuie (— §,■§) 
qiyHKi^uJi tg eoapacmaem: 



x,y G 



( TT TT\ 

( 2' 2^ ' X<2/ 



tgx < tgy 
(3.1.115) 



/JoKaaameJibcmeo. B CHjiy HeneTHOCTH TaHreH- 
ca (|3.1.114p . /ipcTaTOHHO paccMOTpeTb HHTepBaji 
(0, Tor,n,a Bee cjie^yeT H3 mohotohhocth cimyca 
h KOCHHyca: 



x,y G 



(»■!) 



x <y 



< sin a; < siny, cosx > cosy > 
< sinx < siny, < < 



sm x sm y 

tgx = < = tgy 

cos x cos y 



IIpe,fl;j]:o:>KeHiie 3.1.36. Ha unmepeaAe (0, 7r) 
(pyHKVjUH ctg y6ueaem: 



ctgx = tg(x- |j < tg(y- |) = - ctg; 
ctg x > ctg y 



□ 



IIpe,a,jic»KeHHe 3.1.37. ffa zpanwafix unmepea- 
jioe, zde tg u ctg onpedeAenu, smu (fjyHKi^uu UMe- 
wm 6ecKOHeuHue npedeAu: 



lim tg x 



00, 



lim ctgx = oo, 



(n G Z) 
(n G Z) 



(3.1.117) 
(3.1.118) 



ffoKaaamejvbcmeo. H3-3a 7r-nepHOflHHHOCTH h cpop- 
Myji (|3.1.113p . CBH3biBaiOHi,Hx tg h ctg, 3,o,ecb /ipcTa- 
tohho paccMOTpeTB TOjibKO oflHy TOHKy. HanpHMcp, 
npH x — > J Mbi, b CHjiy HenpcpbiBHOCTH sin h cos, 
nojiynaeM: 

7T TT 

sin x — > sin — = 1 , cos x — > cos — = 



tgx 



sinx 
cosx x- 



□ 

o 3.1.13. ,ZI,jih nocTpoenna rpacpHKOB HaM Tenepb 
He xBaTaeT hcckojtbkhx 3HaneHHH b xapaKTepHbix 
TOHKax. H3 Ta6jiHD,bi ,n,jiji CHHyca h KOCHHyca Ha 
c ll86l mm npHMHM BHHHCjieHHeM nojiynaeM Ta6jIH- 
ny fljui TameHca h KOTaHreHca: 

IIpe/i,Jio>KeHHe 3.1.38. Cnpaeednuea CAedymu^asi 
ma6Auv,a 3HaueHuu mamertca u Komamenca: 



cosy 


X 





7T 
R 


7T 

4 


7T 


7T 

2 




tgx 





1 


1 








ctgx 






1 


i 





□ 


Tenepb 


MOJKHO 


CTpoHTb rpacpHKH. fljin 


TaHreH- 



ca rpaepHK BbirjiHflHT Tax: 



x, y G (0,tt), x < y 



ctgx > ctgy 

(3.1.116) 



/JoKa3ameAt>cmeo. 

x, y G (0, 7r), x < y 
Jt 



TT IT f IT 



7T 7T 
X — — < 1/ — — 

2 y 2 



A fljia KOTanrenca Tax: 



§ 2. HncjiOBbie BbipayneHiisi a cxaH^apTHbie cpyHKujm 



189 



06paTHbie TpnroHOMeTpHHecKHe cpyHKipiH. o 3.1.16. ApKTaHreHc: 

• CjieflyiomHe npaBHjia onpeflejiaiOT cpyHK- 
djih, Ha3biBaeMbie cooTBeTCTBeHHO apKCHHy- 
com, apKKOCHHycoM, apKTaHreHCOM h apKKO- 
TaHreHCOM: 



t = arcsinx 

t = arccosx 
t = arctg x - 

t = arcctg x 



sin t & t € 



7T 7T 

2' 2 



x 



(3.1.119) 

cosi&i € [0;tt] (3.1.120) 



7T 7T 

x = tgt&Lte (--; - 



(3.1.121) 

x = ctg* & f G (0;tt) (3.1.122) 



/JoKasameJibcmeo. 3,n,ecb Hcnojib3yeTca TeopeMbi o 

MOHOTOHHOH CpyHKIIHH Ha OTpe3Ke 12.3.61 H Ha HH- 

TepBajie 12.3.71 HanpnMep, b cjiynae c CHHycoM mm 
nojiynaeM bot hto: no npeajioaceHHio [3. 1 .331 cnHyc 
CTporo B03pacTaeT Ha OTpe3Ke [—5; f] ■ Bjo,o6aBOK 



sin 



-2»=- 1 ' 



sm 



= 1 



nosTOMy no TeopeMe 12.3.61 npaBnjio (|3.1.119p onpe- 
/jejiaeT Hexyio cpyHKHino Ha 0Tpe3Ke [— 1; 1] = 
sin ([-!;§]) □ 



Ife TeopeM 12.3.61 h 12.3.71 mh aBTOMaTnnecKH no- 
jiynaeM 

IIpe/],jio>KeHHe 3.1.39. OyHKVfUU arcsin, arccos, 
arctg u arcctg nenpepuenu u mohoitiohhu ho ceo- 
eil o6jiacmu onpedeJienuM. 

A H3 npejuioaceHHH 13.1.281 h [3.1.321 nojivnaeM 

IIpe/i;jio>KeHHe 3.1.40. QynKi^uu arcsin, arccos, 
arctg u arcctg UMemm CAedyww^ue 3holku na xa- 
paKmepnux unmepeanax: 

arcsinx > 0, x e (0, 1] 



arcsinx < 0, 
arccosa; > 0, 
arctg x > 0, 
arctg x < 0, 
arcctg x > 0, 



x e [-1,0) 
x e [-1,1) 
x > 
x < 
x e R 



(3.1.123) 
(3.1.124) 
(3.1.125) 
(3.1.126) 
(3.1.127) 
(3.1.128) 



OcTaeTca npnBecTH rpaepHKH 3thx cpyHKHiift. 
o 3.1.14. ApKCHHyc: 



o 3.1.17. ApKKOTaHrenc : 



2 MncjioBbie Bbipa^Keima h 
CTaH^apTHbie (pyHKijHH 



(a) Co6cTBeHHBie o6o3HaHeHHa flJiH 

4>yHKU,HH 



KaK, HaBepnoe, ysce 3aMGTHji iHTaTCjib, no,n;o6HO 
HHCjiaM (c. I29p . HeKOToptie qSyHKirHH TamKe hmc- 
k>t co6cTBeHHbie o6o3HaneHHH. CxajKeM, chmboji 
sin Hcnojib3yeTCH TOjibKO jijih o6o3HaneHHH Tpn- 
roHOMeTpHnecKoii cpyHKHHH «CHHyc», h He 6biBaeT 
TaKoro, hto6i>i MaTeMaTHK o6o3Hanaji hm Kaicyio- 
HH6yn,b flpyryK) cpyHKHino Ha R (k&k He 6bmaeT, 

1T06bI CHMBOJIOM 1 o6o3HaHajIOCb HHCJIO, OTJIHHHOe 
OT ejTHHHHbl) . 

B 3tom nyHKTe Mbi nepenncjinM HexoTopbie co6- 
CTBeHHbie oGosHa^eHHa pjin cpyHKHHH. 



OO 3.2.1. IlOHHTHO, ^ITO CHMBOJIbI TpHrOHOMCTpH- 

necKHx cpyHKHHii 6yiryT coGctbchhbimh o6o3Ha x ic- 
hhhmh: 



fix) = sinx 
f(x) = cosx 
f(x) =tgx 

o 3.1.15. ApKKOCHHyc: f(x)=ctgx 
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Diam 3. CTAHflAPTHHE QyHKIfHH 



TOHHO TaK }Ke, 06paTHbie TpiirOHOMCTpH^IGCKHC 
CpyHKHHH HMeiOT Co6cTBGHHbie o6o3HaHCHHH: 

f(x) — arcsinx 
f(x) = arccosx 
f(x) = arctgx 
f(x) = arcctgx 

Em,e oflHH npHMep co6cTBeHHoro o6o3Ha i ieHHs ,n,jiii 
cpyHKiniH - jiorapucpM, HanpiiMep, c ocHOBaHHeM 2: 

f(x) = log 2 x 

OneHb BajKHO npii stom, hto co6cTBeHHbie 060- 

3HaHCHHH flJIH CpyHKHHH n03BOJIHIOT onpe^ejiHTb 

cpyHKiniH 6e3 ynacTHH nepeivieHHbix. HanpHMcp, 3a- 
niiCB 

/ = sin (3.2.129) 

osHa^iaeT, ^ito no/i, / noHHMaeTCH cpyHKiniH «ch- 
Hyc», KOTopaa: b tohkg i£l 6yn,eT paBHa 

Viel f(x) = sinx (3.2.130) 

TaKHM o6pa30M, cpopMyjry (|3.2. 129[) mkkho 

CHHTaTB npOCTO KOpOTKOH 3anncbio cpopMyjibi 

(13.2.1301) : 

/ = sin (^VieR f(x) = sinx) 

Tohho Tax »ce, 3anHCb 

/ = cos 

03HaHacT, hto nofl / nomiMaeTCH cpyHKiniH «koch- 
Hyc», h pacHiHtppoBMBaeTCfl OHa Tax: 

Viet f(x) = cosx 

H3 y»;e HMeiomHxca co6cTBeHHbix o6o3Ha T ie- 
hhh mojkho c noMonrbio ajire6panHecKHx onepairHii 

CTpOHTb HOBBie. HanpiiMep, CpyHKHHH 

sin + cos 
fleiicTByeT no npaBHjiy 

(sin + cos) (x) = sin x + cos x (x £ R) 
Tohho Tax »ce cpyHKiniH 

sin 2 , cos • log 2 
^eiicTByiOT no npaBHjiaM 

(sin 2 ) (x) = (sin x) 2 (x € R) 
(cos • log 2 ) (a;) = cos x ■ log 2 x (x € R) 



HHCJioBtie BbipaxceHHH. HncjiOBbie Bbipa»cc- 
hiih cjiyscaT rjiaBHbiM npejjMeTOM royHeHHH b uiko- 
jie, noaTOMy HHTaTejuo ohh jjpji^KHbi 6biTb xopoino 
3naKOMbi. Tpy6o roBopa, sto KOHenHbie nocjieflOBa- 

TejIBHOCTH CI1MBOJIOB (6yKB, HHCpp, HJIH CHMBOJIOB 

onepainifi), KOTopbic mojkho 3aniicbiBaTb KaK jie- 
Bbie hjih npaBbie nacra ypaBHeHHft, hjih KOTopbie 
onpeflejiaiOT CpyHKHHH (bo3mojkho, ot HecKOjibKHx 
nepeMeHHbix) c noMonrbio ajieivreHTapHbix cpyHKiniH 
h ajire6paHnecKHx onepaniiH. HanpiiMep, Bbipa»ce- 
hhhmh 6y^yT 

25, t + 2, sinx, y / x 2 +y 2 . 

a — o 

Ciporoe onpeflejieHne 3T0My noHHTino BbirjiHjjHT 
Tax: 

• Hucmobumu eupacuceHUJiMU Ha3biBaiOTCa ko- 
He^Hbie nocjie/i,OBaTejibHOCTH chmbojiob, onpc- 
flejieHHbie cjiejxyioiiiHMH HHflyKTHBHbiMH npa- 
BHjiaMH: 

1) BCHKOe C06cTB6HH0e o6o3HaHeHHe flJIH 
HHCJia SBJIHeTCH HHCJIOBbIM BbipajKCHHCM, 

HanpHMep 

1, 2, 15, 7/11 

B HaCTHOCTH, CHMBOJIbI 6 H 7T, ynOTpe6- 

jiHBniHecH Bbinie jijih o6o3Ha x ieHHa hh- 
ceji, onpeflejieHHbix cpopivryjiaMH (jl.3.60p 
h (|3.1.70p . TaiQKe CHHTaiOTCH BbipajKeHH- 
hmh; 

2) BCHKaa 6yKBa jiaTHHCKoro hjih rpenecKO- 
ro ajicpaBHTa, CTpoHHaa hjih nponHCHaa, 

CHHTaeTCH HHCJIOBbIM Bbipa:sceHHeM: 

a,b,c,...,x,y,z, A, B, C, X, Y, Z 
a>/3,7>-> X.V'jW, A,B,r,...,X,'P,n 

(b 3TOM CnHCKe He flOJIJKHO 6bITb TOJIb- 

ko 6yKB e h 7r, 3ape3epBHpoBaHHbix KaK 
co6cTBeHHbie o6o3na i ieHHH flByx KOHKpeT- 
hmx hhccji, h noaTOMy yjKe ynoMHHyTbix 
b npeflbi,n;yni,eM nyHKTe); 

3) eCJIH V H Q — ^IHCJIOBbie BbipajKCHHS, TO 
HHCJIOBblMH BbipajKCHHSMH 6yH,yT TaKJKC 

(V) + (Q), (V) - (Q), (V)-(Q), 
(V)/(Q), (VY Q \ log (v) (Q) 

4) ecjiH V — HHCjiOBoe BbipajKenne, to hhc- 

JIOBblMH BbipajKeHHSMH 6yflyT TaKJKe Bbl- 

pajKeHHH, nojiynaeMbie noflCTaHOBKOfi V 
KaK apryMeHTa noji, 3HaK ajieMeHTapHbix 

CpyHKH,HH, B HaCTHOCTH, 

sin(7>), cos(P), 

tg(P), ctg(P), 
arcsin(7 : '), arccos('P), 

arctg(7 : '), arcctg(7 : ') 



§ 2. HucjiOBbie BhipaitceHHH h cxaH^apTHbie cpyHKLfUH 
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5) Ecjih Q — HHCJiOBoe BbipajKeHiie, y — bxo- 
/ynnaH b Hero 6yKBa, h V — KaKoe-TO flpy- 
roe HHCJiOBoe BbipajKeHne, to, nojj,CTaBHB 
BCK)/i,y b Q BMecTO 6yKBbi y BbipajKCHHe V , 
Mbi nojiy^HM HOBoe nncjiOBoe BbipajKCHHC, 
o6o3HaHaeMoe 



Q 



y=V 



(3.2.131) 



h Ha3biBaeMoe pe3yAvmamoM nodcmaHoe- 

KU B Q BMeCTO 6yKBBI y BBipajKeHHH V. 

• Ecjih BBipa>KeHHe 1Z nojryneHO H3 KaKoro-TO 

BbipajKeHHH Q nOflCTaHOBKOH BbipajKCHHS V, 

Q =n 

y=V 

to roBopHT, hto BbipajKeHHe V noduuneHO bm- 
pajKeHHio 1Z (hjih siejifiemcsi nacmbto 1Z) . 

• IIopjidoK eupamcenufi 7Z — 3to ckojibko pa3 
b HeM BCTpenaiOTCH ajire6paHnecKHe onepainin 
(cjiojKeHHe, BbiiHTaHne, yMHOJKEHHe, flejieHHe, 
B03Be,i];eHHe b CTeneHb) h chmbojim sjieMeHTap- 

HblX CpyHKHIlft. 

IlepeMeHHBie h napaMeTpbi. ByKBbi, bxojih- 
miie b HHCjiOBoe BbipajKeHHe, jxcjihtch Ha nepeMen- 
nue h napaMempu. 3to 3HanHT, hto, 3a,n;aBaH Bbipa- 
»ceHHe, Bm o6a3aHbi yxasaTb, Kaxne H3 bxojihihhx b 
Hero 6yKB cjiejryeT CHHTaTb nepeMeHHbiMH, a Kaxne 
napaivreTpaMH. HanpnMep, b BbipajKeHnn 



mojkho o6T>HBHTb 6yKBy x nepeMeHHOft, a a — na- 
paMeTpoM, h cpopMajibHO 3to 6ya;eT He to »ce caMoe 
BbipajKeHHe, KaK ecjiH 6m mm 3asBnjni, ito nao6o- 
poT, x — napaMeTp, a a — nepeMeHHaH. 

Pa3HHn;a Meayry nepeMeHHbiMH h napaMeTpaMH 
CTaHeT noHHTHOft TOjibKO Ha c. 12171 iyje 6yfleT BBe- 
,a,eHO noHHTHe npon3BO,znioft BbipajKeHHH — TaM mm 
06T.HCHHM, hto, b OTjiHHne ot napaMeTpa, nepeMeH- 
Han o6jia,a,aeT tcm cbohctbom, hto no Heft mojkho 
jTHcpdpepeHnnpoBaTb, npnneM npoH3BOflHaa jno6oro 
napaMeTpa no jho6oh ncpeMeHHOft no onpcjxejieHnio 
CHHTacTca paBHOft nyjno: ecjiH a — napaMeTp, a x 
— nepeMeHHaa, to 

da =Q 
d x 



Ilo3>Ke, Ha c 1243| 9to cpopMajibHoe pa3jiHHHe npno6- 
peTeT BnojiHe npocTyio h aKCHOMaTHnecKH yn,o6Hyio 
dpopMy c BBejxeHneM noEama jXHCpepepeHiniajibHoro 

BbipajKeHHH — TaM OHO Bbipa3HTCH b nocTynnpoBa- 

hhh npaBHji bmhhcjichhh /nicpepepemxHajia: 



JJp Toft nopbi mm 6yn,eM CHHTaTb, ito pa3HH- 
n,a MejKfly nepeMeHHOft h napaMeTpoM hhcto homh- 
HajibHa: ecjin, HanpnMep, jiaH BbipajKeHne 

x a , 

n yKa3aHO, hto 6yKBa x b hcm HBjiaeTCH nepeMeH- 
hoh, a a — napaMeTpoM, to mm npocTO ^ojokhm 3to 
noMHHTb. HHTyHTHBHO jkc Taxyio 3anHCb nOJI63HO 
npejj,CTaBjiHTb ce6e He KaK Oflra BbipajKeHHe, a KaK 
nejioe «ceMeftcTBO BbipajKeHnft, 3aBHCHin;ee ot na- 
paMeTpa a»: npn pa3Hbix SHaneHHax a mm 6yn,eM 
nojiy^aTb pa3Hbie BbipaxeHHs: 



x s . 



„V2 



dx f 0, 
dx = 0, 



ecjin x 
ecjin x 



nepeMeHHaa 
napaMeTp 



Ecjih napaMeTpoB flBa, HanpnMep, 

k-x + b, (x — nepeMeHHaa, k, b — napaMeTpbi) 

to 3anncb mojkho cnnTaTb « r nByxnapaMeTpnnccKHM 
ceMeftcTBOM BbipajKeHHft»: npn pa3Hbix 3HaneHHHx 
k h b nojiynaeM BbipajKeHHa: 

2-x+l, -3-aj+O, 0-x+l, x+(-V2), 

H TaK ^ajiee. 

• Ecjih hhcjio nepeMeHHbix b nncjiOBOM bm- 
pasKeHHH V He npeBbiniaeT n, to (He3a- 
bhchmo ot Toro, CKOjibKO b HeM napa- 
MeTpoB) TaKoft BbipajKeHne Ha3MBaeTCH 
n-MecrrmuM. B hbcthocth, ecjin V co- 
/jcpjKHT TOjibKO oppy nepeMenHyio, hjih 
He co/i,ep}KHT HHKaKoft nepeMeHHOft, to 
V Ha3MBaeTCH odnoMecmHUM eupaotce- 
HueM. 

• O^HOMecTHoe nncjiOBoe BbipajKeHne V 
Ha3MBaeTca eupaatcenueM om nepeMen- 
hou x, ecjin oh co/i,ep}KHT nepeMeHHyio x 

(jin6o He COflepjKHT HHKaKOft). 

(b) 06jiacTB flonycTHMbix 3Hane- 
hhh nepeMeHHbix. CTaH/j,apTHaa 
cbyHKu,H5i. PemeHHe ypaBHeHHii 
h HepaBeHCTB. 

C HHCJIOBMMH BbipajKeHHHMH CBSBaHM TpH BajK- 
HMX nOHHTHJI, O KOTOpblX npHXOflHTCH TOBOpHTb Ofl- 

HOBpeMeHHO H3-3a h6bo3mo}khocth hx onpeflejiHTb 
OT^ejibHO flpyr ot flpyra - sto o6jiacTb /i,onycTH- 
mmx 3HaneHHft nepeMeHHOft, CTaHflapTHaa cpyHK- 
n,HH, onpeflejiaeMaH BbipajKenneM h mhojk6ctbo pe- 
HieHnft ypaBHeHHii (a TaKJKe HepaBencTB, hjih, b 06- 
ni,eM cjiynae, ycjiOBHft), onpejxejiHeMbix BbipajKeHH- 
eM. ToHHoe onpejj,ejieHHe sth noHHTHft ("Tpexcjio>K- 
Hoe onpeflejieHne" Ha c ll95[) BbirjiHflHT flOBOjibHO 
rpoM03jj,KO, nosTOMy mm npeflnonijieM eMy HHTy- 
hthbhoc o6 r bacHeHne, hto6m k MOMeHTy, Korjia jj,a- 
eTCH (popMajibHaa KOHCTpyKn,HH HHTaTejib ncnxo- 

JIOrHHCCKH 6mji k neft TOTOB. 
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rjiasa 3. CTAHflAPTHHE QyHKIfHH 



06jiacTt ^onycTHMbix 3HaHeHHii. IIpcjKflc 
Bcero, BCHKoe HHCjiOBoe BbipajKCHne V ot o/nroii 
nepeMeHHOii, ckrjkgm x, h 6e3 napaMeTpoB, onpc- 
flejiaeT Ha npaMoii M Tax Ha3biBaeMyio o6jiacTb pp- 
nycTHMbix 3HaneHnii nepeMeHHOii x, HecpopMajibHO 
noHHMaeMyio KaK MHO»cecTBO 3HaneHnii x, pjin ko- 
Toptix «BBipajKeHHe V HMeeT cmbicji». 

o 3.2.1. ^jih BbipajKCHHa 

1 

x 

o6jiacTbio flonycTHMbix 3HaneHnii nepeMeHHOii 6y- 
,n,eT MHOJKecTBO (— oo,0)U(0,+oo), TO eCTb MHO»ce- 
ctbo {x £ R : i^O}, noTOMy hto npn no^CTaHOB- 
Ke x = 3to BbipajKEHiie «yTpanHBaeT cmbic.ji» 

1 

0' 

(/jejiHTb Ha HOjib Hejib3a), a npn jno6bix flpyrnx 
noflCTanoBKax nojiynaioineMyca BbipajKeHHio mojk- 
ho npnnHcaTb cmbicji. HanpnMep, npn x = 2 

1 

2 

mh nojiynaeM BbipajKeHHe, cmmcji KOToporo — hmh 

HHCJia. 

o 3.2.2. JXjih BbipajKCHHa 

1 



log 2 x 

o6jiacTb flonycTHMbix SHaieHnii nepcMCHHOii onpe- 
flejiaeTCH ycjiOBHHMH 

x > 

(rjisi Toro, hto6h cymecTBOBaji log 2 x) h 
log 2 x ^ 

(ajih Toro, hto6m mojkho 6bijio ,a,ejiHTb Ha log 2 x). 

nOCKOJIbKy 3TH yCJIOBHH flOJIJKHbl 6bITb BbinOJIHe- 

Hbi o6a cpa3y, hx nyjKHO o6i>e,zniHHTb b CHCTeMy, 
peinaa KOTOpyio nojiyHHM otbgt: 



x > 
log 2 x + 



x > 
< x ^ 1 

x e (o, l) u (i,+oo) 



Mhojkcctbo (0, 1) U (1, +oo) 6yn,eT o6jiacTbio ,n,ony- 
cthmmx 3HaneHHii nepeMeHHOii b stom BbipajKCHnn. 

B 6ojiee o6meM cjrynae, Kor,n,a BbipajKeHne V co- 
,a,cpjKHT napaMeTpbi (h no-npejKHeMy, 3aBHCHT ot 
o,h,hoh nepeMeHHOii x), ero o6jiacTb flonycTHMbix 
3HaHCHHH npeflCTaBjiaeT co6oii He ojxho MHOJKecTBO, 
a ceMeficTBO mhojkcctb Ha npHMOfi M, 3aBHCHinee ot 
napaMeTpoB. 



O 3.2.3. B COOTBeTCTBHH CO CKa3aHHbIM na c !168[ 

o6jiacTbio ^onycTHMbix 3HaH6HHii nepeMeHHOii x b 

BbipajKCHHH 

x a 

6yn;eT ceMeficTBO MHOJKecTB 

a € 

I W \ fCl\. 

D a = 



2N-1 ' 

\{0}, ae-^ 



2N-1 ' 

[0,+oo), a € (0, +oc) \ ^ 
0, ae (-oo,0) \ 

o 3.2.4. AHajiorrn-mo, o6jiacTbio flonycTHMbix 3Ha- 
neHHii nepeMeHHOii x b Bbipa»ceHHH 



6ya,eT ceMeficTBO MHOJKecTB 

, a > 

D„ = { (0;+oo), a II 
2N-1 ' a < 

o 3.2.5. ^jih BbipaaceHHH 

o6jiacTb flonycTHMbix 3HaneHHii nepeMeHHOii x HMe- 
eT BHfl 



D a = 



(0;+oo), a € (0; 1) U (l;+oo); 
0, a e (-oo,0] U {1} 



CTaH^apTHan cpyHKirHH, onpe^ejiHeiviaH bh- 
paaceHHeM. BTopoe, Ha hto mm xothm o6paTHTb 
BHHMaHne HHTaTejia, sto hto BCHKoe HHCjiOBoe bbi- 
pajKeHne V 6e3 napaMeTpoB ot nepeMeHHOii x onpe- 
/jejiaeT HeKOTopyro cpyHKn^nio cpopMyjioii 



fix) = V 



(3.2.132) 



TaKne (pyHKn,HH (to ecTb, onpe,i];ejieHHbie BbipajKe- 
hhcm) Mbi 6yn,eM Ha3biBaTb cmaHdapmmiMU. 



o 3.2.6. BbipajKeHHC 



1 



log 2 a: 

onpeflejiaeT (pyHKin-no Oflnoro nepeMeHHOro 

1 



f{x) = 



log 9 x 



a BbipajKenne 



1 



x + y 

— 4>yHKn,Hio flByx nepeMeHHbix 

1 



f{x,y) 



x + y 
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06jiacTbK> onpe/i,ejieHHa: TaKoii (pyHKHHH cniiTaeTCH 
o6jiacTb ^onycTHMbix 3HaHGHiiH nepeMeHHBix Bbipa- 
jkchhh. B nepBOM cjiynae 3to 6yn,eT MHOJKecTBO Ha 

npHMOft 

{x : < x ^ 1} = (0, 1)U (l,+oo) 

a BO BTOpOM — MHOJKeCTBO Ha njIOCKOCTH 

{(x,y) : x + y^0}. 
o 3.2.7. C flpyrofi CTopoHbi, BbipajKEHHH 
1 



0" 



onpeflejiaiOT nycTyio cpyHKiniio, noTOMy hto 06- 
jiacTb flonycTHMBix 3HaneHHH nepeMenHbix y hhx 
nycTa. 

Ecjih >Ke Bbipa>KeHHe V coflepjKHT napaMeTpbi 
(h, no-npejKHeMy, tojibko OflHy nepeMeHHyio x), to 
cpopMyjia Q3.2.132P onpeflejraeT Hexoe ceMeiiCTBO 
cpyHKH,HH, 3aBHCHHree ot napaMCTpoB. 



o 3.2.8. OopMyjia 



f(x) = x a 



onpe/i,ejiHeT ceMeiiCTBO (pyHKHiiii c o6jiacTHMH 
onpeflejieHHa, 3aBHcaiHHMH ot napaMeTpa a: 



a £ 



D a = 



2N-1 ' 

AW, ae~^ 



2N-1 ' 



[0,+oc), a G (0, +oo) \ 
0, a£ (-oo,0) \ ^ 



o 3.2.9. OopMyjia 



f(x) = a* 



onpeflejiaeT ceMeiiCTBO cpyHKHiiii c o6jiacTHMH 
onpeflejieHHa 

!R, a > 

(0;+oo), a = 
2N-1 ' a < 

o 3.2.10. OopMyjia 

f(x) = log Q x 
onpeflejiaeT ceMeiiCTBO (pyHKHiiii na MHOJKecTBax 
'(0;+oo), a e (0;1)U (l;+oo); 



D a = 



a e (-oo,0] U {1} 



o 3.2.11. 3>yHKHHH Modyjit HBjraeTCH CTaH,a,apTHOH 
cpyHKuiieH, noTOMy hto npeflCTaBHMa b BHfle 



o 3.2.12. OyHKD,Ha cuznyM, onpeflejiaeMaa npaBH- 
jiom 

'l, x > 
-1, x < 



sgnx 



HBjiaeTCH CTaHflapTHOii, noTOMy hto coBnaflaeT co 

CTaHflapTHOfl CpyHKHHeft 



sgn x = — 
\x\ 



o 3.2.13. IToKajKeM, hto ^jih bchkoto OTKpbiTO- 
ro HHTcpBajia (a, /3) (bo3mojkho, SecKOHe^Horo) , 
cpyHKHHH 



1, xe(a,/3) 
0, x£[a,p\ 



6ya,eT CTaHflapTHOii. JIjisi 6ecKOHeiHbrx HHTepBajiOB 
3to BepHO b CHjiy (popMyji 



0, x <a\ 1 + sgn(ir - a) 

1, x > a 



1, x < a\ _ 1 - sgn(a: - a) 
0, x > a 



(3.2.133) 



(3.2.134) 



B nacTHOCTH, fljia cjiynaa: nojiojKHTejibHoii h OTpn- 
u,aTejn>HOH nojiynpaMOfi (popMyjibi BbirjiHflHT Tax: 



(3.2.135) 



o, 


X 


< 


1, 


X 


> 


1, 


X 


< 


o, 


X 


> 



(3.2.136) 



A pjia KOHenHbix HHTepBajiOB - b CHjiy cpopMyjibi 



1, x S (a, (3) 
0, xi[a^\ 

1 + sgn(x — a) 1 + sgn(x — (3) 



(3.2.137) 



2 2 
o 3.2.14. BcsKaH cpyHKuira BH/i,a 

f(x) = l, xe(a,/3), 

(to ecTb onpe^ejieHHaa Ha 3aflaHHOM HHTepBajie 
(a, /3) h paBHan Ha hcm epjimnxe) HBjiaeTCH CTaH- 
,n,apTHOH, noTOMy hto nojiynaeTca H3 KaKoii-TO 
(pyHKHHH npeflbiflymero npHMepa bosbc^ghhgm b 
CTeneHb —1. 6ecKOHeHHbix HHTepBajiOB cpop- 

Myjibi Bbirjia,n,HT Tax: 



(3.2.138) 
(3.2.139) 



{1, x > a} = — 

k ' 1 + sgn 



gn(x — a) 



{1, x < a} = 

1 — sgn 



sgn(a; — a) 



b nacTHOCTH, fljia cjiy^iaa nojiojKHTCjibHOH h OTpn- 
uaTejibHOii nojiynpaMOfl, 



{1, x>0}-— 

1 ' 1 + sgn t 



(3.2.140) 
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Diam 3. CTAHflAPTHHE OYHKI^MH 



{1, x<0} = - 

1 — sgn x 

A, fljia: KOHenHbix HHTepBajiOB — Tax: 



(3.2.141) 



{1, xe(a,p)} = 

1 + sgn(ir — a) 1 + sgn(x — ft) \ 1 



(3.2.142) 

o 3.2.15. H3 npeflbiflymero npHMepa cjieflyeT, ito 
ecjm HaM ,a,aHa HexaH CTaH^apTHaH (pyHKinifl /, 
to yMHOJKaa: ee Ha CTaHflapTHyio <pyHKin-no BH^a 
(|3.2.142|) . iyje HHTepBaji (a, /3) jicjkht b oSjiacTH 
onpe/i,ejieHHa: /, mm nojiynaeM CTaH,n;apTHyio cpyHK- 
hhio, onpeflejieHHyio CTporo Ha (a, /3), h coBna^aio- 
myio c / Ha 3tom HHTepBajie: 

{f(x), xe(a,/3)}=f(x)-{l, xe(a,/3)} 

TaKHM o6pa30M, ozpaHuuenue cmaHdapmHoil cfiyHK- 
v,uu na ak>6ou UHmepeaA (eo3M03K.no, 6ecKoneu- 
huu) maKmce 6ydem cmatidapmnou q^ywKnueu. 
B nacTHOCTH, cpyHKHHH 

{i x>0} = ±-{1, x>0} 
TO»ce HBjiaeTCH CTaHflapTHOfi. 

t> 3.2.1. IIpoBepBTe, hto ^jih jho6bix CTaHflapTHbix 
(pyHKH,HH fi,-.;fk ii Jiio6oro Ha6opa HenepeceKaio- 

IHHXCH HHTepBajiOB (ot\ , j3\ ),..., (afc , /3fe ) , (pyHKHHH, 

onpe/i,ejieHHaa npaBHjiOM 



fi(x), x € (ai,j8i) 
TaKace 6y [ n I eT CTaH,n;apTHOfl:. 

YpaBHeHHa, HepaBeHCTBa h ycjioBHH, onpe- 
,a,ejiHeMBie BBipa»ceHHeM. TpeTbe Ha6jno,n,eHHe 

COCTOHT B TOM, HTO, HMeH ,H,ejIO C BbipajKeHHSMH V 

ot nepeMeHHOfi x, nocToaHHO npnxoflHTCH peniaTb 
bcskhc ypaBHenHH BH^a 

V = C, 

HepaBeHCTBa 

V < C, Ps^C, v>c, v^c 

h nacTO flaxe 6ojiee o6iHiie 3aflanH, b kotopmx flaHO 
Kaxoe-TO MHOJKecTBO E na npHMOft R h TpeSyeTCH 
HaiiTH TaKne 3HaieHHH nepeMeHHOii a;, fljia: koto- 
pbix BbinojiHaeTCH ycjiOBne 

V EE 

B niKOjie ynaT peniaTb ypaBHeHHH h HepaBeH- 
CTBa pa3Hbix THnoB, h fljia 3Toro OKa3biBaeTCH no- 
jie3HbiM ynoTpe6jieHHe hohhthh chctcmm h cobo- 
KynHOCTH. HanoMHHM, hto 



• cucmeMou yc/ioeuu A h B Ha nepeMeH- 
Hyio a; Ha3biBaeTCH ycjiOBne, 3anHCMBae- 
Moe KaK A h 6 b (pnrypHbix CKo6Kax 

h npeflCTaBjiHromee co6oft jiornnecKoe 
nepece^eHHe ASzB ycjiOBHii A h £>; 

coeoKynHocmtK) ycAoeuu An B Ha nepe- 
MeHHyio x Ha3BiBaeTCH ycjiOBne, 3anHCM- 
BaeMoe KaK A h Z? b KBa,apaTHbix CKo6Kax 

h npe,n,CTaBjrinomee co6oii jiornnecKoe 
o6 r be,n;HHeHHe A V B ycjioBHH A h B. 

KaK nojib30BaTi>ca sthmh hohhthhmh mm Ha- 
noMHHM cjieflyioiHHx npHMepax. 

o 3.2.16. ypaBHeHHH — cpopMynbi BH^a 

V = Q 

Tflfi PhQ — BMpajKeHHH . MacTHbiM cjiynaeM 6y,neT 
ypaBHCHHe BH^a 

V = C 

rpfi V — BbipajKeHne, a C — napaMeTp He coflep- 
»caiHHHCH b V, hjih co6cTBeHHoe o6o3HaneHHe ^jih 

HHCJia. 

PeineHHe ypaBHeHHH npeflCTaBjiaeT co6oii no- 
cjieflOBaTejibHoe CBefleHHe ero k paBHOCHjibHMM ch- 

CTeMaM H COBOKynHOCTHM (o6bIHHO MHOTOKpaTHO 

BjiojKeHHMM flpyr b flpyra) npocTeHinnx ycjiOBHii Ha 
nepeMeHHyio h napaMeTpbi. Bot HeKOTopbie npHMe- 
pbi o6hj;hx npaBHji penieHHH ypaBHCHHfl: 

a ^ 



6 = 



a = 










x e 






'b = 0' 






x e m_ 





ax 2 + bx + c = 



log a x = C 
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SIM 



C 



Ce [-1;1] 
x G arcsin C + 2irZ 
x G 7r — arcsin C + 27rZ 

x e 



C<-\ 

x G 

Ce[-l;l] 

x G [— arcsin — 7r; arcsin C] + 27rZ 
C > 1 
I6l 



cosx 



G 



Ce [-l;l] 

a; G ± arccos C + 2wZ 

x e 



Ge [-§;§] 



arcsm a; 



C 



x G sin C 

'Ci [-§;§] 

a; G 





r CG [0;tt]1 






a; G cosC 






rCg [0;*]' 






x G 





arccos a; = C 



> 3.2.2. Haft/niTe o6m,He npaBHjia perneHHH ypaB- 
hchhh: 

X Q = C, a* = C, 
tg x = C, ctg x = C, 
arctg x — C, arcctg x = C. 
o 3.2.17. HepaBeHCTBa — cpopMynbi BH^a 

V < Q, V s? Q, V > Q, V^Q, 

Tflfi V H Q — BbipajKeHHH. HaCTHBIMH cjiynaaMH 

SyzryT HepaBeHCTBa Bii^a 

v <c, r^c, r>c, v^c, 

Tflfi V — BbipajKenne, a C — napaMeTp He co,n,ep- 
»caiirHHca b V, hjih co6cTBeHHoe oGosHa^eHHe ^jih 

HHCJia. 

B niKOjie HepaBeHCTBa o6bihho ynaT peinaTb 
/TByMH cnoco6aMH: jih6o tojkc CBeflenneM hx k paB- 

HOCHJIBHBIM CHCTeMaM H COBOKynHOCTHM npocTbix 

ycjiOBHH, jih6o MeTOflOM HHTepBajiOB. BTopoii cno- 
co6 mm pa36npaTb ne 6yn,eM, nojiaraacb Ha na- 

MHTb HHTaTejIH, a nepBBiH npOHJIJHOCTpHpyeM JIHHIb 

HecKOjibKHMH npaBHjiaMH: 



log a x < C 



< a < 1 



x > a' 



c 



a > 1 

x < a c 



arcsin a; < C 



C ^ 
x G 
CG(- 
x G [—1, sinC) 



7T . 7T 

' 2 ' 2 J 



c> i 

xG [-1;1] 



> 3.2.3. Han/niTe o6in,He npaBHjia peineHHa Hepa- 
BeHCTB: 

ax + b < 0, 
ax 2 + bx + c < 0, ax 2 + foe + c ^ 0, 
ax 2 + bx + c > 0, ax 2 + bx + c ^ 0, 
x Q < C, a 1 < C, 
cos a; < C, arccos a; < C, 
tgx < C, arctg x < C, 
ctg a; < C, arcctg x < C. 

"Tpexcjio>KHoe onpe/jejiemie". KaK mm y>Ke 
roBopnjiH, CTporoe onpeflejieHne o6jiacTH jronycTn- 
Mbix 3HaHeHHft nepeMeHHbix pjisi BbipajKeHHs U 
HeBO3MOJKH0 flaTb HHa^e KaK no HH/ryKHHH, npnneM 
yBH3aB ero o/nroBpeMeHHO c onpeflejieHHeM MHO»ce- 
CTBa penieHHH ycjiOBna 



U €E 



(3.2.143) 



(r^e E — npoH3BOJibHoe mhojkcctbo Ha npsMoii M) , 
a TaKHce c 3aMenaHHeM, hto ecjiH o6jiacTb flonycTH- 
Mbix 3HaneHHH D nepeivieHHOH x b U onpejrejieHa, 
to (popMyjia 

f{x)=U 

onpeflejiaeT (pyHKn;Hio / : D — > M (c o6jiacTbio 
onpeflejieHHH D). 

ToHHoe onpeflejieHne BbirjiHflHT TaK: 

0) Ecjih IA — BbipajKCHHe nopaflKa ot ne- 
peMeHHOii x, to ecTb 

U = x 



H.nn 



U = a, 



sinx < C 



rflfi a — KaKOH-HH6y,n;b napaMeTp, to 
b o6ohx cjiynaax o6jiacTbio flonycTH- 
mbix 3HaHeHHH nepeMeHHOit cnnTaeTCH 
bcs HHCjiOBaa npHMaa R, npnneM ycjio- 
Bne (|3.2.143p b nepBOM cjiy^ae npHo6pe- 
TaeT Bifl 

x e E 
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fjiaBa 3. CTAHflAPTHHE QyHKIfHH 



h, noHHTHoe flejio, peineHHeM Torjia 6y- 

flfiT CaMO MHOJKBCTBO E~ a BO BTOpOM cjiy- 

nae — 

ae£ (3.2.144) 

ii peineHHe (to ecTb mhojkgctbom TaKiix 
x, pjisi KOToptix 3to BepHo) 6yn,eT 3aBii- 
ceTb ot a: 

ecjiii a jiejKiiT b E, to sto 6yn,eT Bep- 
ho npii jiio6om x £ M, h noaTOMy pe- 
niGHiiCM (|3.2.144p 6yn,eT MHOJKecTBO 
K; 

ecjiH a He jie>KHT b E. to Hao6opoT, 
npii jik)6om a; S K sto 6ya,eT HeBep- 
ho, h nosTOMy peineHiieM (|3.2.144p 
6yn,eT MHOJKecTBO 0. 

Ecjiii o6jiacTb flonycTHMbix 3HaHeHiiit ne- 
peMeHHOii h mhojkcctbo peniemiii ycjio- 
bhh (I3.2.143P onpe^ejieHbi pjin Bcex bm- 
pajKeHiiii nopaflKa, He npeBbiinaioiHero 
HeKOToporo n € N, to ^jih Bbipa:sceHHH 
W nopiiflKa n + 1 o6jiacTi>io jjpnycTHMbix 
SHa^ieHiifi nepeMeHHbix b hhcjiobom bbi- 
pajKeHim U CHHTaeTCH MHOJKecTBO penie- 

HHH CBH3aHHOH C 3THM BbipajKEHHeM CH- 
CTeMBI yCJIOBHH (ypaBHCHHH, HepaBGHCTB 

hjih bkjhohghhh) onpejxejiHeMOH cjie- 
jryioiHHMH npaBHjiaMH: 

ecjiH U co/i,ep}KHT b KanecTBe nofliH- 

HCHHOrO BbipajKeHHH KaKOe-TO Bbl- 

pa»ceHHe BHiia |, to b CHCTeMy <2> 
/i,o6aBjia:eTCH ycjiOBHe 

ecjiH 1A coflepjKHT b KanecTBe noflHH- 
HeHHoro BbipajKeHHH KaKoe-TO bbi- 
paaceHHe BHiia {V)^\ to b cncTe- 
My <1> floSaBjiaeTca cjiejxyiomaH co- 
BOKynHOCTb ycjiOBHii: 4 



V > 

V = 
Q > 

V < 



2N-1 



ecjiH U co/i,ep}KHT b KanecTBe noflin- 

HCHHOrO BbipajKeHHH KaKOe-TO Bbl- 

pajKemie BHiia log(-p)(<2), to b ch- 
CTeMy flo6aBjiaeTca cjieflyioiHaH 
CHCTeMa ycjiOBHii: 5 




ecjiH IA coflepjKHT b KanecTBe nofliH- 
HCHHOrO BbipajKenna Kaxoe-TO Bbl- 
pajKeHne BHiia tgV . to b CHCieMy <S> 
,i];o6aBjiHeTca ycjiOBHe 



V 



71" „ 



ecjiH U coflep>KHT b KanecTBe nofliH- 
HenHoro BbipajKenna Kaxoe-TO bm- 
pajKEHHe BHfla ctg"P, to b CHCTeMy 
<P /i;o6aBjiaeTCH ycjiOBiie 

V i ttZ 

ecjiH U coflepjKHT b KanecTBe nojj,- 

HHHCHHOrO BbipajKeHHH KaKoe-TO 

BbipajKeHne BH^a arcsin'P hjih 
arccosT 5 , to b CHCTeMy <S> j\doss- 

JIHeTCH yCJIOBHC 

Ve [-1,1] 

Ilocjie Toro, Kax onpejrejieHa o6jiacTb D 
flonycTHMbix 3HaHGHHH nepeMeHHOfi b U, 

CTaHOBHTCH OCMBICJieHHBIM paBGHCTBO 

f(x)=U, 

onpe,n,ejiHioiHee (pyHKu;Hio / : D — > R. 
TorpQ y»ce mhojkgctbo pchichhh ycjiOBHa 
(13.2. 143|) fljia 3Toro Bbipa>KeHHH onpe/i,e- 
jiHeTCH (popMyjioii 

{x e D : /(a;) G ^} 

• OyHKii,Ha / (o/nroro hjih HecKOjibKHx nepe- 
MeHHbix) Ha3biBaeTca cmaHdapmHou, ecjiH OHa 
onpeflejiaeTca: HeKOTopbiM hhcjiobbim Bbipa»ce- 
HneM V: 

f{x) - V 
(hjih f(a) = V, hjih f(x,y) = V,...) 

• B nacTHOM cjiynae, Kor/i,a BbipajKeHne V onpe- 
jxejiHeT sjieMeHTapHyio (pyHKH,iiio 

x, x a , a x , log a x, sinx, cos a;, 
tgx, ctgx, arcsinx, arccosx, 

arctgx, arcctgx 

oho Ha3biBaeTCH SAeMewmapwuM. 

• 06jiacTb jj,onycTHMbix 3HaHeHHH nepeMeHHOft 

B OJTHOMeCTHOM HHCJIOBOM BbipajKCHHH V 060- 

3HanaeTca D(V) (no aHajiornn c oGosHaHeHHs- 
mh c. [20]). 

IIpe^Jio^KeHHe 3.2.1. Cnpaeednueu paeencmea: 



D(V + Q)= D(?)nD(S) 
D (V - Q) = D{V) n D(Q) 



(3.2.145) 
(3.2.146) 



4 Cm. o6t>5iCHeHHe Ha c. |168| no noBO^y ycjiOBufi cymecTBOBaHHH Bbipa^eHHH a b . 
5 Cm. aHajiorHHHoe oG-BHCHeHHe Ha c. U78l no noBO/iy log a a;. 
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D(V-Q) = D(V) n D(Q) 
V 



D 



Q 



(3.2.147) 

D(P)nD(S)\{i:Q = 0} (3.2.148) 



D(Q ) = fa : P G D(Q)| n D(V) (3.2.149) 

y=V I J 



(c) PaBeHCTBO BbipaaieHHH 

Pasjinnaacb opeporpacpHHecKH (to ecTb KaK no- 
cjieflOBaTejiBHOCTH chmbojiob), BbipajKeHHH MoryT 
6bitb paenu no cmucai/. HanpiiMep, H3 cpopMyjibi 
6nHOMa HbiOTOHa, KOTopyio mm ,n,OKa3ajiH Ha c !48l 
cjie/ryeT paBencTBO 



(x + l) 2 = x 2 + 2x + 1. 



(3.2.150) 



3fleci> CTeneHb b jieBoii nacTH cpiiKCiipoBaHa h HeBe- 
jiHKa, nosTOMy 3Ty cpopMyjry HeTpyflHO ,i],OKa3aTb 
HanpHMyro, 6e3 ccbijiOK Ha 6hhom HbiOTOHa: 

(a: + l) 2 = (x + 1) • (x + 1) = (10.2. lap = 
= x- (x+ 1) + 1 • (a; + 1) = (I0.2.11L (10.2.131) = 
= x 2 +x-l + l-x-\-l-l = (|0.2.1ip . (|0.2.16p = 
= a; 2 + l-x+l-a;+l = a; 2 + (l + l)-a: + l = (|0.2.46p = 

= x 2 + 2x + 1. 

Tjih^s Ha 3Ty uenoHKy, mojkho 3aMeTHTb, ito 
3jj,ecb coBepniCHHO HeBa>KHO. KaKoii cmmcji BKjia- 
flbiBaeTCH b chmbojim b cpopMyjie (|3.2.150p : ecjin 
cnpaBefljiHBbi TOJKflecTBa (|0.2.13p . (10.2. lip . (|0.2.16|) 
h (|0.2.46p , to (|3.2.150p 6yjj,eT BepHO He3aBHCHM0 ot 
toto, hto mm noHHMaeM no/i, 1, 2, x h +. 

H /jeftcTBHTejibHO, HCKyHieHHbiii HHTaTejib 3aMe- 
tht, hto paBCHCTBO (|3.2.150p 6ya,eT cnpaBe^jiHBO 
He tojibko jijih BemecTBenHbix HHceji. HanpHMep, 
nofl 1 h x MoryT noHHMaTbCH KOMnjieKCHbie hhcjki, 

HJIH MaTpHHBI, HJIH BOoGlHe 3JieMeHTbI npOH3BOJIb- 

Hoii accoiniaTHBHOH ajire6pbi, h Bee paBHO cpopMyna 
(|3.2.150p 6ya,eT BepHa. 

B COOTBeTCTBHH C o6lHHM flyXOM MaTeMaTHKH, 

TaKofi ypoBenb a6cTpaKiniH b Bonpoce o tom, Korjia 
cnpaBefljiHBO to hjih HHoe paBencTBO, ecTecTBeHHO 

6bIJIO 6bl npHMCHHTb H K HHCJIOBbIM BbipajKeHHHM. 

To ecTb Bonpoc, BepHO hjih HeBepHO paBCHCTBO hhc- 

JIOBblX BbipajKCHHH 

V = Q 

- jiorHHHO 6bijio 6m peuiaTb, bmhchhh, mojkho jih 
9to paBeHCTBO BbiBecTH H3 3apaHee BbinHcaHHoro 
cnncKa sjieMeHTapHbix paBeHCTB (TOJK,zi,ecTB) . Ta- 
koh cpopMajibHbiH nojrxojj, no3BOjiHji 6bi cpa3y ot- 
flejiHTb HcHHCjieHne ot AHajiH3a, h, KaK Bcerjja 6m- 
BaeT b cjiynaax, Korfla H3Jio»ceHHe y^aeTCH pa36nTi> 
Ha He3aBHCHMbie nacTH, KOTopbie 3aTeM, CKjiajrbi- 
Baacb BMecTe, o6Hapy»cHBaiOT HCOJKHflaHHbie cbh- 
3h flpyr c flpyroM, flaBaa bosmojkhoctb norjiHixeTb 
Ha npe^MeT c pa3Hbix Tonex 3peHHH, sto cnjibHO 



ynpocTHjio 6bi H^eojiorHio H3ynaeMOH flHCininjiHHbi 
h noBbiCHjio 6bi ee scTeTHnecKyio ueHHOCTb. 

O^HaKO (h sto He jxejiaeT necTH cneiniajiHCTaM 
no KOMnbiOTepHOH ajire6pe h aBTopaM 6ecHHCjieH- 
hmx pyKOBO^CTB no ^HCpcpepeHHiiajibHOMy h hh- 
TerpajibHOMy hchhcjichhio) , k HacToameMy BpeMe- 

HH HHKaKHX HCCJieflOBaHHH Ha 3TOT CHeT He npoBO- 

flHjiocb. KaKHM flOjiJKeH 6biTb cnncoK 3jieMeHTap- 

HblX TOJKfleCTB, H MOJKHO JIH npH TaKOM nojj,xojj,e 

ji;o6HTbca:, HTo6bi paBeHCTBO cpyHKi^HH, onpeflejiae- 
mhx BbipaaceHHHMH, aBTOMaTHnecKH BjieKjio 3a co- 
6oft (popMajibHoe paBeHCTBO BbipajKeHHii (to ecTb 

BbIBOJI,HMOCTb 3TOTO paBeHCTBa H3 sjieMeHTapHbix 

TOJK/i,ecTB jj,jih BbipajKCHHit) - Bee 3to npejj,MeT HC- 
cjieflOBaHHH fljia MaTeMaTHKOB 6yn,yni;ero (h noBOjj, 
fljiH ynpeKOB MaTeMaTHKaM HacToam,ero) . 

Kax cjieflCTBne, HaM, b cootb6tctbhh c noflxo- 
,zi,om Han6ojiee 6jih3koh k stoh o6jiacTH MaTeMa- 
THiecKoii jj,Hcn;HnjiHHbi, KOMnbiOTepHoft ajire6pbi, 
ocTaeTCH TOjibKO onpeflejiHTb paBencTBO Bbipa»ce- 
hhh npocTO KaK paBeHCTBO onpejrejiHeMbix sthmh 

BbipajKeHHHMH CpyHKI^HH. 
• A Ba HHCJIOBblX BbipajKeHHH V H Q CHHTaiOTCS 

paenuMU na MHoatcecmee x G X, h H3o6pa»ca- 
eTCH sto (popMyjioii 

V = Q, 

xex 

hjih, b cjiynae, ecjin X = D('P)nD(Q), to cpop- 
Myjioft 

V = Q, 

h, HaKOHeu,, b cjiynae, ecjin X = D(V) = D(Q), 
to (popMyjioii 

P = Q, 

ecjin ohh nopojKflaiOT TOJKjrecTBeHHO paBHbie 

(pyHKH,HH Ha MHOJKeCTBe X: 

P( x ) = 9^). 
r^e p h q onpeflejiaiOTCH paseHCTBaMH 
p{x):=V, q(x):=Q. 

§ 3 CTaH^apTHbie (J)yHKii,HH b 
npoiifleHHbix TeMax 

^Q,o6aBjieHHe CTaHjj,apTHbix (pyHKH,HH k o6m,eMy 
cnncKy o6T>eKTOB, paccMaTpHBaeMbix b MaTeMaTH- 
necKOM aHajiH3e, CTpeMHTejibHO pacninpaeT bo3- 

MOJKHOCTH HJIJIIOCTpHpOBaTb HJI,eH 3TOH JJ,HCH;HnjIH- 

hm. B stom naparpacpe mli npHBejj,eM cepnio TaKHx 

HJIJHOCTpaiI,HH K TpeM OCHOBHbIM npOHfleHHbIM Ha 

stot momght T€MaM: nocjiejj,OBaTejibHOCTH, Henpe- 
pbiBHOCTb h npejj,ejibi. OflHOBpeMeHHO 3,zi,ecb 6yn,yT 
,u;0Ka3aHbi neKOTopbie yTBepjK,n;eHHa, KOTopbie no- 
Ha,n;o6HTCH 3aTeM b HjijuocTpaTHBHOM MaTepnajic 
nocjieflyiomnx rjiaB, b ^acTHOCTH cpopMyjibi nepBO- 
ro h BToporo 3aMeHaTejibHbix npe^ejiOB. 
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fjiaBa 3. CTAH/JAPTHHE QyHKIfHH 



(a) HHCJiOBtie nocjie^OBaTejifaHOCTH, 
onpe^ejiaeMfaie CTaH,a,apTHbiMH 

4>yHKU,H5IMH 

rtpHMcpBi nocjieflOBaTejibHOCTeii, paccMaTpHBaB- 
niHeca b rjiaBax[U]H[l] nojie3HO flonojiHHTb cjieflyio- 
hthmh, onpeflejiaeMbiMH c noMombio CTaHflapTHbix 
cpyHKn,HH. 

MeTOfl MaTeMaraiecKofi HH/iyicD(iffl. 

» 3.3.1. ^oKaacHTe MeTOflOM MaTeMaTHiecKoft hh- 
flyKrntH (Hcnojib3yH 6hhom HbiOTOHa): 

I \ 1 3 5 2n-l < 1 
' 2 ' 4 ' 6 ' ■•■ 2n ^ V^n+T 

2) < ELi ?S < V" («>2). 
IIpe,a,eji nocjie^oBaTejitHOCTH. 

» 3.3.2. KaKHMH flOJCKHBI 6bITb B&JIHHHHbl a, P, 

HTo6bi noHTH Bee ajieMCHTBi nocjie^OBaTejibHOCTii 
x n jiexajiH b HHTepBajie (a; /?)? 

1) x„ = cos 2sa 

(OTBeT: a < — /3 > 1) 

2) i„ = sin ^ 

(Otbct: a < /3 > 

3) X„ = COS 

(Otbct: a < -1, f3 > 1) 

4) x„ = sin 

(Otbct: a < > 

» 3.3.3. /],OKa3aTb hto 
1) ^ lim sin : 

» 3.3.4. ^],OKa3aTb hto 

1) lim yfn = +oo (3ppcb paccToaHne Mescfly co- 

n— >oo 

ceflHHMH TOHKaMH nocjieflOBaTejibHOCTH y6bi- 
BaeT!) 

2) lim log 2 n = +00 (3,necb paccTOimne mgjk- 

n— > oo 

^y coceflHHMH TOHKaMH nocjieflOBaTejiBHOCTH 
y6biBaeT!) 

3) lim log 3 i = -00 

n— ^oo 

4) lim (-n>) = —00 

n— > oo 

5) lim (—1)™ • n = 00 

> 3.3.1. KaKne H3 nocjieflOBaTejibHOCTeii HBjiaiOTca 
GecKOHe^mo MajnsiMH, a KaKiie - GecKOHenHO 6ojh>- 

IHHMH? 

Xn = 7^7 

2) X n = y^n 

o 3.3.1. IlpoBepbTe, hto cjieflyiorrnie nocjie/i,OBa- 
TejibHOCTii orpaHHHCHbi: 

x„ = sinn, x n = cosn, x n = arctgn. 

KaKHe H3 HHX CXO/IHTCH (t0 eCTb HM6IOT KOHCHHIjIH 

npe^eji)? 



Tin 
3 



» 3.3.5. HaiiTH npeflejibi 



smn n + 5 n + arctgn 
lim , lim : , lim , 

n->oo n n^oc n + sin n n->oo n — cos n 



IIocjie/i,OBaTejiBHOCTH, 3a/i;aHHBie peicyppeHT- 

HO. 

o 3.3.2. iloKajKCM, hto nocjieflOBaTejibHOCTb, 3a- 
,n,aHHaH peKyppeHTHO 



X\ = 0, x n+ i = y/6 + x n 

cxoflHTCH, n naiifleM ee npe^eji. 

1. BbiHHCjniM CHanajia hcckojibko nepBbix sjie- 
MeHTOB nocjieflOBaTejibHOCTH {x n }, 11 HapncyeM 
KapTHHKy: 



2. 3aMeTHM, hto Bee nncjia {x n } HeoTpHH,aTejib- 

Hbl (3T0 MOJKHO flOKa3aTB OTflejIBHO nO pmTiy KTTTTTT): 
Xn ^ 

3. H3 KapTHHKH BH/HTO, HTO Ha nepBBIX HeCKOJIb- 

khx sjiCMenTax {x n } Haina nocjie,n;oBaTejn>HOCTb 
Hey6biBaeT. Ilonpo6yeM floica3aTb, hto OHa Hey6bi- 
BaeT Bceiyja: 

X„ < X n +1 (3.3.151) 
IIoHMeM CHanajia, hto osHa^iaeT sto HepaBCHCTBo: 

Mcnojiij3yeM, ito x n ^ 

4 



^ a;^ ^ 6 + x n & x 2 n - x„ - 6 <^ 

& (x n + 2)(x n - 3) < ^ 

V v ' 

t 

flejiHM Ha x n + 2; 
h, nocKOjiBKy a:^ + 2 > 
3HaK HepaBGHCTBa He MeHHeTCH 

x n - 3 <=^ x„ 3 
Tenepb floxajKeM, nocjieflHee HepaBeHCTBo: 

x„ ^ 3 (3.3.152) 

3to flejiaeTCH MaTeMaTHnecKoii HHflyKn,Hen. 

a) CHanajia npoBepaeivi Hanie HepaBeHCTBo npn 
n = 1: 

xx = 3 

b) IlpeflnojiaraeM, hto oho BepHO npn n = k: 

x k < 3 (3.3.153) 



§ 3. CraH^apTHbie (pyHupmi b npoit^eHHhix TeMax 
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c) ,H,OKa3biBaeM, ^ito Tor^a oho 6ya;eT BepHO npii 
n = k + 1. 

x k+1 s? 3 (3.3.154) 

^eiicTBHTejibHO , 



x k+ i ^3 ^ v6 + x fe ^3 

6 + x fc < 9 x fc ^ 3 

a nocjie^Hee HepaBeHCTBO BbinojiHaeTCH b cnjiy 
(I3.3.153p . TaKiiM o6pa30M, nojrynnjiocb hto h3 
(|3. 3.153ft cjie^yeT (|3.3.154p , a sto HaM n HyjKHO 6m- 
jio. 

HiaK, mm ,n,OKa3ajiH (|3.3. 152ft , a SHannT h paB- 
HOCHjiBHoe eMy ycjiOBHe (13.3. 151|) . 3th HepaBCHCTBa 
03naHaiOT, hto {x„} Hey6biBaeT h orpaHnnena CBep- 
xy. 3HanHT, no TeopeMe BefiepniTpacca 11.2.41 OHa 
HMeeT npe^eji. 06o3HanHM ero 6yKBOii c: 

lim x n = c 

n— >oo 

h 32LM6THM, hto c ^ 0, nocKOjibKy x„ ^ (no Teo- 
peMe 11.2.11 o nepexofle k npe^ejiy b HepaBencTBe) . 
Toiyja H3 cpopMyjibi x n +\ = \/6 + x n mm nojrynaeM 



OTKya,a 



(x„ + i) 2 = 6 + x T: 



lim (x n +i) 2 = lim 



= 6 



To ecTb c yn,OBjieTBopfleT KBa^paTHOMy ypaBHeHHio 



c 2 = 6 



peniaa KOTopoe (c yneTOM, hto c ^ 0), mm nojiyna- 
eM c = 3. 

Otbbt: lim x n = 3 

t» 3.3.6. /IpKajKHTe, hto nocjieflOBaTejibHOCTb, 3a- 
,a,aHHaH pexyppeHTHO cxo/hitch, h Hafl^HTe ee npe- 
fleji: 



1) xi = 1, x„+i = ^x„(6 - x^); 

2) xi = 3, x n+ i = 



2+^2x^-4 ' 

3) xi = 9, x n ^i — 2-^/ x n , 

4) xi = 1, x„ + i = 3^/x^"; 
, xi = 6 



5) x„ + i 

6) x n+ i 



I0x n 



g ra 3\/2 



Xl 



1. 



ITo/i,nocjie/i,OBaTe jibhocth . 

i» 3.3.7. 5lBjiaeTca jih flaHHaa nocjieflOBaTejib- 
hoctb {yk} no,n;nocjieflOBaTejibHOCTbio nocjieflOBa- 

TejIBHOCTH {x n }? (ECJIH fla, TO yKa3aTb COOTBeT- 

CTByronxyio nocjieflOBaTejibHOCTb HH^eKCOB {rife}.) 
1) x„ = y^, 2/fe = k 

» 3.3.8. Z^jih flaHHOii nocjieflOBaTejibHOCTH {x„} 
yKa>KHTe KaKyio-HH6yzi,b cxo^HinyiocH no/niocjieflo- 
BaTejibHOCTB {x nk }, ecjm OHa cymecTByeT. 



1) x n = cos 



» 3.3.9. IlpoBepbTe c noMOinbio KpHTepna Konm 
cxo^hmoctb nocjieflOBaTejibHOCTeii: 



1) 



x n — sin ^ , 



2) x„ = cos^, 

3) x„ = arctg(— 1)' 



(b) HenpepwBHOCTb CTaH,a,apTHL»ix 

CpyHKU,HH 

Mojkho 3aMeTHTb, ito b cnncKe sjieMeHTapHbix 
cpyHKiniii, kotopmh mm npHBO/nuin Ha c. 11671 He 
Bee (pyHKHHH 6yflyT HenpepbiBHbi. IloKajKeM sto Ha 
npnMepax. 

o 3.3.3. QyHKirnH 

f(x) = 0- 

pa3pbiBHa b TOHKe x = 0. ^eftcTBHTejibHO, fljia no- 

CJieflOBaTejIBHOCTH 



x n = - — > 

n n->oo 



MM nojiyHHM 

f(x n ) = 0" = — > ^ 1 = 0° = /(0) 

n— J-OO 

o 3.3.4. OymaitiH 

m = (-it 

pa3pbiBna b jho6oh TOHKe CBoeii o6jiacTH onpefle- 
jichhs. HanpnMep, pjin tohkh a = mojkho B3HTb 
nocjieflOBaTejibHOCTb 



X n = 77- > 



PJIR KOTOpoii mm nojiyHHM 

f(x n ) = (-!)& =-1-^-1^1= (-I)" = /(0) 



^OKasaTejibCTBO cjieflyiomero (paKTa mm npeflo- 
CTaBjiaeM HHTaTejno: 

TeopeMa 3.3.1. CAedywu^ue SAeMewmapHue 
(f>yHKV,uu (u moAbKO ohu) nenpepuemi e ceoeil 
o6Aacmu onpedeAenusi: 
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rjiasa 3. CTAHflAPTHHE QyHKIfHH 



Ha3BaHne 


X 

I 


o6jiacTt> onpeflejicHHH 


CTencHHasi 
cpyHKijHsi 


x b 


r x e R, be jfe 
l/O be - J-, 

1 7^ w 1 " 2i : : 1 

| x > 0, 6 e (0, +oo) \ g^j- 
> 0, be (-oo,0) \ 25^- 


noKa3aTCJibHasi 
(pyHKijiis 




x e R a > 


jiorapucpM 


log a X 


x > 0, a e (0; 1) U (1; +oo) 


CHHyC 


sin x 


x e R 


KOCHHyC 


cos x 


z (E R 


TaHreHC 


tgx 


a: ^ -I 1 + 7rZ 


KOTaHreHC 


ctg X 


a; ^ 7rZ 


apKCHHyc 


arcsin x 


rr 6 [-1; 1] 


apKKOCHHyc 


arccos x 


a; G [-1; 1] 


apKTaHreHC 


arctg x 


x e R 


apKKOTaHreHC 


arcctg x 


Z £ R 



• OyHKHHH H3 SToro cnHCKa Ha3MBaiOTca 
HenpepuenuMU ,3AeMenmapnuMU cfjyHK- 

IIALHMU. 

TeopeMa 3.3.2. CmandapmnaH <fiyHKV i UM, co- 
cmaejieHHasi U3 nenpepuenux SAeMenmapnux 
(fjyHKi^uu (na ceoux o6jiacmsix onpedeAenusi) , ma.K- 
atce nenpepuena (na ceoeu o6jiacmu onpedeAenusi) . 

• CTaHflapTHBie (pyHKHHH, oniiCBiBaeMtie b 
stoh TeopeMe, Ha3MBaK>TCH Henpepuenu- 
mu cmandapmnuMU cfiynKi^uMMU. 



/J,oKa3ameAt>cmeo. Ho TeopeMaM 12.2.21 h 12.2.31 ec- 
jih H3 HenpepbiBHbix sjieMeHTapHMx (pyHKHiiii koh- 
CTpynpoBaTb HOBBie cpyHKHHH c noMombio ajire6- 
paiiHecKiix onepain-iii h onepainiH komho3hhhh, 
to 6ynyT nojiynaTbCH TaK»ce HenpepMBHMe CpyHK- 
HHH. □ 

(c) BbiHHCJieHHe npe,n,ejiOB 

PaccMOTpHM TenepB Bonpoc, KaK BbinncjiaiOTCH 
npeflejibi CTaHflapTHBix (pyHKHiifi:: 

lim GO) =? 

x— 

CymecTBOBaHHe npe^ejia. IlpejKfle Bcero, ko- 
HenHO, HyjKHO noHHMaTb. ^ito npefleji cymecTByeT 
He Bcerfla. 



o 3.3.5. IIoKajKCM hto cpyHKinia f(x) — sin — He 
HMeeT npe,n,ejia b tohke x — 0: 

$ lim sin — 

x^0 X 

Bo3bMeM CHanajia nocjie^OBaTejibHOCTt apryMeH- 
tob 

1 





Torfla mm nojiy^HM 



f(x n ) = sin — = sin ( h 2irii) = 1 — > 1 

Xn V 2 / ri->oo 



C flpyroft CTopoHbi, ecjin b3htb 
1 



2im 



TO Mbl nojiyHHM 
f(x n ) 



1 . / 7T 

in — = sin I — — ■ 

Xn. > ^ 



27rn 



TaKHM o6pa30M, mbi nojiynaeM, hto ecjin b3htb o,n,- 
Hy nocjieflOBaTejibHOCTb apryMeHTOB x n — > 0, to 

n— f oo 

cooTBecTByiomaH nocjieflOBaTejibHOCTb f(x n ) 6yn,eT 

CTpeMHTBCH K OflHOMy ^HCJiy (A = 1), a eCJIH B3HTb 

flpyryio nocjieflOBaTejitHOCTb x n — s- 0, to f(x n ) 

6ya,eT CTpeMHTbCH k flpyroMy nncjiy (A = — 1). 

3to osHa^aeT, hto (pyHKH;HH /(a;) = sin - He 
HMeeT npe^ejia b tohkc x = 0, noTOMy hto HHane 

f{x n ) flOJBKHO 6bIJIO 6bl CTpeMHTbCH K STOMy KOH- 

KpeTHOMy npe^ejiy A, He3aBHCHMO ot toto, Kaxyio 



6epeHH> nocjie^OBaTejibHOCTb x r , 



0. 



IIpHHLi;Hn nO^CTaHOBKH. Bo-BTOpblX, HyjKHO 

iiomhhtl. hto ecjin cpyHKH^HH HenpepbiBHa, to no 
KpHTcpnio HenpepbiBHOCTH 12.4.71 ee npe^,eji paBeH 
ee 3HaHeHHK) b tohkc: 

TeopeMa 3.3.3 (npumjun no/^CTaHOBKn) . 

Ilycmb G - nenpepuenasi cmandapmnasi tftynKuusi, 
onpedeAennafi e neKomopou OKpecmnocmu mouKU 
a. Tozda npedeA $ynKuuu G e moHKe x = a cyuifi- 
cmeyem u paeen ee 3nanenuw e smou monne: 



3 lim G(x) = 

x^a 

PaccMOTpHM npHMepM. 
o 3.3.6. BbrTHCjniTb npe^eji 



G(a). 



lim ■ 

x—>4 



1 



PeineHHe: 



lim 



(noflCTaHOBKa) 
V4 + 4 2 



1G 



18 

IF 



Hhcjio ^ h 6y^eT otbctom. 



§ 3. CTaH^apTHbie cpyHKiifiii b npoH^esHbix xemax 
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o 3.3.7. Haft™ npe^eji 



lim (x 2 - 2x + 3) 

x — y 1 



PeineHHe: 



lim (x — 2x + 3) = (noflCTanoBKa) = 

x— yl 

= 1 2 - 2-1 + 3=1-2 + 3 = 2 

BtiHHCJieHHe ynpom,eHHeM. 06cyiniM Tenept 
CHTyainno, KOiyja, no-npejKHCMy, Tpe6yeTCH naftTH 
npe^eji 

lim G{x) =? 

x— >a 

ho cpyHKu,HH G(x) He onpeflejieHa b tohkc a; = a 
(xoth, HanpHMep, onpeflejieHa cjieBa h cnpaBa ot 
a). Torfla roBopHT, hto HMeeTCH TaK Ha3biBaeMaa: 
HeonpedejieHHOcmb, h ajiropHTM fleftcTBHii b TaKHX 
cjiynaax coctoht b tom, HTo6bi no,n,o6paTb HOByio 
(pyHKH,Hio F{x), KOTopaa coBna/jajia 6bi c G{x) 
b6jih3h tohkh a, h npn stom 6bijia 6bi nenpeptiBHOft 
b TOHKe a. 

3pHTejIBHO H306pa3HTb 3TO pyKOBOflCTBO MOJK- 

ho Tax: 

lim G{x) = ... 

X— >CL 

(noflSnpacM tpyHKijHio F(x)\ 
coBna/jaioinyio c G(x) \ 
b6jth3k totkh a I 
h HenpeptiBHyio b TOMKe a / 

... = lim F(x) = F(a) 

x— >a 

IIpoHjijiK)CTpHpyeM 3to Ha npHMepax. 

o 3.3.8 (ynpomeHHe + coKpameHHe). Haft™ 
npe^eji 

lim [ 

x->i \1 — x 1 — x 2 

Ilpn noflCTaHOBKe B03HHKaeT HeonpeflejieHHOCTB: 
lim P __\ = 1_2 

3HanHT, HyjKHbi npeo6pa30BaHHa. IIonpo6yeM 
ynpocTHTb Hanie BbipajKeHne: 



lim 



I V 1 — x 1 - x 2 
1 



lim 



= lim 



1V1-.T (l-x)(l+x) 

l + x-2 x- 1 

lim 



i (1 - x)(l +x) x-n (1 - x)(l + x 
— lim = lim 



► 1 1 + X x-yl 1 + x 

= (noflCTaHOBKa) 



1 + 1 



o 3.3.9 (pa3Jio>KeHHe Ha mhojkhtgjih) . HaiiTH 
npe^eji 

x 2 - 1 
lim — : 



x z — x — 2 
3fl,eci> B03HHKaeT neonpeflejieHHOCTb: 

x 2 - 1 1-1 



lim 



-l x 2 



1 + 1 



= o =v 





3to 03HanaeT, hto Heo6xo,n;HMi>i npeo6pa30BaHHH. B 
flaHHOM cjiynae ohh coctoht b tom, hto hhcjihtcjib 
h 3HaMeHaTejib Hysoio pa3jio?KHTb Ha mhojkht&jih, 
nocjie nero coxpaTHTb flpo6b: 



lim 

:-?■- 1 

lim 



x 2 -l (x-l)(x + l) 

= lim 



x l x 2 x 2 (x - 2)(x + 1 

x 



— — (enema iio/icraiioBKa I — — — 

x^-ix-2 y 1 -1-2 3 

o 3.3.10 (Hcnojit30BaHHe conpsLaceHHoro pa- 
^HKajia). BbiHHCjiHTb npe^eji 



lim 



VI + x — \J\ — x 



ilpn no,u;cTaHOBKe nojiynaeTCH Heonpe/i,ejieHHOCTb: 






lim 



VI + x — \/l — x 



IIosTOMy HyjKHti KaKne-TO npeo6pa30BaHHH. B 
npHMepax c kophhmh, KaK stot, b KanecTBe Taxoro 
npeo6pa30BaHHH mojkho Hcnojit30BaTb doMHoatce- 
nue na conpaofceHHUU padunaA. 

IlOfl 3THM nOHHMaeTCH BOT HTO. B HHCJIHTe- 

jie HMeeTca nppan;HOHajibHoe BbipajKeHHe \f\ + x — 
\J\ — x, Ha3biBaeMoe paduKajioM. Ilo,ii,6epeM Taxoe 
BbipajKeHne, KOTopoe npn yMHOJKCHHH Ha nero 
"yHHHTOJKaeT kophh". Oho Ha3biBaeTca conpjiotceH- 
hum paduKajioM, h b HameM cjiynae HMeeT bh^ 

yl + X + VI — X. IlOMHOJKHM HHCJIHT6JIB H 3HaMe- 

HaTejib apo6h Ha conpHJKeHHBiii pa^HKaji: 



lim 

x->0 



vr 



vr 



= lim 

x^O 



(VTT^ - VT^x~) ■ (VTT^ + VT 77 ^) 



x • (VI + x + VI - x) 



lim 



= lim 



» X 


• (Vl + x 


+ VI -x) 




(1 + x)- 


■(1-x) 


1 — 

X 


• (Vl + x 


+ Vl-x) 


n 


2: 


c 



lim 



lim . _ _ 

x^o x ■ (Vl + x + VI - x) 

noflCTaHOBKa) 



Vl + x + Vl - x 
2 



1 



VTTo + VT - l + i 

o 3.3.11 (Hcnojit30BaHHe conpHxeHHoro pa- 
^HKajia). BbiHHCjiHTb npe^eji 



lim 

£C->0 



VT+~ 
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fjiaBa 3. CTAH/JAPTHHE QyHKIfHH 



Ilpn noflCTaHOBKe HMeeM HeonpeflejieHHOCTt: 
r - 1 v/TTO - 1 



lim 

x-»0 



x 2 

Shrhht HyjKHbi npeo6pa30BaHHH, KOToptie 3flect 
onaTb coctoht b yMHOJKeHiiii Ha conpHJKeHHbifi pa- 
niiKaji. B HanieM npHMepe pa^HKajiOM aBjiaeTca 
BbipajKeHiie vTT? — 1 . ConpHJKCHHbifl »ce pa/ni- 
xaji - to ecTB Bbipa>KeHHe, KOTopoe npn yMHOJKe- 
hhh Ha Hani pa^HKaji "coKpamaeT kophh" - HMeeT 

BHfl ( + a; 2 ) + vl + x 2 + 1 . Ymhomm Ha Hero 
^HCjiHTejib h 3HaMeHaTejn>: 



PeniCHHc: 



lim 



E->16 yfx— tfX- 2 

■ 2 -4 /0 



=y,x = \F 
y — ► 4 

y =/= 4npna; =/= 16 



lim 



V 



2 1 

y^iy 2 -y-2 \0j (y - 2)(y + 1) 



lim &- 2 ><"- 



,. 2/ + 2 4 + 2 
= lim = 

»->-4 y + 1 4+1 



o 3.3.13. Haft™ npe^eji 



lim 

x->0 



S/I+^2- 1 



(^T+^- 1) ((?TT^) 2 + yr+^+ l) 



lim 

x->0 



lim 



lim 



((^T+^) 2 + ^TT^+1 
1 + a; 2 - 1 
a; 2 ((^IT?) 2 + \/I+l? + l) 

^ 

x 2 ((VTT^ 2 ) 2 + ^IT^ 2 + l) 
1 



lim 



^1 



1 



(noflCTaHOBKa) = 



1 



1 + 1 + 1 



(^T+o)- + ^r+o + i 
i i 

3 

» 3.3.10. HaiiTH npeflejiti 
1) lim sin a; 

x->7r/2 



2) lim arctga; — 1 

X— S-0 

3) lim ^ +1 -. 

4) lim 



>V3 



z_-3 

x 4 +x 2 + l • 



5) lim 



6) lim 

x-yO 



yi+x 2 -i 



7) lim 



Vl+x 2 -l 
v / 16+a; 2 -4 



iim 

x-*0 x 



9) lim 4^- 
10) 



3aMeHa nepeMeHHofi nofl 3HaKOM npe^ejia. 

B cne/ryioiniix npmviepax Hcnojib3yeTCH TeopeMa 
12.4.91 o 3aMeHe nepeMeHHofi nofl 3HaKOM npe^ejia. 

o 3.3.12. HaiiTH npe^eji 



lim 



i->16 Jx — 



PeineHHe: 

lim#^ 



lim^l 

x-yl -?/x — 1 



-y/a; = y, x = y 6 
y — >l 

x—tl 

y =/= 1 npn i^l 
y 3 -l /0 



lim , 

y-H y 2 - 1 



(y-l)(y 2 + y+l) _ y 2 + y + 1 



= lim 

(y-l)(y+l) 



— lim 

»->-i y + 1 

1 + 1 + 1 



1 + 1 



o 3.3.14. HaiiTH npe^eji 

cos 2 x — l 



lim , 

x-s-o cos 2 x + 2 cos x — 3 



PeineHHe: 



lim 



cos x — 1 



o cos 2 x + 2 cos a; — 3 



cos a; = y, 
V — > 1 

u x^O 



lim 



y 2 -i = lim (y-i)(y + i) 

sT-Ti y 2 + 2y - 3 (y - 1) (y + 3) 

y + 1 = 2 

2/=Ti y • 3 1 



= lim 

v 

o 3.3.15. BbiHHCjiHTb npe^eji 

lim ( yl + a; 2 — x ] 

£— f+oo \ / 



PeineHHe: 



lim 

X— >+OG 



1 + a; 2 — a; = 



a; = i ,y = i 
y — > + 

a:— v+oo 



lim 



= lim 



1 1 

y 2 y 



y 



^ Hcnojiij3yeM to>k/;cctbo\ 
y/¥=\y\ ) 



1 



lim —Jyi + l- - 
y^o+°\\y\ y 
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1 



/ y ->• o + o, 

[ 3H&MHT y > 0. ) = 

\no3TOMy | y | = yy 
1 



11) lim 



= lim I — \A/ 2 + 1 I = lim 

y^O+0 \y yj y-s-0+0 y 



vV + i-i 



= lim 



(vV + i-i)(vV + i + i) 



lim 



y-^0+0 ^(vV+T+l) 
,2 i 



lim 



>0+0 y ^ y 2 + 1 + !) y^0+0 y(^y2 + ! + !) 



IlepBbiii 3aMeMaTejibHbifi npe^eji. Ilpn bm- 

HHCJICHHH npCflCJIOB C TpiirOHOMeTpilHeCKHMH 

(pyHKE,HHMH OKa3MBaeTCH nojie3HbiM cjiepymniWK 

CpcLKT. 

TeopeMa 3.3.4. 



= lim 



lim - , 

y^0+0 y / y 2 + l + l 

V 



= (noflCTaHOBKa) = 







V0 + T+ l 



o 3.3.16. BBiHHCjiHTb npe^eji 

x 



lim 

X->— OO y/x 2 + 5 



PeineHHe: 



lim 



x-i— oo ZjZ 5 



X = y> V = x 

y — > 0-0 



a;— >• — oo 



lim 

y^0-0 



lim 



lim 

y^0-0 / 1 



/ Hcnojib3yeM\ 

[ TOJKflCCTBO J 



= lim ■ tf 

V 



y ^ - 0, 

3H&MHT y < 0, 

nosTOMy |y| — — y 



lim 



lim - 

y^o-o + by 2 y^o-o -^1 + 5y 2 

1 



VI + 5-0 



» 3.3.11. HaiiTH npeflejibi 

1) lim sin 2 x-sinx-2 

y n .,_2L sm J x + 1 
2 

2) lim 

3) lim 2 t-2^F 



4) lim Vi+sins-i 

5) lim 

6) lim 



7) lim 



X— ¥ — OO 



8) lim (Vx 2 + 1 - Va; 2 - 1) 



9) lim i(vr + l — a;) 

X— J-OO 

10) lim 2 * 2 -g- 4 



SIM 

lim = 1 

x-s-O X 



(3.3.155) 



• 3to paBeHCTBO Ha3tiBaeTCH nepeuM aa- 
MeuameAbHUM npedejioM. 

/JoKasameAbcmeo. IlycTb CHa^ajia 
Xji y 0, x n ^> 

n— ^oo 

IIohth Bee x n jiexcaT b HHTepBajie (0; ^), nosTOMy 
^jih hhx H3 TpoftHoro HepaBGHCTBa (??) Mbi nojiy- 
naeM u,enoHKy: 

< sina;„ < x n < tgx n 

JJ- (^ejiHM Ha sina^) 



1 < 



.7, 



< 



l 



'ti cos x n 

.Jj- (bo3boahm b CTeneHb — l) 



sin 

1 > > COSXj, 



^ (cos - HenpcptiBHaH cpyHKUHs) 
cos 



Jj- f TeopeMa 1 1.2. 3]) 



sin X r . 



X 7 , Tl-S-OO 



3TO BepHO fljlfl BCHKOH nOCJieflOBaTejIBHOCTH 



X n > 0, X n > 0, 3HaHHT 

n— > oo 



SIM 

lim = 1 



x-^+o x 

OTCio^a y»ce cjie/i,yeT, hto 



lim 

o a; 



f = —a; 
i +0 



sin(— t) 



lim 



,. — sint sinf 
= lim = lim = 1 

t->+o — t t-s-+o i 



BMecTe 3th paBeHCTBa flaiOT (13.3. 155p . 



□ 



06cy^HM Tenept npHMeHeHna nepBoro 3aMeHa- 
TejibHoro npe,n;ejia. 
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Diam 3. CTAHflAPTHHE QyHKIfHH 



o 3.3.17. Haft™ npe^eji 



lim 



sin 2x 



x-»0 x 

3^ecb mojkho cflejiaTb 3aMeHy nepeivreHHbrx, nocjie 
nero Hani npefleji CBefleTca k nepBOMy 3aMenaTejib- 
HOMy: 



/JoKasameJibcmeo. PaBeHCTBO MejK/ry sthmh ,n,By- 
Ma npe/i,ejiaMH nojiynaeTCH 3aMeH0ii nepeMenHoft, 
nosTOMy HaM ^ocTaTOHHO flOKaaaTb tojibko BTopoe 
paBCHCTBO b 3toh uenoHKe. ,H,Jia Hanajia 6yn,eM chh- 
TaTb, hto x nojiojKHTejibHO, to ecTb ^OKajKeM pa- 
bchctbo 



sin 2x 
lim 

x-s-0 X 



2x — y, x — ^ 
y ► 

x^O 

y ^ npH 

2 sin y „ , . sin y „ „ 
lim = 2 lim - =2-1 = 2 



lim | 1 

x— >-\-oo 



(3.3.157) 



y-yO y 



y^o y 



o 3.3.18. 



lim x ■ sin — 

x— ¥oo x 



o 3.3.19. 



i = y, x= A 

1 ^ x^o " 

y ^ iipn jiio6om a: 



lim 



smy 



tgX SIM SIM 1 

lim = lim = lim • lim 

x->0 X i->0 ICOSS x->0 x x->ocosa; 

= 1-1 = 1 



o 3.3.20. 

1 — COS X 



lim 

x->0 



/ Bin 77 
= 2 lim ^ 

V x-s-0 X 



2 sin 2 f 
lim 

x—fO X z 
2 



, sm^ 
2 lim ' 2 

x ->0 \ a; 



§ = j/, a = 2j/ 
2/ ► 

a x^O 

y ^ npH x ^ 



2 lim 



sinw\ 1 / siny 
— — = - lim 

v y->o 2y / 2 \«/->o y 

» 3.3.12. HaiiTH npe,a;ejibi 



3a; 



1) lim 2^ 

x-s-0 

2) lim ■■ 



3) lim (x — 3) sin #- 

4) lim a; ctg a; 

x— >0 

5) lim a; 2 sin - 



6) lim is£-£lE£ 

; x^O sm 35 



3a(pHKCiipyeM nocjieflOBaTejibHOCTb {x k }, CTpeMH- 
myiocfl k +00, 



k— >c 



n noKajKeM, hto 



lim H 



fleiicTBHTejibHO, bcskoc hhcjio x k jiejKHT MejK^y 
KaKHMH-HH6y,nb /rayMH coce/nrHMH HaTypajibHbiMH 

HHCJiaMH, nOSTOMy MOJKHO HaftTH HHCJIO n k £ N Ta- 

Koe, HTO 



n k ^. x k < n k + I 



(3.3.158) 



Bo3HHKaiOHi,aa TaiaiM o6pa30M nocjieflOBaTejib- 
HOCTb HaTypajibHbix nnceji {n k } 6yn,eT 6ecKOHenHO 

6ojIbHIOft 



n k — > +00 

k— ¥ 00 



noTOMy hto n k > x k ~ 1 



-OO. 3HaHHT, MOJK- 



ho paccMOTpeTb noflnocjieflOBaTejibHOCTb {r Ilfc }, 
nocjieflOBaTejibHOCTH {r n }, paccMaTpHBaBineftcfl b 
jieMMe |(b)| h nocKOjibKy {r n } CTpeMHTca k e, no 
CBOfiCTBy 1° nyHKTa |(d)| mbi nojiy^mM, ^ito {r„ k } 
TO»ce ,noji}KHa CTpeMHTCH k e: 



1 

1 + — , 

n k J k— >oo 

AHajiorHHHO flOKa3biBaeTCH hto 

Ufe + l 



1 



1 



n k + l 



k-^-oo 



(3.3.159) 



(3.3.160) 



Tenepb paccMOTpHM ^BOiiHoe HepaBencTBO 
(|3.3.158p . H3 Hero cjie/ryeT 



1 1 

n k ^ x k n k 



1 



1 



BTopofi 3aMeHaTejitHbiii npe^eji. Cne/ryio- 
m,ee yTBepjKfleHHe OKa3biBaeTCH Tam«e BecbMa no- 
jie3HbiM npn BbiHHCjiCHHH npe^ejiOB: 



a OTCio^a, b cbok) onepeflb, nojiynaeTCH 

1 



1 1 
1 + — > 1 + — > 1 

n k x k 



n k 



1 



TeopeMa 3.3.5. 



lim (1 

x^O 



= e = lim ( 1 H 

x 



(3.3.156) 



3tH (3KBHBajICHTHbie) paBeHCTBa Ha3bl- 

BaiOTCH emopuM 3aMeHameAt>HUM npe- 
deAOM. 



1 + — > 1 + — > U + — TT 



PacniHpHM 3to ^BOHHoe HepaBeHCTBO BjieBO h Bnpa- 
bo: 
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1 + — 



n k + l 



/ Hcnojiij3yeM HepaBCHCTBO \ 
> I n k + 1 > x k ) > 



> 1 



> 1 



Dk 

Xk 



> 1 



> 



—)>( 

n k + l "V 



HCnOJIfc3yCM HCpaBCHCTBO 



> l 



l 



n k + 1 



Tenepb bbi6pochm HeHyjKHbie 3bchbh b stoh nenoH- 
kc: 



1 


\ nfe+1 




) s 


Ilk 




i 

e 




13.3. 1591 





1 



1 



n k + 1 



I 1 13.3. 1601 



JJ- (TeopeMa ll.2.3'|l 

1 + — — -> e 



l 



Mbi flOKaaajm prbchctbo ()3.3.157|> . H3 nero Tenepb 
nojiynaeM 



lim 1 



X— > — OO 



1 



y— S.+00 

lim I 









I) 






f v 


t) 


\y- 




= y- 


1 



y = — x 

y — > +oo 
v 

= lim 



y-i 



= lim 1 



2 — > +oo 



lim 1 + - 

Z-S- + 00 \ z 



= lim I 1 + - ) • lim | 1 + — | = < 



II 

e, 

b CHjiy 13.3. 157B 

B pe3yjibTaTe mbi ,n,OKa3ajiH 

( A" 
lim 1 H = e 

k->— oo \ x / 



II 



(3.3.161) 



h BMecTe c (|3.3.157p sto ,n,aeT BTopoe paBeHCTBO b 
(13.3.1561) . □ 

TeopeMa 13.3.51 no3BOjis:eT bbihhcjihtb cjiojkhbic 
npe^ejiBi, b kotopbix B03HiiKaeT Heonpe^ejieHHOCTB 
Tnna 1°°. 



o 3.3.21. Haft™ npe^eji 



lim (1 + tgx) 



ctg X 



PcincHHe: 



lim (1 + tgx 

x — ^0 



ctg x 



tgaj = y, ctg a; = A 



lim (1 + J/) » = e 

I/— 5-0 



o 3.3.22. Haft™ npe^eji 



lim 



x + 1 
x- 1 



PenieHiie: 



lim 



x + 1 



x— >oo y X — 1 / a;— >oo 

2 

lim I 1 



l im I i + £+1 _ | 



z— >oo V X — 1 



x- 1 

rr = y, x - l - 
y — > o 



= lim (1 + = lim (1 + y) (l + y)* 

y^O y^O L 



= lim (1 +y) 

y^Q 

o 3.3.23. HaiiTH npe^eji 



lim (1 + y) v 



lim (cosx)^ 

x— 



PenieHiie: 



lim (cosx)^ 



lim 1 — 2 sin 

x->0 V x 



1 \ — 



lim 

x^-0 



1-2 sin 2 x) - 2ai "" 
i 

lim (1 - 2 sin 2 x) ~ 2sia ' 2 



-2 sin x — y , 

-2 lim fsi^) 2 



y — > -o 



lim (1 + y) « 



» 3.3.13. HaiiTH npeflejiBi 
1) lim(l + 3tg 2 x) ct s 2:E 

(\ 3a; 
A) 



lim (1 + 2x 2 ) 
x^a v 



x+1 
ctg X 



lim (1 + tgx) 
lim (l + 3tg 2 x) ctg2a: 

1 

lim (cosx) sin2 ^ 
lim (cos 2 x) 

-r._S.fl ^ / 



1 



10) lim (cosx) 

x— >0 



n 



T7 

ctg x 



13) lim f r^xi 

14) lim (f±| 
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TjiaBa 3. CTAHfiAPTHblE OYHKI^HH 



Cjie^CTBHe 3.3.1. CnpaeedAueu coomHomeHUJi: 
ln(l + x) 



lim 

x-*0 



1 



lim 



1 



1 



(3.3.162) 



(3.3.163) 



x-tO X 

/J,oKa3ameAt>cmeo. Cpa3y nojiynaeTca (|3. 3. 162ft : 

ln(l + x) i 
lim = lim ln(l + x) * = 

x^Q X x-+0 ' 

= In lim (1 + x) 5 = In e = 1 

x— >o 

A OTCio^a y»;e cnepyei Q3.3.163P : 

e x -1 e" - 1 = t 

x = ln(l + t) 



lim 

z-s-o a; 



lim — ; 

t->0 ln(l + t) 



(£3353 = i" 



t» 3.3.14. Haii^,HTe npe^ejibi 

1. lim 

2. lim ln d-3*) 

a:->0 x 

3. lim x ( e* — 1 ) ; 

4. lim - In 



6. lim 



X— > — CO 



1 — COS 2 X ' 



□ 



rjiaBa 4 

nP0H3B0AHAH 



IIoHHTHe npoH3BOflHoii nosBiijiocb b aHajiH3e Kax HHCTpyMeHT fljia peineHHH 3aflan Ha SKCTpeMyM (to ecTb 
Ha MaKCHMyM h mhhhmym) , nosTOMy o6cy*;,ii,eHHe stoh TeMbi nojie3HO HanaTb c KaKoro-HH6yz];b npocToro 
npuMepa, HjijHOCTpnpyioinero 3Ty cbsbb. 



o 4.0.24. IlycTb HaM ,n,aHa cpyHKuira 



Has onncbiBaeTca ypaBHeHHeM BH,n,a 



(4.0.1) 



h Tpe6yeTca naton ee HaH6ojibinee 3HaneHHe Ha 
npHMOft R. 

HyjiHMH STOfi <pyHKH,HH (to ecTb penieHHHMH 
ypaBHeHHa f[x) — 0) hbjihiotch Hncjia { — 1,0,1}, 
nosTOMy jierKO coo6pa3HTb, hto rpacpHK / 6yn,eT 
BbirjiafleTb npniviepHO Tax: 



OTCK),H,a MOJKHO SaKJIIOHHTb, HTO / fleHCTBHT&JIbHO 

6ya,eT hmgtb MaKCHMyM b KaKHx-TO TOHKax, jie»ca- 
miix Ha HHTepBajiax (—1,0) h (0, 1), h HaM Hyamo 
npHflyMaTb, Kax HafiTH sth tohkii. 

Hto6m 3to noHHTb, HapHcyeM KacaTejibHyro k 
rpaepHKy cpyHKiniH / b KaKOH-Hn6ynb tohkc a G K 
(hto TaKoe KacaTejibHaa, mm Ha/i,eeMCH, ^tto HHTa- 
Tejib 3HaeT no niKOjie): 



KaK jHo6aa jiHHeftHaa cpyHKHHH (mm onpeflejinjiH 
jihhchhmc cpyHKHHH cpopMyjioft (|2.2.26l) ) , KacaTejib- 



y — k ■ x + b 

b kotopom k - yrjiOBOfi: KOScpcpHin-ieHT, CBSBaHHMH 
c yrjiOM HaKjiona (p KacaTejibHoii cpopMyjioft 



k = te 



'•P 



Ecjih TOHKy a cjjBHHyTb b KaKoe-HH6yii;b flpyroe Me- 
cto, to yrjiOBOii KoacpepHHiieHT k, BOo6in,e roBopH, 
H3MeHHTCH (xaK h bch KacaTejibHaa) . TaKHM o6pa- 
30M, mm nojiynaeM HeKyio 3aBHCHMOCTb, hjih, toh- 
Hee CKa3aTb, cpyHKinno 

a i— > k{a) 

KOTOpaH KajKflOft TOHKe a £ K CTaBHT B COOTBeT- 

CTBne yrjiOBOfi KOScpepHinieHT k = k{a) KacaTejib- 
Hoii k rpacpHKy cpyHKiniH / b TO^Ke a. 

3aMeTHM iiajiee, hto b TOHKax MaKCHMyMa (a 
TaKace, MHHHMyMa) KacaTejibHaa k rpaepHKy cpyHK- 
iniH / ropH30HTajibHa, to ecTb yrjiOBOii KOScpcpHHH- 
6ht KacaTejibHoii paBeH Hyjno 



k{a) = 0. 



(4.0.2) 



IIosTOMy ecjiH 6 mm 3HajiH (pyHKiniio a t— > k(a), to 
peniHB ypaBHeHHe (|4.0.2[) . mm KaK pa3 cmotjih 6m 
nojiyHHTb TOHKH MaKCHMyMa. 

Ecjih Tenepb BOo6pa3HTb ce6a oneHb yMHMM, 
HacTOjibKO, hto no (popMyjie, aaflaromeii cpyHKirrno 
x i Y f(x), Tbi Bcerjia Moscenib onpeflejinTb, KaK 
ycTpoeHa cpyHKiniH a i— > fc(a), to ocTaHeTCH cobccm 
He6ojibiHoii mar, nTo6bi noHHTb, hto y kohkpcthoh 



cpyHKiniH f(x) 



x cooTBeTCTByiomaa cpyHK- 



n,Ha k BbiHHCjiaeTCH no (popMyjie 
k(a) = 2a -4a 3 . 



(4.0.3) 



KaK mojkho floCTHHb TaKoro ypoBHa HHTejijieKTa 
CTaHCT noHHTHO nocjie |§ l|[d)| HacTOHineii rjiaBM (a 
kohkpctho fljiH cpyHKn,HH f)4.0. 1 [) 3Ta 3aflana 6y,neT 
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peinena b npHMepe !4.1.2l) . ^jih Hac jks cefinac Ba»c- Ilocjie stoto CTaHOBHTCH noHHTHO, hto MaKCHMyM 
ho, hto, 3Haa (|4.0.3p . mm jierKO mcgkbm peniHTb Hanieit (pyHKiniH ^,0CTHraeTCH b TOHKax ± , h pa- 
ypaBHCHiie (|4.0.2p : BeH 

fc(a)=0 & 2a-4a 3 = <S> f(±J^ 1 1 1 

f 1 1 



V2J 2 4 4 



cpyHKHira a i— > fc(a), o KOTopofl: mm roBopHjiH b stom npHMepe, Ha MaTeMaTimecKOM a3MKe Ha3MBaeTCH 
npoH3BOflHoii cpyHKL^HH / h o6o3HaHaeTCH 

k(a) = f'(a) 

3to OffHO H3 rjiaBHbix iiohhthh b MaTeMaTHnecKOM aHajiH3e, h, iiomhmo HaxojK/jeHHa SKCTpeMyMOB (MaK- 
CHMyMOB h MHHHMyMOB), oho Hcnojib3yeTCH b pa3Hbix flpyrnx 3aflanax, HanpHMep, 



npn nocTpocHHH rpacpHKa (pyHKiniH (sto onncbiBaeTCH b § 3 



3toh rjiaBbi 



npn BbiHHCjieHHH cjiojkhbix npe^ejiOB c noMOinbio npaBHjia JIonHTajra (cm. §4 stoh rjiaBbi), 

npn onpe/i,ejieHHH eme o/nroro Ba»cHoro oSteKTa b MaTeMaranecKOM aHajiH3e - Heonpedejien- 
hozo unmezpajia (06 stom pent noiifleT b rjiaBe[5]). 

B 3toh rjiaBe mm j\s.jxom aKKypaTHoe onpe^ejieHHe STOMy hohhthio, HaynHMCH bbihhcjihtb npoH3BO,n;Hbic 

CTaH^apTHBIX CpyHKHHH H o6cyiHlM npHJIOJKCHHH npOH3BO,H,HOH. 



§ 1 npOH3BO,H,HaH H ee BblHHCJieHHe 
(a) IIpoH3BO,zi,Haa h ,n,HcpcpepeHLi,HpyeMOCTi> 



IlycTb (pyHKHHH / onpe^ejieHa b HeKOTopofi okpgcthocth tohkh a. Ecjih cymecTByeT KOHenHbiii 
npe^eji 

f(a) = lim = lim € R , (41 .4) 

TO OH Ha3BIBaeTCH np0U360dH0U CpyHKHHH / B TOHKE O, a npO (pyHKHHK) / TOBOpHT, HTO OHa 

du<f)cp'epeHii s upyeMa e moHKe a. 

OyHKHira / Ha3MBaeTCH du<f)cp'epeHii s upyeMou na MHootcecmee E, ecjin OHa (onpe,n,ejieHa b 

OKpeCTHOCTH KajKflOH TOTKH 3TOrO MHOJKeCTBa h) flHCpCpepeHHHpyeMa B Ka^KflOH TOHKfi 3TO- 

ro MHO»cecTBa: 

f(a + t)-f(a) ^ m 



Va e E 3f'(a) = lim ■ 
t-to 



t 



O 4.1.1. JXjlH CpyHKHHH 

f(x) = x 2 
no onpeflejieHHio, nojiynaeM: 



/'(«) 



lim 

t->o 



{a + tf 



t 



lim 

t-»o 



a 2 + 2ai + t 2 - a 2 
f 



lim(2a + t) = 2a 



To eCTb, B JIK)6oH TOHKe a npOH3BOflHaH CpyHKHHH 

f(x) — x 2 paBHa 2a: 



/'(a) = 2a, 



a G 



5Icho, hto cmmcji Hainero yTBepjK/i,eHHH He H3M&- 
hhtch, ecjiH 3aMeHHTb a Ha jiio6yio ^pyryio nepc- 
Me-HHyio, HanpHMep, Ha x: 



f(x) = 2x, 



x e 



- 3Ta (popMyjia 6yn,eT 03HanaTb, hto npoH3BO,a,HaH 
cpyHKH,HH / b jno6on TOHKe x paBHa 2x. 

o 4.1.2. PaccMOTpHM (pyHKu;Hio H3 npHMeoa !4 .0.241 



onHTb no onpeflejieHHK), nojiynaeM: 



/'(«) 



|(a + t) 2 -(a + <) 4 }-{a 2 -a 4 } 



lim 

t-vo 



t 



= (10.3.1181) - 

= lim - • ((a 2 + 2at + < 2 ) 
fa 4 + 4a 3 t + 6a 2 t 2 + 4a< 3 + t 4 ) - 



lim 

t-»o 



■ 2 + a 4 } = 

- • | (2ai + 1 2 ) - (4a 3 i + 6a 2 < 2 + 4af 3 + i 4 ) | 
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= lim | (2a + 1) - (4a 3 + 6a 2 t + Aat 2 + t 3 ) j = o 4.1.3. Hao6opoT, <pyHKirns 

= 2a - 4fl3 /(*) = M 

3to coBnaflaeT c TeM, hto mm 3aaBjiajiH b npHMepe 

14.0.241 He fliicpepepeHniipeMa b tohkc a — 0, noTOMy hto 

/'(a) = k(a) -2a -4a 3 , a € R ^ 
Ecjih noMeHHTb nepeMeHHyio Ha i, to / (0) = 1™ ~7" 



/'(at) = 2x - 4x 3 , x G 



He cymecTByeT. 



TeopeMa 4.1.1 (o CBH3H Me>K,a,y HenpepBiBHOCTBio h flHcpcpepemriipyeMOCTBio). Ecau (fiyHKi^usi 
f ducfitfiepeni^upyeMa e moHKe a, mo ona nenpepuena e smou mouite. 

/JoKasameJibcmeo. Ecjih (pyHKHHH / onpe/i,ejieHa b HeKOTopoii OKpecTHOCTH tohkh a h jTHCpcpepcHinipy- 
eMa b a, to sto 3hsmmt, ito cymecTByeT KOHe^Hbifi npe/i,eji 

1 , m / ( a + t )-/(g) = 
t^o t w 

OTCio,ii,a cjiejj,yeT, hto cymecTByeT npejj,eji 



To ecTb, 



Iim/(x) = lim/(a + t)=/(o) 

a;— >a t— >0 



a 8TO KaK pa3 osHa^iaeT, hto cpyHKiiHH / HenpcpMBHa b tohkc a. □ 



reoMeTpHHecKHH CMbicji npoH3BO,n,Hoii. y 

npoH3BOjj,HOH HMeeTCH ecTecTBeHHaa: reoMeTpH^e- 
CKaa HHTepnpeTaiiHH: hhcjio /'(a), onpeflejiemroe 
cpopMyjioii (|4.1.4p KaK pa3 h ecTt yzAoeoil K03(f>- 
(puVjUewm KacameAbHoil k rpacpHKy cpyHKinin / b 
TOHKe a, o kotopom mm roBopHjiH b npHMepe 14.0.241 
Hto6m noHHTb, noneMy sto TaK, 3acpHKCHpyeM CHa- 
najia hhcjio t h npoBejj,eM ceKynryio k rpacpHKy 
cpyHKiniH / nepe3 tohkh (a; /(a)) h (a + t; f(a + t)): 



npocTO npeBpaTHTCH b KacaTejitHyio. 



YrjiOBOii KOScpcpHirneHT (TaHreHC yraa HaKjiOHa) 
STOii KacaTejibHoii 6yfleT KaK pa3 paBeH npoH3BOfl- 
hoh: 

f(a + t) -f(a) 



lim 

t-s-0 



t 



f'(a) 



H3 TpeyrojibHHKa ABC bh^ho, hto yrjiOBOii Koscp- 
cpHiiiieHT (to ecTb TaHreHC yrjia HaKjiOHa) ceKymeii 
6yn,eT paBeH 

f(a + t)-f(a) 

kt — 

t 

Tenepb "paccpHKcnpycM" hhcjio t h ycTpeMHM ero k 
Hyjiio. Torjia Hania ceKymafl tojkc CTaHeT flBHraTt- 
ch, "npH6jiHJKaa:cb k KacaTejibHoii", a "b npeflejie" - 



HarjiH^HBiii cmbicji /rucpcpepeLpipyeMOCTH. 

Ha HHTyHTHBHOM ypoBHe jTHCpcpepeHinipyeMOCTb 
(pyHKH,HH / b TOHKe a 03HanaeT, hto b tohkc a k 

rpa(J)HKy CpyHKHHH / MOMO npOBeCTH (0JJ,H03HaH- 

ho onpe^ejieHHyio) KacaTejitHyio (h sto He 6yaeT 
BepTHKajibnaa npaMaa). 

fljia noHHMamiH sthx TepMHHOB cjie^yeT yac- 

HHTb flBa BajKHblX MOMeHTa: 

BO-nepBbix, npoH3BO,n;HaH cymecTByeT He Bce- 
rjj,a, h rjiHfla Ha rpacpHK o6bihho 6biBaeT 

HeTpyflHO C006pa3HTb, HMeeT JIH CpyHKLI,HH / 
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B flaHHOH TOHKe npoH3BO,u;Hyio (to eCTb, flHCp- 

cpepeHinipyeMa jih cma b stoh tohkc), hjih HeT; 
HanpHMep, (pyHKHira f(x) = | arctgx| 



Tji&b&A. IIPOH3BOAHAH 



to 3to 03HaHaeT, hto KacaTejibHaa b stoh toh- 
Ke Xq ropH30HTajibHa 



fliicpcpepeHiriipyeMa b jik>6oh tohk6 xq ^ (no- 
TOMy hto b jik>6oh TOHKe xq ^ k rpacpHKy 
mojkho npoBecTH KacaTejibHyio) 



ccjih jko npoH3BO,u;HaH b xq nojiojKHTejibHa 
f'(xo) > 

to 9to 03HanaeT, hto KacaTejibHaa b stoh toh- 
Ke Xq B03pacTaeT 



ho b TOHKe xq — OHa He flHcpcpepeHinipyeMa 
(noTOMy tito b xq = o^,H03HaHHO onpe,n,ejieH- 
Hyio KacaTejibHyio npoBecTii h6bo3mojkho) 

a ecjiii npoH3BO,n;HaH b xq OTpnnaTejibHa 

f(x ) < 
to KacaTejibHaa b xq y6biBaeT 



BO-BTOpbix, no rpaepHKy cpyHKnnn mojkho co- 
o6pa3HTb, B KaKHX TOHKax npoH3BO,u;HaH 6ojib- 
nie, a b KaKHX - MeHbuie; HanpHMep, y toh tkg 
caMoii cpyHKinin f(x) = | arctga;| npoH3BO,u;HaH 
b TOHKe xq = 1 6ojibine, neM b TOHKe x\ = 2 
(noTOMy hto yroji HaKjiOHa KacaTejibHoft b toh- 
Ke xq — 1 Sojibnie, neM b tohkc x\ =2): 



b nacTHOCTH, ecjiH npoH3BOflHaa b KaKOH-TO 
TOHKe xq paBHa Hyjno 



f(xo) = 



B KanecTBe ynpajKHeHna nojie3HO nopeniaTb 3a- 
flann cjieflyiomero THna. 

> 4.1.1. HapncyiiTe rpaepHK KaKon-HH6yiiT> cpyHK- 

HHH / CO CJieflyiOIHHMH CBOHCTBaMH: 

1) f(x) ^H(p(pepeHn,HpyeMa b jiio6oh TOHKe, 
KpoMe x = — 2 h x = 1; 

2) /'(0) = 0,/'(2) = -l,/'(-l) = l; 

3) f{x) y6biBaeT Ha mho^kcctbc (0; +oo); 

4) f(x) B03pacTaeT Ha MHOJKecTBe 
(-co; -3). 

> 4.1.2. HapncyiiTe rpaepHK KaKon-HnGy^b CpyHK- 
HIin / CO CJieflyiOIHHMH CBOHCTBaMH: 

1) f(x) flH(p(pepeHn,HpyeMa b jiio6oh TOHKe, 
KpoMe x = 0; 
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2) /'(2) = 0, /'(3) = 1, /'(l) = —1; eina, h 6yn,eT jih OHa /niipcpepeHinipyeMOii 

3) fix) orpaHHneHa Ha MHOxecTBe (0; +oo); !) Ha HHTepeajie (-oo; 1)? 

. 2) Ha HHTGpBajre ( — oo:0)? 

4) }{%) se orpaHH^eHa na MHOJKecTBe q\ < n 



3) Ha HHTcpBajie (1; +oo) 

4) Ha HHTepBajie (0; 1) 

> 4.1.3. IIo rpaepHKy cpyHKHira 



(-°°; )- , ,n.-n? 



onpe/i,ejiHTe, b KaKHx TOHKax OHa ,zni(p(pepeHii,Hpy- 



(b) IIpoH3BO/],Hfaie ajieivieHTapHfaix cbyHKijHH. 

EcTecTBeHHO Tenept 3aflaTbCH BonpocoM, KaKOBbi npoH3BOflHbic flpyrax sjieMeHTapHbix cpyHKHiifi. Ohh, 
KOHenHO, Bee noc^HTaHbi (b Tex cjiynaax, Kor.ua 3to bo3mojkho), h pe3yjn>TaTbi mojkho npHBecra b cjie- 
/ryioiHeii cepHH npHMepoB. 



O 4.1.4. IIpOH3BO/l,HaH JIHHeHHOH CpyHKITHH: 

f(x)=kx + b f'(x) = k (4.1.5) 

B HaCTHOCTH, npOH3BOflHaH OT KOHCTaHTbi: 

f(x) = C =► f(x) = (4.1.6) 

,ZI,eHCTBHTejIbHO , 

fix + 1) - f{x) _ 



f (x) = lim 



t 



,. (k' (x + t) + b) — (k'X + b) 
lim 

t-j-o i 



fc • f 
lim 

t-s-o t 



lim k = k 

t-yO 



o 4.1.5. IIpoH3BO/i,HaH CTeneHHofi cpyHKHim: 



fix) = x a 
B nacTHOCTH, 



1 



x 

^eiicTBHTejibHO , 

ix + t) a - x a 



f'ix)=a-x a - 1 (4.1.7) 
fix) = (4.1.8) 



f'ix) = lim 



t 

x + t = xe s 
t = x(e s - 1) 
s = ln(l + |) 



= lim 



= — • lim 



1 



s^o x(e s — 1) x s-i-o e s — 1 

a-l r e " S ~ 1 as 

a: • lim 



>o as e s — 1 



a;"" 1 • lim 



lim 



a s 



s->o as s-yo e s — 1 

(b nepBOM npe^ejie 
flejiaeM 3aMeHy y — as 

lim lim 



y— J-D y s—yO e s — 1 

_ / bbihochm a H3 BToporo npeflejia 
I h npco6pa3yeM stot npe^eji 

a -i v A e s -l 

c • lim lim 



y— >0 y ^s— >0 s 

(^Ba^flbi npiiMeHneM^ 
cpopMyjiy J3 . 3 . 163t l j ~~ 

= ax"- 1 ■ 1 • r 



o 4.1.6. npoH3BO,fl;HaH noKa3aTejibHOH cpyHK- 
ithh: 



/(x) = a* 

B ^iaCTHOCTH, 

/(*) - e x 

,I(eHCTBHTejIbHO , 



fix) = a x ■ In a (4.1.9) 



f(x) = e* (4.1.10) 



212 



Diana 4. nP0H3B0JJ,HAX 



f'(x) = lim 



t-s-o t 

/ npHMGHHCM 

\ cpopMyjiy 13.1.621 



a x ■ lim ■ 



a 1 - 1 



t-s-0 t 
~t In c 



a x ■ lim ■ 



: t lr 



t-S-0 t 

e s - 1 



( np 

\^CpOpM> 



a x In a • lim 



HM6HHeM 



• In a 



viyjiy 13.3.163B 

o 4.1.7. IIpoH3BO/i,HaH Jiorapucpivia 

/(x)=log Q x => f'{x) = - 

3 

B nacTHOCTH, 

/(x)=lnx => f'(x) = 
fleifcTBHTejibHO , 

. m logJ^-log^ 
J w t-s-o t 



a 21 In a • 1 = a 1 In a 



o 4.1.9. IIpoH3BO/j;HaH KOCHHyca: 

/(x)=cosx => f'(x) = — sinx (4.1.15) 
^eiicTBHTejibHO , 



.,, , ,. cos(x + t) — cos a; 

f (x) = lim 

J w t->o t 



(4.1.11) 



(4.1.12) 



lim 

t-s-o 



cos a; • cos t — sin x ■ sin t — cos x 
f 

cos a; • (cost — 1) — sinx • sint 
— lim = 

t-s-0 t 

cost — 1 . sint 
cos x ■ lim sin x ■ lim 

t-s-o t t-s-o t 



( np 
I h nej 



HMeHneM cpopMyjiy 14.1.14t 
pBt>ifl 3aMe l iaTejibHtiH npefleji 

; cos x ■ — sin x ■ 1 



/ npHMCHHCM \ i- 

^cpopMyjiy 13.1. 621 j ~ 

In 2-+! ln(l + £) 

lim — — 2- = lim ■ 



ln(x + t) — lnx 



tln< 



o 4.1.10. IIpoH3BO/j,HaH TaHreHca: 

1 



lim 



t-s-o tin a t-s-o tin a 

,. In(l + «) 1 
hm — = — 

s-s-0 s ■ x ■ In a x ■ In a s-s-o 

npHMSHUGM ^ ' 

cpopMyjiy A3. 3. 162"! 



t — s ■ X 

ln(l + s) 



1 



1 



In a 



x ■ In a 

o 4.1.8. IIpoH3BOflHaH CHHyca: 

/(x) = sinx => /'(x)=cosx (4.1.13) 

fljia ^0Ka3aTejn>CTBa HaM noHaflo6iiTCH cjie,n,yioin,aH 
BcnoMoraTejibHaa (popMyjia: 



/(x) =tgx 
^eiicTBHTejibHO , 



(tgaj)'(x) = lim 



/'(*) = 



tg(x + t) -tgx 



sm x 



(4.1.16) 



= lim 
t-s-o 



sin(a:+t) _ sin a 
cos(x+t) cosx 

t 



sm(x + t) • cosx — smi • cos(x + t) 

lim r 

t-s-o t • cos(x + t) cos x 



lim £25*zl = o. 



.. sin((x + t)-x) 
= lim ; ; = lim ■ 



sint 



(4.1.14) 



t->o t ■ cos(x + t) cos x t-s-o t ■ cos(x + t) COS X 



S-S-0 t 

KOTopyio mojkho BbiBecTH H3 nepBoro 3aMenaTejib- 
Horo npeflejia: 



lim lim ■ 



1 



1- 



1 



1 



cos t — 1 



lim ■ 

t-s-0 t 



-2 sin 2 & 
lim 2. 

t-s-0 t 



a - 2 

t = 2s 



t-»*o t t-s-6 cos(x + 1) cosx cos 2 x cos 2 X 
4.1.11. IIpoH3BOflHaa: KOTaHrenca: 



lim 



-2 sin 2 s 



>o 2s 



sins 

lim lim sms = —1-0 = 

s— s-0 S s— s-0 



Mbi mojkcm TenepB flOKa3aTB (|4.1.13|) : 
sin(x + t) — sin x 



/(x) = ctgx 
^eiicTBHTejibHO , 



/'(*) = 



i 



sin 2 x 



(4.1.17) 



f'(x) = lim 
J v ; t^o 



t 



. m ct^x + t^-ctgx 

J W t->0 t 



smx • cost + cosx • smt — smx 
= lim 

t->-0 t 



lim 

t-s-0 



sin x • (cos t — 1 ) + cos x ■ sin t 



lim 

t-s-0 



cos(x+t) _ cosx 
sin(a:+t) sinx 

t 



t 



smx ■ (cost — 1) 
lim h lim 

t-s-o t t-s-0 



cos x • sin t 
t 



cos(x + 1) ■ smx — cosx • sin(x + 1) 

lim 

t-s-o t • sin i + t) smx 



sin (x - (x + t)) 

= lim ; — ; ; — ; = lim 



sin t 



cost — 1 smt 
sm x • lim h cos x • lim 

t-s-o t t-s-o t 



t-s-o t • sin(x + t) sin x t-s-o t • sin(x + t) sin x 

1 



( " 



piiMeHsieM t^opMy^y < |4. 1.14|| 
nepsbiH 3aMe i iaTejibHBiH npefleji j 

= sin x ■ + cos x ■ 1 = cos x 



lim • lim — 

t-»o t i->o sm(x + i) sm x 

= -i- 1 1 



• 2 • 2 

sm x sm x 
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o 4.1.12. IIpoH3BOflHaH apKCHHyca: 



/(x) = arcsin x 
^eiicTBHTejibHO , 



(arcsin cc)' fx) = lim 



fix) = 



1 



o 4.1.14. IIpoH3Bo^i;HaH apKTaHreHca: 

1 



VT 



(4.1.18) 

arcsin(x + t) — arcsin x 



f(x) = arctg x 
^eiicTBHTejibHO , 



/'(*) 



l + x 2 



(4.1.20) 



s — arcsin(ic + 1) — arcsin a; 
t — sin s • cos(arcsin x) + x ■ (cos s — 1) 



fix) = lim 
J w t-yo 



arctg(x + t) — arctg a; 



t 



lim 



s — arctg(a: + t) — arctg a; 

_ (l + tt 2 )-tgs 
r ~ 1-stga 



o sins • cos (arcsin x) + x ■ (coss — 1) 

(Hcnojik3yeM cpopMyjiy \ _ 
cos(arcsin x) — y/\ — x' 2 1 

lim ^=^= = 

"-►o sin s ■ v 1 — x 2 + x ■ (cos s — 1) 

= lim — — 

s-yO 



s(l-xtgs) 
lim — 

s-s-o tgs(l + x 2 ) 

scoss(l — xtgs) ,, coss(l — xtgs) 

= lim ; — — = lim — : 

s^o sins(l+i 2 ) s^o Si|s.(l + a;2) 

lim s _,.o cos s • (1 — a; ■ lim s _;.o tg s) 
~ lim^ ^-(l + x 2 ) = 

l-(l-x-O) 1 



■VI -X 2 + X- 

1 



lim s ^o ^ • Vl - z 2 + a; • lim s _yo 



/ Hcnojib3yeM nepBbifi 
I 3aMeMaTejibHijiH npe^eji 
y h cpopMyjiy fl4. 1. 14l l / 

l 



cos s— 1 



1 



l-(l+x 2 ) l + x 2 
o 4.1.15. IIpoH3BO/j,HaH apKKOTaHreHca: 

1 



1 • VI - x 2 + x ■ VI -x 2 
o 4.1.13. IIpoH3BO/i,HaH apKKOCHHyca: 

1 



f{x) — arcctgx 
^eircTBHTejibHO , 



f(x) 



1 + x 2 

(4.1.21) 



f(x) — arccosx 



fix) = 



^eircTBHTejibHO , 

arccos(x + 1) — arccosx 



VT^ 2 

(4.1.19) 



, arcctg(x + i) — arcctgx 
/ (x) = lim 

s — arcctg(a; + t) — arcctg a; 



lim ■ 



s + ctg s 

-s • (x + ctg s) 
l + x 2 



f'(x) = lim 
J v ; t->-0 



lim 



s — arccos(x + t) — arccos x 
t — (cos s — 1) • x — sin s ■ sin(arccos x) 

S 



s ■ (x • sin s + cos s) 
= - lim — — : 

s-yo (1 + x z ) • sins 

x • sin s + cos s 

= — lim 



yo (cos s — 1) • x — sin s • sin(arccosx) 

/ Hcnojib3yeM cpopMyjiy 
V sin(arccos x) — Vl — x* 



lim 



s^O (1 + x 2 ) • 

x • lim s ^o sin s + Iim s -yo cos s 
(1 + x 2 ) • lim s ^o ^ 

£•0 + 1 



1 



(cos s — 1) • x — sin s ■ \f \ — x 2 
lim 



s-yO c" 83 ^ 1 . x — sins • Vl — X 2 
s s v 

1 



lim 



s-yO 



Sf=i • x - lim s ^ ^ • 

/ Hcnojib3yeM nepBbiii \ 

I 3aMeMaTejibHijiH npe,zieji ] = 

y h cpopMyjiy J4.1. 14|| / 

l 



o-x- i • VT 



(l + x 2 )-l l + x 2 

H3 3thx npiiMepoB BHflHO, hto (xaK ii b cjiynae 
c HenpepbiBHOCTbio, o neM mm roBopiijm b TeopeMe 
I3.3.ip . He Bee ajieMeHTapHbie (pyHKii,iiii flii(p(pepeH- 
irHpyeMM Ha CBoeii o6jiacTH onpe/i,ejieHHa: 

TeopeMa 4.1.2. Cpedu ajieMemnapHux (fjyHKU,uu 
see Henpepuenue 1 (u moAbKO ohu) ducficfjepeHi^upy- 
eMU na ecRKOM unmepeajie e ceoeu o6Aacmu onpe- 
deAenuM. 



(c) IIpaBHJia BMHHCJieHHJI npOH3BO,ZI,HL.IX 
ApHCpMeTHHeCKHe fleftcTBHH C npOH3BO,Ii;HbIMH. 



1 HenpepBiBHbie sjieMeHTapHtie cpyHKirnn 6i>ijth onpe^ejieHM heimh Ha c l200l 
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TeopeMa 4.1.3. Ecjiu cfynKi^uu fug duffitfjepem^upyeMu e moHKe x mo ux cyMMd, paanocmt u npo- 
U3eedenue moatce duifjifepeHuiipyeMU e montce x, npuueM 

(C-fJ(x)=C-f'(x), Cel (4.1.22) 

(f + g)\x) = f'(x)+g'(x) (4.1.23) 

(f-9)\x)=f'(x)-g'(x) (4.1.24) 

(/ • g)\x) = f(x) ■ g{x) + f(x) ■ g'(x) (4.1.25) 
a ecAU, npoMe mozo g(x) ^ mo (f>ywKU,usi £ mootce duifuftepenuupyeMa e moune x, npuneM 

(f)\ x) = n*)-9to-f (*)•*(*) (4L26) 

\gj g [x) 

/JoKa3ameAbcmeo. floKaxceM (|4. 1.23ft : 



, (f(x + t)+g(x + t))-(f(x)+g(x)) 
(f(x) + g(x)) = lim A -LA L 



(f{x + t)-f{x)) + (g{x + t)-g(x) 



lim = lim h lim 



f(x + t)-f(x) g{x + t)-g{x) 



t t-s-0 t t^O t 

= f'(x)+g'(x) 



AijajiorimHO ,ii;0Ka3i>iBaeTca (|4. 1.241) : 



, (f(x + t)-g(x + t)) - (f(x)-g(x)) 
(f(x) - ,(*)) = lim A -LA L = 

= Um (f(x + t)-m)-(9(x + t)-9(xj) = Hm f(x + t)-f(x) Um g(x + t)-g(x) = 
t->o i t->o i t->o i 

= f'(x) - g\x) 



fljia (|4. 1.25ft nojiynaeM: 



(p i \ ( \\ V f\X V ' .^(^ "1" ^) f\X) ' 9\X) / bbimtcm m npn6aBHM \ 
J{x) ■ g{x) j — lim - — ^ CJlaraeMoe ^( x ) . g( x + t )J — 

= Um /(a: + *) ■ 9{x + t)- f(x) ■ g(x + t) + /(a;) ■ g(x + t) - /(x) ■ g (aQ 
t->o i 

/(z + t) ■<?(£ + *) -/(x) -g(x + t) f(x) ■ g(x + 1) - f{x) ■ g(x) 



= lim , 

t^o V t t 

(f(x + 1) - f{x)) ■ g(x + t) f(x) ■ (g(x + 1) - g(xj) 

= lim ^ h lim ^ <- = 

t-fO t t->o t 

(f(x + t)-f(x)) (g(x + t)-g(x)) 
= lim ^ <- ■ lim g(x + t) + fix) ■ lim '- = 

t-s-0 t t-tO t-tO t 

(no TeopeMe l4.1.1l cpyHKunsA 
g(x) HenpepbiBHa, 3Haw ) = f'(x) • g(x) + f (x) ■ g' (x) 
lim t ^o g(x + t) = g{x) J 

H, HaKOHcn,, pjisi (|4. 1 . 26[) : 

f(x+t) f(x) 

., g(x+t) g(x) .. f(x + t)-g(x)-f(x)-g(x + t) _ 

j BbI T ITGM H npilSaBHM 

\g(x)J ~ t™ t ~ fg(x + t) -g(x) ~ ^cjjaraeMoe /(*) ■ g(x) 
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= Um fix + t) ■ gjx) - f(x) ■ gjx) + f(x) ■ g(x) - f(x) ■ g(x + t) 

t-+0 t ■ g(x + t) ■ g(x) 

_ Um / f(x + t)-g(x)-f(x)-g(x) + f{x)-g(x)-f{x)-g{x + t) - 
t-»oV t ■ g(x + 1) ■ g(x) t ■ g(x + t) ■ g(x) 



ff f(x + t)-f(x) g(x + t)-g(x) ^ 1 
Ko [\ t 9{X) ~ fix) 1 ) ' g{x + t).g{x) 



( lim + • g(x) - f{x) ■ lim ^ + t ^^ ) . lim . ' 



t->-o 5 (x + i) • g(x) 



no TeopeMegXT] 4>yH^HH\ / \ 1 f'(x)-g{x) — f(x)-g'(x) 



JO TCOPCMC I4.1.1I CpyHKUMii \ / \ 

HenpepbiBHa, 3HaHHT I = I f (x) ■ g(x) — f (x) ■ g' (x) J 
lirru^n o(x + t) — q(x) / \ ' 



lim t ^o g{x + t) = 9 {x) ) \ I g{x) 2 g(x) 2 

□ 



o 4.1.16. Bbihhcjihm npoH3BO,i];Hyio cpyHKinin BBe,n,eM o6o3HaHeHHH 
h{x) — hix ■ sin a; 

tt c fix) = e x , g(x) — arctga;, 

/J,JIH 3TOrO BBe^,eM 00O3HaHCHHH J v ' ° 

f{x)—\wx, g(x) = since f 

Torfla h = jj, n no (popMyne (|4. 1 .25(1 nojryiaeM: 

Toiyja h — f ■ g, n no (popMyjie (|4.1.25p nojiy^aeM: 

ti(x) = f'(x)-g(x)+f{x)-g(x) = -smx+\nx-cosx f(x) ■ g(x) - f(x) ■ g(x) 

x h (x) = — 



q(x} 2 

o 4.1.17. Hto6m HanTH npon3BOflHyio cpyHKrpm 



e x ■ arctg x — e x ■ j-^ 



h{x) = ^~x ^ x 



IIpOH3BO/l,HaH KOMn03HI],HH. HaHOMHHM, HTO K0Mn03UU,UH Jo / (fjyHKV,UU g II / (llJIH, HTO TO JKe 

caMoe, cAootcnaji cfjyHKii t ufi, cocTaBjieHHaa H3 / n g) 6i>ijia onpe^ejieHa humh Ha c !136l cpodmvjioh 

(9»/)(i)=j(/(!t)). 

TeopeMa 4.1.4. Ilycmb <fjyHKV ) UM f ducfufjepeimupeMa e moHKe x = a, a (pynK'nuM g ducfitfjepeHi^upyeMa 
e mowne /(a). Tozda cjiowchclsi (fjyHKt^ua 

hix) = gif(x)) 

dutjixfjepem^upyeMa e moHKe x — a, npuneM 

h'ia)=g'if{a))-f'{a) (4.1.27) 
! 4.1.1. OopMyjiy (|4.1.27p y^,o6HO 3annci>iBaTb b BH/je 

(.9 o /)' = (</ ° /) • /' (4.1-28) 
/JoKa3ameJit)CTn60. IlepeniinieM paBCHCTBO (|4.1.27p no-flpyroMy: 

lim g(/(x)) ~ g(/(Q)) = 5 '(/(«)) ■ /'(«) 
a; — a 

HtoSbi sto flOKa3aTb, Hy>KHO b3»tb npon3BOjii>Hyio nocjieflOBaTejibHOCTt 

x n — > a, x n ^a (4.1.29) 

H y6eflHTBCH, ^ITO 

lim g (/(^))- g (/(a)) =g/(/(a)) , //(a) (4130) 

n->oo a; n — a 

,Z],jih SToro Hy>KHO paccMOTpeTb jib& cjiy^as: 
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B03M0>KHa CHTyainia, KOiyja pjin iiohth Bcex «eN BbinojiHaeTCH f{x n ) 7^ /(a); 

ecjiH >Ke 9to He Tax, to fljin HeKOTopoii noflnocjieflOBaTejibHOCTH apryMeHTOB x nk cooTBeTCTBy- 
romaH nocjieflOBaTejibHOCTb 3HaieHHH /(i n J 6ya,eT o6jiaflaTb cbohctbom f(x nk ) — /(a). 

1. PaccMOTpiiM CHa^iajia nepBbiii anyHafi, to ecTb KOiyja pjisi iiohth Bcex n G N BbinojiHHeTca f(x n ) ^ 
/(a). Torfla mojkho flejiHTb h yMHoacaTb Ha f{x n ) — f(a) ^ 0, h mbi nojiy^HM 



lim 9(f(x n ))-g(f(a)) = Um g(f(x n )) - g(f(a)) f(x n )-f(a) 
n-yoo x n — a n^oo f(x n ) - f(a) x n - a 

1. 9\f\'^n}) 9\f\®)) Y fi^ri) f\^J ( b jicbom npe^ejie flejiaeM^ 



n->«> f(x n ) - f(a) n->oo x n -a V 3aMCH y »« = / 

= l im g(yn)-g(/W), ^ /(»„) ~ /(O) = g/(/(a)) , f } 

™^°° 2M - /(a) a^n - a 

2. Ilocjie SToro paccMOTpHM cjiynaii, KOiyja /tjih HeKOTopoii noflnocjieflOBaTejibHOCTH apryMeHTOB x nk 
cooTBeTCTByiomaH nocjieflOBaTejibHOCTb 3HaHCHHii f(x nk ) o6jia,n,aeT cbohctbom f(x nk ) = f(a). Tor,a,a 
nocjieflOBaTejiBHOCTb x n mojkho pa36nTb Ha ppe no/nTOCJie/ipBaTejibHOCTH x nk h x ni , Tarae hto 

f(%n h ) = f(a), f{x ni )^f{a) 

Jlna no,n,nocjieflOBaTejibHOCTH x ni mbi nojiy^aeM to »ce caMoe, hto h b npeflbmymeM cjiynae: 

lim 9(fM)- 9 {f(a)) = 

1— >oo x ni — a 

A ^jih i„ t nojiy^aeM: 

/ BCnOMHHaCM, MTO\ = Um g(f(a))-g(f(a)) = Um = 
fe->oo x nk — a V ^ Xn *) ~~ -^ a ) / fc->oo x nfc — a fe->oo — a 

A c flpyroft CTopoHbi, 



/ («) = , llm — — = { /(*„,) = f(a) ) = 



H, TaKHM o6pa30M, 



fc-s-oo x„. — a V 1 y n k> ~ 1 y ' / fe-i-oo x n , — a 



lim g(/(*„J)-g(/(a)) = = gf{f{a)) . //(a) 

fe— >oo a; n — a 



Mbi nojiyHHjiH, hto pjin jho6oh nocjieflOBaTejibHOCTH (|4.1.29p BbinojiHHeTca paBeHCTBO (|4.1.30p , a sto 
Haii h HyjKHO 6bijio ,i];0Ka3aTb. □ 



4.1.18. BbllHCJIHM npOH3BO/TflyiO (pyHKHHH 

h(x) = sin(x 2 ). ^jih 3Toro npeflCTaBHM ee KaK kom- 
no3HH,Hio flByx sjieMeHTapHbix (pyHKH,HH: 

h(x) = sm(x 2 ) = g(f(x)), g(y) = siny, f(x) = x 2 

Tor^a 

g'(y)=cosy, f(x) = 2x 
IIpHMeHaH (popMyjiy (14.1.39p . nojiynaeM: 

h'(x) =g\f(x))-f(x) = cos(x 2 ) • 2z 

o 4.1.19. Hto6h nocHHTaTb npoH3BOflHyio cpyHK- 
h,hh h(x) = sin 2 x, HyjKHO npc^CTaBHTb ee b BHfle 

KOMn03HH;HH SJieMCHTapHblX (pyHKH^HH 

h(x) = sin 2 x = g(f(x)), g(y) = y 2 , f(x) = sinx 



Torfia 

g'{y) = 2y, /'(x) = cosx 

h, npHMeHHH (|4.1.39p . nojiynaeM: 

/i'(ac) = g'(f(x)) ■ f'(x) = 2 sinx • cos a; 
o 4.1.20. Bmhhcjihm npoH3BOflHyio (pyHKn;HH 



„arctg x 



. Jlnsi stoto npeflCTaBHM ee KaK kom- 



no3Hn,Hio flByx sjieMeHTapHbix (py hkh,hh : 



h(x 



— „arctgz _ 



9{f{x)), g(y) = e y , f(x) = arctgx 



Torfla 



g'{y) = e\ f(x) 



1 



1 + X 2 

IIpHMeHHH apopMyjiy (|4.1.39p . nojiy^aeM: 
h'(x) = g'(f(x)) ■ f'(x) = e™^* 



1 + x 2 
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O/HiHM 113 CJieflCTBHH TeOpeMM O npOH3BO,H;HOH 
CJIOJKHOH CpyHKIHlH HBJiaeTCH B03MOJKHOCTB BbllHC- 

jistb npoH3BO/i,Hbie cpyHKinifi BH/i,a f 9 . 3to ^ejiaeT- 
ca c noMOinbio cjie/ryioiHeH oneBH/nron cpopMyjibi: 

fa = e Xnf9 = e s ' ln/ (4.1.31) 
(cnpaBe,ii;jiHBOH, pa3yMeeTca, tojibko npn / > 0). 
o 4.1.21. Bbihhcjihm npoH3BOflHyio cpyHKrpiH 

h(x) — x x , x > 

,H,jih SToro npe^CTaBHM Hainy cpy hkithio , KaK kom- 
no3nniiio flByx (pyHKioiH c noMOinbio cpopMyjibi 



Tor,n;a 

h(x)=g(f(x)), g(y)=e v , f(x)=x-lnx 

IIpoH3BOflHaH cpyHKinin / BbiHHCjiHeTCH no (popMy- 
jie (|4.1.28p ii paBHa 

/'(x) = \nx + 1 

a fljiH (pyHKHHH g OHa noc^iiTaHa b npiiMepe 14.1.61 

g'(y) = e y 

IIosTOMy 

h'(x) = g'(f(x)) ■ f'(x) = 

= e x - lnx ■ (lnx + l) =x x ■ (lnx + l). 



(d) ^Hc|)4)epeHLi,HajifaHoe HCHHCJieHHe: npoH3BO,a,Ha5i, KaK cpopMajibHaa one- 
pau,HH 

B npiiMepax Ha c !215l ii c !2161 KaK HaBepHSKa 3aMeTiui HHTaTejib, jijih BbiniicjieHiiH npoHSBO/nroii CTaH- 
flapTHOii cpyHKinin h helm npHxoflnjiocb BBOfliiTb HOBbie o6o3Ha x iCHHa pjm «6ojiee npocTbix» cpyHKniiii, ne- 
pe3 KOToptie h Bbipa>KaeTCH ajire6paiiHecKii hjih b BHjxe KOMno3HHHH. HanpHMep, hto6i>i bbi^hcjihtb npo- 
ii3BO/i,Hyio dpyHKiniH h(x) = sin(x 2 ) b npiiMepe 14.1.181 HaM npimijiocb paccMOTpeTb dpyHKiniH g(y) = siny 
ii f(x) = x 2 , BbiniicaTb hx npoii3BO/i,Hbie h noflCTaBiiTb hx b cpopMyjiy (I4.1.27[) . 

3tot cnoco6 BbinncjienHn Bbirjia/niT jtobojibho rpoM03,n,KiiM b cpaBHeHHii c npiieMaMii, ynoTpe6jiaB- 
ihhmhch pjin TaKiix sa^a^i b niKOjie, iyje, ecjiii iiomhiit HiiTaTejit, BbinHCjieHHe nporoBOflHOH ocpopMjiHeTca 
b BHjxe uenoHKH paBGHCTB (iiHor^a ,z];jihhhoh nenonKH, ho Bee ace ropa3;xp Kopone, hgm 3amicb, KOTopyio 
npHxo,n;HTca ynoTpe6jiHTb, cjieflya ajiropHTMy fleftcTBHii, onHcaHHOMy Ha CTpammax 12151 h I216[) . HanpH- 
Mep, fljia dpyHKiniH h(x) = sin(ir 2 ) mojkho (Hcnojib3ya o6o3HaieHHe (|3.2.131|) ) 3anncaTb 3Ty neno^Ky 
TaK: f t 

(sin(x 2 )) = (siny ) = (siny)' • (x 2 )' = cosx 2 ■ 2x (4.1.32) 

\ / \ y—x 2 / y—x 2 

EcTecTBeHHO noaTOMy 3a/i,yMaTbca, OTnero HiKOjibHbie npneMbi npnBOflST k npaBiuibHbiM pe3yjibTaTaM, 
h KaK hx cne/ryeT aKKypaTHO cdpopMyjinpoBaTb, HTo6bi rpaMOTHO Hcnojib30BaTb pjisi BbiHHCjieHiiii? 

Pa3fleji MaTeMaTHHecKoro aHajiH3a, 3aHHMaiOHi,HHCH sthmh BonpocaMH, Ha3biBaeTCH ucuucJienueM, h 
mm ynoMHHajiH y»ce o HeM b Hanajie [§T] rjiaBbi [51 Ero H^ea coctoht b tom, hto6h norjiafleTb Ha npoH3- 



BOflHyio, KaK Ha cpopMajibHyio onepan,Hio Hafl hhcjiobmmh BbipajKCHHHMH (o KOTopbix mm BejiH penb b § 2 



Toft >Ke rjiaBbi[3]). TaKoii OTCTpaHCHHbiii B3rjia/i, no3BOJiHeT (popMajiH30BaTb npneMbi BbiHHCjieHHH npoH3- 
bo,h;hoh TaKHM o6pa30M, hto i^enoHKH BHfla (|4.1.32p CTaHOBHTCH pe3yjibTaTOM npHMeHeHHH oflHoro o6m;ero 
ajiropiiTMa, o6ocHOBaHHOCTb KOToporo OT^ejibHO ,n;0Ka3biBaeTca:, h nosTOMy He Bbi3biBaeT comhchhh. 

B 3tom nyHKTe mh onnnieM stot ajiropHTM (h flOKajKeM npaBOMepnocTb ero npiiMeHeHHH), HTo6bi 
HMGTb (popMajibHbie ocHOBaHHH nojib30BaTbCH hm b npHMepax. 



IIpOH3BO/i;HaH HHCJIOBOrO Bbipa»ceHHH. Bch- 

KOMy nncjiOBOMy BbipajKeHHio V ot nepeMeHHOfl x, 

MOJKHO nOCTaBHTb B COOTBeTCTBHe, npHHeM BflHH- 
CTBeHHblM C TO^HOCTbK) flO paBBHCTBa BbipajKCHHH 

cnoco6oM, HeKoe HOBoe hhcjioboc Bbipa>KeHHe, 060- 
3HaHaeMoe -^(V) hjih (ecjin sto He npHBO^HT 
k He,nopa3yMeHHHM, cko6kh BOKpyr V MoryT He ni- 
caTbca) h Ha3biBaeMoe npou3eodnuM eupaotcenueM 

TaKHM 06pa30M, HT06bI BbinOJIHHJIHCb CJieflyK)IH,He 

ycjiOBiia: 



0) ecjin a — napaMeTp, to no onpe^ejienHio c^ih- 

TaeTCH, HTO 



d a 
d x 



(4.1.33) 



H 3T0 paBCHCTBO BbinOJIHaCTCH BCHKHH pa3, KO- 

r^,a b HHCjiHTejie no/i, ,n;H(pdpepeHii;HajiOM (to 
ecTb nocjie CHMBOjia d) ctoht napaMeTp, a b 
3naMeHaTejie — nepeMeHHaH, 

1) ecjin a — co6cTBeHHoe o6o3HaneHne HHCjia, to 
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onHTb >kc no onpeflejieHiiio ciHTaeTCH, hto 

d « 
d x 



0. 



(4.1.34) 



2) Ha sjieMeHTapHBix Bbipa»ceHHax onepainiH 
flHcpdpepeHniipoBaHHH -4- onpeflejiaeTCH dpop- 
MyjiaMH, npeflCTaBjiHioiiniMH 113 ce6a coKpa- 
meHHyio 3anHCb yTBep^K/jennii (|4.1.5|l - (|4.1.21|l 
(3/i,ecb Bcro,ny x — e/niHCTBeHHaa nepeMeHHaa) : 

TaGjinna npoH3BO,a,Hbix: 



d 

dx 
d 

dx 
_d_ 

dx 
_d_ 

d x 
d 

dx 
d 

d x 
d_ 
dx 
_d_ 

d x 
d 

dx 
_d_ 

dx 
_d_ 
dx 
d 

d x 
_d_ 

dx 
_d_ 

d x 



C = k 



x = a • x 



a x ^j = In a • cr 1 (a > 0) 



• In a 



In x ) = - (x > 0) 



(x > 0) 



sin x = cos x 



cos j' j = — SIM 
1 



tgxj = 
ctgx) = 
arcsin 
arccos x 



1 



sin 2 x 



arctg x 
arcctg x 



1 + x 2 



1 + x 2 



3) /JJIfl npOH3BOJIbHbIX BbipajKeHHH PkQ 

d 



(WO) = -rV + -r-Q (4.1.35) 
ui\ / dx dx 

T-f^-G) =T-^-T-2 ( 4 ' L36 ) 
dxV / dx dx 

^ V - Q ) = {ji V )- Q + V \l X Q ) (4 ' L37) 

m jM^m ,, 38) 

b nacTHOCTH, ecjin T 3 He co,n,ep}KHT nepeMeHHOii 

X, TO 



_d_ 
d 



4) ecjin T 3 — oflHOMecTHoe BbipajKCHiic ot ncpe- 
mchhoh x, a Q — o/i,HOMecTHoe Bbipa>KeHHe ot 
nepeMeHHOii y, to pjia BbipajKeHna, nojiyneH- 
hoto no^CTaHOBKOii, BbinojiHHeTca paBeHCTBO 



d x ~~ 



y=v 



dy 



y=V d X 



(4.1.39) 



! 4.1.2. K 3thm npaBHjiaM cjie/ryeT ,a;o6aBHTb, 
hto onepaniiH flndpcpepcHnnpoBaHnH BbipajKCHHii 
no /i,pyrHM nepeMeHHbiM onpe/i,ejiHK)TCH no aHajio- 
rnn. IIosTOMy ecjin, HanpHMep, V - o/nroMecTHoe 
Bbipa>KeHHe ot nepeMeHHOii t, to npon3BOflHyio j^V 
mo5kho BBiHHCjiHTb, 3aMeHHB CHanajia t Ha x, 3aTeM 
bbihhcjihb j^P no y»ce cdpopMyjinpoBaHHOMy ajiro- 
pHTMy, a nocjie stoto CHOBa 3aMeHHB x Ha t: 

d 



dt 



V = 



d 

d x 



V 



! 4.1.3. H3 dpopMyji (|4.1.35|) - (|4.1.39|) h npefljio>Ke- 
hhh 13.2.11 cjieflyeT, hto o6jiacTb flonycTHMbix 3Ha- 
^ieHnii nepeMeHHOii fljia nporaBO/nroro BbipajKEHHH 
nofl^HHaeTca paBencTBaM: 



d(V + Q) 



d 


X 


d{V 


-Q) 


d 


X 


d{V 





d x 



D(^)nD(lf)\{x:Q = 0} 



D 



d Q 



(4.1.40) 
(4.1.41) 
(4.1.42) 

(4.1.43) 
(4.1.44) 



= {-■■ ^ D (^f)} nD ^) 

IIpe^jio^KeHHe 4.1.1. ffjui gcrkozo odHOMecm- 
HOBO uucAoeogo eupaotcenuM V om nepeMeHHOii x 
o6Aacmt) donycmuMux 3nauenuu nepeMeHHOii x e 
npou36odnoM eupaotcenuu 4^ sieAnemcsi omKpu- 
muM MHOotcecmeoM na npsiMiou K, codepotcaui,uMCM 
e o6Aacmu donycmuMux 3HaueHuu x e V : 



Int D 



dV_ 

d x 



ffoKaaameAtcmeo. 3aMeTHM, hto sto oneBHflHO 
fljia BbipajKennii nopaflKa h 1 . Ilocjie stoto npe,ii;- 
nojiojKHM, ito sto BepHO fljiH Bcex BbipasKeHHH pp 
nopaflKa n BKjnonnTejibHO, h noxajKeM, hto Tor,na 
sto yTBepjKfleHne BepHO h fljia BbipajKeHnii nopH,n,- 
Kan + 1. IlycTb hi - TaKoe BbipajKeHne. no onpc- 
/jejieHHio, U 6y^eT jih6o cyMMOii, jih6o pa3HOCTbio, 
jih6o npoH3Be/;eHHeM, jih6o KOMno3nn,ncii Bbipa»ce- 
hhh nopaflxa He 6ojibine n. PaccMOTpHM Ka>K,n;biH 
H3 3thx cjiynaeB. 
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Ecjih hi = V + Q, iyje PiQ - BbipajKCHHa no- 
pa^Ka He 6ojn>nie n, to 



D 



dhi 

d x 



D 



d{V + Q) 



nepcceieHiie 

OTKptlTBIX MHOMCCCTB 



D(V + Q) = D(W) 



To see caMoe BepHO pjin cjiynaa pa3HOCTH h npoH3- 
BefleHHH BbipajKeHHH. fljin OTHOineHHH nojrynaeM: 
ecjiH hi = ^ , iyje Q - BtipajKeHHH nopaflKa He 
6ojibine n, to 



_ q I di ^* da: 



D(l|)nD(S!)nD(lf)nD(P)}\ 



nepeceMCHHe 

OTKpblTblX MHOJKCCTB 



3aMKHyToe 

MHOJKCCTBO B D(Q) 



C { D(7?)nD(Q)}\{x : Q = 0} = D ( -J = D(W) 

OcTaeTCH paccMOTpeTb cjiynaii KOMno3HHHH: ecjin 
hi = Q , r^e PhQ - Bbipa:sceHHH nopa^Ka He 
6ojibnie n, to 








dr\ 






dx J 



n D 



OTKpBITOC 
MllOKCCTBO 



d_Q 



n D 



dp 

d x 



C 



OTKptlTOe 
MHWKCCTBO B D('P) 



OTKpBITOC 
MHOJKCCTBO 
B M 

H nOflMHfflKCCTBO 

b D(-P) 



OTKptlTOe MHOJKCCTBO B R 

C 'P- 1 (D(Q)) n D(-P) = D(W) 



TeopeMa 4.1.5. CmandapmHasi cfiyHKi^uM f , onpe- 
dejuieMaM eupaotcenueM hi, 

f(x)=U 

ducfitfiepeHi^upyeMa ecwdy ho o6Aacmu donycmu- 
mux 3Hauenuu x e npou3eodnoM eupamcenuu ^M, 
u npou3eodnaH f 3adaemcM na smoM MHoatcecmee 
eupawcenueM 4^ : 



/' ( x ) = — , xGD — 
w dx V da: 



/JoKa3ameJit>cmeo. fl,nsi sjieMeHTapHbix Bbipa>KC- 

HHH 3TO BCpHO. IIpeflnOJIOJKHM, HTO 3TO BepHO flJISL 

Bbipa>KeHHH flo nopa^Ka n BKjnonnTe jibHO . IlycTb hi 
- BbipajKeHne nopa/pca n + 1. Tor,n,a no onpe,a,ejie- 
hhk), hi 6ya,eT jih6o cyMMOii, jih6o pa3HOCTbio, jih6o 
npoH3BefleHHeM, jih6o OTHonieHneM, jih6o KOMno3n- 
HHeii BbipajKeHiiii nopa/pca He 6ojn>Hie n. PaccMOT- 
pHM KajKflbiii H3 3thx cnynaeB. 

Ecjih hi = V + Q, rpts PhQ - Bbipa?KeHHH no- 
pa^Ka He 6ojH>Hie n, to mojkho paccMOTpeTb cpyHK- 

ITHH 

p(x)=V, q(x) = Q (4.1.45) 

h no npeflnojiojKeHHio HH/ry khhh , ohh 6yiryT /nidp- 
dpepeHH,HpyeMbi Ha MHOJKecTBax D (4^-) h D (4^) 

COOTBeTCTBeHHO, npHHeM 



x = — , x € D — , 
d x V d x ' 



(4.1.46) 



C flpyrofi CTopoHbi, dpyHKi^HH / 6y^eT hx cyMMOii 

dW' 



D(g)nD(S! 



Ha MHO^KecTBe D l^- 

V d x 



/(x) =p(x) +g(x), xeD — 

d x 



H 3HanHT, ee npoH3BOflHaa Ha stom MHOJKecTBe 6y- 
,n,eT paBHa cyMMe npoH3BO,n,Hi>ix p h q: 



f'(x) =p'[x) +q'(x), 



x e D | — 
d x 



CjieflOBaTejibHO, (pyHKH,Ha /' /ipjoKHa 3aflaBaTbCH 
(popMyjiofl: 

/'(x) = p'{x) + q'(x) = ^ + ^— = ^ 
d x d x d x 

To JKe caMoe BepHO pjm cjiynaa pa3HOCTH h npo- 
H3BefleHHH Bbipa>KCHHH. Jlpa othohichhh nojiyna- 
eM: ecjiH hi — -g, r^e PhQ - Bbipa»ceHHa nopa/i,- 
kb He 6ojibuie n, to CHOBa paccMOTpeB dpyHKii^HH 
(|4.1.45p . mbi no npe/niojiojKeHHio HHflyKn,HH nojiy- 
hiim TOJKflecTBa (|4.1.46p . a c flpyroii CTopoHbi H3 

TO>K^,eCTBa 

p(x) 



f{x) = 



q(x) 



□ 



6y^,eT cjieflOBaTb, hto cpyHKnna / ^,ndpcpepeHn,Hpy- 
eMa Ha MHOJKecTBe 
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Diana 4. IIPOH3BOJJ,HAX 



D (^) nD (^) Ui:?w = e = 0> = 

- D (*(5))- D (E 

h ee npoH3BO/i,Haa: Ha stom MHOJKecTBe paBHa 
p'(x) ■ q(x) -p(x) ■ q'{x) 



q(xf 



— ) ■ Q — V ■ (iS 

di i ■* ' Ida; 



Q 2 



d 

d x 



dU 

d x 



OcTaeTCH paccMOTpeTb cjiynaii komho3hhhh. 



IlycTb U = Q 



y=V 



rpp V h Q - BbipajKeHHH no- 



pa,n,Ka ne 6ojibnie n. CHOBa paccMOTpeB cpyHKHHH 
(|4.1.45p . mbi no npe/rnojiojKeHHio HH/ryKHHH nojiy- 
hhm TOJKflecTBa (|4.1.46p . a c /rpyroii CTopoHbi H3 

TO>K^,eCTBa 

/(») = q(p(x)) 

6ya,eT cjie^OBaTb, hto dpyHKipis / .znrdpcpepeHHHpy- 



TaKHM o6pa30M, npH h3mghghhh BbipajKeHHa, ko- 
TopbiM npeflCTaBjiaeTCH ,naHHaa cpyHKinra /, mho- 
»cecTBO ToneK, b KOTopbix ^eiicTByeT dpopMyjia, bbi- 
pajKaioiiiaa npoH3BO,nHyio dpymtrpiH /, mojkct Me- 
HHTbCH. 3aMeHa /iaHHoro npe^CTaBjieHHa /rpyrHM 

MOJK6T ,II06aBJIHTb I1JII1 Bbl6paCbIBaTb KaKHe-TO TOH- 

kh, b KOTopbix dpopMyjia fljia npoH3BOflHoii / 6yn,eT 
BepHa. 

o 4.1.23. Ko.Mno3uv,uji eupaotceHuu, duqjqjepeHuu- 
pyeMux na ak>6om unmepeaAe ceoeil o6jiacmu do- 
nycmuMux 3HaueHuu nepeMenHoil, Mootcem 6urm> 
HedugitfiepeHi^upyeMa na KaKux-mo unmepeaAax 
ceoeu o6jiacmu donycmuMux 3HaueHuu nepeMen- 
hou. TaKHM cbohctbom o6jia,z];aeT BbipajKemie 

arcsin sin x 

TpacpiiK onpeflejiaeMoii hm dpyHKnini 

h(x) — arcsin sin x 

npe^CTaBjiaeT co6oii "nnjiy": 



ena Ha miiojkcctbc 



d_Q 
dy 



D 



n D 



dV 



y=V 



D 



dU 



h ee npoH3BO/i,Haa na stom MHOJKecTBe paBHa 



f'(x) = q'(p(x))-p'(x) 



d_Q 
dy 



dV_ 

y=V d X 



dU 

d x 



□ 



o 4.1.22. IIoKajKeM, hto npu eu6ope eupaotcenuR, 
npedcmaejisiKiwfizo gjyHKt^um, o6Aacmb donycmu- 
Mux 3nauenuu nepeMennou e ezo npou3eodnoM eu- 
paMceuuu Momcem Mensmvbcsi. PaccMOTpHM cpyHK- 

HHIO 

f(x) = X. 

BbipajKenne b npaBoii nacTH stoh cpopMyjibi npe,n- 
CTaBjiaeT co6oii nepeMeHnyio, nosTOMy ero nporo- 
BOjxHaa 6ya,eT eflHHHHeft, n 3HanHT, npoH3BOflHaa 
(pyHKrj,HH / TaKsce paBHa ejxHHHne: 



m = £ = i, 

d x 



x G 



Ho dpymcirino / mojkho npe/i,CTaBHTb flpyrHM Bbipa- 

jKCHHeM: 

f(x) — \/~x~3 

IIpoH3BOflHaH 3Toro HOBoro BbipajKeHHH 6y [ n I eT 
onpe/i,ejieHa TOjibKO na MHOJKecTBe (— oo, 0) U 
(0, +oo), nosTOMy npoH3BO,n,Haa cpyHKHHH /, ec- 
jih ee BbiHHCjiHTb TaKHM o6pa30M, TaKJKe flojrsma 
6bitb onpe/i,ejieHa TOjibKO Ha stom MHOJKecTBe: 



/'(*) = 



1 



d x 



3(v / ^3)- 



•3-a; 2 = l, x^O 



- H BHflHO, HTO B TOHKaX X = \ + TTTl, 71, G Z, 3Ta 

dpyHKH,HH He flHcpcpepeHinipyeMa. IIosTOMy ee Hejib- 
3a Ha3BaTb flH(pdpepeHn;HpyeMofl: Ha npaMoii R. Ho 
npn 3tom cocTaBjiaiODu,He ee dpyHKHHH 

f{x) = sin a;, g(y) = arcsin y 

,HH(p(pepeHHHpyeMbi Ha KaxflOM (otkpbitom) hh- 
TepBajie CBoeii o6jiacTH onpeflejieHHa. 

BbiHHCJieHHe npoH3BOflHofi. Bciofly, KaK mo- 
aceT 3aMeTHTB HHTaTejit, BbiHHCJieHHe npoH3BO,n;HOH 
Tenepb cjKHMaeTca flo e^HHCTBeHHOii n,enoHKH pa- 
BencTB. Bot KaK 3to BbirjiaflHT b npHMepax, aHa- 
jiorHHHbix paccMOTpeHHbiM Ha c !215l 

o 4.1.24. 



- — (3a; — x 
d x 



5 = 



= 3 



±(x 2 )- — 
dx\ ) dx 



d x ' 



3 • 2x - 1 + = 6x - 1 



o 4.1.25. 



— ( a; In a; 
d x 



- — (x) ■ In x + x ■ - — ( In x] 
dx\/ dx\ ) 



= 1 • In x + x ■ — = In x + 1 

x 
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o 4.1.26. 



■ (^/x ■ sinx^ 



- — ( y/x] ■ sin a; + \fx ■ - — ( sin x 
d x \ / d x 



1 



2^ 



SIM + VX ■ COSX 



o 4.1.27. 

d / arctg x 
d x \ x 2 + 1 

d 

dx 



d (arctg x) • (x 2 + 1) - g^(.x 2 + 1) • arctg x 



(x 2 + l) 2 

• (x 2 + 1) — 2x- arctgx 



I) 5 



1 — 2x ■ arctg x 



» 4.1.1. npo^,HdpdpepcHn,HpyHTe BBipajKCHHs no 
nepeMeHHOH x: 

1) arctg x + x + arcctg x\ 

2) x arcsin x; 

o\ arccos x . 
> arcsin x ' 



4) (x 2 -7x + 8^) -e x ; 

5) lnx 3 



.3 _ 9 _ 27 
a; 2x 2 
sin x-f-cos a: . 
sin a;— cos x 7 



6) 

7) (72)* + (v/5)-*; 

8) 2 a Mn|x|; 

9) e x • log 2 x; 

10) log 2 x ■ In x • log 3 x; 

Bbi'racjieHHH Tnna Tex, hto npoBO/nijiHCB Ha 
c !216l TpaHCcpopMnpyiOTCH b nenoHKy paBeHCTB, b 
KOTopoii nepBbiM /ieftcTBHeM cjiyjKHT npe^CTaBjie- 
Hiie cjiojkhoh (pyHKn,HH b BH/ie no/rxo/iHHieH no,n;- 
CTanoBKH, HanpnMep 

arctgx _ y\ 

— I V— arctg xi 

nocjie nero npnMenaeTCH cpopMyjia (|4.1.39[) . 



o 4.1.28. 

Af e arctg.\ = *_( e 

d x V / d x V 

_ de v 
dy 

= P v 



y— arctg x/ 

d arctg x 



y— arctg x 

l 



d x 



y=arctg x 1 -|- X 



g arctga; _ 



1 + X 2 



o 4.1.29. 



Jx-( Sin2 X ) = Jx-( U 
= dy 2 _ 
Ay 

= 2y 



y— sin x/ 

d sin x 



y=sin a; d X 

■ cos x = 2 sin x • cos x 



y— sm x 

» 4.1.2. Haii^,HTe npon3BO,i];Hyio no nepeMCHHOii 



1) arctg e^; 

2) sinx 2 ; 

3) tglnx; 

4) lntgx. 

5) In sin e x ; 

6) sine 



arcsin In x . 



7) e 

8) arcsin In sin; 

9) ln 2 (l + x 3 ); 



arcsin x . 



10) cos Vx + X 3 ; 

11) <yi +COSX. 



,HjrH sa^an, noflo6Hbix paccMaTpnBaBinHMca Ha 
c !217l nojie3HO 3aMeTHTb dpopMyjiy: 



pQ = e \nV* _ e Q\nV 



(4.1.47) 



(cnpaBCfljiHBOyio npn V > 0). 



o 4.1.30. ^eficTBHH b npHMepe 14.1.211 Bbirjia/iHT 
Tenepb Tax: 



4- (x x ) = diX47D = 4- (e x ' lnx ) 
dx d x y ' 







de y 


y— x-ln x^j 




dx \ 




dy 



^2>ln x 



■ ( 1 • In x + x • — 

x 



y— x-ln x 

--x x 



d(x • lnx) 
d x 

(lnx + l). 



o 4.1.31. 



_d_ 

d x 



(\sinx\ 
cosxj I = (14.1.471) 



^sin x-ln cos x 



d_ 

d x 



y— sin x-ln cos x 



de y 
dy 

= P y 



d (sin x • In cos x) 



y=sin a; -In cos x dx 

/ d sin x 



y— sin x-ln cos x V dx 

d In cos x 
sin x • ; 



• lncosx+ 



I x 



( V 
I cos x ) 



• I cos x • In cos x + sin x • 



cosx 



/ \ sinx ( . sin x 

cos x • cos x In cos x 

V / V cosx 



» 4.1.3. BbrancjiHTe npoH3BO,n;Hyio: 

1) In* x; 

2) x^; 



3) ^sinx^j ; 

4) x £X . 



222 toai nP0M3B0JJ,HAH 

§ 2 KjiaccHHecKHe TeopeMbi o ^HCpcpepemjHpyeMbix (pyHKijHax 
(a) TeopeMa Oepiwa 

TeopeMa 4.2.1 ($epMa). 2 Ilycmb <pyHKv,uR f onpedejiena na unmepeajie (a, b) u e neKomopou moHKe 
C G (a, b) docmmaem SKcmpeMyMa na amoM unmepeaAe, mo ecmb 

/(C) = max f(x), 

x£ (a,b) 



/(C) = min /(x). 

x£ (o,o) 



Tozda, ec/iu e mouKe £ (^ymzv^uR f du^^epeni^upyeMa, mo 

no=o 



floKa,3ameji'bcmGO. IlycTB /yis onpe^ejieHHOCTH 



/(C) = max /(a;) 

a;£ (a,o) 



Vxe(a,b) /(z)</(0 (4.2.48) 

Tbiyja, c o^hoh ctopohm, 





A\ j4.2.48l 



f'(t\ — K m /vO _ / ocjih npefloji cymecTBycT, \ _ /Og) /(C) ^ q 

X — £ \^to oh paBeH npe^ejiy cjieBa^ j^^g X — £ ^ 

V 


ir 

a < 5 



A, c /ipyroH cropoHBi, 





A\ 14.2.481 



f'(C) — lj m fft) /(C) _ / CCJ ™ npe^eji cymecTByc-r, \ _ ,. f i x ) /(C) q 

a; — £ \^to oh paBeH npe^ejiy cnpaBa^ jj-^+Q a; — £ ^ 



A 


it 

x > £ 



HiaK, mm nojiy^HjiH, hto /'(C) )0h, o,zi,HOBpeMeHHO, /'(C) *S 0. Sh&^iht, /'(C) =0. □ 



2 3Ta TeopeMa HcnojiB3yeTca b cjieflyK>m,eM naparpa<pe npii flOKa3aTejibCTBe TeopeMBi Pojijih, a TaK*ce b §1 rjiaBBi ?? 
npn flOKa3aTejiBCTBe Heo6xuflHMoro ycjic-BiiH jiOKajiBHoro 3KCTpeMyMa 



§ 2. KjiaccHHecKme xeopeubi o £ii(pdpepeHL]iipyeMbix cpyHKijiifix 
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(b) TeopeMa Pojijih 

TeopeMa 4.2.2 (Pojijih). 3 Ilycm-b (f>yHKU,UH f onpedeAena na ompe3Ke [a,b], npuneM 
(i) f nenpepuena na ompe3Ke [a,b], 
(ii) f duq^aiepenuupyeMa na unmepeaAe (a,b), 
(in) f(a) = f(b). 
Tozda cymecmeyem monna £ € (a,b), manan umo 

/'(0 = o 



/JoKa3ameJit>cmeo. IIocKOjibKy (pyHKHira / nenpepBiBHa Ha 0Tpe3Ke [a, b] , no TeopeMe BenepniTpacca 06 
SKCTpeMyMax ( TeopeMa 12. 3. 4[) . f(x) HMeeT MaKCHMyM h MiimiMyM Ha [a,b]: 

m = f(x m ) = mm f(x) M = f(x M ) = max f(x) 

x£[a,b] x£[a,b] 

5Icho, hto m M, nosTOMy bo3mojkhbi jj,Ba cjiyiaa: 

1) m — M, hjih 

2) m < M. 

B nepBOM cjrynae Mbi nojiynaeM, hto cpyHKHHH / jjpjBKHa 6biTb nocTOSHHOft 

Vx € [a, b] m= f{x) = M, 

nosTOMy ee npoH3BOjj,HaH f'(x) 6ya,eT paBHa Hyjno b jno6oii tohkb x € [a, b]. 

Bo btopom ace cjrynae mbi nojiynaeM, hto c o,h,hoh ctopohbi f(a) — f(b), a c jxpyroft, m = f(x m ) < 
/{xm) = M. 3to 03HanaeT, hto x m hjih xm ne He mojkbt 6bitb kohuom OTpe3Ka [a, b]: 

- jih6o a < x m < b, 

- jih6o a < xm < b. 

3HanHT, cpyHKH^HH / HMeeT SKCTpeMyM Ha HHTepBajie (a, b) (ecjin a < x m < b - to MHHHMyM, a ecjin 
a < xm < b - to MarccnMyM). CjieflOBaTejibHO, no TeopeMe $epMa l4.2.1l Han^eTCH TOHKa £ G (a, b) Taxan , 
ito /'(£) =0. □ 

(c) TeopeMa JlarpaH>Ka 

TeopeMa 4.2.3 (JlarparoKa) . 4 Hycmb qiynKuiisi f onpedeAena na ompe3Ke [a,b], npuneM 

(i) f nenpepuena na ompe3Ke [a, 6], 
fu,) / dutpaiepenuupyeMa na unmepeaAe (a,b). 
Tozda cympcmeyem monna £ G (a,b), manati umo 

f'iO = (4.2.49) 
b — a 

3 3Ta TeopeMa iicnojib3yeTCH b cne/ryiomHx Tpex naparpa<J)ax npn flOKa3aTejibCTBe TeopeM JlarpaHJKa, Koiiih H Teiinopa 
4 9Ta TeopeMa ncnojib3yeTCH b rjiase ?? npn ^OKasaTejibCTBe TeopeMbi |4.3.5l fjQCTaTOMHoe ycjiOBHe CTporoii BbinyKJiocTii), 
a TaK»ce b rjiaBe 12 npn ,ii;oKa3aTejibCTBe jicmmbi 1.1 (o iioctohhhocth 4>yHKirHii" c HyjieBoii npoiiSBOflHofi). 
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ffoKa3ameM>cmeo. PaccMOTpHM BcnoMoraTejiBHyio cpyHKipno 

F(x) = f(x) - f(a) - f{h) ~ f{a \ x - a) 

b — a 

3ia cpyHKHHH y^OBjieTBopaeT bccm TpeM ycjiobhhm TeopeMBi Pojijih 14.2.21 

(1) F HenpeptiBHa Ha OTpe3Ke [a, b] (no TeopeMe 12.2.21 noTOMy hto F(x) cocTaBjieHa H3 Henpe- 
PBIbhbix cpyHKiniii c noMOiHBio onepannn BbraiTaHHa) ; 

(2) F ,n,H(p(pepeHinipyeMa Ha HHTepBajie (a, b) (no TeopeMe 14.1.31 noTOMy hto F cocTaBjieHa H3 
.znicpcpepcHnnpyeMBix cpy HKln ™ c noMOinBio onepannn BHUTaHra); 

(3) F(a) = F(b) (noTOMy hto F(a) = f(a) - f(a) - /(b ^ (a) (a -a)=0-0 = 0n F(b) = 
fib) - f(a) - ^^(b -a) = f{b) fia) - =0). 

Shelhht, no TeopeMe Pojijih 14.2.21 HanfleTcn TaKan Tonxa £ € (a, b), hto i*"(£) — 0. Hhmmh cjiOBaMn, 

b — a 

HJIH 

/'(f) - M 

o — a 

□ 

H3 TeopeMti JlarpaHJKa cjie^yeT yTBcpjKfleHnc, KOTopoe noHa,n,o6HTCH hsm b rjiaBe [5] b pa3roBope o 
HeonpeflCjieHHbix HHTerpajiax: 

Cjie,n;cTBHe 4.2.1. Ilycmb (fiynKuun f dutfjifepetiuiipyeMa na unmepeaAe I u ecmdy na neM UMeem 
nyAeeyw npou3eodnyw: 

fix) =0, xe I. (4.2.50) 

Tozda f nocmoHHHa na I: 

fia) = fib), a,bel 

/foKa3ameAt>cmeo. Bo3BMeM npoH3BOjibHbie tohkh a,b € /, npnneM nycTB a < b. Toiyja (pyHKHnn / 

flH<pcpepeHn,HpyeMa Ha HHTepBajie (a; b) (noTOMy hto OHa ,znicp<pepeHnHpyeMa Ha /), n 

HcnpepbiBHa Ha OTpe3Ke [a; b] (no npeajioateHnio IB . 2 . 1 [) 

nosTOMy, mh MOJKeM npHMeHHTB k cpyHKiniH / na OTpe3Ke [a; b] TeopeMy JlarpanjKa 14.2.31 h Torjxa 
nojiynHM, hto cymecTByeT Taxaa TOHKa £ € [a; 6], hto 

/(& ) ~ /(a) = no = dmnp = 

— a 

OTCiofla 

/(6) - /(a) - /(6) = /(a) 

□ 

(d) TeopeMa Koiiih 06 OTHomeHHH npHpam,eHHH 

TeopeMa 4.2.4 (Koiiih). Ilycmb (fywKuuu fug onpedeneuu na ompe3Ke [a,b], npuueM 
(i) fug nenpepuenu na ompe3Ke [a,b], 
(ii) fug duifxfjepenuALpyeMU na unmepeaAe (a, b), 
(Hi) g'ix) 7^ npu x 6 (a, 6). 
Tozda cymecmeyem monna £ G (a, 6), manan umo 

no /go -/w f42511 



5 3Ta TeopeMa ncnojii>3yeTC5i b rjiase ?? npu ^,OKa3aTejii>CTBe TeopeMu 14.4.11 (npaBHJio JIoniiTajiH fljra npe^ejia b tomkc 
Heonpe^ejieHHOCTbio ^) 
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/JoKa3ameMbcmeo. Cnanajia HyjKHO y6e,a;HTbcs:, hto g(a) ^ g(b), to ecTb hto cpopMyna (14.2.5ip HMeeT 
CMbicji. ^eHCTBirrejibHO, ecjin 6bi OKa3ajiocb, hto g(a) = g(b), to sto 03Hanajio 6bi, hto g(x) yupBjic- 
TBopaeT bc6m TpeM ycjiOBHHM TeopeMbi Pojijih 14.2.21 nosTOMy Hanijiacb 6bi TOHKa £ G (a, 6) TaKaa, hto 
<?'(£) — 0. 3to HeB03MO>KHO no ycjiOBHio (m) Hainen TeopeMbi. 

Tenepb nepeii/i,eM k ,fl,OKa3aTejibCTBy cpopMyjibi (I4.2.51[) . PaccMOTpHM BcnoMoraTejibHyio cbyHKnnio 

F(x) = f(x) - f(a) - • (g(x) , 9 (a)) 

- 5(a) 

3ia (pyHKu,HH y^OBjieTBopaeT BceM TpeM ycjiOBHHM TeopeMbi Pojijih 14.2.21 

(1) F HenpepbiBHa na OTpe3Ke [a, b] (no TeopeMe l2.2.21 noTOMy hto F cocTaBjiena H3 nenpepbiBHbix 
cpyHKi^nn c noMOinbio onepannn BbiHHTaHns:) ; 

(2) F fliicpcpepeHin-ipyeMa Ha HHTepBajie (a, b) (no TeopeMe 14.1.31 noTOMy hto F cocTaBjieHa H3 
flH<p(pepeHii,HpyeMbix cbyHKnnn c noMOinbio onepannn BbiHHTaHnn); 

(3) F(a) = F(b) (noTOMy hto F(a) = f(a) - f(a) - ggfggj • ( s (a) - g(a)) = - = n 
*W - f(b) - f(a) - §g^g(<K&) - 9(a)) = f(b) - f(a) = 0). 

3HanHT, no TeopeMe Pojijig 14.2.21 HanfleTcn Taxaa TOHKa £ £ (a,b), hto 

F'(0 = 



HhHMI CJIOBaMH, 



hjih, yniiTbiBaa hto </(£) 7^ 0, 



fffc s f(b) - f(a) n 
5(o) - 5(a) 

f'(0 = f(b)-f(a) 
9'(0 9(b) - 9(a) 

□ 



§ 3 IlocTpoeHHe rpacpHKa 

B rjiaBe [4] mm y*:e roBopmni, hto npon3BO/i,Haa 6bmaeT nyjKHa npn nocTpoeHnn rpacbnica cby hkitiih . 
Mm MO»ceM Tenepb, HaKOHen,, o6 r bncHHTb, KaK OHa ncnojib3yeTCH, n flOKaaaTb Heo6xo,n,HMbie pjisi 3Toro 
MaTeMaTHHecKne yTBepjKfleHnn. 

(a) MOHOTOHHOCTb H 3KCTpeMyM 
MoHOTOHHOCTB . 

TeopeMa 4.3.1 (o HecTporoii mohotohhocth) . Ilycmb f - dutficfiepeHi^upyeMaji cfiyHKi^usi na unmep- 
eajie (a; 6). Tozda 

(a) f Hey6ueaem na (a; b) e moM u mojiwo e moM cjvynae, ecAu ee npou3eodnasi Heompuu,amejit>Ha 
ecwdy na (a; b): 

f'(x)>0, x£(a;b) 

(b) f Heeospacmaem na (a; 6) e moM u moAtKO e moM cjiyuae, ecjiu ee npou3eodnasi HenOAOJtcu- 
meAwa ecwdy na (a;b): 

/'Wa, xe(a;b) 

/JoKaaameAbcmeo. Mbi flOKa»ceM yTBepjK^eHne (a) . ocTaBHB HHTaTejno BbinojiHHTb to »ce caMoe ^jih (b) 
no aHajiornn. Ecjih / Hey6biBaeT, 

Vau, yt(a;b) (x < y =^> f(x) < /(j/)) 

to, nepexoflH npn Bbinncjiennn npoH3BOflHon b TOHKe x £ (a; b) k OflHOCTOpoHHeMy npe,a;ejiy, mm nojiynnM: 



A\ 

f( X) = urn = lim m^m > o 

y^x y — x y — X 

V 
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Hao6opoT, ecjiH b jho6oh TOHKe x G (a; b) npoiOBO^Hafl HeoTpnnaTejibHa, to rjisi jno6bix x, y € (a; b) 
Taxiix, hto x < y, no/i,o6paB no TeopeMe JlarparoKa 14.2.31 tohkv £ G (a; b) co cbohctbom (|4.2.49p . mm 
nojryHHM: 

fiv) - f(x) = ^ Q ^ /(!/)- /(i)>0 =► f(x)<f(y) 

y ^ ^ 

V 


□ 

TeopeMa 4.3.2 (o CTporoii mohotohhocth) . 6 Ilycmb f - dwfifepewaupyeMan tfyHK'oua, no, unmep- 
eajie (a,b), npuueM ee npou3eodnasi nuzde ne o6paiu,aemcM e nyjit>: 

V^G(a,6) /'(x)^0 (4.3.52) 

Tozda f cmpozo MonomoHHa mo (a, &), a UMenuo: 

— au6o, f'(x) > ecwdy na (a,b), u e amOM cAynae f eo3pacmaem na (a,b): 

Vx, ye(a;b) (x < y =>> f(x) < f(y)j 

— au6o, f'{x) < ecwdy na (a, 6), u e amoM cjiyuae f y6ueaem na (a,b): 

Vx,y€(a;b) (x < y => /(x)>/(t/)). 

^HoKa3aTejibCTBy stoh TeopeMbi mm npejrnonijieM jTBe jieMMM. 

JleMMa 4.3.1. B ycAoeusix meopeMu \4-3.2\ 3am ak>6ux mpex moueK x,y, z G (a; b), cest3aHHux nepaeen- 
cmeoM 

x < y < z, 

eunoAHJiemcji CAedywvut,ee: 

(a) ycAoeue f(x) < f(z) eAeuem 3a co6ou ycAoeue f(x) < f(y) < f(z): 

f(x) < f(z) => f(x) < f(y) < f(z) 

(b) ycAoeue f(x) > f(z) eAeuem 3a co6ou ycAoeue f(x) > f(y) > f{z): 

f{x) > f(z) =► f(x) > f(y) > f(z). 

/JoKa3ameAbcmeo. Mm flOKajKeM yTBepjKfleHne (a) (a (b) HHTaTejib cmojket ,u;0Ka3aTfc no aHajiornn). 
IlycTB f(x) < f(z). HaM HyxcHO noxaaaTb, hto hhcjio f(y) jigjkht b HHTepBajie (f(x);f(z)): 

f(y)e{f( x yj(z)) 

Ecjih 3to He TaK, to jih6o f(y) jicjkht hhjkc stoto nnTepBajia, to ecTb f(y) ^ f(x), jih6o, nao6opoT, 
Bbinie, to ecTb /(y) ^ f(z). y6e/niMCH, hto hh to, hh flpyroe hcbosmoskho. 

1. ilpc,n,nojiojKHM, hto f(y) ^ f(x)- Ecjih f(y) = fix), to no TeopeMe Pojijig 14.2.21 HanaeTCH tohkb 
£ G (x; y) TaKaa, hto 

/'(e) - o, 

hto HeB03MO>KHO. 3HaHHT, flOji>KHO 6biTb /(y) < fix). Tor,n,a, ecjin 0603HaHHTb C = f(x), TO Mbl nOJiyHHM 

m < fix) < fiz), 



h, no TeopeMe KoniH o npoMe^KyTOHHOM 3HaHeHnn 12.3.21 Ha HHTepBajie (y; z) ^ojcKna HaiiTHCb Taxaa 
TOHKa c G (y; z), hto 

/(c) = C= fix) 



6 Teopeivia 14.3.2] Hcnojib3yeTCH b rjiaBe ?? npii ^OKasaTejiBCTBe npaBHJia JIonHTajiH ^jih pacKptiTusi Heonpe^ejieHHOCTefi 
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Tenept onaTb no TeopeMe Pojijih B . 2 . 2 1 aojiatHa cymecTBOBaTb tohkr £ £ (x;c) Tanas, hto 

/'(C) = o, 

h 3to CHOBa npoTiiBopeniiT ycjiOBiiio (|4. 3.521) . Mm nojiynaeM, hto HepaBencTBO /(y) ^ /(x) hgbo3mojkho . 

2. IIpoBepiiM, hto 6yneT, ecjin /(y) /(<£)• Ecjih /(y) = /(z), to no TeopeMe Pojijih 14.2.21 HanjeTCH 
tohkb, £ € (y; z) TaKaa. hto 

/'(?) = o, 

hto HeB03MO?KHO. 3HanHT, flOjKKHO 6biti> /(y) > f(z). Tor,n;a, ecjin o6o3Ha x fflTb C — f(z), TO MM nOJiyHHM 

f(x) < f(z) < f(y), 



n, no TeopeMe Konin o npoMejKyTOHHOM 3HaHeHnn 12.3.21 Ha HHTepBajie (x; y) flOJBKHa HanTncb Tanas 
tohkb, c £ (x; y), hto 

f(c) =C = f(z) 

Tenepb onaTb no TeopeMe Pojijih H . 2 . 2 1 aojiacHa cymecTBOBaTb TOHKa £ G (c; z) Tanas, hto 

f(0 = o, 

n 3to CHOBa npoTHBopeHHT ycjTOBHio (|4.3.52l) . Mm nojiynaeM, hto HepaBeHCTBO /(y) ^ /(x) tojkc HeB03- 

MOJKHO. □ 

JleMMa 4.3.2. B ycAoeusix meopeMu \4.3.2\ nycmt a, ft £ (a, b) - npou360Jit>nue mourn, cejisannue 
HepaeeHcmeoM 

a<0, 

Tozda: 

(a) ecAu f(a) < f(0), mo (fjyHKv ) uM f eo3pacmaem na unmepeajie (a;/3): 



f(a)<f(P) => |vx,ye(a;/?) (x < y /(x) < /(y)) 

(b) ecjiu /(a) > f(P), mo (fjyHKV ) UM f y6ueaem na unmepeaAe (a;/3): 

f{a)>f{fi) => [vx,ye (a;/9) (x < y /(x) > /(y)) 



fcj paeencmeo /(a) = /(/?) neeo3MODK.no. 
/J,OKa3ameAt>cmeo. 1. Ecjih /(a) < /(/?), to mm nojiynaeM jiorHHecKyio nenoHKy: 

/(a) < /(/?), a < x < /3 

V v ' 

jieMMa [4.3. If a) JJ- 

/(<*)< /(x) </(/?), a;<y</3 

V v ' 

jieMMa [4.3. If a) JJ- 

f(x) < f(y) < f((3) 
/(*) < f(y) 

2. Hao6opoT, ecjin /(a) > f(/3), to mm nojiynaeM n;enoHKy: 

f(a) > /(/?), a < x < (3 

" V ' 

jieMMa [4.3. If b) JJ' 

f{a)> /(x)>/(/3), x<y</3 

" v ' 

jieMMa [4.3. If b) \jr 
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f{x) > f(y) > f(P) 

V „ ' 

fix) > f(y) 

3. OcTaeTca ySe/niTbca, hto paBeHCTBO f(a) — /(/?) h6bo3mojkho. ,ZleHCTBHTejibHO, ecjiH 6m oho 
BbinojiHHjiocb, to mh nojiynnjin 6m no Teopeivie Pojijih |4\2.21 hto /'(£) = /i;jih HeKOToporo £ 6 (a, /3), a 
3to npoTHBope^HT ycjiOBHio (|4.3.52[) . □ 

/JoKa3amejit>cm60 meopeMu \4.3.2\ 3acpiiKCHpyeM npoH3BOjibHbie tohkh a,0£ (a, 6), CBH3aHHbie Hcpa- 

BeHCTBOM 

a < /3 

IIo jieMMe l¥.3.2f c). /(a) ^ /(/3), 3HanHT jxojdkho 6biTb jih6o f(a) < /(/?), jih6o /(a) > /(/?). PaccMOTpiiM 
KajKflBifi cjiynaii OTjrejibHO. 

1. IlycTb /(a) < /(/?). Toiyja no jieMMe l4.3.2f a). cpyHKHHH / B03pacTaeT Ha HHTepBajie (a;0). Ecjih 
Tenepb Bbi6paTb KaKHe-Hn6yflb tohkh x, y Tax, hto6m 

a<x<a<(3<y<b (4.3.53) 

to CHOBa no jieMMe B.3.21 cbvHKnng / flOjDKHa 6biTb CTporo mohotohhoh Ha HHTepBajie (x; y). Ilpn stom, 
KaK mm yjKe noHHjin, / B03pacTaeT Ha MeHbineM HHTepBajie (a;/3), 3HannT, OHa B03pacTaeT n Ha 6ojib- 
nieM HHTepBajie (x; y). IIocKOjibKy 3to BepHO fljia jho6mx x, y, yjTpBjieTBopaioiHHx ycjiOBHio (|4.3.53p . Mbi 
nojiynaeM, mo / B03pacTaeT Ha BceM HHTepBajie (a; b). 
^ajiee nojiynaeTCH uenonKa: 

/ B03pacTaeT Ha HHTepBajie (a; b) 

JJ< TeopeMa l4.3. lT a) 

/'(x)>0, xe(a;b) 

4J- 14.3.521 

/'(x)>0, xe(a;b) 

2. IlycTb Hao6opoT, f(a) > f(j3). Tor^a no jieMMe 14.3. 2f b). cpyHKHHH / y6biBaeT Ha HHTepBajie 
(a;/3). Ecjih Tenepb Bbi6paTb KaKHe-Hn6yn,i> tohkh x,y Tax, hto6m BbinojiHsjiocb (14.3. 53[) . to CHOBa no 
jieMMe [4.3.21 cbvHKHiia / jTOjisma 6biti> CTporo mohotohhoh Ha HHTepBajie (x;y). IIpH stom, KaK mm 
y»ce noHHjiH, / y6i>iBaeT Ha MeHbineM HHTepBajie (a; /?), 3HannT, OHa y6biBaeT n Ha 6ojibnieM HHTepBajie 
(x;y). IIocKOjibKy sto BepHO ,hjih jiio6mx x, y, yflOBjieTBopHionnrx ycjiOBHio (|4.3.53p . mbi nojiynaeM, hto 
/ y6biBaeT Ha BceM HHTepBajie (a; b). 

,Hajiee nojiynaeTCH uenonKa: 

/ y6biBaeT Ha HHTepBajie (a; b) 

JJ. TeopeMa 14.3.1T b) 

/'(x)<0, xe(a;b) 

J| 14.3.521 

f'(x)<0, xe(a;b) 

□ 

3KCTpeMyM. 

• ToHKa xo Ha3MBaeTCH 

TOHKOH CmpOZOZO AOKdJlbHOZO MaKCUMyMa (pyHKHHH /, eCJIH B HeKOTOpOH OKpeCTHO- 

cth (xo — 5; xq + S) tohkh xo BbinojiHHeTCH HepaBeHCTBO 

f(x) < /(x ) 

tohkoh cmpoaozo AOKaAwozo MUHUMyMa cpyHKinin /, ecjiH b HeKOTOpoii OKpecTHO- 
cth (xp — 5; xq + S) tohkh xq BbinojiHHeTCH HepaBeHCTBO 



/(*) > /(xo) 
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tohkoh AOKdJibHoso SKcmpeMyMa cpyHKHHH /, ecjiH OHa HBjiaeTca tohkoh CTpororo 
jioxajibHoro MHHHMyMa, hjih CTpororo jiOKajitnoro MaKCHMyMa. 

TeopeMa 4.3.3 (Heo6xoflHMoe ycjiOBHe jioKajitHoro SKCTpeMyMa). Ecau cfjyHKVAia f uMeem e 
moHKe xq AOKdAbHuu 3KcmpeMyM u duaiaiepemiAipyeMa e smou mouKe, mo 

f'(x ) = 

/J,oKa3ameAbcmeo. B TOHKe xq cpyHKiniH / flocriiraeT MaKCHMyMa hjih MHHHMyMa Ha hgkotopom hhtcp- 
Bajie (xq — 5;xo + 8), 3HaHHT, no TeopeMe <PepMa r4.2.1l /' (xo) =0. □ 

TeopeMa 4.3.4 (^ocTaTOHHoe ycjiOBHe JioKajitHoro aKCTpeMyivia) . Tlycmb (pynKuuK f ducficfiepeH- 
VjUpyeMa e neKomopou OKpecmnocmu (xq — 8;xq + 5) moHKU xq. Tozda 

ecAu f'(x) > npu x € (xq — 8;xo), u f'(x) < npu x G {x$; xq + 5) (mo ecmb npu nepexode 
uepe3 mouKy Xq npouaeodnaR Mennem 3hcik c + na —), mo xq ~ mouKa cmpozozo AOKaAbnoeo 
MciKCUMyMa; 

ecAu f'(x) < npu x € (xq — <5; xo) 7 u f'(x) > npu x € (xo; x$ + <5) (mo ecmb npu nepexode 
uepe3 mouKy Xq npou3eodnasi Mennem 3hqk c — na +), mo Xq - moHKa cmpozozo AOKaAbnoeo 

MUHUMyMCl. 

/J,OKa3ameAbcmeo. IlycTb npn nepexode nepe3 TOHKy xq npoH3BOjXHafl MeHseT 3Hax c — Ha +. Torjia 
no TeopeMe 14.3.21 Ha HHTepBajie (xq — 8;xq) (pyriKiniH / CTporo y6biBaeT, a Ha HHTepBajie (xq;xq + 8) 
(pyHKinia / CTporo B03pacTaeT, 3HaHHT xq - TOHKa jiOKajibHoro MHHHMyMa. 

AHajiorHHHO paccMaTpHBaeTca cjiynaft, Korjj,a npn nepexode Hepe3 TOHKy xq npoH3BOjj,Haa: MemieT 
3HaK c — Ha +. □ 



(b) Bt.inyKJiocTb h neperii6 

BbinyKJiocTb. IlycTb cpyHKHHH / onpejrejieHa Ha HHTepBajie (a; b) h nycTb a < a < j3 < b. IIpoBejxeM 
xop/ry nepe3 tohkh (a; /(a)) h (/3; /(/?)) Ha rpaepHKe cpyHKHHH /: 



YpaBHeHHe stoh xop^bi HMeeT bhjj, 

fjp) ■(x-a) + f(a) -W-x) 

y = a 

p — a 

• OyHKHHH f(x) Ha3bIBaeTCH 

eunyKAou eeepx Ha HHTepBajie (a; 6), ecjiH ^jih jhoGbix flByx tohck a,/3 : a < a < 
/3 < b rpacpHK cpyHKinin / Ha HHTepBajie (a, (3) jicjkht Bbinie xop/nj, to ecu, 

m .(x-a) + f(a).W-x) < a<a<x<p<b (4 . 3 . 54) 

p — a 

cooTBeTCTByiOH],aH KapTHHKa BbirjiaflHT Tax: 



eunyKAou enu3 Ha HHTepBajie (a; 6), ecjin jj,jih jho6bix ^Byx Tonex a, ft : a < a < 
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ft < b rpacpiiK cpyHKinin / Ha HHTepBajie (a, (3) jigjkht hhjkc xopflbi, to ecTb 

< M^4±MJ^, a<a <, </3 <6 (4.3.55) 
p — a 

cooTBeTCTByiomaH KapTHHKa BbirjiaflHT Tax: 



TeopeMa 4.3.5 (^ocTaTOTHoe ycjioBue BBinyKJiocTH ) . Tlycmb QiynKuusi f deaotcdu ducfxpepenuiipy- 
eMa na unmepeaAe (a; b). Tozda 

ecAu f"(x) < npu x £ (a; b), mo qiynKuun f eunyKJia eeepx na unmepeaAe (a; b); 
ecAu f"(x) > npu x £ (a; b), mo cfiyHKV/UJi f eunyiwia enu3 na unmepeaAe (a; b). 

/foKaeameA&cmeo. PaccMOTpiiM pa3HOCTb ueyKpy xop,n,ofi h (pyHKHiieii: 

f{fi) ■{x~a) + f(a) ■JJ3-x) f((3) ■ (x - a) + f(a) ■ (j3 - x) - f(x) ■ (j3 - a) 

a fi X ) = o = 

p — a p — a 

= fjj3) ■(x-a) + f(a) ■ (f) - x) - f(x) ■ (J) - a) + f(x) ■ (x - x) = 

f3 — a 

= [/(/?) ~ fix)} ■ (x - a) - [f(x) - f(a)} ■ ((3 - x) = 
(5 — a 

( npHMCHseM TeopeMy JIarpaH>Ka |4.2!3] 
fljia fix) Ha oxpe3Kax \x\ {3] h [a; a;]: 
HaiiflyTCH 8 £ [x; /3] h 77 £ [a; a?] 
Ta K ne ™ /(£) - /(» = f'{6) ■ (fi - x) 
\ Kf(x)-f{a)=f'(r,)-(x-a) 

f'(0) ■(P-x)-(x-a)- f{rj) ■(x-a)-(P-x) _ [f(9) - f'( V )} ■ - x) ■ {x - a) _ 

(3 — a (3 — a 

/cHOBa npHMEHHCM TeopeMV JIarpaH>Ka l4.2T3T \ , ~ \ /a \ I \ 
/ ho y5Ke fljisi f'(x) Ha OTpe3Ke \ f 11 (C\ ^ " ' ^' ' ' ^ ' 



TaKOC MTO 



HJia j Ha OTpc3KC I * v " ' 

HaftfleTCH J G [17; 6] I — •' ' o _ ~ 

/'W -/'(>?) = /"(e)-(e- ?7 ) / p 



3aMeTHM TenepB, hto (8 — rj) > 0, (f3 — x) > 0, (x — a) > 0, (/3 — a) > 0. 3HaHirr, ecjiii f"(x) < 
npH x £ (a; 6), to, b nacTHOCTH, /"(£) < 0, h nosTOMy 

/(^•(x-aj+^-^-a;) _ < Q 
/3 — a 

(to ecTb cpyHKL^HH / BbinyKjm BBepx Ha HHTepBajie (a;&)). Ecjih »ce f"{x) > npii a; G (a;&), to, b 
lacTHOCTH, f"(£) > 0, ii nosTOMy 

_ /(a;) < o 

j9 — a 

(to ecTb cpyHKn,HH / BbinyKjia bhh3 Ha HHTepBajie (a; 6)). □ 
IIeperH6. 

• ToHKa xo Ha3biBaeTca: mouKou nepezu6a (pyHKH,HH /, ecjin npn nepexo^e nepe3 BbinyKjiocTb 
BBepx MeHaeTCH Ha BbinyKjiocTb bhh3 (hjih Hao6opoT). Hhbimh cjiOBaMH, HMeeTCH HeKOTopaa 
OKpecTHOCTb (xq — 5; xq + S) Taxaa, hto Ha HHTepBajie (xq — 5; xq) cpyHKH,HH / BbinyKjia BBepx, 
a Ha HHTepBajie (xq;xq + S) OHa BbinyKjia bhh3 (hjih Hao6opoT, Ha (xq — 5]Xq) (pyHKi^HH / 
BbinyKjia bhh3, a Ha HHTepBajie (xq; xq + S) OHa BbinyKjia BBepx). 
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TeopeMa 4.3.6 (o TOHKax neperw6a). Ilycm-b $yHKV,Ufi f deawcdu duqiqiepenuupyeMci na unmepeaAe 
(a; 6), npuneM ee emopasi npouseodnaji f" nenpepuena na (a; 6). Tozda ecjiu mouKci xq £ (a; b) - moHKa 
nepezu6a cfryHKUuu f, mo f"(xo) = 0. 

/JoKa3ameJit)CTn60. IIpeflnojiojKHM, hto f"(xo) ^ 0, Tor^a jih6o f"(xo) < 0, jih6o /"(xq) > 0. Ecjih 
f" [xq) < 0, to, no TeopeMe o coxpaHeroin 3HaKa [2~.3.11 f"(x) < pjin Bcex x H3 neKOTopoii OKpecTHOCTH 
(xq — S;xq + S) tohkh xq. IIoaTOMy no TeopeMe 14.3.51 3toh rjiaBbi, f(x) 6ya;eT BbinyKjia BBepx BCKvry b 
OKpecTHOCTH (xq — 5; xq+S), n 3HanHT xq He mojkct 6biTb tohkoh ncpern6a. AnajiornnHO, ecjin f"(xo) > 0, 
to no TeopeMe o coxpaHCHHH 3HaKa [2~.3.1l f"(x) > pjia Bcex x H3 HeKOTopoft OKpecTHOCTH (xq — 8; xq + 5) 
tohkh Xq. IlosTOMy no TeopeMe 14.3.51 stoh rjiaBbi, f(x) 6y^eT BtmyKjia BBepx bcio^ b OKpecTHOCTH 
(.To — 5; xq + 8), n onaTb xq He MOJKeT 6biTb tohkoh nepern6a. □ 

(c) AcHMIITOTbl 

AcHMnTOTOii Ha3biBaeTCH npHMaa, k KOTopon rpacpnK cpyHKiniH "6ecKOHenHO npnGjiHscaeTca". Bojice 
TOHHoe onpe^ejieHHe 3TOMy nomiTHio BbirjiaflHT Tax: 

• IlycTB cpyHKiniH / o6jia,n,aeT cjieflyioinHM cbohctbom: 

lim f(x) — oo hjih lim f(x) = oo 

X— >XQ~0 X— ^Xq+Q 

Tor/i,a npsMaa 

x = Xq 

na3biBaeTCH eepmuK.ciA'bHou acuMnmomou cpyHKiniH /. 

• IlycTb cpyHKiniH / o6jiaflaeT cjieflyionniM cbohctbom: 

lim (f(x)-(k-x + b))=Q hjih lim (f(x)-(k-z + b))=0 

x— >+oo x— > — oo 

Torjj,a npaMaa 

y = k ■ x + b 

Ha3biBaeTCH hclkaohhou acuMnmomou (pyHKnnn / (npn x — > +oo hjih x — > —oo). 



o 4.3.1. CDyHKinia f(x) = — HMeeT BepTHKajibHyio o 4.3.2. QyHKiniH f(x) = — +x HMeeT HaKjiOHHyio 
acHMnoTy x — 0. acHMnoTy y = x. 



TeopeMa 4.3.7 (06 acHMmoTax). Ecmu npfiMan y = k ■ x + b jieAJiemcM hclkaohhou acuMnmomou 
<fiyHKV,UU f npu x — ¥ +oo (uau x — > — oo ), mo 



k = lim 



/(*) 



x— i-+oo x 



k = lim 



/(a 



x— > — oo x 



b = lim (f(x) — k • x) 

x— >-+oo 



b = lim {f[x) — k • x) 



J^OKaaameAbcmeo. Ecjih 



lim (f(x)-(k-x + b)) = 

x— f+oo 



f(x) = (k ■ x + b) + a(x) rjj,e a(x) 



nosTOMy 



n, KpoMe toto, 



lim 



= lim [ k + - 



x— »+oo x x—>-\-oo 



b a(x) 



.7'—^ -\--yc 



= k 



X X 



lim (f(x) — k • x) = lim (b + a(x)) = b 

x— f+oo x— f+oo 



AnajiorHHHO paccMaTpHBaeTCH cjiynait x — > — oo. 



(4.3.56) 
(4.3.57) 



□ 
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(d) 06m,a5i cxeMa nocTpoeHHa rpa- 

CpHKa CpyHKU,HH 

ITocTpoeHiie rpacpinca cpyHKinin yflo6HO npoBO/niTb 
no cjieflyiomeft cxeMe. 

1. Haxo^,HTCH o6jiacTb onpeflejieHHH; o6bmHO OHa 

COCTOHT H3 HHTepBajIOB (hJIH OTpe3KOB), KOH- 

hm KOToptix yzj,o6HO Ha3biBaTb cneniiajibHbiM 
TepMHHOM, HanpHMep, oco6umu uiohkclmu. 

2. HaxcyyiTCH npe^ejibi cpyHKiniH b oco6bix toh- 
Kax h BepTHKajibHbie aciiMiiTOTbi . 

3. Haxo^,HTCH npe^ejibi Ha 6ecKOHe T mocTii h Ha- 

KJIOHHbie aCHMnTOTbl. 

4. BbiHHCjiaeTca: nepBaa: npoii3BO/;Haa, c noMO- 
m,bio KOTopoii 3aTeM HaxoflHTCH HHTepBajibi 

MOHOTOHHOCTH II TO^IKII SKCTpeMyMa. 

5. BbiHiicjiaeTCs: BTopaa npoH3BOflnaa, c noiio- 
m,bio KOTopoii 3aTeM HaxoflHTCH HHTepBajibi 
BbinyKjiocTii BBepx ii bhii3 ii tohkh nepera6a. 

6. C yqeTOM nojiyneHHbix flamibix CTpoHTca rpa- 

CpIIK. 

OSmchhm 3Ty cxeMy Ha npiiMepax. 

o 4.3.3. IIocTpoiiM rpaepiiK cjieflyiomeH cpyHKHini: 

/O) 



x - 1 



1. CHanajia Haxo^iiM o6jiacTb onpeflejieHiia. 
OHa onpeflejiHeTca HepaBeHCTBOM x — 1 ^ 0, h no- 
3TOMy HM6GT Bim (— oo; 1) U (1; +00). ToHKa x = 1 

HBJIHeTCH OC060H TOHKOH CpyHKHHH /. 

2. 3aTeM Haxo,n,HM npepfijibi cpyHKinin b oco6bix 
TOHKax: 



lim fix) = lim — 

:->l-0 x->l-0 X - 



1 



1 2 + 1 

-0-: 

2 



lim fix) = lim — 

:^l+0 X - 



+ 0-: 
2 

+0 



H3 3tiix paBCHCTB cneflyeT, hto npHMaa x = 1 hbjih- 
eTCH BepTiiKajibHOH aciiMnTOTOii Hanieii <pyHKHHH. 
3. BbiHiicjiaeM npe^ejibi b GecKOHeiHOCTii: 



lim f{x) 
■— f +00 



lim 



1 



lim 



£C— t + OO X - 



hoo 1 

1 \ 

+00 1 



1 



1 

+00 



-OO 



lim f(x) = lim 



x— >— 00 a; — 1 



= lim 



00 1 — I 



1 - 



HmeM HaKjiOHHbie aciiMiiTOTbi no cpopiviyjiaM 
(14.3.561) h (14.3.571) : 



lim — - = lim 



1 



x— >+oc X 



>+oo x z 



lim — 

r— i-+oo 1 



= 1 



6 + = lim [/(as) - fe+ • at] 



= lim 

IE — > + OO 



X 2 + 1 



53-1 



- 1 • X 



lim 

X— 5- + 00 



x 2 + 1 - x(a; — 1) 



.x- 1 



lim 

a:— >+cx> 



X +1 — X + X 
x- 1 



1 + 33 

iim 

IE— >+00 X — 1 



lim 



+00 1 - I 



= 1 



3HaHiiT, npaMaa 



y = x + 1 



HBjiaeTCH acHMnTOTOft npii x — > +00. AimjiorHHHO 
nojiynaeM, hto L = 1 k L = 1. h nosTOMy Ta 
xce npaMaa y = x + 1 HBjiaeTCH aciiMriTOTOH npn 
x — > —00. 

4. HaxofliiM npoii3BO,n,Hyio: 



/'(*) 



x - 1 

(x 2 + 1)' ■ (g - 1) - (x - iy ■ (x 2 + 1) 

(a -l) 2 

2a; • (x - 1) - 1 • (a; 2 + 1) a; 2 - 2a; - 1 



(a;-l) 2 
PeniaeM ypaBHemie f'[x) = 0: 



(x-iy 



x 2 - 2x- 1 
/'(a?) =0 & — = 



7 Bojiee toihos onpe^ejieHHe: oco6oil moHKOu 4>yHKii;HH / 

45yHKU,HH /, TO eCTb TMaa TOTKa a, B JIK)6oH OKpeCTHOCTH 

onpe^,ejieHa h tomkh, b kotopbix f(x) He onpe^ejieHa. 



(x - l) 2 
fa; 2 - 2a; - 1 = 

((x-i)Vo 

<^> X = 1 — V2 HJIH X = 1 + V2 



Ha3i>iBaeTC5i jno6aa rpaHHHHaH TO^iKa o6jiacTH onpeflejieHHH 
KOTOpOH (a — e, a + e) co^ep^KaTCH tohkh, b kotopmx /(a;) 
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PiicyeM KapTHHKy, H3o6pa:scaioii]yio HHTepBajibi lim f(x) = lim {/ x 3 — 3x = 

3HaKOnOCTOHHCTBa npOH3BO,H,HOH, a 3HaHHT, HHTep- 
Bajibi MOHOTOHHOCTH cbyHKITHH f\ ,. 3L 3 . . 1 s . 

^ J J = lim x ■ y 1 = (+00 • 1) = +00 



lim f(x) = lim \/ x 3 — 3a 



5. HaxoniiM BTOpyio npoH3BonHyio: 



lim a; • \ / 1 = (—00 ■ 1) = — oo 



x 2 — 2x — 1 \ ' Hm;eM HaKjiOHHbie acHMnTOTbi no (popMynaM 



f (x) = [ {x _ l? ) = mm « 6337D: 

(z 2 - 2x - 1)' • (x - l) 2 - ((x - l) 2 )' • (x 2 -2x-l) _ 

(^i) 3 , /(a;) .. \/x 3 - 3x 

. , . . . . fc+ = lim = lim 

(2a: - 2) • (x - if - 2(x - 1) ■ (x 2 - 2x - 1) x->+oo x z^+oo a; 



x 2 



(x-1) 3 

PeinaeM ypaBHeHHe f"(x) = 0: 

b + = lim [f(x) — k + ■ x 

A X— V + OO 

/"(as) =0 & = & xe 



(x — l) 3 = lim yx^ — ix — 1 

x— >+oo L 



a; 



PHcyeM KapTHHKy, H3o6pa:scaioiiryio HHTepBajibi ( ^3 _ 3x _ „) . ( 3/ (x3 _ 3x) 2 + x . 3/ x 3 _ 3x + x 2j 

3HaKOnOCTOHHCTBa BTOpOH npOH3BOflHOH, a 3HaHHT, ~~ a-J+oo ^/ (x 3 _ 3x) 2 + x . ^3 _ 3x + .,. 2 

HHTepBajibi BbinyKjiocTH BBepx h bhh3 (pyHKHini /: v/fic 3 3x) 3 x 3 

= lim — 



{/(x 3 - 3a;) 2 + a; • S^a; 3 - 3x + . 
—3a; 

= lim — — ^=^= — 

x^+oo 3/(^3 _ 3^)2 _|_ ^ . .3/3.3 _ 32; _|_ , 

lim 

x— >-+oo 



^(1 - Jr) ' (^ 3 ~ 3sj + ^r 3 - 3a; + x 



6. PncyeM rpacpHK: 

= lim =^ — = 

'^ + °°-- (x/(i-^) 2 + vA^+i) 

3HaHHT, npaMaa y = x hbjihbtch acHMnTOTOH npii 
x — > +00. AHajiorHHHO nojiynaeM, ito fc_ = 1 h 
&_ = 0, h nosTOMy Ta »ce npHMaa y = x HBjiaeTCH 
acHMnTOTOii npn x —¥ — 00. 
4. Haxo^,HM npoH3BOflHyio: 



nx) = (yi 



3x 



' _ (x 3 - 3x)' 

~ 3(Vx 3 -3x) 2 ~ 
3a; 2 - 3 a; 2 - 1 



o 4.3.4. IIocTpoHM rpacpHK cpyHKrpiH 



f(x) = \/ x 3 — 3x 



3 (^x 3 - 3s) (a; 3 -3a;) f 
PeinaeM ypaBHemie / (ar) = 0: 



1. OneBH/i,HO, cpyHKii,Ha onpe^ejieHa Baopy, no- 
3TOMy o6jiacTb onpeflejieHiia ecTb bch ^iicjiOBaa 2 ^ 
npHMaa R = (-00; +00). /'(.t) =0 <^ 5- = 

2. OyHKHHH HenpepbiBHa Be3^e Ha M = (a; 3 — 3a;) 3 
(—00; +cxd), nosTOMy BepTHKajibHbix acHMnTOT HeT. ( x 2 _ ^ _ q 

3. BbimicjiHeM npeflejibi b GecKOHeHHOCTH: ^ "( 3 „ , „ ^ a; G { — 1; 1} 

I X OX -f— u 
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PncyeM KapTHHKy, H3o6pa>Kaioinyio HHTepBajibi 

3HaKOnOCTOHHCTBa npOH3BOflHOH, a 3HaHHT, HHTep- 
Bajibi MOHOTOHHOCTH CpyHKHHH /: 



5. HaxojTHM BTopyio npoH3Bo;THyio: 

2x 4 + x 2 + 1 



f"(x) 



x 2 -1 



K (a; 3 — 3a;) 3 / 
PeinaeM ypaBHemie f"(x) = 0: 



(a; 3 — 3a;) : 



2r 4 4- r 2 4- 1 

f"(x) = -2 + V = ^ a; e 

(a; 3 — 3a;) 3 

PncyeM KapTHHKy, H3o6pa:scaioiHyio HHTepBajibi 

3HaKOnOCTOHHCTBa BTOpOfl npOH3BO;THOH, a SHaiHT, 

HHTepBajibi BbinyKjiocTH BBepx h bhh3 (pyHKrpni /: 



6. PncyeM rpacpHK: 



» 4.3.1. nocTpoirre rpacpHKH cjiejiyioinrrx cpyHK- 
in-iii: 



1. y = tyx 2 



(3 



9x 4 / 3 (l- a: )5/3 

2. U=-^T. 

3. y = 



3 V*(l-*) 2 



4. y 



4(a;-2) 2 ' 



5. y = a;^/(a; + l) 2 

7. y = 



4 

- • e 3= 



3a; 2 - 9a; - 3. 



= x + V? 



1. 



(e) TpacJ)HKH c CHMMeTpaaMH 

HeTHtie ii HeneTHbie cpyHKirmi. HanoMHiiM, 
hto neTHbie h HeneTHbie cpyHKiniH Mbi onpe/jejni- 
jih b |§ l|[b)| rjiaBBi 10] KaK yflOBjieTBopinoiinie TOJKfle- 

CTBaM 

f(—x) = /(a;) (neTHOCTb), 
f(—x) = —f(x) (He^eTHOCTb) 
TaM »ce OTMenajiocb, hto rpacpHK HeTHOii cpyHKiniH 

/I,OJBKeH 6bITb CHMMeTpHieH OTHOCHTejibHO OCH Op- 

/niHaT, a rpacpHK HeneTHOii - neHTpajibHO chmmct- 

pHieH OTHOCHTejIBHO HaHajia KOOpflHHaT. 

OTCio,a,a cjie^yeT, hto ecjin Hail Hysmo nocTpo- 
htb rpacpHK leTHOfi cpyHKiniH, to ero floCTaTOH- 
ho nocTpoHTb Ha npaBoii nojiynjiocKOCTH, a 3aTeM, 
HTo6bi nojiy^HTb OKOH^aTejibHbifl pc3yjibTaT, oto6- 
pa3HTb nojiy^eHHyio KapTHHKy HajieBO CHMMeTpnn- 
ho OTHOCHTejibHO och opjjHHaT. Tohho TaK xe rpa- 
cpHK HeHeTHOH CpyHKHHH JTOCTaTOHHO CTpOHTb Ha 

npaBoft nojiynjiocKOCTH, a noTOM OTo6pa3HTb n;eH- 

TpajIbHO CHMMeTpHHHO OTHOCHTejibHO HaHajia KOOp- 

/niHaT. 3pfici> mm paccMOTpHM npHMepbi. 
o 4.3.5. IlocTpoHTe rpacpHK cpy hkhhh : 
f(x) — 2x — arcsina; 

1. 06jiacTb onpeflejieHHH: [— 1; 1]. Tohkh x = — 1 

H X = 1 HBJIHIOTCH OCo6bIMH. QyHKHHH HBJIHeT- 

ch HeneTHOH, nosTOMy HaM jrocTaTOHHO nocTpoHTb 
rpacpHK TOjibKO Ha OTpe3Ke x € [0; 1]. 

2. Ilpe^ejl B OC060H TOHKe KOHCHHblH 



lim (2a; — arcsina;) 

:-H-0 



2 — arcsin 1 



2-- 

2' 



3HaHHT BepTHKajIbHblX aCHMnTOT HeT. 

3. HaKjiOHHbix acHMnTOT tojkc HeT, nocKOjibKy 

X He MOJKeT CTpCMHTbCS K 6eCKOHeHHOCTH. 

4. IIpOH3BO,IITiaH: 



f(x) = (2x - 



arcsin x 



l'=2- 



1 



Ilpn x nojiynaeM f(x)=0 2 — 
1 



0^2 = 



\A-a 



Vl - a; 2 = i 4^ l-a; 2 = T 



,2 _ 1 
4 



c 2 = I a; = HHTepBajibi 3HaKonocTOHHCTBa 



npOH3BOflHOH: 



5. BTopaa npon3BOjj,Haa: 

W - ( a - ^=5)' -( s -< 1 --*)-*)' 
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(-2a;) = -x- (1 ~x 2 )~ 



IIpH x ^ nojiy^iaeM f"(x) = <^ — £ • (1 — 

X 2 )~2 = <^ X = 0. HHTCpBajIbl 3HaKOnOCT05IH- 

CTBa BTOpoii npoH3BO,n;HOfl:: 



6. FpacpHK (pyHKHHH fljra x ^ 0: 



0T06pa3HB 3Ty KapTHHKy CHMMeTpHHHO OTHOCH- 

TejiBHO Hanajia KOop/niHaT, mbi nojiyrnM nojiHtiii 
rpaepHK Haineii apyHKHira: 



3TOMy HaM flOCTaTOHHO nOCTpOHTB rpaipHK TOJIbKO 

Ha OTpe3Ke a; € [0; 2tt]. 

2. Oco6bIX TOHeK HeT, SHa^IHT H BCpTHKajIBHBIX 
aCHMIITOT HeT. 

3. HaKjiOHHbie acHMnTOTti mm He HineM, no- 
CKOjiBKy Hac HHTepecyeT tojibko OTpe30K x € 
[0;2tt]. 

4. IIp0H3B0,II,HaH: 

/' (x) — 3 sin 2 x cos x — 3 cos 2 x sin x = 

= 3 sin x cos x(sin x — cos x) 

Ilpn x G [0; 27r] nojiynaeM 

/'(x) = <^=> 3 sin x cos x (sin a: — cosx) = 

"a; e {0;7r} 



sin a; — 
cos x — 
sin a: — cos a: 



f 7T 37T 1 

(it 5-tt "I 



7T 7T 5-7T 37T 

= < <°u;2 ;7r; T ; T 

HHTepBajibi 3HaKonocTOHHCTBa npoH3BO,n;Hofl:: 



5. BTopaa npoH3BO^Haa: 



IIepHO/i,HHecKHe cjaymcipiii. HanoMHHM, hto 
nepnoflHHecKHe cpyHKiniH Mbi onpe/jejinjiH b 
rjiaBBi 10] KaK ynpBjieTBopHioinHe Tom^ecTBy 

f{x + T) = f(x) 

npn HeKOTopoM T > 0. TaM ace OTMenajiocb, hto 
rpaepHK nepHO/niHecKOH (pyHKHiin / .hojijkbh Ha- 
KjiaflbiBaTbca Ha ce6a npn cflBHre BnpaBO (h bjicbo) 
Ha hhcjio T (nepnofl). 

OTCiofla cjie/i,yeT, hto ecjin HaM nyjKHO no- 
CTpoiiTB rpaepHK nepHO/niHecKoii cpyHKHini, to ero 
floCTaTOHHO nocTpoHTb Ha OTpe3Ke BHfla [a; a + 
T], a 3aTeM, hto6bi nojiyHHTb OKOHHaTejibHbiii pe- 
3yjibTaT, cflBHHyTb nojiyneHHyio KapTHHKy bjicbo h 
BnpaBO HyjKHoe hhcjio pa3 (iTo6bi 3pHTejno CTa- 

JIO nOHSTHO, HTO CflBHraTb MOJKHO CKOJIbKO yrOflHO 

pa3 c TeM }Ke pe3yjibTaTOM) . 3flecb mbi paccMOTpHM 
npHMepbi. 

o 4.3.6. nocTpoifcre rpaepHK (pyHKHHH: 

f(x) = sin 3 x + cos 3 x 

1. 06jiacTB onpe^ejiCHHa: (—00; +00). QyHKinia 
HBjiaeTCH nepHO^H^iecKOH c nepHO,n;oM T = 2-7T, no- 



f"(x) — (3 sin a; cos a; (sin x — cosx))' = 
= 3 cos 2 x(sin x — cos a;) — 3 sin 2 x(sin x — cos x) + 
+ 3 sin a: cos a; (cos a; + sin a;) = 
= 3 (cos 2 x — sin 2 a:) (sin x — cos x) + 

+ 3 sin x cos x(cos x + sin a;) = 
= — 3(cosx + sinx)(cosx — sinx) 2 + 
+ 3 sin x cos x (cos x + sin a;) = 
= 3(cosx + sinx)[— (cos a; — sinx) 2 + sin x cos x] — 
= 3(cos x + sin x) [— cos 2 x — sin 2 x + 3 sin x cos x] = 
= 3(cosx + sin x) [3 sin x cos x — 1] 

Ilpn x 6 [0; 2n] nojiynaeM 
f"(x) = 

<^> 3(cos x + sin x) [3 sin x cos x — 1] = <^> 

cos a; + sin x — 



3 sin a; cos a; — 1 — 
cos x — — sin 
3 

— sin 2x — 1 



cos it — — sin a: 
3 sin x cos x = 1 
cos x — — sin x 
2 

sin 2a; — — 



«{t't} 



2a; — arcsin h 27rn 

3 



2a; — 7r — arcsin — + 27rn 
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■«{¥'¥} 

1 2 

x — — arcsin h -irn 

2 3 

7T 1 2 

a; — arcsin 1- 7rr< 

2 2 3 

ocxaBJiaeM tojtbko 

Te 3HaieHHH X, KOTOpbIC 

jrejKaT b oxpe3Ke [0; 2n] 



2 7T 

arcsin - ; — 
2 3 2 



1 . 2 3tt 
— arcsin — ; — ; 

2 3' 4 ' 

1 . 2 3?r 1 . 2 7tt i 
— arcsin — ; arcsin — ; — > 

2 3' 2 2 3 4 J 



HHTepBajIbl 3HaKOnOCTOHHCTBa BTOpOH npoH3- 

bo/thoh: 



6. Tpa(pHK (pyHiorHH Ha OTpe3Ke x G [0; 27r]: 



BnpaBO Ha nepnofl T = 2n, mh nojiy^HM nojiHbiH 
rpaepHK HaiHcfl (pyHKiiEH: 



» 4.3.2. IlocTpOHTe rpaepHKH wie^ryioiHHx cpyHK- 



,,sin a; -f cos x 



6. y 
7-2/ 

8. y 

9. y 

10. y 



-te 

arctg(sina;). 



a; In |x|. 

ln(sinx + cos x) 

_ x 2 + l 
Vix 2 -3 ' 

11. y = 1x — arctgx. 

12. y = -. 1 . 

& sin x — cos x 



CflBHHyB 3Ty KapTHHKy HecKOjibKO pa3 BJieBO H 



§ 4 IlpaBHJio JlonHTajia 

TeopeMbi o /nicpcpepeHinrpyeMBix cpyHKiniax, o6cy>KflaBiHHecH b stoh rjiaBe, no3BOjisiOT ,noKa3aTb BajKHOC 
npaeuAO Jlonumajia, c noMOinbio KOTOporo yn,aeTCH BbiHHCjiHTb "cjicoKHtie" npeflejiti (KOTOpbie HHanc 

COC^IHTaTb 6bIBaeT HeB03MCC«Ho). 

(a) PacKptiTHe Heonpe,a,ejieHHOCTeH ™na 2 

TeopeMa 4.4.1 (npaBHjio JlonHTajia ^jih npe,n,ejia b TO^nce c Heonpe/jejieHHOCTtio ^). 8 
Ilycmb (fynnunu fug o6Aadawm cjiedymiuuMU ceoucmeaMu: 

(i) fug onpedeAenu u duifufjepenuiipyeMU e neKomopou euKOAomou OKpecrrmocmu (a — e, a) U 
(a, a + e) tuohku a, 

(ii) lim f(x) = u lim g{x) = 0, 

x— >a a;— fa 

(iv) cyv^ecmeyem npedeji lim ^ S x \ (kohchhuu ujiu 6ecKOHeHHuu) . 

x— >a 9 W 

Tozda cymficmeyem npedeji lim npuueM 



U m 44 = lim4M 

s->a <?(x) e-hj <7'(x) 



(4.4.58) 



8 3Ta TeopeMa Hcnojib3yeTCH b rjiase [T2l npn ^OKasaTejibCTBe acHMiiTOTHHecKOH cpopMyjibi Teftjiopa- EleaHO 112.2. 2"71 
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/JoKa3ameAt>cmeo. Mto6h ^,0Ka3aTb (|4.4.58p , HyscHO B3HTb npoH3BOjibHyio nocjieflOBaTejibHOCTb x r , 
ct, x n ^ a, h y6e^HTbCH, *ito 

lim &1 = l im m 

n^oo g(x n ) x^a g'( X ) 

^oonpeflejiHM (pyHKHjHH / 11 g(x) b tohkc a cpopMynaMH 



/(x), ecjiHX € (a,b) 
0, ecjiiix = a 



K x ) 



g(x), ecjiHxG (a,b) 
0, ecjiH.T = a 



(4.4.59) 



Toiyja Ha KaxflOM OTpe3Ke [a, x n ] cpyHKiniH f{x) h g(a;) yupBjieTBopHiOT ycjiOBHHM TeopeMbi Kqhih |4~.2.4I 

1) fix) ii #(x) HenpepbiBHbi Ha OTpe3Ke [a, x n ], 

2) /(x) h gix) /nicpcpepeHHiipyeMbi na HHTepBajie (a, x n ), 

3) <?'(x) 7^ npH x G (a, x n ). 

3HaHHT, no TeopeMe Kohih 14.2.41 cymecTByeT TO^xa £ n G (a, a;„), Taxaa hto 



/"W - /(g) = f%J 
gi x n)- g(a) g'(£ n ) 

Ho, no (popMyjie (|4.4.59p . /(a) = g(a) = 0, noaTOMy 

fi x n) _ f'jU 

gixn) g'(£ n ) ' 

Tenepb ycTpeMHM n k GecKOHCiHoerii: 



£„ G (a, x n ) 



fi x n, 

lim —; — r 

n->oo g(a; n ) 



— lim — — r = lim 



9( x n) 



g'iU 



n £ (a, x 7l ), 
nosTOMy 



r /'(C) 

hm -— - 

«-►« 9 (0 



(HCBa>KHO, Kaxaa 
6yKBa ctoht nofl 
3H&KOM npe^ejia 



= lim 



/'(*) 



a #'(a;) 



KaK pa3 3to HaM ii Hysoio 6bijio npoBepnTb. 



□ 



TeopeMa 4.4.2 (npaBHJio JIonHTajiH ,o,jih npe,a,ejia b 6ecKOHeMHOCTH c Heonpe^ejieHHOCTtio 

^). Ilycmb (fyHKi^uu f u gix) o6Aadatom cjiedymmxiMU ceoucmeaMu: 

(i) fix) u gix) onpedejienu u ducficfiepeHi^upyeMU na neKomopoM MHODfcecmee (— oo, —E)U(E; +oo), 
(ii) lim fix) — u lim g{x) = 0, 

x— yoo x^oo 

(Hi) g'ix) ^ npu x G (— oo, — E) U (E; +oo), 

(ii) cyuificmeyem npedeA lim ^ ,\ x \ (kohchhuu uau 6ecKone%Huu) . 
Tozda cymficmeyem npedeA lim ^fcf, npuneM 

x— too 9( x ) 



fi x ) 



lim 



lim 

a-s-oo g'(a;) 



/foKasameAbcmeo. BbiHHCjiHM stot npefleji c noMombio TeopeMbi 14.4.21 



(4.4.60) 



lim 



m 

gi x ) 



i — > 

a;— >-oo 



/(|) 

E» g{\) 



= lim 



= (npHMeHaeM TeopeMv 14.4. 2\ — lim 



(/(l))' 



° (^(1))' 



lim 

t— s-0 



/'(!)•(-£) 



lim 



/'(?) 



x — > oo 
*->o 



lim 



□ 
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o 4.4.1. Bmhhcjihm npe^eji 

sin 2x 

lim 



►o arctg 3a; 

Jlnsi 3Toro Morao BOcnojn>30BaTbca TeopeMoii 

nan 



lim 



sin 2x 



I npHMCHneM \ 
\ TcopcMy 14.4.11/ 



x->o arctg 3x \ 

(sin2xV cos 2x -2 cosO-2 

= lim - — — = lim 



x->o (arctg 3x)' 



l+9x 2 



3 
1+0 

1-2 2 



3 3 

o 4.4.2. flpK&yneM eme pa3 cpopMyjiy (I3.3.163[) : 



lim = 1 

x-to x 



^eiicTBHTejibHO , 

e x - 1 /0 




lim 

s-»o a; 



/ npHMCHUCM \ 

\ TcopcMy 14.4.11/ 

,. (e x -l)' ,. 1 
lim — = lim — = l 

x^O l 



x->0 (x)' 

o 4.4.3. IIpaBiijio JToniiTajia moscho npnivieHflTB 
HecKOjibKO pa3 noflpHfl. IIoKajKeM sto Ha cjie/ryio- 
meM npiiMepe: 



l — cos x 



lim 

x->0 x 



(npHMCHHCM 
TeopeMy |4.4' 



4 



(l — cosx) smx fO 
lim y—^r = hm = — 

x->o (x 2 )' x->o 2x \0 



cHOBa \ (smx) cosx l 

= | npHMe HHCM = hm — — = lim = — 

TeopeMv UXT)/ x-fO (2x)' x->0 2 2 

o 4.4.4. Eme ofliiH npnMep, iyje npaBHjio JIonnTa- 
jih npHMCHHCTCH HecKOjibKO pa3: 



In COS X f \ / npHMeHHeM \ 

Uui " — - I - I - \ tcopcmv Bxgj 



= lim ( hc ^)' = li m ^'(- S ") 



x-*o (x 2 )' 



2 a; 



— smx 

= Km = I — I = I npHMCHHCM 

z->0 2XCOSX \ / V TcopeMv llXT 



cosx 



= lim -f ■ \- = lim — 

x-s-o (2xcosx)' x->o 2 cos x — 2x sin x 

-l l 
~~ 2-0 ~~ ~2 

o 4.4.5. Tenepb npnMep, iyje npHMemieTCH Teope- 



f — arctg x / 
lim - £ — - ; =-r- = 

z^+oo In (l + ^) 

(§- arctg x)' 

= lim 



/ npHMCHUCM \ 

\ tcopcmv I4.4?2l/ 



lim 



1+x 2 



+-(ln(l + ^r))' - + -T^-(-^) 



1 x 2 + 1 x d 

lim 

'-S-+o< 

» 4.4.1. BbraicjiHTe npeflejibi: 

1. lim aja|22. 

2. lim ts '-V 

a;— >0 slnx— x 

3. Hm 



lim 



+oo 



(b) PacKpt.iTHe Heonpe^ejieHHOCTeii rana ^ 

Teopeivra 4.4.3 (npaBHJio JIonHTajiH /i,jih npe,a,ejia b ToiKe c Heonpe^ejieHHOCTbio — ). Ilycmb 
(jjynKVjUU f u g(x) o6Aadawm CAedymv^uMU ceoilcmeaMu: 

(i) f(x) u g(x) onpedeAenu u du(p(pepeHV > upyeMU e neKomopou OKpecmHocmu mouKU a, 
(ii) lim f(x) — oo u lim g{x) = oo, 

x— >a x^a 

(Hi) g'{x) / e neKomopou euKOJiomou OKpecmnocmu moHKU a, 
(iv) cyuificmeyem npedeji lim ^ , \ x \ (KoneuHuu ujiu 6ecKonenHuu) . 

Tozda cymficmeyem npeden lim npuneM 

x— >a 9(x) 



lim 



a g( X ) 



lim 



a g'{ X ) 



(4.4.61) 



floKasameAbcmeo. 1. PaccMOTpnM CHanajia cjiyHafi, Kor,na npedeji lim ^ ,\ x \ KOHeneii: 

x— ya 9 (x) 



Una 



a g'(x) 



A € 



(4.4.62) 
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3a(J)HKCHpyeM HHTepBaji (a — 5, a), Ha kotopom g'(x) ^ 0. B ciuiy TeopeMBi 14.3.21 (pyHKinia g{x) jjpjiJKHa 
6bitb CTporo MOHOTOHHa Ha (a — 5, a). IIosTOMy, ecjin b3htb B03pacTaioiiryio nocjiejjpBaTejibHOCTB 



Xi < £2 < ■■• < x n < ■■■ < a, x n — > a 

n— ^oo 



to mm nojiyHHM, hto g(x n ) - CTporo MOHOTOHHaa 6ecKone x iHO 6ojibHiaa nocjieflOBaTejibHOCTb: 

g(x n ) — > +oo, g(xi) < g(x 2 ) < ... < g(x n ) < ... (hot g(x{) > g{x 2 ) > ■■■ > g(x n ) > ...J 

n— f oo V / 

HojIOJKHB 

Vn Q\p^7i)i %n — fi. x n) 

mm Tenepi> nojiynHM, hto nocjieflOBaTejibHOCTH y n h z n yn,OBjieTBopjnoT bccm ycjiOBHHM TeopeMBi IIItojib- 
na ll.2.8[ bo nepBbix, 



y n — > oo, 

n— yoo 



Vl<V2< ■■■ < Vn < ■■■ (HOT Vl> V2> ■■■ > Vn > 



H BO BTOpblX, 



i . Zn Zn — 1 n . J\ x n) J\Xn—l) 

lim = lim 



°°Vn - Vn-1 n ^°° g{x n ) ~ ff(Zn-l) 

TeopeMe Kouih[3231 \ f'(£,i) 

3e g (x 1X ) /c-)-/(^T) = /^l = lim ^( = 2.2 = A 

3HanHT, no TeopeMe IlTrojn>na ll.2.81 



lim — - — - = lim — = lim = A 

n^oo g(x n ) ™->oo y n n-i-oo y n - y n _ 1 

3to BepHO jijis bcskoh B03pacTaiomeH nocjie,n,OBaTejiBHOCTH x n — > a, 3HanHT, no TeopeMe 12.4.41 

lim 44-^ 



AHajiornHHO nojiynaeM 



2. PaccMOTpnM Tenepb cjiynaft, Korjia 



lim 44 = ^ 

lim = oo 

x->a (a;) 

Torfla g/^j ^ Ob HeKOTopoii bbikojiotoh okpccthocth tohkh a. (3to cjie/ryeT, HanpnMep, H3 onpeflejiemia 
npe^ejia no Kohih.) 3naHHT, ,f'{x) / Ob HeKOTopoii bbikojiotoh OKpecTHOCTn tohkh a. TaKHM o6pa30M, 
nojiynaeTCH: 

1) f'{x) ^ B HeKOTOpOH BBIKOJIOTOH OKpeCTHOCTH tohkh a, H 

2) lim - 

To ecTB BbinojinseTCH noctijiKa TeopeMBi, ho tojibko c nepecTaBjieHHbiMH CHMBOjiaMH / hj,mc ycjiOBHeM, 
hto npe^eji OTHOineHHH npoH3BOjj,Hbix KOHeneH. IIocKOjiBKy pjisi cjiynaa KOHenHoro npeflejia TeopeMa ysce 
jj,OKa3aHa, HMeeM 

9( x ) n ,. g'( x ) 

Urn Z±4 = = lmi !L±-L 

x^a f [x) x-Hl j'[X) 

OTKy^a 

lim . . = oo = lim 



a g{x) x^a g'(x) 

□ 

TeopeMa AAA (npaBHJio JIonHTajiH flJiH npe^ejia b 6ecKOHe T iHOCTH c Heonpe^ejieHHOCTtio 

— ). Ilycmb cfjyHKV ) uu f u g{x) o6jiadamm CAedywiu,UMU ceoucmeaMu: 
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(i) fix) ugix) onpedejienu u ducficfiepeHi^upyeMU na HeKomopoM MHOotcecmee (—00, —E)U(E, +00), 
(ii) lim f(x) = 00 u lim g{x) = 00, 

x— >oo x— yoo 

(Hi) g'(x) 7^ npu x € (—00, — E) U (E, +oo) 7 

(ii) cymecmeyem npede/i lim ^ S x \ (kohchhwu ujiu 6ecKOHewnuu) . 
Tozda cymecmeyem npedeji lim ^-fff , npuneM 

x— >oo 9( x ) 



lim 



/(a 



00) 



= lim 



g'(x) 



(4.4.63) 



ffoKa3ameA"bcmeo. 3^ecb Hcnojib3yeTCH tot »ce npiieivi, hto h b flOKa3aTejii>CTBe TeopeMbi 14.4.21 



lim 



M 

9(x) 



t — > 

x— yoo 



/(i) 

= lim — = (npiiMeHseM TeopeMy 14.4.31) = lim 

t-M) fl (i) t-M> 



(3(D)' 



lim 



lim mMzi2_ 



t ~. 1 X + , 



x — > 00 
*->o 



/'(*) 



lim 

k->oo <? (a;) 



□ 



o 4.4.6. BbiHHCjiiiM npedeji 

ctex 



lim 



x^+0 IliX 

fljisi SToro BOcnojib3yeMCH TeopeMaMii l4.4.3"l ii l4.4.ll 

ctga; 



lim 



>+o In a; voo 
- lim 



\ ( npHMCHHCM \ 

OO/ ~~ VTOopeMygXiy 



lim 



lim 



X-J-+0 (In a;)' a;-++o i 

1 -a 

(x)' , 1 



lim 

x->+o sin a; 



(npHMGH^CM \ 
TeopeMy 14.4.11/ 



= — lim 



x^+a (sin s)' k->+o 2 sin x cos a; 

1 

+0, 

o 4.4.7. Bbihhcjihm npedeji 

In a; 
lim 

^jih 3Toro BOcnojib3yeMca TeopeMoii 14.4.41 



OG 



In ar / oo \ / n p HMeHae M \ 

(In a;)' 



lim 



lim 



x— >+oo (a;)' x— >+oo 1 
o 4.4.8. Bmhhcjiiim npedeji 



-oo 



lim — 

x— v+oo g a 



\ ( npHMCH^eM \ 

OO/ ~~ VTeopeMy|4X4y 



3y 



Hm i^-= Km ¥-=(52.) 

:— >+oo (e x j >+oo Voo/ 

/ CHoea \ (3a; 2 )' 

: I npHMCHHCM ) = Km = 

V TeopeMv l4.4.4)/ x-t+oo (e x )' 



6x 

= lim — 

x— >+co 



cmc pa3 

= I npiIMCHHCM 

OO/ \ tcopcmv I4.4.4 



lim 4= f — 

>+oo (e 1 ) x— >+oo e 21 yoo 



= lim 



= 



» 4.4.2. Bbi^ncjiHTe npeflejiti: 

1. lim /"( 1+ * 2 > , . 

k->oo ln(§— arctgxj 

2. lim , X fT a L . 

x^a Me*-e°) 



3. lim e ;+f 

x— >+oo 31 e 



(c) PacKpfaiTHe Heonpe^ejieHHOCTeii • oo, oo — oo, 0°, 1°°, oo° 

IIoKajKeM Ha npinwepax, Kax c noMonrtio npaBHji JIomiTajia mojkho BHrancjiHTb npeflejiti c HeonpeflejieH- 

HOCTHMH • OO, OO — OO, 0°, 1°°, OO . 
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© 4.4.9 (Heonpe/jejieHHOCTfc BHfla ■ oo). Bbi- 
hhcjihm npe^eji 

hix /oo 

lim x • mx = (0 • oo) = lim — , — = — 

x->+0 z-y+O -!- Voo 

x 

(npHMeoeM \ i- (111 ~ 

T eopeMy|lX3)j " x ^ "fly" " ^ " 

= — lim x = 

© 4.4.10 (Heonpe^ejieHHOCTt BH^a oo — oo). 
Bbihhcjihm npe^eji 



lim x _>o cos x 



lim 

x-t% \ cos x 



tg x I = (oo — oo) 



lim 



1 — sin x ( 



(npHMGHHCM \ 
TeopoMyEXTjj 



,. (1 — sin a;)' — cosx 
lim ; — = lim = 



z-y* I COS x ) 



sin a; 

>0\ 



© 4.4.11 (Heonpe^ejieHHOCTb BH^a ). Bbrac- 
jihm npe/i,eji 



lim x x = (0°) = lim e' 11 ^ = lim e xlnx 

x->+0 v ' x^+0 a;->+0 



glim x _>_|_o ^ l n ^ 



/ npHMeH5ieM\ i 

I npHMcp 3.1 J ^ 



© 4.4.12 (Heonpe/i,ejieHHOCTB BH^a 1°°). Bbi- 
hhcjihm npe^eji 



lim cosx cts2x = (1°°) = lim e ln \ cosxC * *) = 

x^Q x^O 



'IT?*"; 



1-lima- 



\ / npHMenaeM \ _ 

e i \ TeopeMv l4.4.1li - 



(In cos a;) 



(sin ; x y _ e 
lim x _x) 



linij. 



1 

7^ 



© 4.4.13 (Heonpe,n;ejieHHOCTB BHfla oo°). Bbi- 
hhcjihm npe,n,eji 

lim (lnx)i = (oo°) = lim e ln< - lnx ^ = 



x—>-\-oc 

1 

= lim e~ 

x— *-+oo 



x— ¥-\-oo 



(eS) 



(npHMCHHCM \ 
TcopcMy I4.4.4j/ 



IinifE 



(ln(inaQ)' 



» + oo x In x 



» 4.4.3. BbiHHCjiHTe npe^ejibi: 

1. lim x 2 • e~ 2x . 

EC— >+CO 

2. lim \nx • ln(x — 1). 

x-^1+0 

4. lim {yfx — In x). 

5. lim (in 1 )*. 

i 

6. lim (In 2x) ln * . 



a;— y+oo 



In 



7. lim (l + sin 2 x) 

x->-0 v 

8. lim (1 - x) 

x-s-l-O 

9. lim (ln(x + e)) 7 

x— >+0 



(d) IIpaBHjio JlonHTajia fljia nocTpoeHHa rpacpHKOB 

UpaBHjio JIonHTajiH Hcnojib3yeTCH Be3,n,e, r^e Hysoio BbinncjiHTb npeflejibi, KOTopbie sjieMeHTapHbiMH 
cnoco6aMii Haft™ Tpyznio. Taxoe, b nacTHOCTH, cnynaeTCH npn nocTpoenHii rpacpHKOB, h bot TnnH^iHbift 
npiiMep. 



© 4.4.14. IIocTpoHTe rpaepiiK (pyHKHHii: 
f(x) — x 2 ■ In \x\ 



npHMCHHCMX 

npaBHjio J 
JlonHTajiH I 



lim 



X 



h0 -2ar 



lim 



ho -2 



1. 06jiacTb onpeflejieHHa: (— oo;0) U (0;+oo). 
ToHKa x = hbjihctch oco6oii. OyHKii,HH HBjiHeTCH TQjibKO npn x 
neTHOii, nosTOMy HaM ^ocTaTOHHO nocTpoiiTb rpa- 
cpiiK tojibko Ha HHTepBajie x £ (0; +00). ^ 

2. IIocKOjibKy Hac HHTepecyeT tojibko o6jiacTb 
x G (0; +00), b oco6oh TOHKe x = mm BbiHiicjifleM 
o,n,HOCTopoHHHH npe,i],eji: 



SHa^IHT, BepTHKajIbHblX aCHMnTOT HeT. 

3. HaKjiOHHaa acnMnTOTa Hac TOJKe HHTepecyeT 
+00: 



lim m 

x^+00 x 



lim x ■ In \x\ 

x— >-\-oo 



lim x ■ In x 

x— >+oo 



00 



lim x 2 ■ In \x\ — lim x 2 ■ In a; = (0 • 00) 



3to 03HaHaeT, hto h HaKjiOHHbix acHMnTOT HeT. 

4. IIp0H3B0flHaH: 



= lim 



In: 

K> x~ 



f'(x) = {x 2 ■ \n\x\)' = 2x-\n\x\ + 



2 1 

£ • — 
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= x ■ (2 In \x\ + 1) CTBa BTopoii npoH3BO,i];HOH: 

Ilpn x > nojiynaeM f'(x) = <^=> 21nx + 1 = 
<^=> In x = — | <^=> x = e~2. HHTepBajiti 3HaKono- 

CTOSHCTBa npOH3BOflHOH: 



6. TpacpHK (pyHKE,HH fljia x > 0: 



5. BTopaa npoHSBOflHaa: 

/"(x) = (a;-(2In|a;| + l)y = (21n|a:| + l)+a:-- = 
= 2In|a;|+2 = 2(In|a;| + l) 

0T06pa3HB 3Ty KapTHHKy CHMMeTpHHHO OTHOCH- 

IIpH x > nojiynaeM f"(x)=0 ^ In a; + 1 = 4^ tcjibho och op/praaT, uu nojiymM nojiHtifl rpa<piiK 
ln.x = — 1 <=> x = e _1 . HHTepBajibi 3HaKonocTOHH- Hanieft (pyHKinra: 



rjiaBa 5 

HEOIIPEAEJlEHHblH HHTErPAJl 



OnepainiH iiHcpcpepeHinipoBaHHH KajKflOH cpyHKinin F ctrbiit b cooTBeTCTBiie ee npoH3BOiiHyio F'. B 
3toh rjiaBe Mbi noroBopiiM 06 o6paTHOfi onepainiH, KOTopaa no npoH3BO,zniOH F' no3BOjiaeT onpe^ejiHTb 
HCxoflHyio cpyHKiniio F. 



§ 1 Heonpe^ejieHHbift hhtg- 
rpaji 

IIpH BbiHHCjieHHH HeonpeflejieHHbix HHTerpajiOB 
ot CTaH,u;apTHbix cpyHKiniii OKa3BiBaeTCH yflo6HbiM 
npeflCTaBjiHTb sth HHTerpajiBi KaK onepanini He Ha/; 
cpyHKE,HHMH, a Ha,i]; oflHopoflHbiMH JiHcpcpepeHHH- 
ajibHbiMH BbipajKeHHHMii CTcneHH 1 (cm. onpe,a,ejie- 
Hiie Ha c !421j) . HanpnMep, HTo6bi BbinncjiHTb hhtc- 
rpaji 1 

I lXiXdX 

yflp6no CHHTaTb, hto sto Taxaa onepainiH, koto- 
paa oflHopo^HOMy /n^dpcpepeHiniajibHOMy BbipajKe- 
hhh) CTeneHH 1 

In a: d x 

(a He cpyHKHHH f(x) = lax) eraBHT b cooTBeTCTBne 
HeKoe HncjiOBoe BbipajKeHne J In x d x. Xoth pa3- 
HHna KajKeTca: hhcto cpopMajibHoft, TeM He Menee 
yzpiBHTejibHbin cpaKT coctoht b tom, hto npn Ta- 
kom noflxofle BbiHHCjieHHH pe3KO ynpom,aiOTCH. B 
3tom naparpacpe mbi o6t>hchhm npaBHjia HaxojKjre- 
hhh HHTerpajiOB ot flHqScpepeHiniajibHbix TepMOB (a 
c hhmh h ot dpyHKinin) h npnBejreM npHMepti Taxnx 

BblHHCJieHHH. 

(a) 0/],Hopo/],Hi>ie ,n,HcpcpepeHLi,HajiL.- 
Hi>ie Bfaipa^ceHHa CTeneHH 1 

O npe^ejieHHe . 

• OdnopodnuMu duijj<jjepemj i uaA'bHUMu eupaotce- 
husimu cmeneHU 1 (b stoh rjiaBe mm jijih 
KpaTKOCTH 6yneM HHorjj,a Ha3biBaTb hx npocTO 
du^^epemjfUCUibHUMU eupaotcenusiMu) Ha3bi- 
BaiOTCH KOHenHbie nocjiejrpBaTejibHOCTH chm- 

BOJIOB, COCTaBJieHHbie HX HHCJIOBblX BbipajKe- 
1 HHTerpaji J In x d x 6y r n,eT no^CMHTaH h3,mh HH?Ke b npni 



hhh (onpe,nejieHHbix Ham Ha c ll90[) h cncnii- 
ajibHoro CHMBOJia d, Ha3biBaeMoro cfiopMaAb- 
hum ducfjfjjepeHi^uajioM, no cjiejryioinHM HHyryK- 
thbhmm npaBHjiaM: 

1) fljia jno6oro o^HOMecTHoro HHCjiOBoro bbi- 
pajKeHHH V ot nepeMeHHOii x 3anncB 

d(V) 

CHHTaeTCH flHCpdpCpCHI^HajIBHBIM Bbipa»ce- 

HiieM CTeneHH 1; o6Aacmbw donycmu- 
mux 3HaueHuu Taxoro flHcpcpepeHiniajib- 

HOrO BBipajKBHHH Ha3BIBaeTC3 06jiaCTb flfl- 

nycTHMBix 3HaneHHH ero npoH3BOflHOH V: 

2) ecjiH V - HHCjiOBoe BbipajKeHHe, a £ - 
^HcpcpepeHiniajiBHoe BbipajKeHne CTeneHH 
1, to 3anncH 

(V)-(£), (£)-(V), - 

TaiQKe CHHTaiOTCH ^HCpdpepeHI^HajIBHBIMH 

BbipajKeHHHMH CTeneHH 1; o6jiacmb dony- 
cmuMUX 3HaneHuu nepeMeuHou b nepBbix 
AByx H3 3thx flHdjcpepeHiniajiBHBrx Bbipa- 
>kchhh onpeflejiaeTCH KaK nepeceneHne 06- 
jiacTeft flonycTHMBix 3HaHeHnii jijih V h 
jijih T>: 

D ({V) ■ {£)) := D(?)nD (f) (5.1.2) 
D ({£ ) ■ (V)) := D (S ) n D (v) (5.1.3) 
a b TpeTteM - cpopMynoii 




= D(£) n D(V) \ {x : V = 0} 



(5.1.4) 

15.1.151 
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3) ecjiH T> h £ — flBa flHcpdpepeHiniajibHbrx 
BbipajKeHHH CTeneHH 1, to 3anncH 

(V) + (£), (V)-(£) 

TaKHce CHHTaiOTca flHcpdpepeHnriajibHbiMH 
BbipajKCHHHMH ctgiighh 1; o6jiacmb dony- 
cmuMux 3Ha%enuu fljra TaKiix /nicpcbepeH- 
u,Hajii>Hbix BbipajKGHiiH onpejrejiHeTCH KaK 
nepeceneHHe o6jiacTeii jjpnycTHMbix 3Ha- 

HeHHH flJIH T> H flJIH £: 

D ((D) + (£ )) := D (p) n D (f ) 

(5.1.5) 

D ((2?) - (P)) := D (z>) n D (p) 

(5.1.6) 

KaK h b cjiynae c hhcjiobbim BBipajKGHii- 
eM, Kaxcfloe flH(p(pepeHn,HajibHoe BbipajKCHHC 
jjpjxstHO 6bitb CHa6jKCHO yKa3aHHeM, Kaiaie H3 
BXOflHm,HX b Hero 6yKB hbjihiotch nepeMCHHbi- 
mh, a KaKiie napaivieTpaMH. 

PaBeHCTBO O^HOpO^HBIX /nicpcpepeHHHajiB- 

hbix BBipa»ceHHH CTeneHH 1. 

• ,H,Ba ^HcpcpepeHi^HajiBHBix BbipajKCHHa £ h T 
CTeneHH 1 CHHTaiOTCH paeHUMU na MHomce- 
cmee x e X, h H3o6pajKaeTca sto (popinyjioii 

£ = J 7 , 

xex 

hjih, b cjiynae, earn X = D(£)nD(J r ), to cpop- 
Myjion 

£ = F, 

n, HaKOHen,, b cjiynae, ecjiH X = D(£) = D(J r ), 
to <popMyjioii 

£ = T, 

ecjin hx mo>kho OTOJKflecTBHTb c noMOiHBio ane- 
/ryioiHHX HH^yKTHBHbix npaBHji: 

(a) yMHOJKeHne Ha nncjiOBoe BbipajKCHne no,n,- 
HHHeHO npaBHjiaM (3j\eci> PkQ - hhcjio- 
BBie BbipajKeHHH, a £ - jnidpdpepeHHHajib- 
Hoe CTeneHH 1): 



V -£ = £-V 

X -.£= £ - 
V V 



V-{Q-£) = {v-Q)-£ 

{v + Q) -£ = V ■£ + Q-£ 
!■£ = £ 



(5.1.7) 
(5.1.8) 
(5.1.9) 
(5.1.10) 
(5.1.11) 



(b) ecjin x - nepeMeHnaa, aPiQ - nncjiOBbie 

BbipajKeHHH, TO 



(c) pjm sjieMeHTapHtix hhcjiobbix BtipajKe- 
hhh /nidpcbepeHnriajibi 3a,n;aiOTCH cjieflyro- 
meft Ta6jiHH,eft (3^ecb BCKyry x — e/niH- 
CTBeHHaa nepeMeHHaa) : 



Ta6jiHua ^HCpcpepemiHajiOB: 



C 



e • Ax 



aX ) 



In a ■ a x ■ d x 



log a x 



1 



• d x 



x ■ In a 

In x ) = — ■ d x 

) x 

sin x) = cos x ■ d x 

cos x) = — sin x ■ d x 
1 



tga;) = 
ctg x) 
arcsin 



• d x 



1 



sin 2 x 



■ d x 



d x 



5.1.13) 
5.1.14) 
5.1.15) 
5.1.16) 
5.1.17) 
5.1.18) 
5.1.19) 
5.1.20) 
5.1.21) 
5.1.22) 
5.1.23) 



arccos x ; 



. \ 1 

mx = ; 

) = 1 • dx (5.1.24) 

arctgx) ee -'di (5.1.25) 

/ 1 + x z 

arcctg x) ee — — 2 ' d ^ (5.1.26) 



(d) jnidpdpepeHniiaji ot cyMMbi, pa3HOCTH, 
npoH3BefleHHH h nacTHoro jniiicpepeHHH- 
ajibHbix BbipajKeHHii no^inHaeTca npaBH- 
jiaM: 

d(p±g)=dP±dg (5.1.27) 
d(p-g) ee (dp) -e + P- (dQ) (5.1.28) 

7?\ _ (dp) -e--p- (dQ) 



Q 2 



(5.1.29) 



(e) ecjin V — o,ii;HOMecTHoe hhcjioboc Bbipa- 
jKeHne ot nepeMeHHOii x, a Q — oflHOMecT- 
Hoe HHCjiOBoe BbipajKeHHe ot nepeMeHHOii 
y, to fljra BbipajKeHHa, nojiyneHHoro nojj,- 

CTaHOBKOH , BbinOJIHSeTCH paBeHCTBO 



d Q 



y=V 



d y 



dV (5.1.30) 



TeopeMa 5.1.1. /pi^j ecswozo hucaobozo eupaotce- 
husi U om nepeMeHHOii x cnpaeedAueo paeencmeo 



Vdx = Qdx 

xex 



V = Q 

xex 

(5.1.12) 



dot ee - — • d x 
d x 



(5.1.31) 
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/JoKa3ameJit>cmeo. 3to flOKa3MBaeTCH HH^yKHHeft. 
rtpejK^e Bcero, H3 (|5.1.13[) - (|5.1.26|) cjiejryeT, hto 3Ta 
cpopMyjia BepHa pflR 3JieMeHTapHbix BbipajKCHHii. 
npe,n;nojiojKHM, hto OHa BepHa jijih BBipajKCHHfl flo 

nOpHflKa n BKJHOHHTejIbHO. IlyCTb hi - BbipajKCHHC 

nopa^Ka n + 1. Tor,n,a no onpe^ejieHHio, W 6yn,eT 
jih6o cyMMOii, jih6o pa3HOCTbio, jih6o npoH3Befle- 

HH6M, JIH60 OTHOHieHHeM, JIh6o KOMII03IiniICH Bbl- 

pajKeHHH nopa^Ka He 6ojibnie n. PaccMOTpHM KajK- 
jjebih H3 3thx cjiynaeB. 

Ecjih hi = V + Q, iyje V h Q - BbipajKeHHJi no- 
pa^Ka He 6ojH>nie n, to 

dW^dfp + g) = (l5X2TI) = d^ + dg = 



npe^nojioaceHHeN ^ ^ _i , ^ Q 



„„„ y _^-dx + — -d^imni 



dV_ d_Q 

d x da; 



da; = (|4.1.35p 



d (^ + g ) . 

= — - — ■ — • d x = - — • d x 

dx ax 

H tohho Tax xe paccMaTpHBaeTca cjiynaii W = 
P - Q. 

IIycTi> flajiee hi = V-Q, rjj,e PhQ~ BtipajKeHHa 
nopaflKa He 6ojn>Hie n. Tor,a,a 



dU = d(V-Q) = (15.1. 281) = d-P-C+-P-dO = 

/ npe^nojiojKeHHeA 

\ HHflyKI^HH y 

||.d.). 0+ i».(|f.d,)-(sn»- 
e-(H- d ') + "-(lf- da! ) Hn:8 " 

q . .dx+f-p. ^] . d x = (15XTUD = 
dx/ \ dx/ 

\ d x d x / 



d r s j 

= — — • d x = • d x 

d x d x 

Tenepb nycTb hi = ^ , rjj;e onaTb P h Q - bbi- 
pajKeHHH nopaflKa He 6ojn>Hie n. Tor^a 

'P s 



dW = d ( — ) = (15.1.291) 



dp) ■ Q-P- (dQ) 



_ / npeflnojiojKCHHe^ _ 

— \ HHflyKI^HH 



( iV 



d x) • Q - V ■ 



'dQ 
\ d x 









Q 2 




Q ■ 


(dV 
\dx 


dx) 


-P ■ 










Q 2 




(Q 


dV\ 

dx 1 


• d x 


-{V 


eh* 



e(EX7D = 

e (I5T91) eee 

(£EE) = 



e-S-^ftH 



Q 2 

O . 4£ _ -p d_Q 



(EX 



Q 2 



— • d x eee (14.1.381) 



= — — • d x eee - — • d : 
d x d x 



H ocTaeTca nocjiejTHHH cjiynaii, Kor,n,a hi = 
, h CHOBa PhQ - BbipajKCHHH nopsflKa He 
Gojibnie n. Toiyja 



d^EEEd ( O 

( 



eee (!5X!?nD = 



dQ 
dy 



»=7' 



•dP EE 



/ npcflnojiojKeHHe \ 

HH^yKi^iiH y 



dQ 
dy 



dP 
d x 



dx EE 



• ^ ) -dxEE (@X3i 

y=V ax 



dhi 

d x EE • d x. 

y=-p / d x 



d x 



□ 



Cjie^CTBHe 5.1.1. JIm6oe odHopodnoe du(p(pepeH- 
v t uajibHoe eupaatcenue £ cmenenu 1 om nepeMen- 
hou x UMeem eud 



£ = Sd. 



(5.1.32) 



zde S — HeKomopoe uucAoeoe eupaotcenue (c moil 
atce o6Aacmbw donycmuMtix 3HaueHuu nepeMen- 
hou). 



/JoKaaameJi'bcmeo. H3 TeopeMbi 15.1.11 h dpopMyjibi 
(|5.1.ip cjie^,yeT, hto sto BepHO pjm flHdpdpepcHri;H- 
ajibHbix BbipajKeHHH CTenenn 1 BHfla £ — dhi. Bee 
ocTajibHbie ,i];H(pdpepeHLi;HajibHbie BbipajKeHHH CTe- 
neHH 1 nojiynaiOTCH H3 Taxnx jih6o flOMmxeHHeM 
(cjieBa hjih cnpaBa), jih6o flejienneM Ha HHCjiOBoe 
BbipajKEHHe, jih6o npn6aBjieHHeM KaKHx-TO flpyrnx 
flHdpdpepeHHHajibHbix BbipajKCHHii CTeneHH 1, no- 
jiyHeHHbix TaKHM »ce cnoco6oM. Ho, BO-nepBbix, 
H3 dpopMyji (|5.1.7p - (|5.1.10p cjie^yeT, hto npn Bcex 
3thx oncpan,Hax MHOJKHTejib d x moscho BHHecTH 3a 
cko6kh, a BHyTpn cko6ok ocTaHeTCH KaKoe-TO hhc- 
jiOBoe BBipajKeHne. 3to h 6ya,eT S. 

A, BO-BToptix, H3 dpopMyji (|5.1.ip - (|5.1.6p cjie^,y- 
eT, hto npn KajKfloit H3 sthx onepan;HH (yMHOJKeHHC 
hjih /i,ejieHHe Ha nncjiOBoe Bbipa>KeHHe, hjih npn6aB- 
jichhc h BbiHHTaHHC flHdpdpepeHH;HajibHoro Bbipa>Ke- 
hhh) nojiyHaiomHeecH b CKo6Kax npn BbraeceHHH d x 
HHCjiOBoe BbipajKeHne S HMeeT Ty >Ke o6jiacTb j\o- 
nycTHMbix 3HaneHHH nepeMeHHoii, hto ,zni(pcpepeH- 
n;HajibHoe BbipajKenne £ (b kotopom d x em;e He bbi- 
HeceHO 3a cko6kh). □ 

HyjieBoe o/i;HopoflHoe ^HdpdpepeHU,HajiBHoe 
Bbipa>KeHHe CTeneHH 1. 
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HyAeeuM duajajepem^uaAbnuM etipaatcenueM 4. ^HCpdpepeHHHaji ot napaMeTpa: 
cmenenu 1 ot nepeMCHHOft x Ha3biBaeTCH bbi- 

pajKeHHe • d x. Oho pflsi yn,o6cTBa o6o3HaHa- dC = (|5. 1.13ft = • d x — 

eTca chmbojiom 0: 

5. Ecjih 6m dx = = 0- da;, to mm nanyHHjiii 

:= • d x. 6m 

l-dx = da; = = 0- da; 

(sto 03HanaeT, hto ecjin iyje-TO BCTpe^aeTCH 

3anncb £ = hjih 8 + hjih £ - 0. rpp £ - h b cnjiy (|5.1.12|) sto 03Haiajio 6m, hto d x mojkho 

Kaxoe-TO jTHCpcpepeHHiiajitHoe BbipajKeHne CTe- ot6poctb: 

ncHH 1, to nofl chmbojiom 3flecb noHHMaeTca 1 = 

0-dx). 

llocKOjibKy 3to HeBepHO, Hanie hcxo/hioc npcflno- 
jiojKeHHe, hto d x = 0, TO»ce HeBepHO. □ 

CBoiicTBa HyjieBoro 

^,HdpcpepeHi],Hajii.Horo Btipa>KeHHH: Cjie^cTBHe 5.1.2. Bchkuu napajviemp momcho eu- 

, „ . nocumb 3a 3hclk duaytfiepenuuaAa: 

yMHOotcenue na nyAeeoe ouqxpepenuuaAbnoe 

eupacucenue ecezda daem nyAeeoe dutpaiepen- d(C P) d? (5 1 38) 

VAiaAbnoe eupaamenue: 

V-0 = = 0-V (5.1.33) 



/J,OKa3ameAbcmeo. 





II 15.1.361 



d (C • V) = (15.1.281) = AC -V + C ■ dV = 



yMHoatcenue na nyAeeoe uucAoeoe eupaotcenue 
ecezda daem nyAeeoe duqia^epenvALaAbnoe eu- 
pacucenue: 

0-£ = = £-0 (5.1.34) =0_^P+C-dV = + C-dV = fcJJM =C-dV 

IIpu6aeAeHue nyAeeozo duaiaiepenVAiOAbnozo ^ I 5 - 1 - 33 ! 

eupazncenuH ne Mensiem 3uqiqiepeH'u i uaAbHoe 

eupactcenue: q 



£ + = £ = + £ (5.1.35) 

/JuqiqiepeH'u ) uaA om npou3eoAbHozo napaMem- 
pa paeen nyAto: 

dC = (5.1.36) 

r l(uqiqiepeH'u i uaA om nepeMennou nao6opom, ne 
Mowcem 6umb paeen nyAto: 

dx^O (5.1.37) 



KoHCTaHTBI. 

• HncjiOBoe BBipajKCHne V ot nepeMeHHOft x Ha- 
3MBaeTCH Koncmanmou na HHTepBajie /, ecjni 
onpe^ejiHeMaa: hm cpyHKHHH 

f{x) = V 
nocTOHHHa Ha stom HHTepBajie: 

Vx,yel f(x)=f(y). 
/JoKasameAbcmeo. 1. YMHoaceHHe Ha HyneBoe /pidp- 

, o 5.1.1. BcHKne HvjibMecTHoe (to ecTB He co/rep- 

cpepeHHiiajibHoe Bbipa>KeHHe: ^ v r 



P-0 = P-(o-dx) = (jErai) = (:P-oVdx = 0-x = 



jKanree nepeMeHHOft) hhcjioboc BBipajKeHne 6yjj;eT, 
oneBHflHO, KOHCTaHTOfi , HanpHMep: 



3 



2 



2. YMHOJKeHHe Ha Hyjie-Boe hhcjioboc BbipajKe- 2' vz ' 6 

sie: 

o 5.1.2. HeTpynrio npn/ryMaTt KOHCTaHTbi, coflep- 
• £ = (|5.1.32jl = • (S ■ d x) = JKamne nepeMeHHyio: 



ra=(0-5).dx = 0.x = {x + 1 f- x *- 2x , e —, sin^ + cos 2 .. 



3. IIpH6aBjieHHe HyjieBoro ,n;H(pcpepeHLi;HajibHoro 



TeopeMa 5.1.2. /Jasi bcmkou Koncmanmu V na 

BMpajKCHHH: T „ , 

npou360JibnoM unmepea/ie 1 nauoemcM nyAbMecm- 

noe uucAoeoe eupawcemie C , coenadawm.ee c V na 

£ + = (15.1.321) =S-dx + 0-dx = (15.1.101) = j. 

= (s + oYdx = S-dx=£ V = i C. 
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/JoKa3ameAbcmeo. 06o3HaniiM 



3KBHBajieHTHOCTb HHCJIOBblX Bbipa^CeHHH. 



f(x) = V, 



x e I. 



Bbi6epeM b HHTepBajie / KaKyio-HH6yflb TOHKy a, 
onpejxejiHeMyio KaKHM-Hii6yflt> HyjibMecTHbiM ihc- 
jiobmm Bbipa>KeHHeM A (Taxaa TOHKa HaiifleTCH, Ha- 
npiiMcp, mojkho B3HTb KaKyio-HH6yflb paniiOHajib- 
Hyio TOHKy b I — hmghho fljiH 3Toro Tpe6yeTCH, hto- 
6bi I 6mji HHTepBajiOM) : 



A = a £ I 



Ilocjie SToro nojiaraeM 



C = V 



x=A 



□ 



Teopeivra 5.1.3. JJam hucaobozo eupamceHusi TZ 
om nepeMeuHou x CAedywu^ue ycAoeuK 3Keuea- 
Aenrnmi: 

(i) TZ - KOHcmaHma na uwmepeajie I, 

(ii) npou3eodnasi TZ no nepeMeHHoil x paena nyAW 
na uHmepeajie I: 



dTZ 

d x xei 



0, 



(5.1.39) 



(Hi) duaiQiepenuuaA TZ paeen nyAW na unmepeaAe 
I: 

(5.1.40) 



dTZ = 0. 



J^oKasameAbcmeo. 3KBHBajieHTHOCTb ycjiOBiift (ii) 
h (iii) oneBHflHa, HMnjiHKannH (i) =>■ (ii) TOJKe, 

nOSTOMy HyjKHO TOJIbKO flOKa3aTb HMnjIHKaiTHIO 

(ii) => (i). IlycTb npoH3BOflnaa 1Z paBHa Hyjiio Ha 
HHTepBajie /. 06o3HaHHM nepe3 / dpyHKnino, onpe- 
flejiHeMyro Bbipa>KeHHeM 1Z: 

f(x)=1Z 



H, KaK b TeopeMe I5.1.2I Bbi6epeM b HHTepBajie 
/ KaKyro-HH6y,ii;b TOHKy a, onpeflejiseMyio kjikem- 
HH6yn,b HyjibMecTHbiM hhcjiobmm BbipajKBHHeM A 
(HanpHMep, mojkho b3hti> KaKyio-HH6yflb panno- 
HajibHyio TOHKy b /): 



A = ae I 



IlojIOJKHM 



C = 1Z 



x=A 



IIo jieMMe 14.2.11 dpyHKiniH / BCiojxy Ha HHTepBajie 
I 6yn,eT paBHa CBoeivry 3HaHeHHK> b tohkb a, 

f(x)=f(a), xel 

IlpHMeHHTejIBHO K BbipajKeHHSM TZ H C 3TO 03Ha- 

naeT, hto ohh coBnajiaiOT Ha I: 

TZ = C. 

xei 

□ 



• A Ba HHCJIOBblX BbipajKCHHS V H Q mm 6y- 

jreM Ha3biBaTb DKeueaAenmHUMU, h o6o3Ha- 
HaTb 3to 3anHCbK> 



V 



ecjiH hx flHcpdpepeHiniajibi hmkot oflHHaKOByio 
o6jiacTb flonycTHMbix 3HaHeHHii nepeivreHHOH 

D{dV) = D(d Q) 

h na KajKjxpM HHTepBajie / C D(d V) = D(d Q) 

BbipajKCHHH V 1A Q OTJIHHaiOTCH Ha KOHCTaHTy: 



V = Q + C, dC = 0. 

x£l xEl 



TeopeMa 5.1.4. HucAoetie eupaotcenuji V u Q 
uMewm odun u mom otce duaiaiepenVjUaA mozda u 
moAbKO mozda, Kozda ohu dKeueaAmmwbi: 

dQ = dV <^=> Q^V. 

/JoKa3ameAt>cmeo. 06o3HaHHB 

C = Q-V, 

Mbi nojiyHHM: 



dC = dQ-dV = 0, 

x£l 



nosTOMy no TeopeMe l5.1.3l C - KOHCTaHTa Ha /. □ 

(b) IIepBOo6pa3Haa h Heonpe^ejieH- 
hmh HHTerpaji 

• HncjiOBoe BbipajKeHne V Ha3biBaeTCH nepeoo6- 
pa3Hoil ,h,jih jTHcpcpepeniniajibHoro BbipajKeHHH 
E CTeneHH 1, ecjiH flH(pdpepeHH;Haji ot V tohc- 
flecTBenHO paBeH £: 

dV = £ 

(HanoMHHM, hto 3to npeflnojiaraeT paBeHCTBO 
D(dV) = D(£)). 

• HncjiOBoe BbipajKenne V Ha3biBaeTCH neonpe- 
deAenHUM unmezpaAOM, hjih npocTO unmezpa- 
aom, ot ;i,H(p(pepeHHHajibHoro BbipajKeHHH £ 
CTeneHH 1 c napaMempoM unmezpupoeaHUJi C, 
h o6o3Ha x iaeTCH sto 3anncbio 



V= \ £, 



(5.1.41) 



ecjiH 



(a) V HBjiaeTCH nepBOo6pa3Hoii fljia £ 

dV = £ (5.1.42) 
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(b) C HBjiaeTCH napaMeTpoM b V, npnneM jho- 
6aa flpyraa nepBOo6pa3naa Q ,zyia £ 

dQ = £ 

Ha jik)6om HHTepBajie JC D(£) nojiynaeT- 
ch H3 3aMeHoii napaMeTpa C na hcko- 

TOpOe HyjIbMeCTHOe HHCJIOBOe BbipajKCHHC 

C: 



Q = V 



C=C 



(5.1.43) 



TeopeMa 5.1.5. Ylycmt, uucAoeoe eupaomeHue V 
- KaKaji-Hu6ydb nepeoo6pa3Han 8ar £ , 

£ = dV 

npuueM MHOdHzecmeo napaMempoe y smux eupa- 
QfceHuu odno u mo otce, u 6yKea C e nezo He exo- 
dum. Tozda eupamcenue V + C MBAJiemcM neonpe- 
dejimnuM unmezpaAOM 3asi £ c Koncmanmou uh- 
mezpupoeanusi C : 



£ =V + C 



/JoKa3ameJit>cmeo. IlycTb Q - KaxaH-TO flpyraa 
nepBOo6pa3Haa fljia £: 

dQ=£=dV 



Torfla no TeopeMe I5.1.41 na bchkom HHTepBajie I C 
D (d Q) = D ( d T 5 ) Bbipa»ceHHH QiP OTjinnaiOTCfl 
APyr ot flpyra Ha HexoTopyio KOHCTaHTy C: 



Q = V + C 



Ho TeopeMe 15.1.21 KOHCTaHTy C mojkho Ha HHTep- 
Bajie / CHHTaTb HyjibMecTHOii. ITosTOMy 



V + C 



= V+C = Q. 

C=C x£l 



□ 



Ta6jiHij,a HHTerpajioB: 



s a di = — + C (5.1.44) 
a + 1 

dx 



In Id +C 



(5.1.45) 



a x dx = - — +C, (0<a^l) (5.1.46) 
In a 



e x d x = e x + C 

sin x dx ~ ~ cos x + C 

cos x d x — sin x + C 

dx _ 
7T- = tg x + C 



(5.1.47) 
(5.1.48) 
(5.1.49) 
(5.1.50) 



dx 

~ 2 

sin x 

dx 



a* + x* 
dx 



- ctg x + C 

1 x 
— arctg — 
a a 

x 



Va7 



C 
-C 



dx 



a z — x 
dx 
y/x 2 + A 



2a 



= In 



a + x 



a — x 



C 



+ Va 



.4 



(5.1.51) 
(5.1.52) 
(5.1.53) 
(5.1.54) 
+ C (5.1.55) 



/J,oKa3ameAt>cmeo. Bee cbopMyjibi 3flecb bbibo^htch 
c noMomtio TeopeMBi 15.1.51 b3hthcm flHcbcpepeHini- 
ajia. HanpHMep, H3 

„Q + 1 



(a + 1) • x° 



a + 1 J a + l 

cjie^yeT, cbopMyjia (|5.1.44p : 

x a dx = 



di = x a d x 



a + l 



C 



OopMyjia (|5.1.45p co/jepjKHT MO/rynb, nosTOMy 
fljia ee ^OKasaTejibCTBa Hysmo paccMOTpeTb ,n,Ba 
cjiynaa:: npn x > nojiynaeM: 



-(In \x\) 



, r 1 -(lnx) = 

dx dx x 

H npn x < nojiynaeTCH to >Ke caMoe: 



^(taM,-^^-,,).^,,,,,, 



I y \ 'J dx 
BMecTe 3to ^aeT (|5.1.45p . 



i-(-D-i. 

— X X 



□ 



! 5.1.1. BajKHO noHHMaTb, hto bo Bcex cbopiviy- 
jiax npaByro ^acTb mojkho 3anHCbmaTb no-pa3HOMy 
(noTOMy hto Heo6a3aTejibHO b 3anncH cjieflOBaTb 
npeflnncaHHHM TeopeMbi 15 . 1 .5[> . HanpHMep, 3aMe- 
hhb napaMeTp C Ha jik>6oh flpyroii hobbih napa- 
MeTp, mm nojiyHHM paBHOCHjitHbie dpopMyjibi, cxa- 
»ceM, TaKyio: 



d x = 



a + l 



D 



Tohho TaK jkb, mojkho npH6aBjiaTb k npaBoii nacTH 
pa3Hbie nyjibMecTHbie KOHCTaHTbi, h omiTb 6yn,yT 
nojiyHaTbca BepHbie dpopMyjibi, HanpHMep: 



x a dx 



a + l 



C+ 10 



Bojiee Toro, b cjiynae, ecjin o6jiacTb jj,onycTH- 
Mbix 3naHeHHH nepeMeHHOfi He coBnajiaeT co Bceii 
npHMOil, npaBaa nacTb ^onycKaeT cobccm 3K30- 
TH^ecKHe BapnaHTbi 3anncH. HanpHMep, dpopMyjiy 
(|5.1.45p Bnojme mojkho 3aMeHHTb Ha cpopMyny 



dx J In x + C, x > 
x \\n(-x) + D, x<0 



§ 1 . HeonpeflejieHHhiit iiHTerpaji 
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hjih Ha cpopMyjiy 



CBoficTBa Heonpe^ejieHHoro HHTerpajia 



— = In latl + C ■ sgnx. 
x 



Mm coBeTyeM HHTaTejno caMOCTOHTejiBHO npoBe- 
piiTb cnpaBefljiHBOCTb sthx dpopMyji. 

o 5.1.3. PaccMOTpHM flncptpepeHnnajibHoe Bbipa- 
jKeHHe 1 CTeneHH 

U = x 2 d{x 3 ) 

Ecjih BbiHecTH x 3 H3-nofl 3HaKa flHcpdpepeHnnajia 

d(x 3 ) = 3x 2 da;, 

to mm nojiy^HM KaHOHHHecKoe npe/i,CTaBjieHHe 

U = x 2 d(x 3 ) = x 2 ■ 3x 2 • d x = 3a; 4 d x 

OTdojra cjieflyeT, hto HHTcrpaji ot U moscho bbi- 
hhcjihtb c noMOiubio Ta6jnrnBi Ha c. 12481 



1°. Ecau ducfjtfiepeHi^uaAbHoe eupacHcenue £ 06- 
Aadaem unmezpaAOM, mo du(fi(fiepeHV ) uaA om 
amogo unmezpaAa moatcdecmeeHHO paeen £: 



d / £ = £ 



Ju = J x 2 d{x 3 ) = J 3x i dx 



= 3 x A dx = --x 5 + C 



o 5.1.4. Mojkho paccMOTpeTb noxo>Kee BbipajKe- 
Hne, b kotopom BbipajKeHHa nepe,i], h nocjie flHcpcpe- 
peHiniajia nepecTaBjieHbi: 

U = x 3 d{x 2 ) 

J\jir Hero KaHOHii^iecKoe npeflCTaBjieHne 6yn,eT bbi- 
rjiafleTb Tax: 

U = x 3 d(x 2 ) = x 3 ■ 2x ■ d x = 2x 4 d x 

H HHTerpaji nojiynHTCH flpyrHM: 



jU = J x 3 d{x 2 ) = J 2x^dx 



= 2 x 4 dx=--x 5 + C 



(5.1.56) 



2° . /JucfjcfjepewnuaA d 1Z npou360AtHozo hucaogozo 
eupaDKenuH 1Z ecezda o6Aadaem unmezpaAOM, 
Komopuu SKeueaAenmeH 1Z: 



dK^K 



(5.1.57) 



3° A/j^hthbhoctb: unmezpaA om cyMMU skbu- 
eaAenmeH cyMMe unmezpaAoe 

J {V + Q)dx^ Jvdx + J Qdx (5.1.58) 

4° O^Hopo^HOCTB: KOHcmanmy mochcho buho- 
cumt 3a 3hok unmezpaAa 



dC = 



/ (C ■V)dx7nC ■ J Vdx 
(5.1.59) 

3aMeHa nepeMeHHoii: ecAu V — nucAoeoe 
eupamcenue om nepeMeHHoii x, a Q — uuc- 
Aoeoe eupaatcenue om nepeMeHHoii y, mo dASi 
eupaoKenuH, noAyuenHozo nodcmaHoeKoii, eu- 
noAHRemcn 9KeueaAeHmHocmb 



y=V 



dV 



Qdy 



y=V 



(5.1.60) 



6° HHTerpnpoBaHHe no HacraM: 

VdQ^V-Q- { QdV (5.1.61) 



o 5.1.5. CjieflyroiHirfi npHMep noKa3biBaeT, mo HH- 
Terpaji mojkho BbiHHCjiHTB ot BBipajKeHHa c napa- 
MeTpoM (b ja,aHHOM cjiynae x 6yjreT nepeMeHHoii, a 
y — napaMeTpoM): 

/I 
x 2 d x = —x 3 ■ y + C, 

Ecjih jkb, Hao6opoT, x — napaMeTp, a y — nepeMeH- 
Haa, to OTBeT MeHaeTca: 



/JoKa3ameAt>cmeo. 1. OopMyjia (|5.1.56p - npocTO 
cjieflCTBne dpopMyjibi (I5.1.4ip : ecjin V = J £ , to 
dV = £. 

2. Ecjih V = f dK, to no (popMyjie (|5.1.4ip , 

dV = dU 

■JJ- TeopeMa |5.1.4l 

3. ,I],jih ji,OKa3aTejibCTBa (15.1. 58p o6o3HanHM 

U= I Vdx, 



V= / Qdx, 



J x 2 ■ y dy = x 2 ■ J \ 



1 



x -y dy = x ■ \ y d y = -x -y +C 



W = / ( F - Q j d ... 

Tor^a 

dW = Vdx + Qdx = dU + dV = d[li + V 

TeopeMa |5.1.4| 

w^u + v. 
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4. ,Hjih ,n,OKa3aTejii>CTBa (|5.1.59p nojiccKHM 
dC = 0, U = Jvdx, V = J(c-V}dx 
Torfla 

d V = ( C • V) d x = C ■ [V d xj = 

C-(du)= (110.3. 811) = d [C-U 



■JJ- TeopcMa l5. 1.41 

5. ^jih (|5.1.60p nojiojKHM 



U= Q 



y=V 



dV, V = / Qdy 



Torfla 



ii nosTOMy 



dU=[Q 



dy 



d7> 



y=7> 

= (15.1.301) = d ( V 

JJ- TeopeMa l5.1.4l 



y="P 



U w V 



6. OcTaeTCH (|5.1.6ip . 06o3HaHHM 



U= VdQ, V= QdV 



Toiyja 

d + v) 



= dW + dV = 7>dQ+Qd"P = 

= (15X2T1) = d Op ■ Q 

TcopcMa l5. 1.41 

U + V^V-Q 

a. 

U^V-Q-V. 



IIpHMeHeHHe dpOpMyjI a^HTHBHOCTH H OflHO- 

PO/i;hocth. HanHeM c (15.1. 58|) h (|5. 1 .59|) . 
o 5.1.6. 

2 + x 3 — 3 sin x 



1 + a; 2 



d X : 



2 dx + / x d x — 3 / sin x dx 



1 x 4 

dx = 2x+ — +3cosx— 5arctgx+C 

1 + x d 4 



o 5.1.7. 



d x s» / x 2 d x+ 



1 2 3 

— dx = -x 5 + 2tgx + C 



COS^ X 



IIpHMeHeHHe cpopMyjiM 3aMeHH nepeMeH- 
Hoii. HjijnocTpan,HH Ha npHMCHCHiie (|5.1.60p : 

o 5.1.8. KaK mbi ysce Bn^ejin, 



x 4 d x 2 = t 2 dt 



= —X 

t=x 2 3 



6 , (j 



3tot HHTerpaji mojkho bijIhhcjihtb. BbiHeca x 2 H3- 
no,n 3HaKa flHdpdpepeHiniajia, h ot SToro pe3yjibTaT 

He H3MeHHTCfl: 



x 4 d x 2 = / x 4 2x d x = 2 / x D d x 



= 7 X& + C = W + C - 
6 3 

o 5.1.9. Tohho TaKJKe mojkho ppyMH cnoco6aMH 
cocHHTaTb HHTerpaji 



h pe3yjn>TaT 6yn,eT ojxhum h TeM »ce: c o,h,hoh cto- 

pOHbl, 



j x 2 d -Jx = y i 4 d ! 



a c APyron, 



□ 



t=^/x 

lt 5 + C 
5 



d x 



t=^/x 5 



2V^ 



(c) BbiHHCJieHHe HHTerpajia 

IIoKajKeM Tenept Ha npHMepax, KaK Hcnojn>3yiOTCH 
(popMyjibi (|5.1.58p - (|5.1.6ip . 



1 f 3 . 1 2 5 _ 1 E 

= - / x 2 dx=----x 2 +C/=--xi 



C 



BbiHCceHHe ro-nofl 3HaKa /nidpcpepeHHHajia OKa- 
3biBaeTca nojie3HbiM cpe^CTBOM, ecjiH npn stom bbi- 
pajKCHHH ynpomaiOTCfl: 



§ 1 . HeonpeflejieHHhiit iiHTerpaji 
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oo 5.1.1. HHorfla BbraeceHne H3-nofl 3HaKa flHcJxJje- o 5.1.12. 
peHiniajia ynpomaeT iiHTerpaji h no3BOJiiieT cpa3y 
ero BbiHHCjiiiTb: 

x d In x = J x ■ — d x = J 1 d i = i + C, 

Ho TaK cjiynaeTCH He Bceiyja. HanpHMep, b cjie/iy- 
ioiii,eM HHTerpajie BtmeceHne 113-nofl 3HaKa /nidpdpe- 
peniniajia HHnero He flaeT: o 5.1.13. 



( *:H, .. [ IH Ujn ■[ H 'UJi ua 'm 

e sinx dsinx = / e y d y 



C 



y—sm x 

„sin x i /^f 

= e + G 



y— sin x 



e x d arctg a; 



d x 



o 5.1.10. 



(2x- 5) 10 da; 



y = 2x — 5 

_ V±5 
2 



.r 



/ BblHOCHM 



= I H3-nofl 3Haxa 
y— 2x — 5 Y/jncpcpcpeHHHajm 



2 /y 10 ^ 



i 



y=2x-5 2 • 11 



y 



c 



y—lx — h 



J-(2x-5) 11 + C=^(2x~5) 11 + C 



o 5.1.11. 



dx 



1 + 



y = l + y/x 
x=(y-lf 

2 



d(y- l)^ 
y 

y 

1--) dy 



y=l+^ 
y=l+^/x~ 
y=l + ^/x. 



= 2y-2\ny + C 

y=\+sjx 

= 2(l + A /i)-21n(l + v /i) + C 
» 5.1.1. Ha&^wie HeonpeflejieHHbie HHTerpajibi: 

1. f ««]BJ£ d x 

J X 



2./ 



^/ sin 2 x+3 
2x 



d a; 



4. f^ld^ 

J COS X 

5. f 2a;- 1 d;r 

J V 1— SC+^ 2 

6. / J^ln(x 3 + 1) d: 
8./- 



d x 



COS 3x d X = 1 15. 1.591 



1 



- 2 I rns St • 3 d T - ( bhochm 3 no fl 

- 3 / < - uod a- ^3HaK flHcpcpepeHniiajia 



i / cos 3x d 3x = — I c< >> ij d </ 



1 • 

= g sin y + 6 



1 



= - sin 3x + C 

y—3x o 



o 5.1.14. 

't S xdx 



SIM 



d x 



cosx 

15.1.591 = — 



— SIM 
COSX 



f BHOCHM — sin X DOfl 

I 3HaK .zjHcpcpepeHHHajia 



1 



d cosx 



y 



dy 



cosx 
= -ln|y|+C 



y— cos x 

= — In I cos x I + C 



oo 5.1.2. BHCCCHiie no,n, 3HaK /n^cpcpepeHHHajia: 

1 

2 

> 5.1.1. BHecHTe no,i], 3HaK ^nicpcpepeniniajia bto- 

pOft MHOJKHTejIb: 



x • In x d x = — / lnxdx 2 



e x -sinxdx, / x 4 -cosxdx, / x- 



1 



1 + x 2 



9. r^a^ dx 

J v cos a; 

10. J xV2x 4 -3 dx 
12. / .^ s * dx 

BHeceHne no/i, 3Hax /nidpcpepeHiniajia c nocjie- 
flyroiHeii 3aMeH0ii nepeMeHHbix no3BOjiaeT HHorfla 
ynpocTHTB HHTerpaji. 



> 5.1.2. B ynpa>KHeHHH 15.1.11 BHecnTe no/i, 3HaK 
^HcpcpepeHHiiajia nepBtiii MHOJKHTejib. 

HHTerpupoBaHHe no nacTHM. BioKa>KeM, k&k 
npHMeHHeTca dpopMyjia (|5.1.6ip . 

o 5.1.15. 



npHMCHSeM \ 

111 X d X — I HHTerpiipoBaHHe ) = 
no nacTHM J 

/ BblHOCHM In a; \ 
111 X • X — I £ din X = Hs-no^ snaxa ) = 
y flHcJxpcpeHUHajia J 

= 1 1 j ./'■-/' — / x • — d x — In x • x — j 1 d x — 

= \nx ■ x — x + C 
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o 5.1.16. 



/ BHOCHM € X \ 

Xe X d X = I nofl 3HaK J 



x a e 



yflHCpCpCpCHIIHaJia/ 
npHMCHHCM \ f 

HHTerpnpoBaHHe j = X? X — j C X d X = Xe^ — e^ + C 
no nacTSM / J 



o 5.1.17. 

xsinx dx 

x d cos x 



I- 



/ bhochm sin cc 

j nOfl 3H&K 

V flH<p<pepeHH,Hajia 



(npHMCHHCM \ 
HHTerpHposaHHC ) 
no Mac Til m J 



X COS X + J COS x dx 

= — (x cos x + sin x + Ci ) = — x cos x — sin x + C 
o 5.1.18. 



/ 



BHOCHM X 



X 2 In X d X = I nofl 3H&K 

\ flH tptp c pcH uh aji a y 



\ P / npHMeHaeM \ 

— / In X d X = I HHTerpnpoBaHHe J 
3 J y no MacraM y 

din*) = 



= x In 



(bbihochm In a: \ 
H3-no/j; 3HaKa J 
flH<pcpcpeHu;Hajia / 



— In X • X 

3 V 

= - ( lux ■ x 3 
3 



x 3 - dx 



I* 



d x 



- | In ./■ • x 3 



3** 



C 



1, 3 1 3 

- mx-x — —x - 
3 9 



■C 



» 5.1.2. Haiynrre HHTerpajiti: 



1) / Js# dx 

2) / xe 2x d x 

3) / arctgx d x 

4) J xcosx d x 

5) Jx arctgx dx 



^4— d x 

sin' 1 a: 



6) / 

7) / y/x In x d x 

8) / x"lnx dx 

9) / arcsinx d x 



HHor,n,a 6biBaeT Heo6xo#HMO npiiMGHHTB dpop- 
Myjiy HHTerpnpoBaHHH no nacTHM necKOjibKO pa3. 



o 5.1.19. 

x 2 e x d x 



bhochm e 

nOfl 3H&K 



(npHMCHHCM \ 
HHTerpnpoBaHHe ] = X 6 
no qacTSM y 



i 2 de x = 
d x 2 = 



(BBIHOCHM X 2 
H3-no,n 3Haxa 
flH(pcpcpcHu;Hajia i 

/ BHOCHM 

= [ nofl 3HaK 

y flH cptp c pcH hh aji a 

(npHMCHHCM \ 
HHTerpnpoBaHHe ) 
no MacraM J 



xV 



x 2 e x -2 [.re 



-I 

x - 2 J e x x d x 

/■ 



de x 
e x dx 



= x z e x -2{xe x -e x -d) 



x z e x - 2xe x - 2e x + C 



o 5.1.20. 



/ 



/ BHOCHM COS X \ 



X COS X d X = I nofl 3HaK J 
yflH(pcpepcHu;Hajiay 



/ 



/ npHMCHHCM \ 

X dsinX = HHTerpnpoBaHHe J 

\ no HaCTHM / 



/ 



BBIHOCHM 



x 2 \ 



X Sinx— / Sinx dx = H3-nofl 3HaKa I 



yflncpcpcpcHi^Hajia / 



= x smx 



x smx 



d x 



BHOCHM Sin X 
TIOR 3HaK 



,n,Hcp<pepeHirHajia 

pHMCHHCM \ 

HHTerpnpoBaHHe ) 

no HaCTHM J 



— 2 J x sin x 

2 J x d cos x — ^hhti 

= x 2 sin x + 2 (x cos x — sin x — Ci ) = 

= x 2 sin x — 2x cos x — 2 sin x + C 

» 5.1.3. Han/niTe HHTerpajrti: 

1) / x 2 sinx d x 

2) JVe"* dx 

3) J x In 2 x d x 

4) J x 3 d cosx, 

5) J" cosx d x 3 , 

6) / x d e 21 . 

CjiynaeTCH, hto HHTerpnpoBaHHe no nacTSM 
npHBO,u;HT k HCxo^HbTM HHTerpajiaM. B TaKHX cjry- 
naax Hy>KHO nocTynaTb cjre/ryiorrj;HM o6pa30M. 

o 5.1.21. 



/ 



(BHOCHM e X 
nofl 3HaK 
flH epep e pcH u,h aji a 

// npHMCHHCM \ 
Sin X d e X — I HHTerpnpoBaHHe J = 
y no HaCTHM J 



(BBIHOCHM Sin X \ 
H3-HOA 3HaKa J = 
flncpcpcpcHii.Hajia J 

(BHOCHM € X \ 
nofl 3HaK I = 
flHcpcpcpcHUHajia/ 

/ npHMCHHCM \ 
COS X d e X — I HHTCrpHpOBaHHC j = 

\ no MacraM / 



— e x sin x — J 



e^sinx-^cosx-y^dcosx 
= e x sin x — e 2 " cos x + / e^dcosx 



BBIHOCHM COS 2? 

= I H3-nofl 3HaKa I = 
yflHOp4iepeHi;Hajia J 



= e x sin x — e x cos x — / e 1 " sin x d x 

Mbi BepHyjrncb k HCxo/i,HOMy HHTerpajry. Ecjth Te- 
nepr. o6o3HaHHTb 



/ 



e x sinx d x, 
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to mm ncuryHHM ypaBHeHiie 

I = e x sin x — e x cos x — I, 
H3 KOToporo jierKO HaxoflHTCH I: 

21 = e x sin x — e x cos x 

I = -(e x sin x — e x cos x) 

Tenepb HyjKHO bciiomhhtl , ^tto HeonpejrejieHHMH 
HHTerpaji Bbi^incjiaeTCH c tohhoctbio pp kohctrh- 
th, noaTOMy OKOHHaTejibHbiit otbct 6yn,eT t&khmi 



/ 



e x sin x d x = — (e x sin x — e x cos x) + 



§ 2 CnemiajibHbie MeTo^bi bm- 
HHCJieHHa Heonpe^ejieHHbix 
HHTerpajiOB 

B 3tom naparpadpe mm orameM HeKOToptie npncMM 
BbiHHCJieHHa HeonpeflejieHHbix HHTerpajiOB. 

(a) PeKyppeHTHfaie cpopMyjiM 

HeKOTopbie HHTerpajibi yjraeTca Haton TOjibKO c 
noMOiHbio TaK Ha3biBaeMbix pexyppeHTHMx hhtc- 
rpajibHbix (popMyji. Hto sto Taxoe CTaHeT hcho h3 
cjiejryioin,ero npnMepa. 

TeopeMa 5.2.1. fljia unmezpaMoe 

dx 



o 5.1.22. 



'■ = /' 



j / IipHMCHHCM \ 

Y 1 — X 2 d X = I HHTerpnpoBaHiic J 

\ no HaCTHM / 



/ BblHOCHM y/1 — X 2 \ 

X = I K3-nofl 3Haxa J 
\ flH^tpcpcHUHajra / 

2 

d X = 



/ 

= x\J 1 — X 2 + J 

= x v ^ - J 7T=P d x + J VT=^ d x = 

= ,v/I^-/yr^d. + arcsin, + C 

Mbi BepHyjiHCb k HexoflHOMy HHTerpajiy. Ecjih Te- 
nepb o6o3HaHHTb 



(x 2 + a 2 ) n 

nepeuu U3 Komopux, no (fiopMyAe (??), paeen 

1 x 
h = — arctg — h C 
a a 

cnpaeedjiuea CAedymwfi,.n, peKyppewmnan $opM,yjia 



In 



+ 1 



vT 



2na 2 (x 2 + a 2 ) n 2na 2 
JJoKa,3ameAbcm60. 

f dx 

n+1 J (x 2 + a 2 ) n + 1 



x 2n — 1 T , ... 

+ ^r^r ■ In (n € N) 



I 



x 2 d x, 



a 2 J {x 2 +a 2 ) n + 1 
1_ f x 2 + a 2 - x 2 
d 2 J (x 2 + a 2 ) n + l 



-dx - 



d x = 
d x = 



to nojiynaeTCH ajire6paHHecKoe ypaBHeHne, H3 ko- 
Toporo HaxoflHTCH /: 

I = x\J 1 — x 2 — I + arcsin x + C 



a 2 J (x 2 +a 2 ) n a 2 J {x 2 + a 2 )™+ 1 

= 4/n-i / x 2 ■ (x 2 + a 2 )- ( " +1) ^ 
a 1 a 1 J 



d x = 



(BHOCHM X \ 
nOfl 3H&K | = 

flHCp(p c P CHl:l i Ilajla / 



21 = x\/ 1 — x 2 + arcsin x + C 

7 = - 1 — x 2 + arcsin x + C^j 

Br.i6paB HOByio KOHCTaHTy, nojiynaeM OKOHHaTejib- 
Hbiii otbct: 

JVT^ d x= l -(xVT^x- 2 + ^nx) + A 

» 5.1.4. HaftflHTe HHTerpajibi: 

1) / VTTx 2 d x 

2) J e x cos x dx 

3) / e 2x sin 2 xdi 

4) J cos(lnx) d x 

5) jT e arcsinx d x 



- ~ 2 In ^ / x ■ (x 2 + a?)- (n+1) d(x 2 + a 2 ) = 

( BHOCHM (X 2 + a 2 y {n + 1) \ 

ynofl 3H3.K flH4iOpcpeHi;Hajia J 

h In+ ^ J x d ( x2+a2 y n - ^ HTcrpHpycM 



V no ^la 



= Xln + -J-^x ■ (x 2 + a 2 ) n - 



a 2 2nd 2 



1 T 1 



^ / (x 2 +a 2 )- n dx = 
ia z J 

— I 

na 2 J 



dx 



a 2 " 2na 2 (x 2 + a 2 ) n 2na 2 J {x 2 + a 2 ) 
x 1 



1 T 1 

-^In + 



a 2 2nd 2 (x 2 + a 2 ) n 2nd 2 



In 



x 2n - 1 T 

+ — • h 



2nd 2 (x 2 + a 2 ) n 2nd 2 



□ 
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Tenept noKajKeM, KaK npHMemieTCH pexyppeHT- 
Haa (popMyjia l|5.2.1|) . 

o 5.2.1. Bbihhcjihm, HanpiiMep, HHTerpaji Ii. J^nn 
SToro b (popMyjiy (|5.2.1[) no/jCTaBHM n = 1: 



o 5.2.3. HanpiiMep, dpyHKin-iH 
x 2 + x + 1 2x + 1 



x - 2x + 1 



/ 2 = 



1 x 1 

2^ ■ (a;2 + a 2) + ^2 
X 



/l = 15.2.11 = 

1 X 

—r ■ arctg — h C 



x — 2 x 3 — x + 5 

HBJIHIOTCH paHHOHajIbHblMH, 'A (pyHKITHH 



SIM, 



2a 2 (x 2 +a 2 ) 2a 3 °a 



V^c — 3' 

He HBJIJHOTCH pan,HOHajIBHI>IMIl. 



2 X 



To ecTb, 



/ 2 = 



fix 



(x 2 + a 2 ) 2 
x 



— • arctg - + C (5.2.62) 



2a 2 (x 2 +a 2 ) 2a 3 a a 

o 5.2.2. Bmhhcjihm, HHTerpaji 73, pjin nero b (pop- 
Myjiy (|5.2.ip nojj,CTaBHM n = 2: 



/a = 



1 x 
I^ 2 ' (x 2 +a 2 ) 2 ' 4a 2 
x 



4a 2 (x 2 + a 2 ) 



T^j ■ -?2 = <5. 2.621 
+ 



1 X 

— — — ■ arctg — h C ] = 



4a 2 V 2a2 ( a;2 + a2 ) 2a3 a 
x 



3x 3 x 

— j--arctg — +C 



4a 2 (x 2 + a 2 ) 2 8a 4 (x 2 + a 2 ) 8a 5 b a 
To ecTb, 

dx 



(x 2 + a 2 ) 3 

^ 33< 3 x _^ 

= 4a 2 (x 2 + a 2 ) 2 + 8a 4 (x 2 +a 2 ) + 8^' arCtg a + 

(5.2.63) 

» 5.2.1. BbiBe^iiTe peKyppeHTHbie cpopMyjiti ^jia 
cjieflyioinHx HHTerpajiOB, 11 BbiincjiHTe hx npn n = 
2,3: 

1) J n = Jx k ln n x dx (neN) 

2) = / sin™ x d x (neN) 

(b) HHTerpHpoBaHHe paipiOHajit.- 

HL.IX CpyHKU,HH 

• OyHKiniii BHfla 

n 

/(x)=J]a fc -x fc (xel), 

fc=0 

iyie n G N h afe G M, Ha3BiBaiOTCH aAze6paune- 
ckumu MHoaouAenaMu hjih npocTO mhosohjic- 
hclmu (ot oflHoii nepeMeHHOii). Ecjih a n ^ 0, to 
hhcjio n Ha3biBaeTCH cmenewbto Muozoujiena f. 

• Pai^uoHdJibHoii cfiyHKi^ueii Ha3biBaeTca BCHKaa 
cpyHKiniH R(x), KOTopyio mojkho npe/iCTaBHTt 
b Bime OTHOineHHH flByx MHOroHjieHOB: 

P(x) 



B 3tom naparpadpe mm noKajKeM, k&k bbihhcjih- 
iotch HHTerpajibi ot panHOHajibHbix cpyHKiniH. 

HHTerpHpoBaHHe npocTeftniHX ^poGeft Ca- 

MblMH npOCTBIMH paHHOHajIbHblMH (pyHKUHHMH HB- 

jihhdtch TaK Ha3biBaeMbie npocmeiiuiue dpo6u, to 
ecTfa ,hpo6h cjiejxyioiHHx neTtipex thiiob . 

Thiibi npocTefiiimx ^poGefi 

npocTeftniHe flpo6n 1 Tiina: 

A 

x — a 

npocTeftniHe ,n;po6H 2 THna: 

- — (neN,n>l) 

npocTeftniHe jxpoQw 3 THna: 
Bx + C 



(p 2 - Aq < 0) 



ar + px + q 

npocTeiiHiHe flpo6n 4 THna: 

Bx + C , 9 

— - (p 2 - Aq < 0, n € N, n > 1 

(x 2 + px + q) n 

IIoKajKeM, KaK ohh HHTerpnpyiOTca:. 

o 5.2.4 (npocTeHinaa ^po6t 1 THna). ^jih Ta- 
khx jj,po6eft mojkho BbiBecTH o6m,yio dpopMyjiy: 



A 



x — a 
A 



y 



d x 

d(y + a) 



y = x — a 
x — y + a 



A 



y 



Abx\y\ + C 



= A\n\x - a\ + C 



o 5.2.5 (npocTefiniaH /i;po6b 2 rana). 3p,ect> 
TaKHce mojkho HafiTH o6m,yio dpopMyjiy 



.4 



d x 



R(x) 



Q(x) 



(x - a) n 

C 



y = x — a 
x = y + a 



= A I 



A 



(n - l)y n_1 



A 



-x—a (n — l)(x — a) n 



-C 
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o 5.2.6 (npocTeHLuan /j,po6t 3 Tnna). 3p,ecb, xo- 
th ii mojkho BMBecTH o6iiryio cpopMyny, ho 3anoM- 
HHTb ee y»ce 6yn,eT BpiLn, jih bo3mojkho. IIosTOMy 
Mbi npHBe,n;eM jihhib o6hhih njiaH fleficTBiiii. Mto6bi 
BbiHiicjiiiTb HHTerpaji 



Bx + C 
2 + px + 



dx (p 2 -4q< 0) 



HyjKHO CHanajia eudejiumt uojihuu Keadpam b 3Ha- 
MeHaTejie, to ecTb nepeniicaTb 3HaMeHaTejib Tax, 
HTo6bi nepeMeHHaa x BCTpenajiacb tojibko o/hih 
pa3: 



2 , 2 i n P 

x +px + q = x + 2- -■ x- 



(ir-d) ; 



+ q 



a 3aTeM BbipajKeHne b ckoGkbx 3aMeHiiTb Ha HOByio 
nepeMeHHyio: 

X+ 2 =V 

0Ka3biBaeTCH, hto npn stom Mbi nojryHHM TaSjinn- 
Hbie HHTerpajibi. 

IlpHBefleM HjijiiocTpainiio. IlycTi. Tpe6yeTcn bm- 
hhcjihtb HHTerpaji 



3a;- 1 



x + l 



d x 



IIoCKOJIbKy flHCKpHMHHaHT 3HaMeHaTejIH OTpHHclTe- 

jieH, 



p 2 - 4q = 1 - 4 



-3 < 



BbipajKCHHe no,u; HHTerpajiOM ,n,eHCTBHTejibHO hbjth- 
gtch npocTeHHieii ppo6bK> TpeTbero Tana. BbiflejinM 
nojiHbifl: KBa,n;paT b 3HaivieHaTejie: 



x 2 — x + 1 = x 2 — 2 • - • x - 



1 = 



= x- 



+ 



Tenept flenaeM 3aMeHy nepeMeHHon b HHTerpajie: 



3x- 1 



d x = 



3.x- 1 



3(y+|)-l 



'dy+\ 



d x 



J ' y 2 + 4 

3 d ^ 1 



dy = 



3 
4 

ncpBOM HHTerpajie\ 

— | BHOCHM y nOfl 3H&K ) = 

,n;H(pcpcpcHij;Hajia J 



~ 2 y y 2 + 3 + 2 y y2 4 



t d V = 



/b ncpsoM HHTcrpajicN 
flejiaeM 3aMeHy 

V z = y 2 + | / 



3 (d(z-\) 
2 



■i/ 



z 
z 



dy 



V 2 + \ 



z=y 2 +i 



+ 



dy 



y 2 + 



(npHMCHacivA 
cpopMyjibi | = 
(??) H (??)/ 



2 



12 2y 
H — • — == • arete — = 
*=y 2 +f 2 V3 V3 



i 



2 y ^ 

_ arctg — = + 6 = 
\/3 \/3 

B03BpamacMcsi\ 

K HCXOflHOH | = 

ncpcMCHHoii x J 



3 -m 

2 



'-2 



1 2 (a; -|) ^ 

— = -arctg v ^ 2/ +C 



•In ^ 



%/3 
2a;- 1 



a; + 1 + — = • arctg ■ 

1 V3 V3 



' Bccrfla 
. x 2 - x + 1 > 



= \ In - a; + l) + • arctg 



1 



C 



o 5.2.7 (npocTefiiiiaH /i;po6B 4 THna). JXfls. 
TaKHx flpoGeii bbibccth o6iu;yio dpopMyjiy h BOBce 

HCB03MOJKHO. IIjiaH fleHCTBHH JKe COCTOHT B CJiefly- 
IOIHCM . HT06bI BHHHCJIHTb HHTerpaji 



/ 



Bx + C 



(x 2 + px + q) n 



(nsN,n>l, p 2 -4q < 0) 



HyjKHO, Kax h b npeflbLTiyiHeM cjiynae, CHanajia bli- 
flejiHTb nojiHbiii KBa^paT y KBa^paTHoro TpexnjieHa 
b 3HaivieHaTejie, 



x 2 + px + q = x 2 + 2 • ^ • x + 



(§) 2 -(f)" 



< . P 
K X+ 2 



p 



+ q = 

,2 N 



3aTeM BbipajKeHHe b CKo6Kax 3aivreHHTb Ha HOByio 
nepeMeHHyio: 

, P 
X+ 2 =V 

IIpH stom nojiyHHTCa necKOjibKO HHTerpajiOB, H3 
kotopmx o,h,hh OKajKyTca Ta6jin x iHbiMH, a ^pyrne 
mojkho 6yn;eT BbinncjiHTb c noMombio peKyppeHT- 
hmx dpopMyji §7. 

IIpHBefleM njijHOCTpan;Hio. ITycTb Tpe6yeTCH bw- 
nncjiHTb HHTerpaji 



1 



2a; 



d x 



IIocKOjibKy ,ii;HCKpHMHHaHT 3HaMeHaTejia OTpnn,aTe- 
jieH, 

p 2 - 4q = 4 - 12 = -8 < 
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BbipajKCHHC nOfl HHTCrpajIOM flCHCTBHTCJIbHO HBJIH- 

eTCH npocTeiiineii flpo6bK> neTBepToro rana. Bbiflc- 
jihm nojiHbiii KBa/i,paT b 3HaMeHaTejie: 

x 2 + 2x + 3 = x 2 + 2-l-x + l 2 -l 2 + 3 = (x + l) 2 + 2 

Tenepb flejiaeM 3aMeHy nepeMeHnoii b HHTerpajie: 

x — 1 , f x — 1 



o 5.2.8. HanpiiMep, flpo6n 



x + 1 



(x 2 + 2x + 3) 2 

y = x + 1 
x = y- 1 
I/-2 



d x = 



((x + l) 2 + 2)^ 
V-2 



d x = 



x 2 +x + l' (x 2 - l)(x 2 + 4) : 
6ynyT npaBHjibHbiMH, a flpo6n 
x 2 + 1 x 3 



x 2 - 2x + 1 



x 2 - 2x + 1 



dy 



(2/ 2 + 2) 2 
ydy 



d(y-2) 



(y 2 + 2) 2 

= 2/ (7/2 + 2)2 
1 /■ d(z - 2) 
; 2i z 2 
\ f dz 



dy 



(y 2 + 2) 2 7 (y 2 + 2) 2 

(y 2 + 2) 2 = 
dy 



z=y 2 +2 

- 2 



z=!/ 2 +2 



npHMCHSieM 

cpopMyjibi 
(??) h J5. 2.621 



(y 2 +2) 2 
dy 



y 
1 

22 



{V2}'- 



z=y 2 +2 



1 



2(y 2 + 2) 
1 



arctg — = + C = 
4(y 2 + 2) 2(^/2)3 6 \/2 / 

1 y 1 , _y_<r 

'2(y 2 + 2) 2(y 2 + 2) 2^2 g ^2 

y + i V2 y 

= r^; r 1 arctg — = + C — 

2(y 2 + 2) 4 S V2 

/ B03BpamaeMC5i\ 

= I K HCXOflHOH ) = 



x 2 + x + l' (x-l)(x + 4)' x 
- HenpaBHjibHbiMH. 

JXflii HHTerpHpoBaHiia npaBHjibHbix ,irpo6eH 
HyjKHO nayHHTBca nojiB30BaTbCH cjieflyiomeii Kjiac- 
CHHecKofi TeopeMoii. 

TeopeMa 5.2.2. Bcslkciji npaeujitnasi dpo6ti odno- 
3hclhhum o6pa30M pacKJiadueaemcfi e cyMMy npo- 
cmeumux dpo6eil. 

Mh He 6yfleM ji,0Ka3biBaTb stot pe3yjibTaT, a 
jiHinb o6 r bacHHM KaK oh paSoTaeT. ftjin SToro no- 
jie3HO 3anoMHHTb cjieflyiomHC 

IIpaBHJia pa3Jio»ceHHH Ha npocTefiiiiHe ,n,po6ii: 

ecjiH b pa3jiojKeHHH 3HaMeHaTejia Q(x) Ha mho- 

JKHTejIH HMeeTCH MHOJKHT&JIb (x — a) n 

Q(x) = ... ■ (x - a) n ■ ... 



TO B pa3JIOJKCHHH npaBHJIbHOH flpO- 

6h q(x) b cyMMy npocTeitninx flpo6eii 
/jojckhbi npucyTCTBOBaTB cjiaraeMbie BH,na 

A x A 2 A„ , 

£ — a ' (x~a) 2 ' *"' (x — a) n ' 



\ ncpCMCHHOH X J 



A x A 2 



+- 



A, 



x + 2 



^ arctg ^ + C 



2(x 2 +2x + 3) 4 b y/2 

» 5.2.2. Bbi^iHCjiHTe HHTerpajibi: 

-i \ P dx . n\ P x d x . 

1 ) J x-7> ' J x 2 +7x + 13 ' 



3-z ' 

dx . 
l+5x ' 



2) / 

4 ) / (3z+2) a ' 



8 ) / 3x^+2+5 d:E ; 

9) / 2:r 2 +2£c+3 ^ X ' 

^/gjg^dx; 

n ) / ( K 2 +2a;+2) 2 d X ! 
12 ) / (^ 2 -3t+3) 2 d ' T ' 



HHTerpapoBaHHe npaBHjibHbix ^po6eii 

• Pau;HOHajibHaH dpyHKH,HH 

P(x) 



1^2 

Q{x) x — a (x — a) 2 ' (x — a) n 

ecjiH b pa3jio?KeHHH 3HaMeHaTejiH Q(x) Ha 

MHOJKHTejIH HMeeTCH MHOJKHTCJIb (x 2 + pX + 

q) n (p 2 -Aq<0) 

Q(x) = ... ■ (x 2 +px + q) n ■ ... 



TO B pa3JIOJKCHHH npaBHJIbHOH flpO- 

6h g|^| b cyMMy npocTeitninx flpo6eii 
ppjuKTUA npncyTCTBOBaTb cjiaraeMbie BH^a 

Biz+Ci B 2 a:+C2 B n x+C n . 

x 2 +px-\-q ' (a: 2 +p:r+g) 2 ' " * ' (x 2 +px+q) n ' 



B x x + Ci B 2 x + C 2 



R(x) 



Q(x) 



P{*) = 

Q{x) x 2 + px + q (x 2 + px + q) 2 

B n x + C n 



Ha3biBaeTca npaeuAbnou dpo6t,w, ecjiH CTe- 
neHb MHoroHjieHa b nncjiHTejie MeHbnie CTene- 
hh MHoroHjieHa b 3HaMeHaTejie: 

deg P < deg Q 



(x 2 + px + q) r 



IIoKajKeM Tenepb Ha npHMepax, hto sth npaBH- 
jia osHa^aiOT. 
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o 5.2.9 (cjiynaii HenoBTopnioiipixcH mhoxh- 
Tejiefi nepBoii CTenemi). PaccMOTpHM HHTerpaji 

9x 2 - 2x - 8 . 



4x 



Pa3jiojKHM 3HaMeHaTejib ,apo6H Ha mhojkhtcjih: 
x 3 - Ax = x(x 2 - 4) = x(x - 2)(x + 2) 

B COOTBGTCTBHH C nCpBbIM npaBHJIOM, 3T0 03Hana- 

eT, hto b pa3jiojKenHH Hanieii (npaBHjibHoii) jxpo6n 
b cyMMy npocTeitniHx ,npo6eH ,n;ojiHCHbi npncyTCTBO- 
BaTb cjie^yioiHHe cjiaraeMbie: 



A B 



C 



x' x - 2 ' x + 2 



To ecTb, 



9x 2 - 2x 



Ax 



A B C 
x x — 2 x + 2 



Tenepb Heo6xo,i];HMO HaiiTH KOScpdpHniieHTbi 
A, B, C JXjisi 3Toro npuseflfiM npaByio nacTb k 
o6m,eMy 3HaMeHaTejiio 



9x 2 



2x - 8 



x 3 — Ax 

_ A(x - 2)(x + 2) + + 2) + Cx(x - 2) 

~ x(x- 2)(x + 2) 

3th flpo6n fleficTBHTejiBHO 6y/ryT coBna^aTb, ecjiii 
y hhx coBnaflaiOT hhcjihtcjih: 

9x 2 -2x-8 = A(x-2)(x+2)+Bx(x+2) + Cx(x-2) 
^ajiee KOScpdpHniieHTbi A,B,C mojkho HCKaTb 

flByMH pa3HBIMH MCTOflaMH. 

ITepBbiH H3 hhx Ha3biBaeTca MemodoM neonpe- 
dejienHux KOBCpcpui^uenmoe. Oh coctoht b cjiefly- 
iomeM . CHaiajia npHBe,n;eM no [ n;o6Hbie cjiaraeMbie 
cnpaBa: 



9x l 



2x - 8 = {A + B + C)x 2 + (2B - 2C)x - AA 



CjieBa h cnpaBa 3anHcaHbi MHoronjieHbi ot nepe- 
mchhoh x. Ohh 6ynyT coBna,n,aTb TOjibKO ecjni y hhx 
coBna/i,aiOT KOsaptpHiniCHTbi: 

x 2 : 9 = A + B + C 
x 1 : -2 = 2B-2C 
x° : - 8 = -AA 

3ia 3anHCB 03HanaeT, hto hhcjio 9 hbjihctch Kosdp- 
(pHH,HGHTOM nepefl x 2 cjieBa, h oho C0Bna,n,aeT c hhc- 

JIOM A + B + C, KOTOpOe HBJIHeTCH K03<pCpHHHeHT0M 

nepefl x 2 cnpaBa, h t.r. Mm nojryiaeM jiimeHHyio 
cncTCMy, peinaH KOTopyio Haxo/niM nncjia A,B,C: 



A + B + C = 9 
2B-2C = -2 
-AA = -8 





Mbi HanijiH KOsdpcpHinieHTbi A, B, C mcto^om 
HeonpeflejieHHbix KOsepcpHinieHTOB. Tenepb noKa- 
sceM, KaK hx mojkho 6bijio HaHTH no-jipyroMy, a 
hmghho MemodoM uacmnux 3HaueHuu. 

Eme pas paccMOTpHM paBeHCTBO (|5.2.9D : 

9x 2 -2x-8 = A(x-2)(x+2) + Bx(x+2) + Cx(x-2) 
Oho ^ojkkho BbinojiHHTbCH npn jik>6om x. B nacT- 

HOCTH, npH X = 0, X — 2HX — —2. IIoCMOTpHM, 

bo hto npeBpamaiOTCH jieBaH h npaBaa nacTH npn 
3thx 3HaneHHHx nepeMeHHOfi: 



x = Q 
x = 2 
x = -2 



-8 = -AA 
24 = 8B 
32 = 8C 



A = 2 
B = 3 
C = A 



3t& 3anncb 03HanaeT, ito npn x = paBCHCTBO 
(|5.2.9p npeBpamaeTCH b paBeHCTBO —8 = —AA, ot- 
Kya,a cjieflyeT hto A = 2, h t.j\. 

B o6meM, kjikhm cnoco6oM hi cnHTait, nojiyna- 

eTCH 

' A = 2 
B = 3 
C = A 



3to 03HanaeT. ito 

9x 2 - 2x - 8 



x 3 — Ax x x — 2 x + 2 
h Tenepb, HaKOHeii, mojkho BbrancjiHTb Hani HHTe- 
rpaji: 



9x 2 - 2x 



- Ax 
dx + 



d x 



d x 



x-2 
3 Ink -21 



= 21n|a; 

(D — nocToaHHaH HHTerpnpoBaHHH) 



x + 2 
41n|x + 21 



D 



o 5.2.10 (cjiynafi noBTopHiomHXCH mhoxh- 
Tejiefi nepBoii CTeneHn). PaccMOTpHM HHTerpaji 

3.x + 2 



x(x + l) 3 

3HaMenaTejib flpo6n yjKe pa3jio»ceH na mhojkhtcjih: 
x(x + l) 3 
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B COOTBeTCTBHH C nCpBblM npaBHJIOM, B pa3JIOJKC- 

hhh Hainefi (npaBHjibHOH) ,irpo6H b cyMMy npocTeit- 
hihx ,npo6eH flOjBKHbi npncyTCTBOBaTb cjie^yioiri,He 
cjiaraeMbie: 



D 



C 



D 



x' X + V (X + 1) 2 ' [X + 



B 



C 



D 



3HaHHT, 

ix + 2 A 
x(x + l) 3 ~ x x + 1 (x + 1) 2 (x + 1) 3 

Tenepb Heo6xo,n;HMO HaifcrH KoacpcpHiriieHTbi 
A, B,C 1 D. Jijisi SToro npHBe,n;eM npaByio nacTb 
k o6meMy 3HaMeHaTejiio 

3x + 2 



x(x + l) 3 

_ A(x + l) 3 + Bx(x + l) 2 + Cx(x + 1) + Dx 

~ x(x + l) 3 

9th ,h;po6h fleficTBHTejibHO 6y/ryT coBna,ii;aTb, ecjin 
y hhx coBna,n,aiOT hhcjihtcjih: 

3x + 2 = A(x + if + Bx(x + l) 2 + Cx(x + 1) + Dx 

Tenepb KOScpcpHirneHTbi A,B,C,D jiynnie Bce- 

TO HCKaTb, KOM6HHHpyH MeTOfl HaCTHblX 3HaHCHHH 

c MeTOflOM HeonpeflejieHHbix KOsdpcpHinieHTOB. 



x = 
x = -l 

x 3 
x 2 



2 = A A = 2 

— 1 = —D +> D = 1 
= A + B = 2 + B +> B = -2 
= 3A + 2B + C = 2 + C => 

=> C = -2 



TaKHM o6pa30M, 



(A = 2 

B = —2 
C=-2 
D = 1 



1 



SHa^HT, 

3x + 2 _ 2 2 2 
x(x + l) 3 ~~ x x + 1 (x + l) 2 (x + l) s 

ii Tenepb mojkho bbihiicjijitb Hani HHTerpaji: 



3x + 2 
x(x + l) 3 



d x 



d x 



x + 1 



d x— 



(x + 1) 2 
21n larl - 21n|x+ 1 



dx + 



1 



(x + l) 3 
2 1 



d x = 



x + 1 2(x + l) 2 
{E - nocToaHHaa HHTerpiipoBaHiiH) . 



E 



o 5.2.11 (cjiynafi HenoBTopaiomHXCH mhoxh- 
Tejiefi BTopofi CTeneHH). PaccMOTpHM HHTerpaji 



x -2x + 2 



(x-l) 2 (x 2 + l) 
3HaMeHaTejib ppo6n yate pa3jiojKen Ha mhojkht6jih: 
(x-l) 2 (x 2 + l) 

B COOTBeTCTBHH C nCpBblM H BTOpbIM npaBHjiaMH, 

b pa3JiojKeHHH Hanieit (npaBHjibHOH) ,ii;po6h b cyM- 
My npocTeHHiHx ,n;po6eH flOjBKHbi npncyTCTBOBaTb 
cjie/ryioinHe cjiaraeMbie: 

A B Cx + D 

x-V (x- l) 2 ' x 2 + l 

3HanHT, 

x 2 - 2x + 2 



A 



B Cx + D 
(x - l) 2 (x 2 + 1) ~ x - 1 + (x - l) 2 + X 2 + 1 

HTo6bi HaiiTH K03(pdpHH,HeHTbi A, B,C 1 D, npHBe- 
,n,eM npaByio nacTb k o6meMy 3HaMeHaTejno 

x 2 - 2x + 2 



(x-l) 2 (x 2 + l) 

A(x - l)(x 2 + 1) + B(x 2 + 1) + (Cx + D)(x - l) 2 
(x - l) 2 (x 2 + 1) 

3th flpo6n coBnaflaiOT, ecjin y hhx coBnaflaiOT hhc- 
jiHTejin: 



x z - 2x + 2 = 
= A(x-l)(x 2 + l) + B{x 2 + l) + (Cx + D)(x-l) 2 

Tenept KoacpcpHirneHTbi A, B, C, D nmeii, kom- 
6nHHpyH MeTO/i, nacTHbix 3HaneHHH c mcto^om 
Heonpe,u;ejieHHbix KoacpdpHiriieHTOB. 



x = 1 

x 3 
x 2 



1 = 2B 

1 = A + C 

= -A + B-2C + D 

2 = -A + B + D 



IIojiynaeTca: CHCTeMa 

'2B = 1 

A + C = l 
-A + B -2C + D 
-A + B + D = 2 

3HanHT, 



= 



<+ 



<+ < 



1 



+ 



(A = 

C = 1 
D = ^ 

^ 2 



2x + Z 



(x-l) 2 (x 2 + l) 2(a;-l) 2 2(a; 2 + 1) 
h Tenepb mojkho BbinncjiHTb Hani HHTerpaji: 

x 2 - 2x + 2 



I 



(x-l) 2 (x 2 + l) 



d x = 
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1 



2(x- l) 2 



2x + 3 
2(x 2 + 1) 



d a: 



2(x 



1 /■ 2x , /■ 

— + J^TT) dx+ J 



i 



2 + i) 

rf(x 2 + 1) 
2(x 2 + 1) 



2(x 2 + 1) 
3 /" <ix 
2 



d a; 



h Tenepb mojkho BbinncjiHTb Hani HHTerpaji: 
2a; 2 - 3.x + 1 



/ 



x° 



1 



d a; 



x 2 + l 



2(x - 1) 

= -^x^) + \ Hx2 + l) + \ &TCigx+E 

(E - IIOCTOHHHafl HHTerpHpoBaHHa) . 

o 5.2.12 (eru;e oflHH cjiynafi HenoBTopHio- 
lu,hxch MHO>KHTejieH BTopofi CTeneHH). Pac- 
CMOTpiiM HHTerpaji 



/ 



2.T 2 - 3x + 1 

a; 3 + 1 



d x 



Pa3jio>KHM 3HaMeHaTejib Ha mhojkhtcjih: 
x 3 + 1 = (x + l)(x 2 -x + 1) 

B COOTBGTCTBHH C nepBbIM H BTOpbIM npaBHJiaMH, 

b pa3jiojKeHHH Hanieii (npaBHjibHoii) ppo6n b cyM- 
My npocTefiinHx jxpo6eii jjpjDKHbi npncyTCTBOBaTb 
cjiejxyioiinie cjiaraeMbie: 



A 



Bx + C 

x 2 — X + 1 



3HaHHT, 



2a: 2 - 3a: + 1 
x 3 + 1 



A 



+ 



Bx + C 



x + 1 x 2 — X + 1 



HTo6bi HafiTH KOsdpepHniieHTbi A, B,C, npHBejreM 
npaByio nacTb k o6meMy 3HaMeHaTejno 



2x 2 



3x + 1 A(x 2 



1) + (Bx + C*) (x + 1) 



a; 3 + 1 



(x + l)(x 2 - X + 1) 



3th jxpoGn coBnaflaiOT, ecjin y hhx coBnajiaiOT nnc- 
jiHTejin: 



2x 2 



3x + 1 = A(x 2 - x + 1) + (Bx + C)(x + 1) 



Tenepb KOScpdpHinieHTbi A,B,C HineM , kom6h- 
HHpya mctojj, nacTHbix 3HaneHHH c MeTOjrpM Heonpe- 
jrejieHHbix KOsdpcpHinieHTOB. 



IIojiyHaeTca: CHCTGMa 
•$A = 6 

A + B = 2 <= 
A + C=l 



6 = 3A 
2 = A + B 
1 = A + C 




3HaHHT, 



2a: 2 - 3a: + 1 
a; 3 + 1 



d x 



x + 1 
2 In la; + II 



y = x 



1 



x + 1 



d x = 



x = y 
1 



y 2 + 



2 In la; + 1| 



= 21n|x + II 



V 2 + (^) 



y=x + ± 

2 d y 



y=x + ± 



_ I npHMeHaeM \ _ 
— ^(popMyjiy (??) J ~ 



= 21n|x + II 



2 2y 

7! arctg VI 



y=x+± 



2 2 (x + i) 

= 2 In x + 1 -arctg v = 2J +D = 

2 2x + l 
= 2 In x + 1 -p. arctg — + D 

(_D - nocTOHHHaa HHTerpnpoBaHHH) . 

o 5.2.13 (cjiynafi noBTopmomnxcH MHOacnie- 
jiefi BTopofi CTeneHn). PaccMOTpnM HHTerpaji 



d x 



(x + l)(x 2 + l) 2 
3HaMeHaTejib flpo6n yste pa3jiojKeH Ha mhojkhtcjih: 
(x + l)(x 2 + l) 2 

B COOTBeTCTBHH C nCpBbIM H BTOpbIM npaBHJiaMH, 

b pa3JiojKeHHH Hanreit (npaBHjibHoii) jjpo6H b cyM- 
My npocTenninx ,irpo6eH jxojBKHbi npncyTCTBOBaTb 
cjieflyroinne cjiaraeMbie: 

A Bx + C Dx + E 



x+1' 



3HaHHT, 



(x + l)(x 2 



1) 



1 ' (X 2 + l) 2 



A Bx + C Dx + E 
+ 



x+1 



+ 1 (x 2 + l) 2 



HtoSm HafiTH K03dpcpHH,HCHTbi A, B,C, D, E, npn- 
Be/i,eM npaByio nacTb k o6m,eMy 3HaMeHaTejno 



(x + l)(x 2 + l) 2 

A(x 2 + l) 2 + (Bx + C)(x + l)(x 2 + 1) + (Cx + D)(x + 1) 
(x + l)(x 2 + l) 2 

3th jj,po6h coBnaflaiOT, ecjin y hhx coBnaflaiOT hhc- 
jiHTejin: 



x + 1 



x + 1 
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x 3 + 3 = A(x 2 + 1) 2 + 

+ (Bx + C)(x + l)(x 2 + 1) + (Cx + D)(x + 1) 
Tenepb KOScpcpHniieHTM A, B,C, D, E HineM, 

KOM6llHHpyH MeTOfl HaCTHblX 3HaHeHHH C MeTOflOM 

HeonpeflejieHHbix KOSipcpHin-ieHTOB. 



■1 



4A 



c 3 : l = B + C 



= 2A + B + C + D 



3=A+C+E 



IIojiy^aeTCH ciiCTeMa 



4A = 2 
A + B = 
B + C = l 

2A + B + C + D = 
A+C+E=i 



+> < 



A=\ 

c = l 

D = -2 
E = 1 



3HaHHT, 

a; 3 + 3 

(X+1)(X 2 + 1) 2 ~ X+l + X 2 + l + {x 2 + l) 2 

h Tenept mojkho BbnHCjiHTb Hani HHTerpaji: 



rj <-j X "" \~ 2lC — I - 1 



(x + l)(s 2 + l) 5 



2 1 2 



d x 



x + l 
-2a; +1 



d x 



X 2 + 1 7 (.T 2 + l) 2 

1 f dx 1 f x Ax 3 /" 



2 J x + l 2 J x 2 + l 2 J x 2 + 1 
2x d x f dx 



{x 2 + \y j {x 2 + \) 2 

1 . 1 fd(x 2 + l) 3 

= -lnl^ + ll - - / - y - r + -arctgx- 



, / b nocjieflHCM 

ax j 



HHTcrpajic 



d{x 2 + 1) 

(x 2 + l) 2 ' J (x 2 + 1)2 ~ I "P" MeH ££^ 
v y v y \cpopMyjiy J5.2.62| y 

1, . 1 , , , x 3 1 

-In x + l -- In x 2 + l+o ar ctga; + -j— -- 
2 4 2 x z + 1 

x 1 

- • arctg x + H = 



2{x 2 + 1) 2 
-In \x + 1| - - ln(x 2 + 1) + 2arctgx- 
1 a; 



a; 2 + 1 2(.t 2 + 1) 
(H - nocTOHHnaa HHTerpnpoBaHHfl) . 
» 5.2.3. BbiHHCjiHTe HHTerpajibi: 



H 



!) / x?+Ji-\x ^ X > ^) / 2 +2)(>-l) 2 ' 

2) Ij^^i 8) J f^j d^ 

3) /=^£=35 9) /■■':/ ! j:; : :-'d,: 

J (:r 2 +62: + 13) 2 ■ 1 fV| f 4a J -8x . 

, iU J J (x-1) 2 (k 2 + 1) 2 QX ' 

J J J (z+2) 2 (ie+4) 
(/;!' 



U ) / (x 2 +L+2) 2 d X 'l 

fil f rfx ■ 

u ^ J x 3 (x-l)> 12 ) J x 3 +2x 2 +3x+4 j 



z 4 +a; 3 +2a; 2 



HHTerpHpoBaHHe HenpaBHJitHbix ^poGeft. 

HanoMHHM (cm. npejibiixyiHHH no,n,nyHKT (b)) , hto 
pan;HOHajibHaH cpyHKHHH 



R(x) 



Q(x) 



Ha3BiBaeTca nenpaeuAbHou dpo6bm, ecjin CTeneHb 
MHoroHjieHa b HncjiHTejie Gojitnie hjih paBHa CTe- 
neHH MHoroHjieHa b 3HaMeHaTejie: 

deg P > deg Q 

0Ka3biBaeTCH, hto cnpaBejijiHBa 

TeopeMa 5.2.3. BcnKaH nenpaeuAbHasi dpo6b 
npedcmaeuMa e eude cyMMU MHozouAeua u npa- 
euAbuou dpo6u. 

OHa no3BOjia:eT bbihhcjihtb HHTerpajibi ot jiio- 
6bix pan,HOHajibHbix dpyHKn,Hii (noTOMy hto jiio6yio 
pan;noHajibHyio dpyHKn;Hio mcmkho npeflCTaBHTb b 
BHfle cyMMbi MHoroHjieHa n npaBHjibHon ,hpo6h, a 
hx mm ysce yMeeM HHTerpnpoBaTb) . 

o 5.2.14. PaccMOTpnM HHTerpaji 

5x 3 + 9x 2 - 22x - 8 



/ 



a; 3 — 4a; 



d x 



Pa3flejiHB HHCjiHTejib Ha 3HaMeHaTejib c ocTaTKOM, 
nojrprHM 



5a; 3 + 9x 2 - 22a; - 8 
a; 3 — Ax 

IIosTOMy 

5a; 3 + 9a; 2 - 22a; - 8 
a; 3 — 4x 



9a; 2 - 2a; - 8 
a; 3 — 4a; 



d x 



f 9x 2 - 2x - 8 , 
5 ax+ / 5 da; 

J x 6 — 4a; 

(BTopofl HHTerpaji 
Mt>i y5Ke HamjiH 
b npHMepe !5.2.9l 

= 5a; + (2 In |a;| + 3 In \x - 2| + 4 In \x + 2\ + D) 
o 5.2.15. PaccMOTpnM HHTerpaji 
2a; 4 + 5a;2-2 , 



2a; 3 - x - 1 

Pa3/i,ejiHB HHCjiHTejib Ha 3HaMeHaTejib c ocTaTKOM, 
nojiy^HM 

2a; 4 + 5x 2 - 2 6a; 2 + x - 2 



2a; 3 -x-1 



2x 3 -x-1 
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Tenepb Ha,n,o no/iyMaTb o tom, KaK bbihhcjihtij hh- 
Terpaji ot BToporo cjiaraeMoro (to ecra. ot nojiy- 
HeHHOii npaBHjibHoii flpo6n) . ^jih SToro pa3jiojKHM 
3HaMeHaTejib Ha mhojkhtcjih: 

2x 3 - x - 1 = (x - l)(2x 2 + 2x + 1) 

B cootbgtctbhh c ncpBbiM ii BTopbiM npaBiijiaMii, 
b pa3JiojKeHiiii naineii (npaBHjibHoii) ppo6n b cyM- 
My npocTeiiiniix flpo6eii flOjuKHbi npncyTCTBOBaTb 
cjie/iyioiinie cjiaraeMbie: 

A Bx + C 

x-V 2x 2 + 2x + l 



3HaHHT, 



6a; 2 + x - 2 



2x 3 



x-1 



A Bx + C 



1 2x 2 + 2x + 1 



HtoSm HafiTii KOScpcpiiHiieHTM A, B , C . npiiBe/i,eM 
npaByio nacTb k o6meMy 3HaMeHaTejiio 



6ar 



2 A(2x 2 + 2x + 1) + (Bx + C)(x — 1) 



2x 3 - x-1 



(x-l)(2a; 2 + 2a; + l) 



3th flpoGn coBnaflaiOT, ecjin y hhx coBnaflaiOT hhc- 
jiHTejin: 



Qx 1 



x ■ 



A(2x 2 + 2x + 1) + (Bx + C)(x- 1) 



Tenepb KoadpcpHinieHTbi A, B, C nrneM, kom6h- 
HHpya MeTOfl nacTHbix 3HaneHHH c MeTOflOM Heonpe- 

flejieHHblX KOSCpCpHIHieHTOB. 



X = 1 

x 2 
o 



X 

nojryqaeTCH CHCTeMa 
A = 1 

2A + B = 6 

A-C = -2 

3HaHHT, 

6x 2 + x - 2 _ 
2x 3 -x-l ~ 

OTdo^a 

2a; 4 + bx 2 -2 _ 
2x 3 -x-l ~ 
6x 2 +x-2 



5 = 5A 

Q = 2A + B 

-2=A-C 



A = 1 
B = 4 
C = 3 



Ax + 3 



1 + 2a; 2 + 2x + 1 



= x + 



4a; + 3 



2a; 3 - x - 1 



1 2x 2 + 2x+l 



h Tenepb mojkho BbrancjiHTb HCxoflHbifi HHTerpaji: 
2x 4 + 5x 2 -2 



2x 3 



x — 1 

1 



d x 



x-1 



x d x+ 
4a; + 3 



2x 2 + 2x + 1 



d x = 



+ In la; - II 



2^+| . 
^-j- da; 

2 +x + h 



+ 



= — +In|a;- 1| + 
2x + § 



: 2 + 2.\ X+ (^-(\ 



x 2 , , f 2x + | 

— +ln|ar-l|+ / - ^ 2 



6x = 
d x = 



y = x 



+ 



x = y 2 
+ In la; - II 



a; 2 

— + In \x -11+ 



-+ 



?y 2 i 4 



— +ln\x-l\ + 



f 2ydy_ 

J y 2 + j 



y=x+\ 



+ 



1 

+ 2 
d{y 2 



dy 



V 2 + \ 



V i 4 

x 2 

= — +ln|ar- 1|+ 



?; 2 + | 



^=-+i + 2 ^ y 2 + (hY 

,2 



(npHMCHSCM\ 
4>o P MyjiM ) = — - + In \x — 1| + 
(??) ii (??)/ 2 



In y 



arctg(2y) 



+ In la; - II + In 



+ arctg2 [x+- ] + £) = 



2 -, 



D = 



+ 



= y+ln|x-l|+ln 



+arctg(2.x+l)+£) 



(D - nocToaHHaa HHTerpnpoBaHHH) . 
» 5.2.4. BbiHHCjiHTe HHTerpajibi: 



l)/4^dx; 

o\ f 3z 3 +5a: 2 -25a;-l . 
Z ) J (x+2)(x-l)* ' 

3)/^ 



4 \ r I'tiV^ . 

^> J (x+3)(x 2 +x + l) ■ 

5 ) / (x*-iy > 



x -2x^+3 . 
2 -4x+4 ' 



(c) HHTerpHpoBaHHe pau,HOHajii>Hfaix 

TpHrOHOMeTpHMeCKHX CpyHKU,HH 

Pav,uoHajit>Hou diyHKv,ueu om deyx nepeMetmux u h 
v Ha3biBaeTCH jno6aa dpyHKn,Ha R(u,v), cocTaBjieH- 
Haa icttiDC noMombio ajire6paHnecKHx onepan;HH 
, /. HanpHMep, dpyHKii,HH 



R(u, v) — 



3u 2 v - 2uv 2 + 7v - 1 
v 2 + V5 



HBjiaeTCH pan,HOHajibHOH. 

Pav,uoHaAt>Hou mpmoHOMempuHecKOu $yHKV,u- 
eil Ha3biBaeTca jno6aH pan,HOHajibHaa dpyHKn,HH ot 
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nepeMeHHbix sin a; h cos a;, HanpHMep, 

f(x) — R(smx, cos a;) = 

3 sin 2 x cos x — 2 sin x cos 2 x + 7 cos x — 1 



cos z a; 



+ V5 



B 3tom naparpadpe mm paccMOTpHM cnoco6bi hhtc- 
rpiipoBaHiia pan,HOHajiBHbix TpHroHOMCTpHHeciaix 
(pyHKn,HH. 

yHHBepcajitHaH TpHroHOMeTpniecKaa no^,- 
CTaHOBKa Cym,ecTByeT Oflra yHHBepcajibHMH 
cnoco6 npeBpaTHTB HHTerpaji ot paniiOHajibHOH 
TpiiroHOMeTpnHGCKOH dpyHKiniH b HHTerpaji OT 
o6mhhoh paniiOHajibHOH dpyHKiniH (kotopmh mm 
y»ce yMeeM bbihhcjihtb) . Oh Ha3MBaeTca ynueep- 
ccuibnou mpmoHOMempuuecKott nodcmanoeKou h 
coctoht b cjie/ryioiHeM. Ecjih Heo6xo,n;HMO Bbi^nc- 
jiHTb HHTerpaji 



/ 



i?(sina;,cosa;) d x 



TO CflejiaTb 3TO MOJKHO 3aMCHOH 



2arctgt ( < = tg f) 



Tor^a nojiyHHTCH 

2t 1 - t 2 2dt 

sin x = - ,„ , cos x = - , ax 



1 + t 2 ' " 1 + t 2 

PaccMOTpnM npHMepti. 
o 5.2.16. 



1 + t 2 



1 



dx 



SIM 



2 
2t 



t = tg 

sin x = 
" x ~~ T+F 



2rit 
T+t 2 " 

2t 
1+t 2 



B03Bpau;acMC5i 

ncpCMCHHOH 



= In 



X 

tg - 

6 2 



■-)- 

+ c 



I 



2dt 

1+t 2 



2dt 



7^K 
'T+t? 



8(1 + t 2 ) - 8t + 7(1 - t 2 ) 
2dt f 2 



t 2 - 8t + 15 



(i-3)(t-5) 



dt = 



(3Reci> mm "b yMe" \ 
pacKJia^MBacM flpoGb 
no/i, HHTerpajioM 
Ha npOCTCHIHHC J 



1 



v i-5 i-3 
= lnlt— 51— lnlt— 31+C 



dt = 



B03Bpam,aeMca 
k nepeMeHHOfl: a; 



= In 



tgj-5 



-In 



» 5.2.5. Han/niTe HHTerpajibi 

da: ^ J 



5+4 sin a; 
o\ f dx 

' J 3 sin x— 4 cos x 



sin rr-cos a; 



3)/ 



dx 



(3+cos x) 



d a; 



5+sin a?+3 cos a; 



HacTHtie TpHroHOMeTpHHecKHe no^cTaHOB- 

kh. HacTO 6biBaeT, hto yHHBepcajibHaa Tpnro- 
HOMeTpHHecKaa noflCTaHOBKa npHBO^HT k cjiojk- 
hmm BHKjia^KaM, KOTopbix mojkho H36ejKaTb, ec- 
jih nojib30BaTbca: flpyrHMH no^CTaHOBKaMH. Tamie 
noflCTaHOBKH Ha3biBaiOTca uacmHUMU, h hx hmggt- 
ca Tpn: 

ecjiH dpyHKHHa i?(sinx, cos a;) Hene-THaa otho- 
chtcjibho CHHyca, to ecTb 

R(— sin a;, cos a;) = — R(smx, cos a;) 

to npHMCHHMa noflCTanoBKa 

' cos x = t 
sin a; = \fl — t 2 , 
x = arccos t, 
dx = — - 



(5.2.64) 



di 



o 5.2.17. 



dx 



cosx — 



I 

f 2dt f d(l - 



* = tgf 



T+t 2 ' 

2dt 



1+t 2 
d(l-f) 
t 2 



/ 2dt 
1+t 2 
1-t 2 
1 i +2 



i+t 



= -ln|l-< 2 |+C* = 



/ B03BpaiyacMcn \ _ 

\k nepeMeHHofi x J 



In 



1 - tg 2 - 



+ C 



o 5.2.18. 



/ 



d x 



8 — 4 sin x + 7 cos x 



t = tg| 
sinx= 

i-t 2 
T+t 5 

2dt 

1+t 2 



cos a; = 
d x 



ecjin dpyHKi^iia i?(sina;, cos a;) He^eTHaa otho- 
CHTejibHO KOCHHyca, to ecTb 

R(smx, — cos x) = — i?(sin x, cos x) 

to npiiMCHiiMa noflCTanoBKa 



(5.2.65) 



ecjin dpyHKi^iia i?(sina;, cos a;) neTHaa othoch- 
TejibHO cirayca h KOCHHyca, to ecTb 

R{— sin x, — cos a;) = i?(sin x, cos a;) 




§ 2. CneijHajibHhie AieTOflhi BbmicjieHiis Heonpe^ejieHHhix imrerpajiOB 
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to npiiMCHHMa noflCTanoBKa 
'tgx = t, 



cos a; = 



/T+t 2 ' 
l 



l+t 2 
x = arctgi, 

dx = 



(5.2.66) 



dt 
l+t 2 



o 5.2.19. 



sin 3 x 



cos x 



d x = 



I no^biHTerpajitHaH 
cpyHKn;n5i He*ieTHa 

OTHOCHTC JIbHO sill X 

no3TOMy Hcnojib3yeM 
noflCTaHOBKy cos x — t , 



dt 



t-3 <JT~P 



t 2 



1 



dt 



( flGJIHM MHOrOMJIGHtA 
I C OCTaTKOM J 



t + 3 + 



dt = 



- + 3* + 8 In \t - 3| + C = (r n ™~ J = 



COS 2 X 



o 5.2.20. 



■ 4 

sin x 



d x = 



V 

t 4 



3 cosx + 8 In I cos x — 31 + C 



^ noflbiHTerpajibHas 
cpyHKijHsi He^eTHa 

OTHOCHTCJIbHO COS X 

nosTOMy ncnojit>3yeM 
noflCTaHOBKy sin x — t j 



dt 



Vi^ 2 



t A 



dt 



B03Bpam;aeMC5i 
, k nepeMeHHOH x 



l 



i 



3 sin x sin x 



C 



o 5.2.21. 



dx 



sin x — 4 sin x cos x 4- 5 cos 2 x 



nofltiHTerpajiijHaa 
cpyHKi^HH ^eTHa 

OTHOCHTCJIbHO sill X H COS X 

no3TOMy Hcnojit3yeM 
V noflCTaHOBKy tgx — t 

dt 

i+e- 



(ti+f) 



4- 



a+t 2 



a+t 2 



/I+7 2 



dt 



t 2 -At + 5 
t-2 = y 



dt 



t = y + 2 
arctg y + C 



(t-2f 
dy 



y- 



1 



y=t-2 



y=t-2 

B03Bpam;aeMC5i 
, k nepeMCHHOH x 



arctg(i - 2) + C = 
= arctg(tgx - 2) + C 



» 5.2.6. HaiiflHTe HHTcrpajibi 
1) J cos 4 a; sin 3 x dx 



2) J cos 5 a; sin 2 x dx 

3) III" 



+ COS 2 X 



4) / 

5) / 

6) J I 



d x 
d .r 



4 sin 2 a3—l 



3 cos 2 x+4 sin 2 x 



dx 

9 sin 2 x—S sin x cos x — 3 



(d) HHTerpnpoBaHHe TpnroHOMeT- 

pHHeCKHX npOH3BefleHHH 

^jia HHTerpnpoBaHiiH HeKOToptix cneinrajibHMx 
TpHroHOMeTpiiHecKiix dpyHKn,Hii nojie3HO 3HaTb 
"AonojiHHTejibHbie xiiTpocTH KOTopbie mm o6cya,HM 
b 3tom naparpadpe. 

HHTerpHpoBaHHe dpyHKij,HH smax-cosbx, sin ax- 
sinfrx, cosaa; • cos bx fljiH iiHTerpiipoBaHHH TaKiix 

npOH3Be,H;CHHH npHMeHHHDTCH TpnroHOMeTpiiHecKHe 

TO»cflecTBa (|3.1.80p - (|3.1.82p . PaccMOTpiiM npiiMe- 
pbi. 

o 5.2.22. 



sin 4a; sin 6x dx = i3.i.sot 



- (cos(4a; — 6a;) — cos(4a; + 6a;)) d x 



cos 2x dx 



cos 10a; d x 



= ~J cos 2a; d(2x) - i J cos 10a; d(10x) = 



• sin 2a; 



20 



sin 10a; + C 



t» 5.2.7. Han/jiiTe HHTerpajibi 

1) J cos I sin | d x 

2) J cos 4a; cos 7x dx 

3) / sin f sin | dx 

4) J sin 3a; cos 10a; da; 

5) J sin 3a; sin 2 x d x 

HHTerpHpoBaHHe cpyHKU,HH sin" x ■ cos* 3 x fljia 
HHTerpiipoBaHiiH Taxiix npoH3BefleHiiii HyjKHO 3a- 
noMHHTB cjieflyioniHe npaBHjia: 

ecjin a - HeneTHoe nojiojKHTejibHoe n,ejioe hhc- 
jio (to ecTb a € 2N — 1), to /jejiaeTca no/i,CTa- 

HOBKa 



cos x 
sin a; 



t. 



x = arccos t, 
dx = 



(5.2.67) 



d / 



ecjin j3 - He^eTHoe nojio>KHTejii>Hoe n,ejioe hhc- 
jio (to ecTb j3 € 2N — 1), to ^ejiaeTca no/i,CTa- 

HOBKa 



(5.2.68) 
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ecjiH a + j3 — neTHoe OTpimaT&jitHoe u,ejioe hhc- 
jio (a + j3 G — 2PJ), to ^ejiaeTCH noflCTaHOBKa 



tgx = t, 



sm x 
cosx 



/i+t 2 
1 



/l+t 2 ' 
a; = arctgt, 



(5.2.69) 



<ix = 



dt 

1+t 2 



ecjin a h P - neTHbie HeoTpimaTejiBHBie n,ejibie 
HHCjia (a, /3 G 2(N— 1)), to npiiMeHHiOTca dpop- 
Myjibi noHHJKeHHa CTeneHH: 



sin 2 x 



1 — cos 2x 



cos 2 x 



5.2.23. 



1 + cos 2x 
2 

(5.2.70) 



/^Wxdx 



nocKOJitKy 
j3 = 3 £ 2H - 1, 
noflCTaHOBKa 
sin x — t 

dt 



3 5 

5 



j.^ _i_ y^f / B03BpamaeMca 

-^-j^ nepeMeHHoit a; 



3.. , ^ 3., 

= - SIM 3 — -- SIM 3 + G = 

5 .1 l 

3 3 



{/ sin 5 x V sin 11 x + C 

5 11 



5.2.24. 



Iff 1 + cos 4a; 1 + cos ix \ 
- — / 1 + cos 2x — cos 2x da: - 

8 j v 2 2 y 

— / (1 + cos 2a; — cos 4a; — cos 4x cos 2x) d x 
16 7 



G 



npHMCHHeM 

iopMyjiy A3. 1.8111 



, . 1 + cos 2x — cos 4x f cos 2x + cos 6a;} d x 

16 J V 2 v ; ' 



= — (2 + cos 2a; — 2 cos 4a; — cos 6a;) d x = 
32 7 V y 

if2x + Isin2x-isin4,-isin6x + C 
32 V 2 2 6 

x sin2x sin4x sin6x 



16 64 64 192 
» 5.2.8. Han/piTe HHTerpajiti 



C 



dx 



1) fsin xcos 4 xdx 6) f 4/ , 

3 J v sin d a: cos 5 x 

2) J sins x cos 5 x d x 7) / cos 2 x d x 



3) f ^s==L= dx 

J V cos 4 cc 

4) / 

5) / 



dx 



snr' x cos a: 



V sin a: cos 3 a: 



/ cos 4 x d x 

9) J sin 4 x d x 

10) / sin x cos 2 x d ; 

11) J cos 6 x d x 



(e) HHTerpnpoBaHHe HeKOTopwx aji- 
re6paHnecKHx nppaijHOHajifaHO- 
CTeft 

HHTerpHpoBaHHe dpyHKHHii R(x, \/x), n G N 
Ecjih R(x,y) - pairnoHajibHaa cpyHKiniH ot nepe- 
MeHHbix x n y, to dpyHKHiiH R(x, \/x) HHTerpupy- 
eTCH 3aMeH0ft 



/ 



dx 



cos' x sm x 



T+F 



nocKOjitKy 

= -4 e -2N, 
noflCTaHOBKa 
tg x — t 



1+t 2 " 



1+t 2 
1 + t 2 

2 
5' 



/i+t 2 



l 

i+t 2 



dt 



t" 2 + t* dt 



2/i +^f + C* = (* 



B03Bpam;aeMC5i 

nepCMCHHOH x 



= 2Vtg^+-^/tg 5 x + C 



5.2.25. 



sin 2 x cos 4 x d x = 
1 — cos 2x 



nocKOjibKy 
a = 2 e 2(N - 1), 
P = 4 e 2(N - 1), 

npHMCHHCM CpOpMyjlbl 

15.2.701 



/ 



1 + cos 2x 



d x 



1 — cos 2x 1 + 2 cos 2x + cos 2 2x 



d x 



^ y (1 + cos 2x — cos 2 2x — cos 3 2x) d x 



t = ?fx {x=t n ,&x = nt n ~ 1 dt) 
o 5.2.26. 



d x 



6 



t = tyx 
x = t 6 
dx = 6t 5 dt 

t 4 



t d 



t 6 -t 4 



d x 



6t J dt 



i 2 - 1 



dt 



MHoroHJieHbi ) 

C OCTaTKOM / 



6 I [t 2 + 1 

(i / It 2 + 1 



1 



t 2 - 1 
1 



dt 



(f-l)(f+l) 

(pacKjiaflt>iBacM \ 
Ha npocTefluiHe | = 
flpo6n / 



dt 



= 6 



2t d 



r + 1 



1 1 



1 1 



2t- 1 2 t + 1 



dt = 



6t + 31n|t-l|-31n|< + l| + C 



' B03BpamaeMC5i \ 

i k nepeMCHHoft a; 



2(^)° + 6^+ 
+ 31n|^-l|-31n|^i+l|+C 



» 5.2.9. Han,n,HTe HHTerpajibi 
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D/i+T^ 

2) / dx 



3)/ 



d x 



= -pin 
^2 



1 




3 




y^x 2 - ^xH 




• T -4 + 




" 2 



+ c 



HHTerpHpoBaHHe cpyHKijjiH R (x, y ^x+d ) ' n e 

N. HHTerpajibi TaKoro BH^a bi>ihhcjihiotch 3aMe- 



o 5.2.29. 



HOH 



o 5.2.27. 



dx 



cx + d 



V5 - 2x - 3x 2 
If dx 



1 

71 



dx 



5 _ 2 2 
3 3 x x 

t = | + x 

X — t — 3 

= dt 



l-x 
1 + x 

1 



d x 



l+x 

1-t 2 

1+t 2 

rf T - 4*4* 



x — 



1 1+t 2 ) 

(1+t 2 ) 2 4t 2 dt 



• t 



Atdt 



(1+t 2 ) 2 



4t 4 (1 + t 2 ) 2 



dt 



B03BpamaCMCH 
ncpCMCHHOH X 



-c = 
+ c 



^ J Vt-(§+*) : 

If dt 1 . 3t _ 

= — = / — = = — = arcsm h C 

N/J/ v /^|fT^ 4 

-(-■ 

» 5.2.11. HaftflHTe HHTerpajiti 



B03Bpaiu,acMca 

ncpCMCHHOH CC 



1 . 1 + 3^ , ^ 

— = arcsm h C 

V3 4 



» 5.2.10. Han/niTe HHTerpajibi 
l)J^dx 

^ J 1+J/3X+4 ° X 

3 ) / (T^^T+T) 2 ' \J ^ d x 
r 3 / 1— x dx 

J \l l+x ' (l+x)'- 1 



HHTerpnpoBaHHe dpymcujiH R (x, \J ax 2 + bx + c) 

BbiflejieHiieM nojiHoro KBa/rpaTa 11 nocjie/ryioiHeH 
3aMeHoii dpyHKiniH i? (x, \/ ox 2 + bx + c) npi!BO,n,HT- 
ca k BHfly 

_R ^x, \] a 2 — x 2 ^ , 



i? (a;, v 7 ^ 2 + « 2 ) , 
i? ^x, \J x 2 — a 2 ^ 



HHTerpnpoBaHHe cpyHKirMH 



a 3aTeM /jejiaeTca TpnroHOMeTpH^iecKafl no,n;cTaHOB- 
Ka: 



Ilocjie 



^/ax 2 +bx+c 

BH,n,ejieHHH nojiHoro KBa,zrpaTa no,n, 3HaKOM pa,n;HKa- 
jia HHTerpajibi SToro BH^a cboahtch k cjie/iyronpiM: 

ecjiH a > 0, to nojiynaeM Ta6jiHHHbiH hh- 
Terpaji 

1 



/ 



d x 



Vx 2 + A 

ecjiii a < 0, to nojiynaeM Ta6jiHHHbiH hh- 



Terpaji 



/ 



1 



Vs 2- 



o 5.2.28. 



/ 



J R (x, \J a 2 — x 2 ^ d x 
Hcnojib3yeTCH noflCTanoBKa 

x = a sin t (hjih x = a cos t) 

j R (x, V ' x 2 + a 2 ^ d x 
Hcnojib3yeTCH no,iiCTaHOBKa 

a; = a tg t (hjih x = a ctg t) 

AJIH 



dx 



1 



dx 



2x 2 -x + 3 V2 7 ^/x 2 " - ! 
1 /" dx 



2 X 2 



^ 7 V(--i) 2 + i 

1 /■ dt 

717 



x = t+ I 
d ie = d t 



y R (x, \J x 2 — a 2 ^j dx 
re 

( 



Hcnojib3yeTCH noflCTanoBKa 



cost 



23 
16 



V2 



23 

^^ /f2+ 16 



o 5.2.30. 



+ C 



\/2 



B03BpaiyacMca \ 

k ncpcMCHHoii x y 



(.x 2 + 16)V9" 



HJIH X 



.1; — 3 sin t 
t — arcsin ^ 
dx — 3 cos tdt 



23 
16 



3 cos tdt 



+ C = 



(9 sin 2 t + 16) ^9 - 9 sin 2 t 

/3 cos tdt 
(9sin 2 t+ 16)3 cost ~ 
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dt 



9 sin 2 t + 16 



ds 



npHMeHUGM MacTHyio 
noflCTaHOBKy Il5.2.66t 
tgt = s 
sin t — — _f — - 



/l+B 



dt = 



VT- 



(v/iTi 7 ) 



16 



f/s 



9s 2 + 16(l + s 2 ) 



ds 



1 

25 



ds 



' B03BpamacMCH 
. k nepeMCHHofl t 



25s 2 + 16 

1 5s ^ 

= ^arctg T + C = 

20 arCtg ^ + C = 



:d 2 



i 



_ I If :i,|>;iiii;mt.1( :i \ _ 1 , 5 tg arCSm g 

nepeMeHHoft ay 2Q ^ 4 



1 5x 

— arctg — ; 

20 B 4V9^ 



o 5.2.31. 



x + 1 



(.t 2 + i)V^TT 



d a; 



a: — ctg t 
t — arcctg x 
dx = 



ctg 2 i - ctgf + 1 



dt 



(ctg 2 i + 1 ) Vctg 2 1 + 1 sin 2 i 
ctg 2 t - ctg t + 1 



sin a? sin a: 



sin 2 < 



= — J (ctg 2 i — ctg t + 1) sin :r d f 



( 



3a.\lCTHM, '1TO 



= „*_2 



1 



sin 2 t 



ctg i sin x dt 



— cos t d t — 



dt 
sini 



= - In 



t 

tg 2 



In 



tg 



1 

sint 

(nepBMfl HHTerpaji \ 
MM y5Ke BUHHCJIHJIH ) = 
b npHMepe |5.2.16] J 

I - f _i / B03BpaiyaeMCH \ 

-h sin t + G — ^ K ncpcMCHHofl ^ — 

arcctg x 



sin arcctg x + C 



npHMCHflCM \ 
TpnrOHOMeTpH*-ieCKH6 ) 
TOJKfleCTBa / 



111 



c 



o 5.2.32. 



dx 



{x 2 + 2)y/x 2 



f — arccos — 
dx = Bi V d f 



sin £ 



dt 



cos t dt 
3-2 sin 2 i 



3trft 



cos t dt 
1 + 2 cos 2 1 

ds 



3 -2s 2 



ds = 



(npH 
CpOpM 



MeHfleM 
pMyjiy (??) 



2\/6 



In 



/ B03Bpaiu,aeMCii 

. k nepeMeHHOti t 



In 



§ + sin t 



| — sin t 



C 



B03BpamaeMC5i 
nepeMCHHofi a; 



2^ 



In 



sin arccos - 



| — sin arccos - 

2 a: 



c = 



2V6 



In 



2y/6 



In 



C 



+ V2Va; 2 - 1 



cv^- V2\/x 2 - 1 



C 



» 5.2.12. HanTprre HHTerpajibi 



1) /— ^"TT 

J (9+x 2 )2 

2) r -_2s — 

3) /^--d.r 



4) / — 2— d x 

J (x 2 +5)2 

5) / 



tl.r 



6) I 

7) / 



-^(l+x+a 
2+x 2 



dx 



(x 2 +4)V4x 2 + l 



HHTerpHpoBaHHe cpyHKU,HH x m ■ (a + 

bx n ) p , m,n,p € Q. Hnrerpajibi ot TaKnx cpyHK- 
i^iiit BbipajKaiOTCH nepe3 sjieMeHTapHbie dpyHKi^iin 

TOJIbKO eCJIH OflHO 113 Hiiceji 



p. 



m + 1 m + 1 



HBjiaeTCH iiejibiM. B cootbctctbhh c sthm cjie^yeT 
ynoTpe6jiaTb Tpn pasjiHHHbix noflCTaHOBKH: 

ecjin p n,ejioe OTpni^aTejibHoe (p G — N) h 

2 t, - r 



in = -, n 

HOBKa 



to Hcnojit3yeTCH noflCTa- 



x = t s 

ecjin n,ejioe ( 22 ^- € Z), to ncnojib- 
3yeTCH noflCTaHOBKa 

a + bx n = t 

ecjin 2^1 +p jrenoe (2^1 +p e Z), to 
Hcnojn>3yeTCH noflCTanoBKa 

ax - ™ + b = t 

o 5.2.33. 

x 3 (l - x 2 ) - ^ d £ = 



3flecb m — 3,n — 2,p — — ^ 
m 22±i = 2 £ Z 
nosTOMy npilMCHHCM 
noflCTaHOBKy 
i — 1 — x 2 . xdx — —idt 



§ 2. CneifHajibHhie Meroffbi Bbi^mcjieHiia Heonpe^ejieHHhix HHTerpajiOB 
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■\fii-t)rUt = -\j { t 

= t -i + t h + c = ( K E 



rs) dt 



B03Bpam;acMCH 
ncpcMCHHoii x 



+ y / l-x 2 + C 



o 5.2.34. 



x 4 dx 



3flecb m — 1, n — 4, p — ^ 
h 2!±i +p = 1 G Z 

n03T0My npHMCHHCM 

noflCTaHOBKy 
t = a;~ 4 + 1, x - (t - 1)~ I 
da; = -i(t - 



-i|(t-i)-V l + (*- l )" H (*-ir | d* 

= -J/(^-l)-Vl + (^-l)- 1 dt = 

-i/c-')-' 

Vt 



Vt 



dt = 
dt = 



4./ (t-1) 2 
2/ 



dt = 



y = Vt 
t = y 2 

dt — 2ydy 



(y 2 iy 



2ydy 



1 



2 J (y 2 -iy 



dy 



-[(^ 

2i \y-i 



I pacKJia^biBaeM flpo6b\ 
\ Ha npocTciiiinie I 



(y-i) 2 3/ + 1 (y + i)' 



dy : 



= -ln|j/- 1| - 

= Jln 



+ i ln|i/ + 1| + - 1 — +C = 



8(2/- 1) 



2/ 



(: 



B03BpailJ,aCMCH 

ncpcMCHHoii i 



im 



4(y2 _ l) 



v/t- 1 



8(1/ + 1) 

+ c = 

4(t-l) 



+ C: 



/ B03BpaiyaeMca \ 
Ik nepeMeHHoii a; y 



Vx- 4 + 1 + 1 



Vx~ 4 + 1-1 



V^ 4 + 1 
4a- 4 



+ C: 



1 



= - In 



Vl + x 4 + x 2 



Vl + x 4 - 



Vi + ^ + c 



» 5.2.13. HafiTprre HHTerpajiti 



1)/ 



d x 



2) / x 5 (l + x 2 )? dx 



5) /y(l + a;^ d.x 

6) /^dx 

4) / ^i- \/l + 3^2 d 3, 7) / x2 j/==y 2 d x 



rjiaBa 6 

OnPEAEJIEHHbffl HHTErPAJI 



OnpeflejieHHbiii HHTerpaji cpyHKiniH / Ha OTpe3Ke [a; 6] ecTb BejniHHHa, reoivreTpHHecKHH cmmcji KOTopofi 

- njIOmaflb KpHBOJIHHCHHOH TpailCHHH, OrpaHHHHBaeMOH rpaipHKOM CpyHKI^HH / (npH yCJIOBHH, HTO / 

HeoTpHn,aTejibHa Ha [a; b\): 



TOHHblH CMblCJI 3THX CJIOB BpHfl JIH MOJKBT 6bITb CeHHaC nOHHTGH HHTaTejIIO, nOCKOJIBKy B HIKOJIbHOM 

Kypce reoMeTpHH He oGtHCHaeTCH, hto Taxoe njioinaflb kphbojihhghhoh TpaneniiH (mm jkb flaeM cootbct- 
CTByioiHHe CTporne onpeflejieHHH jinnib b rjiaBe ??). Ho bchkhh pa3, KOiyja bbo/hitch HOBoe onpeflejiCHne, 
nojie3HO, HTo6bi cjiyinaTejib flepjKaji b rojiOBe Kaxyio-TO reoMeTpHnecKyio KapTHHKy, ynpomaioinyio no- 
HHMaHne cooTBeTCTByiomHx (popMajibHbix onpe^ejieHHH h MaTeMaTHnecKHx pe3yjibTaTOB. B cjiynae c 
onpeflejieHHbiM HHTerpajiOM TaKoft KapTHHKOii, HecoMHeHHO, 6ypfiT miomaflb kphbojihhchhoh TpanenHH 
(noHHMaeMaa noKa Ha HHTyHTHBHOM ypoBHe). 

B SToft rjiaBe mm ,n,aeM (popMajibHoe onpeflejieHHe 3TOMy HOBOMy hohhthio, npHBO^HM cnoco6 ero 

BblHHCJieHHH H OnHCblBaeM HeKOTOpbie npHJIOJKeHHH. 

§ 1 Onpe^ejieHHbiii HHTerpaji 

(a) Onpe^ejieHHe onpe/],ejieHHoro HHTerpajia 

Pa36iieHHH OTpe3Ka. Ilepe/i, TeM KaK ^aBaTb onpe^ejieHHe onpe^,ejieHHOMy HHTerpajiy Hy>KHO npo^e- 
jiaTb HeKyio npeflBapHTejibHyio pa6oTy - CKa3aTb hcckojibko cjiob npo pa36neHHH OTpe3Ka. 

Pci36uenueM OTpe3Ka [a; b] Ha3biBaeTCH npoH3BOjibHaa: KOHenHaa CHCTeMa tohck {xq; x±; ...; Xk} Tanas 

HTO 

a = x < x\ < x 2 < ... < Xk-i < Xk = b 

Ecjih HaM flaHO KaKoe-TO pa36neHHe {xq; x\\ Xk}, to ero ynp6HO o6o3HaHaTb o,h;hoh 6yKBOH, HanpnMep, 
t: 

t = {x ;xi; ...;x k } 

HaH6ojH>niee paccTOHHHe Meac^y coceflHHMH TOHKaMH pa36neHHH r o6o3HaHaeTCH 

diam r= max (xi — a;,_i) 

i—l,...,k 

h Ha3biBaeTCH duaMempoM pa36uenusi r — {xq\x\ \ ...;Xk}- 
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§ 1 . Onpej^ejieHHbm iiHTerpaji 
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o 6.1.1. CiiCTeMa tohck t = {0; ^; 1; 2} hb- > 6.1.1. IlpoBepbTe, hto cjieflyioiinie chctcmbi to- 

jiaeTca pa36iieHiieM OTpe3Ka [0;2], noTOMy hto sth nex hbjihiotch pa36iieHHHMH flaHHbix 0Tpe3K0B h 

HHCjia o6pa3yiOT CTporo BcepacTaiomyio KOHCHHyio HaiiflHTe /niaMCTp sthx pa36HeHiiii: 
nocjieflOBaTejibHOCTb, y KOTopoii kohubi coBna,n,aiOT 1) r = {0; |; |; 3}, [a; b] = [0; 3] 
c KOHE,aMH OTpe3Ka [0; 2]: 2) t = {— 1; — \; — \; 0; ^; \; 1}, [a;6] = [— 1;1] 

0<i<l<^<2 3)r = {l;>/2;>/3;2}, [a;6] = [l;2] 

^HiiaMeTp 3Toro pa36iieHHH paBeH 



diam t = max ji; ^; V2 - 1;2 - \/2~j =2-^2 



IIohhtho, hto y jiio6oro OTpe3Ka HMeeTCH MHoro bchkhx pa36iieHHH. IIosTOMy mcgkho paccMaTpiiBaTB 
nocjiedoeameAbHocmu pa36ueHuti. 



o 6.1.2. PaccMOTpiiM, HanpHMep, OTpe30K [0; 1] h 
ero pa36HeHHa: 



r« = {0;1} 


T (2) = | 




r< 3 ) = | 


r .l.H. 

L '3' 3' 



5Icho, hto fljia: jiio6oro n totkh = 
{0; ..; ^t^; 1} fleftcTBiiTejitHO hbjihiotch pa3- 

GneHneM OTpe3Ka [0; 1]. ^iiaivieTp TaKoro pa36iieHHH 
paBen 

diam t'"' = - 
n 

MOJKHO 3aMGTIITB, HTO npH 71 — > OO 3Ta BejIHIHHa 
CTpGMHTCH K HyjIK): 



r («)-/ -I--- - ZlZLl- i\ diam t<"> = ± — ► 

r'n'n'-' n I " n -°° 



• IIocjieflOBaTejibHOCTb pa36iiGHHH r^ n \ y KOTopoii fliiaivreTp CTpeMHTCH k Hyjiio 

diam r (n) — > 

Ha3biBaeTCH u3MeM-bHamui,eucM. 



> 6.1.2. ITpoBepbTe, 6ynyT jih cjieflyioiinie nocjie- 

flOBaTejIBHOCTH pa36HCHHH OTpe3Ka [0; 1] H3MejIbHa- 

k>ihhmhch: 

1) tW - {0; i; l} , n > 2 ( 3fl ecb k W 
pa36neHHe coctoht h3 neTtipex tohck); 



2) T <»> = { ; 2£=l;l} 

o^, («) _ r . j_. . 

°> ' \ ■ 2n> 2n-l' 2n-2 ' "■' n' J 

4) rH^jo;/!;^;..,^;!} 



Onpe/i,ejieHHe onpe,n,ejieHHoro HHTerpajia. IlycTb dpyHKiniH / onpe^ejieHa Ha OTpe3Ke [a; b] h nycTt 
^aHO pa36iieHiie stoto OTpe3Ka r = {xo;xi; ...;xfc}. B KaxflOM McUighbkom OTpe3Ke [xj_i;xj] 3adpnKCH- 
pyeM npoH3BOjibHyio TOHKy £j e [xj_i;xj]. TaKaa ciiCTCMa tohck Ha3biBaeTCH cucmeMou eudeAennux 
moueK b flaHHOM pa36iiGHnn r. PaccMOTpHM cyMMy 

fc 

X] ' Axi (rfle Axi = Xi - Xj_i) 

OHa Ha3biBaeTCH uwrnezpaAbHou ci/mmou dpyHKiniii /, cooTBeTCTByroiHeii pa36neHHio r = {xo;xi; ...;xfe} 
c BbiflejieHHbiMH TOHKaMH ^j. JlerKO BH^eTb, hto 3Ta BejiHHHHa paBHa njioma^H CTyneHnaTofi dpHrypbi, 



270 Dia B a6. OnPE/fEJIEHHHH HHTEFPAJI 

nocrrpoeHHOH Ha TOHKax £j e [a;i_i;a;i]: 



IlpeflCTaBHM Tenepb, hto pa36neHHH r = {xq; x±; Xk} OTpe3Ka [a; b] mchhiotch, CTaHOBHCb Bee 6ojiee 
MejiKHMH. Torjia njiomajxb CTyneHHaTofi cpnrypbi jjpjrjKHa npn6jiH>KaTbca k nncjiy, KOTopoe cctcctbghho 
CHHTaTb "njiomaflbio kpiibojiiihghhoh TpaneuHHO KOTopofi mh tobophjih b Hanajie stoh rjiaBbi. 



3to hhcjio Ha3bi B aeTCH onpejxejieHHbiM HHTerpajiOM cpyHKHiiH / Ha OTpe3Ke [a; b]. Bojiee tohhoc onpe,n;e- 
jieHne BbirjiHflHT Tax: 

• Hhcjio I Ha3biBaeTCH onpedejieHHUM unmeepaAOM cpyHKHiiH / Ha OTpe3Ke [a; b] , h o6o3HanaeTCH 

1=1 fix) dx 

J[a,b] 

ecjiH jijih bchkoh H3MejibHaioin,eHCH nocjieflOBaTejibHOCTH pa36neHHH OTpe3Ka [a; b] 

rW : a = 4" } < 4" } < - < *S#>-i < *$) = b , diam ^ ^ 
h jho6oh CHCTeMbi BbiflejieHHbix Tonex 

d n) e[4-\;4 n) ] 

cooTBeTCTByromiie HHTerpajibHbie cyMMbi CTpeMHTca k nncjiy I: 

fe<") 



' n— >oo 



Ecjih TaKoe hhcjio / cymecTByeT, to (pyHKinis / Ha3biBaeTCH uwmezpupyeMou (no PniviaHy) Ha 
OTpe3Ke [a; b]. 

9to onpejjejieHHe mojkho kopotko 3anncaTb b bhjjp cpopMyjibi: 

/ f(x)dx= lim V/^-Aa* (6.1.1) 

Jloi] dlam {x o ,...,X)c}->-0£-' 

m 

[xi_i;x«] 

Ee yflo6HO npHMeHHTb b cjiynaax, Korjia He Hyamo cjie,zniTb 3a CTporocTbio paccyscjreHHH. 



IlpOBepHM, HTO B npOCTCHHIHX CJiy^aHX Hanie pHM nOCTOHHHyiO CpyHKHHIO f{x) = C H BblHHCJIHM 

onpejrejieHHe npHBOjxiiT k npaBHjibHbiM pe3yjibTa- onpejrejieHHbiH HHTerpaji ot Hee Ha npoH3BOjibHOM 
TaM, to ecTb hto, BbiHHCjiaa HHTerpaji, mh fleii- OTpe3Ke [a; 6]. CooTBeTCTByiomaH KapTHHKa Bbirjia- 
CTBHTejibHO nojiynaeM njiomajib cooTBeTCTByiomeH 
(pnrypbi. 



o 6.1.3. HHTerpaji ot kohcteihtijI. PaccMOT- 



§ 1 . Onpe^ejieHHbilt iiHTerpaji 
fliiT Tax: 



/jeft MajieHbKHx ipanernifi:: 
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IIocKOjii>Ky KpHBOjiHHeiiHaa TpaneniiH b ^aEHOM 
cjiynae npeflCTaBjiaeT co6oii npsMoyrojibHHK, otbct 
HaM H3BGCTGH 3apaHee - HHTerpaji aojckeh 6biTb pa- 
BeH C ■ (b — a). IIpoBepiiM 3to: 



1 ^f(Xi-l)+f(Xi) 



• Aa 



/ f{x) Ax = lim V/^O-A^- 

J[a,b] dlam T ^~[ 

k k 

= lim C ■ Ax t = lim C ■ Aa 

diam r->0' iL ^ diam r-vO ^— ' 



X ^— • A.r, (6.1.3) 



Tenept mm nojiy^iiM 



i=l 
b—a 



lim C • (6 - a) = C ■ (b - a) 

diam t— 5-0 



3anHiiieM BbiBO,n;: 



Cdx = C-(6-a) (6.1.2) 



a,6] 



o 6.1.4. HHTerpaji ot jiHHeHHofl dpyHKipiH. 

PaccMOTpiiM Tenept cpyHKiniio f(x) = x h bmhhc- 
jihm onpeflejieHHbifi HHTerpaji ot Hee Ha OTpe3Ke 
[0; 1]. CooTBeTCTByromaH KapTHHKa BbirjiH/niT Tax: 



KpHBOjiHHCflHaa TpaneniiH b flaHHOM cjiynae 
npeflCTaBjiaeT co6oii TpeyrojibHHK, noaTOMy OTBe- 
tom flOjiJKHa 6biTb njiomaflb TpeyrojibHHKa S — 
5 • 1 • 1 = \ (nojiOBHHa npoH3Be,n,eHHH ocHOBaHHH Ha 

BHCOTy) . 

Mto6h npoBepHTb 3to, B03bMeM KaKoe-HH6yn,b 
pa36neHHe r = {xq] x\\ ...; Xk} OTpe3Ka [0; 1] h 
KaKHe-HnGy^B tohkh 



£,i £ [Xi— 1 7 Xi\ 



3aMeTHM, hto Tor^a njiomaflb Haniero TpeyrojibHH- 
Ka S = | mojkho npe/i,CTaBHTb, KaK cyMMy njioma- 



II 16.1.31 



i=l 
fc 



x%—\ t" x^ 



E 



1 



• Aa 



• Aa 



E 



^E 

i=l 



(10.3.1291) 

(& - Xi-x) + (& - x^ 



■ &Xi 



■ Ax; 

V/ 




k 1 I 



i=l 



Ax,; < 



• Ax, ^ 



A\ A\ 

Ax ; , Aij, 

nocKOjibKy nocKOjitKy 

Si e [xi-i_;xi] Si G [xi_i;£Cj] 

EAxj -\- Axi . ^ — ^ . . 
■ Ax 4 = Axi ■Ax l < 

diam r 
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Tji&Ba 6. OIIPEflEJIEHHblH HHTErPAJI 



diam r • Axi = diam t 



Mm nojiynnjiH HepaBeHCTBO, cnpaBejijiHBoe pflsi 
jno6oro pa36HCHHa r = {xo; X\; Xk} OTpe3Ka 
[0; 1] h jik>6mx ToneK £j € [ajj-i; a;,-]: 



i 

'' ' ~ 2 



< diam r 



Ecjih TenepB t 



(n) 



14' 



(«).,» 



J i 



'• -x ( "H 



KaKaH-HH6yflb H3MejiMiaioiHa{i nocjiejrpBaTejib- 
hoctb pa36neHHH c bbi/i,gji6hhbimh TOHKaMH C € 



], to mm nojiynaeM 



Tohkh ^ € [xj_i;a;,] mojkho Bbi6npaTb no- 
pa3HOMy, ho Hac 6y;xyT HHTepecoBaTb jjBa cnoco6a: 

nepBMft cnoco6 3aKjnoHaeTca b tom, hto6m 
b KaxflOM 0Tpe3Ke Bbi6paTb Kaicyio- 

Hn6yjxb pai^uoHdAbHyw TO^Ky £j. Tor,a,a nojiy- 
hhtcs -D(Ci) = 1) h HHTerpajibHbie cyMMH OKa- 
jKyTCH paBHBi b — a: 



k 

E 



D(&) • Ax, 



k 

E 

t=i 



1 • Axi = b- 



BTopoft cnoco6 3aKjnoHaeTCH b tom, hto6m b 
KajK^OM OTpe3Ke [ajj-ijo:*] Bbi6paTb KaKyio- 
HH6yn,B uppav ) uoHaji'bHyK> TOHKy £j. Torjra no- 
jiyHHTca D(£i) — 0, h HHTerpajibHbie cyMMBi 
OKajKyTCH paBHbi 0: 



An) 



E/(^ l) )-Ax 



(n) 



< diam r (n) 



OTCio,n,a 



fe<"> 



E/K 



Ax, 



(n) 



2 TI- 



TO ecTb 



fc (") 

E/(d n) )-Ax^ 1 

* — ' n— >oo Z 

3to BepHO fljiH jiioGoh H3MejiMiaioiHeHCH nocjiejjp- 

(n) r ( n ) ( n ) (^)l f 

BaTejIBHOCTH T y ' = \X Q ,X\ Xu \ pa30HCHHH 

OTpe3Ka [0; 1] h jik>6oh chctcmbi BbmejieHHbix tohck 

Ci € Fi-li^i J) 3HaHHT HHCJIO | JTeHCTBHTCJIbHO 

HBjiaeTCH onpe/iejieHHbiM HHTerpajiOM Jj a & j x d x. 
3anHineM bmbojj;: 



x d x = — 
ii 2 



o 6.1.5. HHTerpaji ot dpyHKirHH ^Hpnxjie. IIo- 

KajKeM, hto onpeflejieHHbiii HHTerpaji He Bcer,u,a cy- 
mecTByeT. KjiaccniecKHM npHMepoM 3jj,ecb HBjiaeT- 
ca dpyHKHHH ^npnxjie, KOTOpyio mbi onpeflejiHjiH 
BMine dpopMyjioft (|2.1.4p : 



D(x) 



1, ecjiH x - painiOHajibHoe hhcjio 
0, ecjiH x - HppaHHOHajibHoe hhcjio 



Ilonpo6yeM noHSTb, hto 6yn,eT HHTerpajiOM stoh 
dpyHKu,HH na npoH3BOjibHOM OTpe3Ke [a; b]. BbiSe- 
peM KaKoe-HnGyjjb pa36neHHe t = {xq;xi; ...;xk} 
OTpe3Ka [a; b]. 



k 



k 



^D(£ i )-Ax i = }^0-Ax i = 
i=i i=i 

Ecjih Tenepb B3STb H3MejiMiaioiii;yioca: nocjieflo- 



(n) _ /_(«)._(»). 



„(») 



} 



BaTejibHOCTb pa36neHHH T yn > — {x 
OTpe3Ka [a; b], 

diam r (n) 



to Bbi6paB tohkh Q nepBMM cnoco6oM, mm nojiy- 

HHM, HTO HHTerpajibHbie CyMMM CTpeMHTCH K HHCJiy 

b — a: 



E^(d ri) )-Ax.^ 

i=l 



a — > b 

n— >oo 



a fljia BToporo cnoco6a nojiyHHM, hto ohh CTpeMHT- 
ca k Hyjuo: 



fc (") 

E^(d n) ; 



i=l 



Ax, 



(n) 



>■ 

71— ►OO 



CnpocHM ce6a Tenepb: cymecTByeT Jin e^HHoe hhc- 
jio /, k KOTopoMy 6m CTpeMHjiHCb Bee HHTerpajib- 
Hbie cyMMM, He3aBHCHMO ot toto, KaKaa Bbi6paHa 
H3MejiMiarc>iHaacH nocjieflOBaTejibHOCTb pa36neHHH 
= {xq; x\] x^} h Kaiaie Bbi6paHM tohkh 

€ [^i-ii ]? IIohhtho, ^ito TaKoro nncjia / 
(to ecTb HHTerpajia Jj a ^ D(x) d x) He cymecTByeT. 

3HaHHT, MM MOJKeM c,o,ejiaTb 

Bmboji,: (pyHKVjUJi flupuxjie tie uwmezpupyeMa 
hu Ha kclkom ompe3Ke [a;b]. 



(b) Kor^a cymecTByeT onpe^ejieHHfaiii HHTerpaji? 

H3 npHMepa l6.1.5l BHjiHO. hto He BCHKyio cpyHKH,Hio mojkho HHTerpnpoBaTb. B stom nyHKTe mm o6cy,iiHM 
Bonpoc o tom, Korjj,a onpeflejieHHbiit HHTerpaji cymecTByeT. 



§ 1 . Onpe^ejieHHbm iiHxerpaji 
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CyMMH ,Hap6y. ITycTb (pyHKUHH / onpeflejieHa h orpaHnneHa Ha OTpe3Ke [a; b] h nycTt r = {xo; x\\ x^\ 
— KaKoe-HnGyflb ero pa36neHH6. Ha KajKflOM OTpe3Ke [a;i_i; Xi] HaiifleM hhjkhioio h BepxHioio rpaHb cpyHK- 
n,HH / 

m 4 = inf /(C), M 4 = sup /(£) 

H C>6o3HaHHM 

fe fc 

s T = y^ j m i - Ax t , S T — ^2 M i ' Azj 

i=l i=l 

IIocKOjibKy / orpaHHneHa na [a; 6], h Mj hbjihiotch o6mhhmmh hhcji&mh, h nosTOMy s T n S r tojkc 
HBjiaiOTca HHCJiaMH, npiiHeM 

s T < S T (6.1.4) 

• BcjiHHHHa s r Ha3biBaeTCH nuofcneu, a BejinuiiHa 5 T - eepxneu cyMMoil fl,ap6y (cpyHKuim / Ha 
OTpe3Ke [a; b] npn pa36iieHHH t). 

IlepeHHCjiHM rjiaBHtie 

CBoficTBa cyMM ,ZJap6y 

1°. Ecjiu pa36uenue a noAyueno U3 pa36uenuM r do6aejienueM uoeux mouen 

t C a 

mo 

St <z s a < S a < 5 T (6.1.5) 

(mo ecmb, npu do6aejienuu k daHHOMy pa36ueHuw t uoeux moue-K huchchmm cyMMa JJapSy 
yeejiuHueaemcsi, a eepxnsiM yMenb-maemcsi) . 

2°. ffAH aw6ux deyx pa36uenuu gut dannozo ompe3Ka eunoAnsiemcsi nepaeencmeo 

s a < S T (6.1.6) 

(mo ecrnt, aw6om huokhsir cyMMa JJap6y Menbiue ajo6ou eepxneu). 
3°. JIto6aH unmezpaAbnati cyMMa Aeotcum Meoicdy nuoKneu u eepxneu cyMMaMu ffap6y 

k 

npuncM HuotcHHH cyMMa fl,ap6y ecm-b huwchmh zpanb ecex uumezpaAbHUX cyMM npu dannoM 
pa36uenuu, a eepxnsifi cyMMa fl,ap6y - eepxnnsi zpanb: 

k k 
s T = inf V/^O-Asi, S T = sup V/GO-Aa* (6.1.8) 

4°. Ecau Qiyn-Kuusi f unmezpupyeMa na [a,b], mo 3am npou3eoAbnozo pa36uenusi r ompe3%a [a,b] 
unmezpaA om f Aeotcum Memcdy nuMcneil u eepxneu cyMMaMu JJ,ap6y: 



S T S$ / f(x) dx^S T 
Jla.b] 



(6.1.9) 



/(oKasameAbcmeo. 1. J^jisi ^,0Ka3aTejibCTBa 1° ^ocTaTOHHO paccMOTpeTb cjiynaH, Kor^a k flaHHOMy pa3- 
6neHHio r = {xq; x\; ...; Xk} A°6aBjiHeTCH Bcero o,n,Ha Tonxa x* : 

a = t U {x*} — {x ;xi; ...;x k } U {x*} 

Tor^a x* jkjkht b KaKOM-TO OTpe3Ke [xj-i; Xj]: 

x* e \xj-x\Xj] (6.1.10) 



h nosTOMy 
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s T = m, • Axi — rrij ■ Axj + • Axi — rtij ■ (xj — Xj-i) + mj • Axi = (|6.1.10p = 

z=l i^j i^j 

= inf /(O .(^--1*)+ t i nf ,/(0 •(^-^-O + ^m.-Ax^ 

> „ ' > „ ' 

A\ A\ 
inf ,/(€)> t , inf „,/(«). 

noTOMy 'ito noTOMy ito 

[a:j_i ; a^j] D [x*,Xj-] [^j- 1 ; x j] 2 [ x j-l,x*] 

^ inf f(Q-(%j-x*)+ inf /(£) • (a;* - Xj-i) + Y^m* • Ax, = s CT 

?e[K%a: 3 ] £G[xj_i,x*] fr 

To ecTb, s T ^ So-. AirajiorHHHO ,n,OKa3biBaeTCH. hto SV ^ So-: 

sup /(C) •(a; i -»*)+ sup /(£) -(re* - ajj-i) + J^ M i ' Ax i > 
v ' . ' 

V/ V/ 
sup /(£)> sup /(£), 

noTOMy mto noTOMy mto 

[xj — i;Xj] D [x*,Xj-] [^j — 1 1 x j] 2 [ x j — l.x*] 

> sup f^).( Xj - x *)+ sup /(C) • (x* — Xj-i) + Mi ■ Axi = S a 

f£[x.,-_i;x*] £e[a*;x 3 ] ^ 

OcTaBuieecH HepaBeHCTBO b (|6.1.5p . s CT S^, ecTb npocTO HepaBeHCTBO (|6.1.4[) . b kotopom r 3aMeHeHO 
Ha (T. 

2. Ecjih (7 h x ~ flBa pa36HeHua OTpe3Ka [a; 6], to, ^o6aBjieHHeM HOBbix tougk, mojkho c^ejiaTb H3 hhx 
TpeTte pa36ueHHe p, KOTopoe 6bi coflep>Kajio h tr, h r: 

(T C p, T C p 

^jia Hero mm nojryHHM: 




3. HepaBeHCTBa (|6.1.7p oueBH/nrM, 

s T = V inf /(&) • < V /(&) -Ax^Y] sup /(&) • Ax, < SV, 
^CiGlxi-iiXi] ^ Sfte^-iw] 

h H3 hhx cpa3y cjieflyiOT HepaBeHCTBa 

k k 

s T < inf V] / (&) ' Aa ^> SU P XI ' Axi ^ 5 ' r - 

fiGlxi-^Xi] i=l £ie[xi-i;xi] i=1 

IIosTOMy, hto6bi, HanpHMep, ^OKa3aTb nepBoe paBeHCTBO b (|6.1.8p . ^,ocTaTOHHO ^,OKa3aTb o6paTHoe Hepa- 
BeHCTBO: 

k 

s T ^ inf Yji^-Axi (6.1.11) 
e < e[x*-i;x ( ]f—' 

z— 1 

,I(jia 3Toro (3acpHKCHpoBaB pa36neHHe r = {xo,...,Xfe}) fljia KajK^oro i = l,...,fc Bbi6epeM nocjieflOBa- 
TejibHOCTb ToneK € [a5i_i;Xj] TaKyro, uto 



n->oo f 4 G[xi_i;xt] 



Tor,n;a (|6.1.1ip nojiyuaeTca Tax: 
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k k k 



inf V /&) • Ax, < inf J2 f ' Ax, = lim ]T / (£<"> • Ax, = 

i, L t 11 ^l i=1 i=1 i=1 

k k 

= V lim / • Ax, = V inf /(£;) • Ax, = s T 



1 z—l 



BTopoe paBeHCTBO b (|6.1.8[) ,n,OKa3biBaeTCH aHajiomuHO. 

4. fljia flOKa3aTejibCTBa 4°, 3acpHKCiipyeM pa36neHHe r. fH,- 113 bchkoto 6ojiee Mejixoro pa36iieHHH a D t 
ii jiio6oh ciiCTeMbi Bbi/i,ejieHHi>ix ToneK pa36iieHiiH er mm nojiyniiM: 



1 16. 1.51 16.1.71 * 16.1.71 16.1.51 

s T ^ s a s$ y j /(&) ■ Axj ^ S a ^ S T 
»=i 



Ecjiii Tenepb 3aMopo3HTb r, a cr Bbi6HpaTb Bee 6ojiee HSMejibHaioinHMca, to mli nojiyniiM: 

k 

St < /",/(&) ' Ax l < S T 



1=1 



4 4- 
o 

f[ a , b] f( x ) dx 

OTCio^a ii cjie^yeT (|6.1.9|) . □ 
• BepxHHH rpaHb Bcex hhjkhhx cyMM ^ap6y pjia dpyHKHiiH / Ha OTpe3Ke [a; b] 

7* = sup s T 

r 

Ha3biBaeTCH huokhum uwmezpajioM JJapSy, a hiijkhhh rpaHb Bcex BepxHiix cyMM ,H,ap6y 

I* = inf S T 

T 

Ha3biBaeTCH eepxnuM unmezpajioM J^ap6y. Ife HepaBeHCTBa (|6.1.6p cjie/ryeT, hto ,n,ji5i jno6bix 
flByx pa36neHHH a h t /jaHHoro OTpe3Ka BbinojiHHiOTca HepaBeHCTBa 

s ff < I* < I* < S T (6.1.12) 
Ecjih Bflo6aBOK (pyHKiniH / HHTcrpnpyeMa Ha [a, b], to 3Ty uenouKy mojkho flonojiHHTb TaK: 



/(x) dx < I* < fiV (6.1.13) 

J[a,b] 



> 6.1.3. Haii^,HTe BepxHHfl h hhjkhhh HHTerpa- h dpyHKHiiH ,I[iipHx.iie (onpeflejieHHOft (popMyjioii 
jibi r ZI,ap6y Ha OTpe3Ke [— 1;1] fljia cpyHKinni CHr- (|2.1.4[l ). 
HyM sgnx (onpeflejieHHOii Bbinie dpopMyjioii (|2.1.3p ) 



KpHTepnii HHTerpnpyeMOCTH. 

TeopeMa 6.1.1 (KpirrepHH HHTerpnpyeMOCTH) . 1 OzpanuHeHHasi na ompe3ne [a; b] cf}yHKv,usi f moeda 
u moAbKO moeda uwmezpupyeMa na [a; b], Kozda 3asi bcmkou u3MeA , m,amui l e'ucsi nocAedoeameJit>Hocmu 
pa,36uenuu ompesna [a; b] 

diam r (n) — > 

coomeemcmeytou^ue eepxuHM u Huwcnsitt cjjmmu /Jap6y cmpeMfimctt dpys K dpyzy: 

S tW -s r( „, — »■ (6.1.14) 

n— f C30 

B 3moM cAyuae (3ah bcmkou uaMeAwaiovneucsi nocAedoeameAbHocmu r*-™^ pa36uenuu ompe3Ka [a; b]) 
cy.MMU /Jap6y Heo6xoduMO cmpeMnmCH k unmezpaAy om f na [a, b]: 

S rW — »■ / /(x) dx Sr( „, (6.1.15) 

"-^^ J[a,b] °°^ n 



3Ta TeopeMa Hcnojib3yeTC5i HH>Ke npn ^,OKa3aTejii>CTBe TeopeM 16.1.21 h 16.1.31 
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/JoKa3ameAbcmeo. 1. HeoSxofliiMOCTb. HycTb / HHTerpiipyeMa Ha [a; b] , noxajKeM hto TOiyja BbinojiHHeTCH 
(|6. 1.141) . Bo3bMeM KaKyK)-HH6yflb H3MejibHaK>iiryiocH nocjieflOBaTejitHOCTb pa36neHHH OTpe3Ka [a; 6]. 
H3 jieBoii (popMyjibi (16. 1.81) 

k 

St= r inf ,y2f(£i) ■ 

2—1 

cjie^yeT, hto fljis bchkoto n mojkho Bbi6paTb tohkh Q G [a;^_i;aft] TaK, htoGm 



Torfla Mbi nojiynuM 



Sr(» 



E/(c (n) ) 



•A3 



• A^i — > 

n— f oo 



Tenepb bciiomhhm, hto, no npe/niojiojKeHHio, cpyHKHiia / HHTerpiipyeMa Ha [a;b], to ecTB cymecTByeT 
TaKoe hhcjio 7, HTO 

k 



• Axi — > I 

n— yoo 



(6.1.16) 



pjm bchkoh H3MejibHaiOH];eHCH nocjieflOBaTejibHOCTH h jho6oh CHCTeMbi tohck Q n ' € :rj]. B 

nacTHOCTH, 3to flOjcKHO 6biTb BepHO fljia Hanieii nocjie/i,OBaTejibHOCTH r*-™' h Bbi6paHHOii HaMH CHCTeMbi 
Tonex € [afj—ija;,-]. OTCK>,a,a 



+ / = 7 



Tohho TaK»ce H3 npaBoii cpopMyjibi (|6 . 1 .8|) 



S T = sup ^2f(&)- Ax*, 
cjie^ryeT, hto fljia bchkoto n mojkho Bbi6paTb (HOBbie) tohkh Q n ^ € [a;,-_i;a;j] TaK, hto6m 

k 



Sr-£/(« n, )- A 



1 



Tonaa mm nojiyHHM 



vac* — > 

n— ^oo 



IlocKOjibKy (pyHKHiia / HHTerpHpyeMa, BbinojiHHeTCH (|6.1.16|) . 3HannT 

^ = f 5 r w - E / • + E / (d" 3 ) ■ A*, ^ + J = I 



TaKHM o6pa30M, mm nojiynnjiH, hto 

S T („) 

OTKya,a h cjie/ryeT (|6. 1 . 14)) : 



► 7, S T (n) > I 

n— foo n— foo 



<£,-(») — s r<") ► 

n— foo 



2. JJ^OKajKeM ^ocTaTOHHOCTb . IlycTb fljia bchkoh H3MejibHaioiHeHCH nocjieflOBaTejibHOCTH t^ 71 ' pa36ne- 
hhh OTpe3Ka [a; 6] 

diam r (n) — ► 



§ 1 . Onpe^ejieHHbiit iiHTerpaji 



277 



cooTBeTCTByiomHe BepxHaa h hhjkhhh cyMMM ,ZI,ap6y CTpeMHTCH ppyr k ppyry: 

S T (n) — S T (n) > 

n— >oo 

3aMeTHM, hto TOiyja BepxHHH h hhjkhhh HHTerpajibi ^apGy flOjKKHbi coBna,a,aTb 

h = r, 

noTOMy hto H3 HepaBCHCTB (|6.1.12j) cjie^yeT 

< I* - h «S S r( „) - s r( „) — > 0. 

n— f oo 

Tcncpb nojiojKHM 

I = h= I* 

h noKajKeM, hto / HBjiaeTCH iiHTerpajiOM cpyHKHHH / Ha OTpe3Ke [a;b]. 

flflsi SToro onHTB bosbmbm H3MejibHaK)myiocfl: nocjieflOBaTejiBHOCTb T^ n ' pa36neHHfi OTpe3Ka [a; b]. H3 
HepaBeHCTB (|6.1.12|) nojiyuaeM ppe uenoHKH: 

< I — S T („) S$ S T (n) - 3 T (n) < £,.00 — / < S T (n) - S T (n) 

4. 4- 4- 4- 

00 00 



JJ- 4 



/ - s r( n) — > S tW - J — > 

4 a- 



S T (n) !> / iSj-Cn) > -f 

n— >-oo n— >oo 

Tenept H3 cpopMyjibi (|6.1.7I) npn npoH3BOJibHOM BBi6ope ToneK £^ 6 [xi_i;xj] Mbi nanynaeM 

4. 4. 44 

nocjieflOBaTejibHOCTH no 6oKaM SToro flBofmoro HepaBencTBa CTpeMHTCH k /, 3HanHT, HHTerpajibHaa 
cyMMa tojkb CTpeMHTCH k /: 

^ /( ^) } . A («) 7 

* — » n— >oo 

i=l 

3to BepHO fljia bchkoh H3MejibHaK>meHCH nocjieflOBaTejibHOCTH t^ 71 ' pa36neHHH OTpe3Ka [a; 6] h jiio6oh 

j-(n) r (n) (n)i 7 * 

CHCTeMbi BbiflejieHHbix Tonex 5 t > € |x 4 -_ x ; x\ J , 3HanHT j ^eiiCTBHTejibHO HBjiaeTCH HHTerpajiOM fljia / 
Ha [a;b]. 3to HaM h Hysaro 6bijio ,n,OKa3aTb. □ 

OrpaHHieHHOCTb HHTerpupyeMofi cpyHKijHii. 

TeopeMa 6.1.2. Ecau (fiytiKVALsi f unmezpupyeMa na ompe3Ke [a;b], mo ona ozpaHuuena na neM. 

/JoKasameAbcmeo. ,H,OKa:>KeM sto yTBep>KfleHHe b SKBHBajieHTHOii cpopMyjinpoBKe: ecjiu cfiyHKUALSi f (onpe- 
de/iena u) HE ozpaHuuena na ompe3Ke [a;b], mo ona HE unmezpupyeMa na neM. IlycTb (pyHKHHH / He 
orpaHHneHa Ha OTpe3Ke [a; b]. 3to 03HanaeT, hto OHa hjih HeorpanHueHa CBepxy, hjih HeorpaHHneHa CHH3y: 

sup f(x) = +00 hjih inf /(x) = —00 

xe[a;b] xe[a;b] 

IIpeflnojiojKHM, fljia onpeflejieHHOCTH, hto OHa HeorpaHHneHa CBepxy: 

sup f(x) = +00 

x (E [a ; b] 

3a(pHKcnpyeM KaKoe-HH6y,nb hhcjio M h B03bMeM npoH3BOjibHoe pa36neHHe r = {xo;xi; ...;xfc} OTpe3Ka 
[a;b]. 
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IIocKOjiBKy / HCorpaHnneHa Ha OTpe3Ke [a; b], ona, flOjBKHa 6biTb HeorpanHHCHa Ha KaK0M-HH6yflb 
OTpe3Ke [a;,'_i;Xj]. To eerb, cymecTByeT HH^eKC j TaKoit hto 

sup f(0 = +00 (6.1.17) 

3acpHKCHpyeM stot HH^eKC j h Bbi6epeM npoH3BOjibHbiM o6pa30M tohkh ^ G [xj_i; Xj], i ^ j. Toiyja b 
HHTcrpajibHoii cyMMe 

fe 

i=l i^j" 

BejiHHHHa , . /(£;) • A^i cpHKCHpoBaHa, a cjiaraeMoe f(£j) ■ A.Xj - nepeMeHHaa, nocKOJibKy TOHKa 
£j G [a5j-_i; Xj] eme ne Bbi6pana. H3 (|6.1.17l) cjie^yeT, hto HefloCTaromyio TO^xy £j G [xj-±]Xj] mojkho 
Bbi6paTb TaK, HTo6bi bch cyMMa 6bijia 6ojibine hhcjui A/: 

fe 

J2 /(&) • Ax, = /&) • A.r, + ]T /(&•) • Ax, ■ M 

i=l i^j 

Mbi nojiynnjiH, hto fljiH bchkoto pa36neHHH t = {xq; x\ \ ...;xk} OTpe3Ka [a; b] mojkho Bbi6paTb ^nona 
£i G [ati—ijXi] Tax, ^toSijI HHTerpajibHaa cyMMa OKa3ajiacb 6ojibine nncjia M. 

3HaHHT, ecjiH B3HTb H3MejibHaioiiryioca nocjie,n,OBaTe.JibHOCTb pa36iieHiifi t^- 71 ' , to ^;jih Hee Toace mojkho 
Bbi6paTb HHCjia G ar^ ] TaK, hto6m HHTerpajibHaa cyMMa 0Ka3ajiacb 6ojibine nncjia M: 

fc<") 

»=i 

OTCio/ja cjieflyeT, hto HHTerpaji (to ecTb npefleji TaKiix HHTerpajibHbix cyMM), ecjiH oh cymecTByeT, He 
MOJKeT 6biTb MeHbHie M: 

/= lim V /(&) • Ax* > M 

i=l 

Ho hhcjio M mm Bbi6HpajiH npoH3BOjibHbiM: nojiynaeTca, mo hhcjio / ^ojijkho 6biTb 6ojibnie KaKoro 
xonenib ,npyroro nncjia M, a sto a6cypfl. □ 

HHTerpHpyeMOCTb mohotohhoh cpyHKUHH. 

TeopeMa 6.1.3. Ecau <fiyHKii ) uM f (onpedeAena u) MOHomowHa na ompe3Ke [a; b], mo ona unmezpupyeMa 
na neM. 

/J,oKa3ameAbcmeo. IlycTb cpyHKHHH / (onpeflejieHa h) MOHOTonna Ha OTpe3Ke [a; b], HanpHMep, Hey6biBaeT 
Ha HeM: 

8 < t =► f(s) < f(t) 

noKajKeM, ito Tor^a / HHTerpnpyeMa Ha [a; b\. JXjisi stoto B03bMeM KaKoe-HH6yn,b pa36neHHe r OTpe3Ka 
[a; b] h noKajKeM, hto cyMMbi ,H,ap6y y/ipBjieTBopjnoT HepaBeHCTBy: 

S T - s T < diam r • {f{b) - /(a)} (6.1.18) 

^eiicTBHTejibHO , 

fe fe fe fe 

S T -s T = 2~] sup /(£) ■Axi-V' inf f(^) -Axj = >J/(a;,')-Aa;i-2~)/(a!i_i)-Aari = 
»=i «£F«-i> x «J i=i ; 1 ,J . i=i i=i 



/(-,). /(*,-i). 

jcKOJiBKy^/ nocKOJitKy / 



X! (/ (^) ~ / (^i-i)) ' Ax * ^^2(f ( x i) - f • djam_r = diam r • ^ (/ (a;,-) - / 



1=1 A\ 1=1 

diam r 
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v ' cOKpamaioTCH coKpamaioTCH coKpamaioTca cOKpamaioTCH « v / 

ii | ; i ; i ; $ ; 11 

= diam t-\ f(x k ) -f(x k -i)+f(x k -i)-f(x k - 2 )+ ... + f(x 2 )-f(x 1 ) + f(x 1 )- f(x ) \ = 

i=fc i=fc-l i=2 i=l 

= diam r • {/(&) - /(a)} 

Ecjih Tenept b3htb H3MejiMaioiHyiocH nocjieflOBaTejiBHOCTb pa36iieHHii t^™) OTpe3Ka [a; 6], to mm nojry- 

HHM 

< S t( „ ) - fl T( „, < CM < diam . {/(&) - /(a)} — ► 

n— ^oo 

3HaHHT, 

£,-00 - S T (n) >• 

n— f oo 

9to BcpHO ,zi,jih jno6ofi H3MejiMaK>iHencfl nocjieflOBaTejibHOCTH pa36neHHH r^ n \ 3HaHHT, no TeopeMe lG.l.ll 
/ HHTerpHpyeMa Ha [a; b\. □ 

HHTerpapyeMOCTB HenpepbiBHoii cpyHKijHH . 

TeopeMa 6.1.4. Ecjiu g5yHKv,uji f (onpedeAena u) nenpepuena na ompe3Ke [a; b], mo ona uwmezpupyeMa 

HQ, HeM. 

flflu A OKa3aTe J nj CTBa TeopeMH 16.1.41 helm noHa,a,o6HTCfl cjie/iyioiHaH 

JleMMa 6.1.1. Ecjiu f - Henpepuenan g n >yHKu j usi na ompe3Ke [a; b], mo 3am aw6ozo pa36uenusi r ompe3Ka 
[a; b] cyuificmeywrn hucao, a, p 1 £ [a; b], mattue umo paccmosmue Meotcdy humu ne npeeuwaem duaMempa 
pa36ueHUH r 

I a - f3\ < diam r, (6.1.19) 

a pa,3Hocmb Mecttcdy eepxneu u numcneu unmezpaAbHUMU cyMMdMU r Z(ap6y smozo pa36uenuM ouenuea- 
emcsi HepaeencmeoM: 



S T — s T 



f{a)-f{p) .(6-0) (6.1.20) 



/J,oKa3ameAbcm6o. IIo TeopeMe BeitepniTpacca 06 SKCTpeMVMax [2~3 . 4[ dpyHKHHH / flocraraeT MaKCHMyMa 
h MHHHMyMa Ha KajKflOM 0Tpe3Ke [xi-i]Xi], to ecTb cymecTByiOT Taiaie tohkh rji, 9i € [xi_i;a;<], hto 

f(rn)= sup f{x) & f{0i)= inf f{x) (6.1.21) 

xe[x 4 _i;x 4 ] x€[x«-i;x 4 ] 

PaccMOTpHM kohcihmh Ha6op unceji 

f(vi)-f(0i), fin,)- fib), f(m)-f(6i), f(m)-f(o k ) 

h Bbi6epeM cpeflH hhx MaKCHMajibHoe: nycTb cooTBeTCTByionrHH HH/jeKC o6o3nanaeTCH j: 

f (Vj) ~ I (0j) = . max (/ fa) - f fa)) (6.1.22) 
1— 1,2,. .., k 

0603HaHHB Tcncpb 

a = r}j, P = 0j 

mm nojiyHHM HyjKHbie HHCjia: c o/nroii CTopoHbi, nocKOjibxy a,/? € nojiynaeTca 

\a-P\ < Ax 3 s$ A(r) 

A, c ^pyrofi CTopoHbi, 

f(a) - ftf) = max (f( Vl ) - /(^)) = max ( sup fix) - inf /(x) j (6.1.23) 

V 7 yxGlxs-i.-x^ xe[x 4 _i;x»] y 

II03TOMy 
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5 T -,s r = V sup fiO-Axi-T inf , /(fl-Aa* = E 



sup /(£)- inf /(O 



•Ax,; < 



A\ (IHX21TD 

/(«) - /(/?) 



E [/(«)-/(/?) 



i=l v- 



•Ax,; 



/(a)-/(/3)l- 



He 3aiiHCni 
ot HH^eKca i 



J =1 

fljiHHa OTpe3Ka [a,b] 



/(a)-/C9) -(6 -a) 



□ 



floKa3ameji'bcmeo meopeMu \6.1.4\ IlycTb - H3MejibHaiou],aaca nocjieflOBaTejitHOCTb pa36HeHHit ot- 
pe3Ka [a; 6]: 

diam r (n) — >■ 

n— >oo 

Tlo jieMMe lB.l.ll Haii,ii,yTCH nncjia a^ n \ (3^ € [a, 6] TaKiie, ^ito 

| Q (») -/3(«)| <; diam r< n > 

H 

S T w - * r c») «S [/(« (n) ) - /(/3 (n) )] • (b- a) 
Ife nepBoro ycjiOBHH cjie^yeT, hto nocjieflOBaTejitHOCTH a^ n ' h CTpeMHTca APyr k ,npyry: 

a (n) - /3 (n) — -> 

n— f 00 



IIosTOMy no TeopeMe KaHTOpa l2.3.5l (cpyHKnnH / HenpepbiBHa Ha [a; 6], 3HanHT OHa flojoiaia 6bitb paB- 
HOMepHO HenpepbiBHa Ha mm), nojiynaeM: 



OTCK),a,a ysce cjieflyeT 

5 T (n) - S T (n) < 



/(a (n) ) -/(/3 (n) ) — ► 



/( a W) -/(/?(«))].(&- a) 



5 T (n) — S T (n) 







3to BepHO ,hjih jno6oii HSMejibnaioiHeHCfl nocjieflOBaTejitHOCTH pa36neHHH r' n ), 3HaHHT, no TeopeMe l6-l.il 
/ HHTerpnpyeMa Ha [a; b]. □ 

(c) CBoiicTBa onpe/],ejieHHoro HHTerpajia 



CBoiicTBa onpe,a,ejieHHoro HHTerpajia 
1°. JlHHefiHOCTi>: ecnu cfynKuuu fug unmezpupyeMU na ompe3Ke [a;b] mo Ojim mo6ux uuceji 
a, ft € M (fiynKuufi a ■ f + f3 ■ g moMce unmezpupyeMa na ompestte [a; b], npuueM 

(a- f(x)+/3-g(x)) dx = a- [ f{x)dx + (3-[ g(x) dx (6.1.24) 

0,6] V ' J[a,b] J[a,b] 

2°. AflflHTHBHOCTb: nycmb a < b < c u q^ynKuusi f unmezpupyeMa na ompe3Kax [a;b] u [b;c], 
mozda ona unmezpupyeMa na ompe3Ke [a;c], u npu smoM 



f(x) dx+ / f(x) dx 

a,b] J[b,c] 



f(x) dx 



(6.1.25) 



3°. MoHOTOHHOCTb: ecnu qiynKuuu fug unmezpupyeMU na ompe3Ke [a; b] u npu smoM 

f(x)^g(x), xe[a;b] (6.1.26) 

mo 

f{x) dx < / g(x) dx (6.1.27) 
0,6] J[ a M 
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4°. BtmyKJiocTt: ecAU <fynKU,ufi f unmezpupyeMa na ompe3Ke [a;b], mo (fynnuufi \f\ mooKe 
unmezpupyeMa na ompe3Ke [a;b], u npu 3moM 



I fix) Ax 

J[a.b] 



C I \f{x)\ dx 

[a,b] 



(6.1.28) 



5°. Ou,eHKa CBepxy: ecAU gjynKU,UM f unmezpupyeMa na ompe3Ke [a;b], mo 



a,b] 



f(x) dx 



< (b- a) • sup \f(x)\ 

x£[a,b] 



(6.1.29) 



6°. HenpepbiBHOCTb: ecAU qiynnuun f unmezpupyeMa na ompesne [a; b), mo 3ah bcmkou moHKU 
c G [a, b] 



f f{x) dx^ / fix) dx 

J[a,y] J[a,c] 



fix) dx — > fix) dx 
IvM v ^ c • 



(6.1.30) 
(6.1.31) 



7°. TeopeMa o cpe^Heivi: ecAU <f>ywKu,u.fi f nenpepuena na ompe3Ke [a;b], mo naudemcsi manasi 
moHKa £ £ [a;b], nmo 

[ fix)dx = fiO-ib-a) (6.1.32) 

J[a,b] 

8°. HHTerpnpyeMOCTb npoH3BefleHHa: ecAU $ynKU,uu fug unmezpupyeMU na ompe3Ke [a; b], 
mo ux npouseedenue f ■ g - momce unmezpupyeMasi (fynnuiiK na ompe3%e [a; b] . 

9°. 3aMeHa nepeMemioH: nycmt 

1) fiyHKVfUM f unmezpupyeMa na ompe3Ke [a;b], u 

2) <fiyHKV,Ufi tp onpedeAena na ompesne [a; 0\ u o6Aadaem ceoucmeaMu: 

a) tp - zAadKaM na ompe3Ke [a;0\; 

b) tp - cmpozo Monomonnan na ompe3Ke [a;0\; 

c) tp cwpseKmueno omo6paotcaem ompe30K [a; (3} na ompe30K [a;b]: 

<p([a;0\) = [a,b], 
mozda cfynKuusi if o tp) ■ tp' unmezpupyeMa na ompe3Ke [a, j3], u 

fix) dx= f f(tp(t))-\tf/(t)\ dt (6.1.33) 



/fonasameAbcmeo. 1. iliiHeimocTb. HycTb cpyHKiriiH / h g iiHTerpiipyeMbi Ha OTpe3Ke [a;b], h 

F= f fix) dx, G = [ gix) dx 

J[a,b] J[a,b] 

BCHKoro pa36HCHHa r = {xq, ...,Xk} OTpe3Ka [a; b] h jtk>6oh ciiCTeMbi Bbmejieirabix tohck £j € 
[xi-\]Xi] mbi nojiyHHM: 

k k k 

Y l (<*-f(ti)+P-9&)) -A Xi = a- V/te)-Ax 4 +/3- V 5 (^)-Ax — ► a ■ F + (3 ■ G 

A — 4 \ J A — ' A — ' diamr— >0 



diam i 

i i 



F 



diam i 

4- 4- 



F 



3to HyacHO noHHMaTb Tax: ecjin b3htb nocjieflOBaTejibHOCTb pa36iieHHH r^ n ' , .zniaMeTpw kotopmx CTpe- 
mhtch k Hyjiio, to KaKyio hi Bbi6iipaH ciiCTCMy BbiflejieHHbix TO^eK HHTerpajiBHaa cyMMa cpyHKiniii 
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a- f + /3-g 6yn,eT ctpcmhtch k HHCjiy a-F+(3-G. To eert, dpyHKinia a- f + (3-g nojiynaeTCH HHTerpnpyeMoii, 
(a ■ f(x) + P ■ g(x)) dx = a-F + /3-G = a- [ f{x)dx + f3-[ g(x)dx 

[a,b] V ' J[a,b] J[a,b] 

2. A^a,iiTHBHOCTi>. IlycTb / HHTerpHpyeMa Ha OTpe3Kax [a; b] h [b; c]. Toiyja no TeopeMe l6.1.2[ / orpa- 
HineHa Ha OTpe3Kax [a; b] h [6; c], a 3HanHT h Ha 0Tpe3Ke [a; c]: 

3AI e E Vi€[o;c] |/(x)| < M (6.1.34) 

06o3HanHM nepe3 A h B HHTerpajiw no OTpe3KaM [a; b] h [6; c] 

A= f f(x) dx, B = [ f(x) dx 

J[a,b] J[b,c] 

HaM HyjKHO noKa3aTb, hto / HHTerpnpyeMa Ha [a; c], npH^ieM 

f{x) d x = A + B 



[a,c] 

Bo3bMeM pa36neHHe r = {.To, Xk} OTpe3Ka [a;c]. Tonxa 6 nonafleT b KaKoii-TO nojiyHHTepBaji (xj—i,Xj]: 

t = {a = xq < x\ < ... < Xj-i < b ^ xj < xj + i < ... < Xk — c} 
3anoMHHM stot HH^eKC j h Bbi6epeM npoH3BOjH>Hbie tohkh € [xi-i]Xi\. Tor/ia: 

HHTerpajibHaH cyMMa 
Ha OTpe3Ke [a; c] 



k j-1 k 

J2 1 te) • A.r, = f &) • a.,-, + / &) • A^- + J2 f &) • Xr > = 

i—l i—l i—j-{-l 

j-l k 

= £ / (6) • Ax, + (/(&) + / &) - ■ A*,- + E / (6) ' A ^ = 

i—l i=j-[-l 

7 — 1 k 

= J2f (Ci) ■ A<% + /(&) ■ Axj + f (&) ■ A-''- + (./• (0) - /(&)) ' Ar, = 

i— 1 i— j+1 

j-l k 

= j2f te) • A*, + m ■ (xj - xj.,) + E / &) • Ax * + if fo) - /(*)] • As J = 

i—l i— j+1 

3-1 k 

= £/ (6) ■ Ax, + /(&) ■ (6 - arj-i) + f(b) ■ fa -b)+ £ / (&) • Aa* + [/ fo) - /(&)] ■ Aa 

i=l i=j+l 

" ' V v ' 

HHTerpajibHan cyiiMa Ha OTpe3Ke [a; b] HHTerpajifcHaa cyMMa Ha OTpe3Ke [6; c] 



HHTerpajibHan cyMMa 

Ha OTpe3Ke [a; c] imTerpajibHasi cyMMa Ha OTpe3Ke [a; b] HHTerpajibHasi cyMMa Ha OTpe3Ke [b; c] 




/ (&) - /(&) • Ax, < ( 1/(^)1 + ) • Axj < 2M • diam r — > 

\\ ✓ s // diam r— 



A\ A\ A\ 

M M diam r 



§ 1 . Onpe^ejieHHbilt iiHTerpaji 



283 



£/(&)• Ax* — ► A + B 

* — ' diam r— >-0 

i=l 

OlIHTb JKfi, 3TO HyjKHO IIOHHMRTb TaK, HTO KaKyK) HH B03bMH nOCJieflOBaTejIbHOCTb pa36HCHHH OT- 

pe3Ka [a, c], c /niaMeTpaMH CTpeMHiiniMHca k Hyjiio, to npn jiio6om Bbi6ope BbmejieHHbix tohck Q , 
HHTerpajibHbie cyMMbi dpyHKHHH / Ha OTpe3Ke [a, c] 6ynyT CTpeMHTbca k Hiicjry A + B. 3to HaM h HyjKHO 
6mjio flOKa3aTb. 

3. MoHOTOHHOCTb. IlycTb (pyHKu,HH / h g HHTerpupyeMbi Ha 0Tpe3Ke [a; b], npnieivi 

f(x) < g(x), x € [a;b] 

Torfla fljia jno6bix pa36HemiH r = {xo, Xfc} OTpe3Ka [a; c] h jno6bix ToneK ^ € [xj_i; ^i] mm nanyHHM 

Vi / (&) • Ax; < g (&) • Ax; 
/(x)dx V/(6)' Ax, ^ V. 9 (6:)-A^ — > / g(x)dx 

/(a;) d a; ^ / g(x) d x 

a, 6] «/[a,6] 

4. BbinyKjiocTb. 3,n,ecb npn /i,OKa3aTejibCTBe Hcnojib3yiOTCH CBoiicTBa tohhmx rpaHeii dpyHKiniH, o 
KOTopbix mm roBopnjiH Ha c !126l CHanajia Hysmo flOKaaaTb cne/iyioiHee HepaBeHCTBO, CBS3MBaioiHee 
BcpxHHe h HHJKHne cyMMbi ,I[ap6y / h |/|: 

Sr(\f\) ~ Sr(\f\) < S T (f) - S T (f) (6.1.35) 

^eftcTBHTejibHO : 

SA\f\)-s T (\f\) = J2[ ™p |/07)|- inf \f(e)\)-A Xi = &IM = 

= £( su P 1/^)1+ SU P f-l/Wl) J " A ^=E SU P (l/WM/Wl) 'AXi< 

i= l V^Glxi-ijXi] ee[xi_i;a«] v / / i=1 i),96[i,_i;i,] x 7 

< dDT5H < V sup |/fa) - /(0)| • Axi = iH = £ sup (/(r?) - /(0)) • Ax* = 

i=l *7,0e[x<_i;xi] j =1 ?7,0e[xi_i;:E<] 

= Vf sup /(r?)+ sup (- f(g)) ) - Ax, = EE = 

i=l \»?e[a;i-iia;«] 0e[x«-i;xi] v ') 

= V f sup /(r?) - inf /(0) ] • Ax, = S T (f) - s T (f) 
~[ y^elxi-uxi] eeixi-i;^] y 

Ecjih Tenepb dpyHKin-ra / HHTerpnpycMa Ha OTpe3Ke [a; b], to no KpnTcpnio HHTerpnpyeMOCTH (Teope- 
Ma 16.1.11 3T0H raaBbi), fljia jiio6oh HSMejiMiaioiHeHca nocjieflOBaTejibHOCTH pa36HeHHii 0Tpe3Ka [a; b] 

pa3HOCTb MejKfly BepXHHMH H HIDKHHMH CyMMMlH ,3,ap6y fl-IIfl CpyHKHHH / flOJEKHa CTpeMHTbCH K HyjIIO, 

nosTOMy H3 (|6.1.35p nojiynaeM: 

o s: S r( »)(|/|) - M»)(l/I) < S rW (f) - « T( »)(/) — > 

n— >oo 

OTKy^a 

S r( n)(|/|)-* r (»)(|/|) — ► 
n— j-oo 
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To ecTb dpyHKirnH |/| TO»ce /i,ojiJKHa 6biTb HHTerpiipyeMa Ha 0Tpe3Ke [a; b], HaM ocTaeTCH ,zi;0Ka3aTb Hepa- 
BeHCTBO (16.1. 28p : 



a,b] 



/(x) dx 



0<— diam r 



!=1 



^ ([0XT291) < 1/(6)1" Ax » n / 



.r, ; — ► / |/(x)| da; 

diamr-i-0 ./r ai &] 



a. 6] 



/(x) dx 



4- 

*S / l/MI dx 

[a,b] 



5. OneHKa CBepxy. Ecjih cpyHKirna / HHTcrpnpyeMa Ha OTpe3Ke [a, b], to no TeopeMe 16.1.21 OHa orpa- 
HH^eHa. 06o3HanHM C = sup^g^ b ] |/(x)|. Tor,a,a 



/ fix) dx C (16.1.281) f |/(x)|dx</ (7 d x = <|HX2]l 

J[a,6] J[a,b] J[a,b] 



(b-a)-C 



it 16.1.271 

1/(^)1 «S C 



6. HenpeptiBHOCTb. H3 flByx dpopMyji (|6.1.30p h (|6.1.3ip Mbi /jOKajKBM nepByio, nitea b Bn^y, hto 
BTopaa flOKa3biBaeTCH no aHajiornn: 

/ f(x) dx-^ f f(x) dx 

J[a,y] J[a,c] 

Ee, b cbok) onepeflb mo>kho pa36nTb Ha ,n,Ba oflHOCToponnnx npeflejia, 

/(x)dx, / f(x)dx — I / f(x)dx, 



f(x)dx — > 
a,y] y^ c -° 



a,y] 



h flOKasaTb, nanpnMep. BTopon, 3aHBHB, hto ncpBbiH flOKa3biBaeTCH aHajioniHHo: 



f{x) dx - / f(x) dx 

[a,c] 



f(x) dx 



II 16.1.251 

f [ar] f(x)dx + fyf(x)dx 



£ <(!/-«)• sup |/(x)| 

v v ' xe[c,y] 

I " v ' 





A\ 

sup \f(x)\ 
6[o,»] 

A TcopcMa l6.1.2l 



7. TeopeMa o cpe/nreM. IlycTb / HcnpcpbiBHa Ha 0Tpe3Ke [o;6]. Toiyja no TeopeMe BeiiepniTpacca 06 
SKCTpeMyMax ( TeopeMa 12. 3. 4p . Haii/ryTCH Taxne tohkh a, ft € [o-',b], hto 

Vxe[a;6] /(a) < /(s) < /C8) 

Tenept no ysce /i,OKa3aHHOMy CBOitcTBy mohotohhocth 3°, 



/(a) / /(x) dx< / /(/3) dx 

a,b] J[a,b] J[a,b] 



BcnoMHHB Tenepb f|6 . 1 .2[) . nojiynaeM 



/(a)-(6-o)< / /(x) dx </(/?)• (6 -a) 

[a,b] 



OTKyn,a 



/(«) < 



1 



/(x) dx</(/3) 



b — a j[ a fc ] 

TaKHM o6pa30M, hhcjio M = ■ Jj Q ^ /(x) jicjkht MejKfly 3HaHeHHHMH /(a) h HenpepbiBHOii 
cpyHKUHH / Ha OTpe3Ke [a;/3]. 3HanHT, no TeopeMe Koinn o npoMescyTOHHOM 3HaHeHHH (TeopeMa 12. 3. 21) . 
HaiifleTCH Tonxa £ £ [a; /3] C [a; 6] TaKan hto 



/(6 



b — a 



0,6] 



/(x) dx 
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OTcro^a h nojiynaeTCH ()6. 1 .32[) : 



a, b] 



f(x) dx = f(0-(b-a) 



8. IIpoH3BefleHHe HHTerpnpyeMbix cpyHKiniii. IlycTb cpyHKinin fug iiHTerpupyeMbi Ha OTpe3Ke [a; b]. 
Torfla no TeopeMe 16.1.21 ohh ppnyKam 6biTb orpaHHHeHbi Ha [a; b] : 

3A,BeR Vxe[a;b] \f(x)\ < A, \g(x)\ < B 

3aMeTHM, hto fljia jho6bix rj,9 S [a, b] BbinojiHHeTCH HepaBCHCTBO 

l/fa) ■ 9(V) - f(0) ■ 9{6)\ < B ■ l/fa) - f{6)\ + A ■ |<?fa) - g(9)\ (6.1.36) 

^eiicTBHTejibHO , 

l/M ■ sfa) ~ f{9) ■ g(0)\ = l/fa) ■ <?fa) - /(*) ■ g{rj) + f(ff) ■ g(fj) - f(9) ■ g(d)\ < 

< \f{ri) ■ <?fa) - f{9) • <?fa)| + \f(0) ■ <?fa) - f(0) ■ g(9)\ = |/fa) - f{6)\ ■ \g{rj)\ + \f(9)\ ■ \g(rj) - g{9)\ < 

< \f{r,)-f{6)\-B + A-\g{rj)-g{d)\ 

Tenepb, HTo6bi flOKasaTb, hto / ■ g nnTerpnpyeMa Ha [a; 6], B03bMeM pa36neHHe r OTpe3Ka [a; b] h oi^eHiiM 
pa3HOCTb Mempy BepxHHMH h hidkhhmh cyMMaMH ,Z^ap6y fljiH cpyHKnnn f(x) ■ g(x): 

Sr(f-g)-s T (f-g)=y2[ sup f(v)-g(v)~ inf f(9)-g(9))-Ax l = 

\v£[x,-i;x t ] Selxi-uxi] J 



sup 



/fa) ■ g(v) - f(0) ■ g(0) ■ A Xt < (|BT36D 



< T sup (B ■ f{rj) - f{9) + A ■ g(n) - g{9) ) ■ A Xi = 

i=1 »7,ee[xi_i;xi] v 7 
k k 

= b-J2 sup /fa)-/(0) ■Ax i + ^-^ sup g(v)-g(e) 

i=l vfi€-[ x i-i't x i] i = \ i),8e[i,_i;i,] 



= S- 5 T (/)-s T (/) [S r (g)-s T (g)) — > i 

□ lam r — »-0 



nocKOJibKy / 
HHTerpupyeMa 



nocKOJifcKy 3 
HHTerpHpyeMa 



9. 3aivieHa nepeMeHHOH. IlycTb 4)yHKHiiii / : [a, 6] — > K h : [a, /3] — > [a, 6] o6jia f n,aiOT CBoftcTBaMii, 
onucaHHMMH na c !281l IIocKOjibKy / iiHTerpupyeMa, no TeopeMe 16.1.21 joji^na 6bitb KonenHa BejiiiHiiHa 

M= sup |/(x)| 

x£ [a,fc] 

^ajiee, (pyHKH,HH CTporo MOHOTOHHa, 3HauHT OHa jih6o B03pacTaeT, jih6o y6biBaeT. By^,eM cuHTaTt p/isi 
Hauajia, hto if B03pacTaeT. Tor,n;a 

<p(a) = a, viP) = b, ip '(x) ^0, x £ [a, 0\ 

PaccMOTpHM npoH3BOjii>Hoe pa36neHHe r = {^o, U, tk} OTpe3Ka [a, j3] c BbiflejieHHOii CHCTeMoii tohck 
Ci G [ti-i,ti\. Ilojio>KHB Xi = tp(ti) h £i = <p(Ci), mm nojiyHHM pa36neHHe OTpe3Ka [a, 6], npnueM no 
TeopeMe JIarpaH»ca 14 . 2 . 3l fljia HeKOTopbix ToneK rji € [ti-i,U] 6y^,eT BbinojiHaTbCH paBeHCTBO 



A.t,- = . 



-i = tp(U) - V>{U-i) = g^li = (f'(Vi) ■ (U - h-i) = <p'(r)i) ■ AU 



Ecjih Tenepb B3aTb e > 0, to no TeopeMe KaHTQpa l2.3.5l HafiiieTCg 5 > Taxoe, hto .hjih jho6mx s,t6 [a, ft] 
BbinojiHHeTca HMnjinKan,na: 



\s-t\ < 5 



\<p'(s)-<p'(t)\< 



M ■ (ft — a) 
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ITosTOMy ecjiii fliiaMeTp pa36iieHHH r MeHtine 5, mm nojiyniiM 



E • i^(coi -a* - E /&) • A ^ = I E /&) • (^(c*) - ^)) • A ^ 



ii ii 

/(€>) v'(Ci) 



<E 1/^)1 ■W'{ti)-v'{m)\-te i <M- 



i=i 



A\ 

sup 

»e[o,i.] 

II 

M 



M-(/3-a) £j 



Em 



i8 - a 



3to 03HanaeT, hto npii CTpeMjiemiii k Hyjiio ^EtaMeTpa pa36neHiiH r OTpe3Ka [a, ft] iiHTerpajitHtie cyMMBi 
CTpeMHTCa APyr k ^pyry: 



E • ^(co ■ At< - e /(&•) ■ a^ 



i=l 



diam r— ^-0 



o 



C flpyroit ctopohbi, fliiaivreTp cooTBeTCTByiomero pa36iieHiifl <p(r) = {xq, ...,Xk} OTpe3Ka [a,b] TOJKe npii 
3tom 6yn,eT CTpeMHTtca k nyjiio, noTOMy ^ito 

diamiy9(r) = maxAi, = max<^ (rji) ■ Ati ^ max ip'(t) ■ maxA^ = max ip (t) ■ diamr — > 

i i te[a,/3] i te[a,/3] diamr-^0 

3HanHT HHTerpajibHbie cyMMBi 5Zj=i /(£*) ' Ai£i PPjesshih ctpcmhtbch k HHTerpajiy Jj a b , fix) d x, 11 mu 
nojiynaeM: 



i=l 



— >• 

diam r— 



diam 

I /(*) dx° 

a,b] 



To ecTb 



^'(CO-Ati — i- / /(*) d: 



OcTaeTca paccMOTpeTt cnyiaH, KOiyja ip y6biBaeT. Tor^a B03pacTaioiij;aH nocjieflOBaTejitHOCTb 

a = t < ... < ti < ... < t k = ft 

npeBpam;aeTCH b y6biBaioin,yio 

b = xo > ... > Xi > ... > Xk = a 

IIosTOMy b HHTerpajibHoii cyMMe BejnraHHy Axi Hysmo onpeflejiHTb KaK pa3HOCTB Xi-% — Xi, hto6h OHa 
nojiyniijiacb iiojiojkhtgjibhohi 

Ax, =-(xi - = -(y(jti) - <P(*i-i)) = 14.2.4911 = -(f'(r)i) • (t ( - = ' 

B/i,o6aBOK, nocKOjibKy ^ yGtiBaeT, ee npoH3BO,n;HaH flOjracHa 6mti> OTpimaTejibHoft 

^(t)<o 1^(6)1 = V(C0 

II B BBIHHCJieHIlHX MBI IIOJiyHHM 

fc fc fc 



E /(^(Ci)) • i^(coi -Ati - E /&) • A^ = - E /&) • (^(co - • a^ 



i=i 



ii ii 

/(SO -v'(Ci) 



i=i 



^ ... < £ 



-¥j'(7)i) • At, 



TaKHM o6pa30M, nocjie b3hthh MOflyjis: hhito hc MeHaeTca, h Bee paccyjKfleHiia: mojkho ocTaBHTb npcjK- 

HHMH. □ 



§2. OopMyjia HbiOTOHa-JIeii6HHifa 
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§ 2 <PopMyjia HbK>TOHa-JleH6HHD,a 

Mcxfly flByMa He3aBHCHMMMii Ha nepBbiii B3rnsm noHHTHHini - nepBOo6pa3HOH n onpcflejiCHHbiM hh- 
TerpajiOM, - KaK OKa3biBaeTCH, cyinecTByeT i\ny6oKafl cbh3b. 3Ta CBH3b ycTaHaBjiHBaeTca 3HaMeHiiToii 
(popMyjiofl: HbK>TOHa-Jien6HHna, KOTopaa CHHTaeTCH rjiaBHOii b HHTerpajibHOM hchhc jichhh . 3flecb Mbi 
noroBopiiM 06 stoh cpopMyjie. 

(a) OcHOBHbie pe3yjit.TaTi>i 

,HHCpcpepeHU,HpyeMbie cpyHKU,HH h nepBoo6pa3Han Ha OTpe3Ke. 

• IlycTb (pyHKu,HH h onpeflejieHa Ha OTpe3Ke [a; 6]. Tor^,a 

— ee npaeou npou3eodnou b TOHKe a Ha3biBaeTCH npe^eji 

h > {a):= lim M h M (6 . 2 .37) 

— ee Aeeou npouaeodnou b tohkb b Ha3tiBaeTCH npe^eji 

h > ( h ) ;= l im (6 . 2 .3 8 ) 

x^b-o x - b 

• ECJIH 9TH BejIHHHHBI KOHeHHbl, H KpOMfi TOTO (pyHKHHH h HMeeT (o6bIHHyK>) KOHeHHyK) npoH3- 

BO^nyio b jho6oh TOHKe HHTepBajia (a; b), to roBopHT, hto h duai(fjepeHu j upyeMa na ompestte 
[a; b], a ee npou3eodnou na ompe3Ke [a; b] Ha3biBaeTCH (pyHKHiia 

!h' + (a), x = a 
ti(x), xe(a;b) (6.2.39) 
h'_(a), x = b 

IIpe/i;jio»ceHHe 6.2.1. BcHKan duqjqjepeni^upyeMaM Qiynizuxisi na ompe3Ke [a, 6] nenpepuena na neM. 

/foKaaameAbcmeo. Ecjth (pyHKHHH h /nKpcpepeHinipyeMa Ha OTpe3Ke [a; b] , to no TeopeMe l4.1.1l OHa 6yn,eT 
HenpepbiBHa b KajKflofi BHyTpeHHefi Tonxe stoto 0Tpe3Ka. OcTaeTCH y6e^HTbCH, hto Ha KOHnax OHa Toace 
HenpepbiBHa. 3to ,n,ejiaeTCH TeM jKe npneMOM, hto h b Teopeivie 14.1.11 ecjin npeflejibi (|6.2.37D h (|6.2.38[) 
cymecTByiOT h KOHenHbi, to (pyHKHHH h HenpepbiBHa b TOHKax a n b. □ 

• OyHKHHH F Ha3biBaeTCH nepeoo6pa3nou pjm (pyHKnnn / na ompe3Ke [a; b], ecjin F onpe^ejieHa 
Ha [a; 6], ^nicpcpepeHin-ipyeMa Ha HeM h ee npoH3BO/niaH Ha HeM paBHa /: 

F'(x) = f(x), xe[a;b] (6.2.40) 

Ilpn 3tom, b cooTBeTCTBHH c onpeflejieHneM npoH3BOflHoit Ha 0Tpe3Ke (popMyjion (|6.2.39p . Ha 
KOHH,ax OTpe3Ka (popiviyjia ([6.2. 40p HHTepnpeTnpyeTCH, Kax ycjiOBne Ha o/nrocTopoHHne nporo- 
BO^,Hbie: 

F[(a)=f(a), F'_{b) = f{b) (6.2.41) 

JleMMa 6.2.1. Ilycmb cjjynKi^usi H onpedenena u ducjjcjjepenuiipyeMa na ompe3Ke [a,b], npuneM ee npo- 
u3eodnasi paena nyjiw na [a, b] : 

H'(x)=0, x£[a,b] (6.2.42) 
Tozda tfiyHKUiiH H(x) nocmonnna na [a,b\: 

H(x) — C, x e [a, b] 

dAM neKomopozo C £ K. 

JJoKasamejibcmeo. I1ojio>khm C = H(a). fljiH jno6oro x G (a, b] mm nojiynnM, hto (pyHKHHH H 

^,H(p(pepeHH,HpyeMa Ha HHTepBajie (a;x) (noTOMy hto OHa flnepcpepeHinipyeMa Ha (a, &)), h 
- HenpepbiBHa Ha OTpe3Ke [a;x] (no npemioateHHio IB . 2 . 1 1) 
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nosTOMy, mm MO»ceM npHMeHHTb k cpyHKiniH H Ha 0Tpe3Ke [a; x] TeopeMy JIarpaH?Ka 14.2.31 n TOiyja 
nojrynnM, hto cymecTByeT Taxaa TOHKa £ £ [a; x], hto 

H(x) - Hid) ,, N , , 

— — i-i = H\i) = (16.2.4211 = 

x — a 

OTCiOfla 

H[x) - H(a) = => ff(a;) = ff(a) = C 

□ 

CBOHCTBa nepBoo6pa3Hi>ix Ha OTpe3Ke 

1°. Ecjiu F - nepeoo6pa3Haji djifi neKomopou (fjyHKi^uu f na ompesne [a; b], mo F siejuiemcfi nenpe- 
pueHoii cjiynKuueu na [a;b]. 

2°. Ecjiu F - KOKasi-Hu6ydt> nepeoo6pa3nasi djin (fjywKuuu f na ompe3Ke [a; b], mo ece nepeoo6pa3- 
nue Ojiji (f>yHKu,uu f na ompe3Ke [a; b] uMemm eud 

F(x) + C 

dde C - npou3eoAbm>ie KOHcmanmu. 

/JoKasameMbcmeo. 1. Ecjih F - nepBOo6pa3Haa pjm f Ha [a; b], to F /nicpdpepeHnnpyeMa na [a; b] (h ee 
npoH3BOflHofl 6y^eT /), nosTOMy b cnjiy npeujio accHHg 16 . 2 . 1 1 F HenpepbiBHa Ha [a; b\. 
2. IlycTb F h G - flpe nepBOo6pa3Hbie pjin f Ha OTpe3Ke [a; b]: 

F'(x)=G'(x) = f(x), xe[a,b] 

Torfla hx pa3HOCTb H = G — F 6y^eT hm6tb HyjieByio nponsBO^Hyio Ha [a; b] 

H'{x) = G'(x) - F'(x) = f(x) - f(x) = 0, x E [a; b] 

3HaHHT, no jieMMe [B.2.1l dpyHKiniH H nocTOHHHa: 

H(x) = G(x) - F(x) =C, x£ [a; b] 

(rfle C - HeKOTopaa KOHCTanTa). CjieflOBaTejibHO, 

G{x) = F{x) + C, x e [a; b] 

y Hac nojrynnjiocb, hto ecjiH F ~ KaKas-Hn6yzi,b nepBOo6pa3HaH, to jno6aa flpyraa nepBOo6pa3Haa G 
HMeeT bh,h G(x) = F(x) + C. □ 



! 6.2.1. H3 CBOiicTBa 2° moscho cflejiaTb bbibo/i,, 

HTO eCJIH (pyHKHHH / OnpeflejIHeTCH (o/I,HOMeCTHbIM) 

nncjiOBbiM BbipajKCHneM ot nepeMeHHoft x 6e3 na- 
paMeTpoB (hjih c m napaivreTpaMH) 

f(x)=V, 

to ee HeonpeflejieHHbift HHTerpaji mojkho onncaTb 

OJXHOMeCTHbIM HHCJIOBblM BbipajKEHHeM OT X C Ofl- 

hhm napaMeTpoM (cootbctctbchho, c m + 1 napa- 
MeTpaMn). B rca^iecTBe TaKoro HOBoro napaMeTpa 
o6biHHO 6epeTCH C, ho, pa3yMeeTca, BMecTO C mojk- 
ho 6paTb jno6yio /ipyryio 6yKBy, KpoMe x. 3tot bh- 
pajKCHHe o6o3Ha x iaeTCH chmbojiom 

J Vdx 

h onpeflejiaeTCH npaBHjiOM 

Jvdx = Q <*=^> dQ = V-dx <S=> 



_j 

—Q = V (6.2.43) 
d x 

- 3pfiCl> BajKHO nOMHHTb, HTO, B COOTBeTCTBHH C 

npaBHjiaMH flH(p<pepeHD;HpoBaHHH BbipajKCHHii Ha 
c !217l ,n,H(p(pepeHLi;Haji h npoH3BO,n;HaH ot napaMeT- 
pa C no x Bcer^a CHHTaeTca paBHOii Hyjno (dpopMy- 
jia (??)): 

dC = 0, -i- = (6.2.44) 
d x 

K 3T0My onpe^ejieHHio cjie^yeT eme ,n,o6aBHTb, hto 
ecjin dpyHKn;HH / onpe^ejiaeTca: KaKHM-TO Bbipa>Ke- 
HneM V c napaMeTpoM (hjih napaMCTpaMn) , Hanpn- 
Mep, 

f{x) = x a , 

to, pa3yMeeTCH, npn HHTerpnpoBaHHH b xane- 
CTBe HOBoro napaMeTpa nyjKHO Bbi6npaTb KaKym- 
Hn6yn,b 6yKBy H3 Tex, hto He co,n,ep}KaTCH b V (to 
ecTb b flaHHOM cjiynae He x n He a). 
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Tji&RKMe cpyHKiniH h HHTerpaji c nepeMeHHHM BepxHHM npe,a,ejioM Ha OTpe3Ke. 

• OyHKipiH h Ha3BiBaeTca zjiadKou na ompe3Ke [a; 6], ecjin OHa /niepcpepeHinrpyeMa Ha [a; b] (b 
CMbicjie onpe^ejieHHH Ha c J287|) . h ee npoH3BOflHaa hf Ha stom OTpe3Ke (onpeflejieHHaa cpopMy- 
jioii (|6.2.39p ) HenpepbiBHa Ha [a; b]. Mhojkcctbo Bcex rjiaflKnx (pyHKrniK Ha [a; b] o6o3HanaeTCH 
chmbojiom C^a, b]. H3 npejuipjKeHHH [6". 2 .11 cjienveT. hto jiio6aH rjia^KaH dpyHKiniH aBTOMaTn- 
necKH HenpepbiBHa, to ecTb BbinojiHaeTca BKjuoneHne: 

C l [a,b] C C[a,b] (6.2.45) 

TeopeMa 6.2.1 (06 HHTerpajie c nepeMeHHHM BepxHHM npe,a,ejioM). Ilycmb tfiynKv^usi f nenpe- 
puena na ompe3Ke [a;b], mozda (f>yHKV,uji 



F(x) = I f(t) dt (6.2.46) 

J [a 7 x] 

siejifiemctt BJiadKou na [a; b] u 6ydem nepeoo6pa3uou djiJi f na [a; b]: 

F'(c) = /(c), ce[a,b}. (6.2.47) 

! 6.2.2. B cooTBeTCTBHH c onpcflejiCHHeM nporoBOflHon Ha 0Tpe3Ke cpopMyjioit (I6.2.39|) . cooTHonieHne 
(|6.2.47p cjiepyei noHHMaTb Tax: 

fljia Tonex BHyTpn OTpe3Ka [a; b] 3Ta cpopMyjia pacmncppoBbiBaeTCH KaK paBCHCTBO 

f(c) = Bm -J— ( / /(t)dt- / /(*) dt] =/(c), ce(a;fe) (6.2.48) 

— a Ha KOHH,ax OTpe3Ka [a; b] hmsiotch b Bn^y cynrocropoHHHe npoH3BOflHbie: 

Fi(a)= lim ( f(t)dt = f(a), (6.2.49) 

x^a+o x - a J [a x] 

F'_{b)=\\m—[J f[t)dt-J f(t) dt) = lim -!- /'/(«) di = /(&). 

f->6-0 X - 6 ^y[ a , x ] J[ a ,6] / x^b-0 b-X J x 

(6.2.50) 

/JoKa3ameJit>cmeo. 3aMeTHM cpa3y, hto 3flecb floCTaTOHHO flOKaaaTb TOJKflecTBO (|6.2.47p . noTOMy hto 
ocTajibHoe - to ecTb yTBepjK^eHHe, nw cpyHKHiia F hbjihctch rjia^KOH - 6y^eT cjie,n,OBaTb H3 (|6.2.47[) 
h Toro (paKTa, hto / HenpepbiBHa. B cboio onepe/iT, (|6.2.47[) pa36nBaeTca Ha ycjiOBHH (|6.2.48p - (|6.2.50p . 
h KasKfloe HyjKHO npoBepHTb. 3acpnKCHpyeM pjin 3Toro KaKyio-HH6yii,b TOHKy c 6 [a; 6] h HafifleM b Heft 
npoH3BO/i,Hyio (pyHKii,HH i<\ HaM npn^eTca paccMOTpeTb HecKOjibKO cjiynaeB. 

1. BiycTb fljiH Hanajia Tonxa c jicjkht BHyTpn OTpe3Ka [a;b], to ecTb a < c < b. ^toSm HaftTn 

npOH3BOflHyiO CpyHKHHH F(x) B TOHKe c, 

x— >c X — C 

bhhhcjihm no OTflejibHOCTH npaBbift h jieBbiii npe^ejibi b stoh Tonice. 
a) BiycTb x > c, to ecTb a < c < x < b. Toiyra 



F(x) - F(c) _ 1 



x — c 

1 



/(*) dt 

a,x] 



[ /(*) dtl = 



f(t)dt + /(t) dt- / /(t)dt - 

] Jc,l J[a,c] J 

— ' / /(*)d* = — -/(0-(«-c) = /(0 -t„/(c) 

- c y [Ci3; ] x - c x->c+o 

v ' * 

II Iri-l.diH ^ 

/(?) • - c), « ^0 c 

C e [c, e] t 

S 6 [c, x] 
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TaKHM o6pa30M, 



lim F ( g ) F ( c ) = /(c) (6.2.51) 



b) AHajioriiHHO, ecjiH x < c, to ecTt a < x < c < b, to 
F(x) - F(c) 1 



x — c 
1 

IT — C 



/(t) dt- / f(t) dt 



f{t) dt- / f(t) dt+ / /(i) dt 

a,x] \ J [a,x] J [x,c] j 



' ' f(t)dt = 1 . m .( c - x ) = mm — ^ /(c) 

i a; — c x->c-o 



II 16.1.331 ^ 

/K)-(c-a), £ *^o C 

S e [a, c] t 

S e [a, c] 

TaKHM o6pa30M, 

r " F ( c ) fM ,« 9 „x 

X-C (6 ' 2 - 52) 

<DopMyjibi (|6.2.5ip h (|6.2.52p BMecTe flaiOT 

F'(c) = lim F(a:) = F (C) = /(c), c G (a; 6) 

>c x — C 

2. Tenept paccMOTpiiM cjrynaH, scoria c = a. Toiyja aHajiornnno nyHKTy a) nojiynaeM paBCHCTBO 

lim m^m =m 

x— >a+0 x — a 

3. OcTaeTCH cjiynan, Kor^a c = b, KOToptiii Hysmo paccMOTpeTb no anajiornH c nyHKTOM b), h TOiyja 
nojiyHHTCH dpopMyjia 

lim m^m = m 

x->b-a x — b 

□ 

OopMyjia HbK>TOHa-JIefi6HHLi,a. 

TeopeMa 6.2.2 (HbioTOHa-JIeiiGHima). Ilycmb cfiyHKi^uM f nenpepuena na ompe3Ke [a;b] mozda djw 
aw6ou ee nepeoo6pa3Hou <& na amoM ompe3Ke eunojmsiemcfi paeencmeo 

[ f{x) d x = <P{b) - <P{a) (6.2.53) 
J[a,b] 

• OopMyjia (|6.2.53|) Ha3biBaeTCH (fiopMyAou Hbtomona-JIe^Hui^a. 
floKa3amejibcmeo. PaccMOTpiiM (pyHKin-no 

F(x)= [ f(t)dt 

J[a,x] 

Ho TeopeMe l6.2.11 OHa HBjiaeTCH nepBOo6pa3Hoii pjia cbyHKin-iH / Ha OTpe3Ke [a; 6]. 3HanHT, F h - ^Be 
nepBOo6pa3Hbie ^jih OflHofl h toh }Ke cpyHKHHH / na OTpe3Ke [a; b]. FIosTOMy, no CBOiicTBy 2° Ha c !288[ 
3th dpyHKHHH OTjinnaiOTCH flpyr ot Apyra Ha Kaxyio-TO KOHCTaHTy: 

F(x) = $(x) +C, x G [a; b] 

To ecTb, 

/(*) d t = $(x) + C, xe[a;6] (6.2.54) 

a,x] 
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B3hb x = a, mm nojiy^HM 



0= J f(t) dt = -P(a) + C, 



OTKy^a 

C = -#(o), 

nosTOMy, noflCTaBHB sto b (|6.2.54p , nojiy^aeM 

f(t) dt = $(x) -<P(a), xe[a;6] 



h, ecjiH ciofla noflCTaBHTb x = 6, to nojiy^HTCH Kax pa3 (|6.2.53[) . □ 

(b) HHTerpaji no opneHTHpoBaHHOMy OTpe3Ky h BtiHHCJieHHa 
OpneHTHpoBaHHbie OTpe3KH b K. 

• OpuenmupoeaHHUM ompe3KOM Ha npaMoii R Ha3biBaeTCH OTpe30K [a;, y], othochtcjibho Kpaii- 
hhx ToneK KOToporo x h y HMeeTca corjiaineHHe, Kaxaa H3 hhx CHHTaeTCH nauaAOM, a KaKaa 
•KOHupM (npH 3tom, Heo6s3aTejibH0 a; ^ojiJKHa CHHTaTbca Ha^iajiOM, a y kohijom, bo3mojkho h 
Hao6opoT). HacTHbifl; cjiynait, Koryja x = y, TaioKe CHHTaeTCH opueHTupoBaHHBiM 0Tpe3K0M, b 
kotopom KOHen, h Hanajio coBnaflaroT, h TaKofi opHeHTHpoBanHbift OTpe30K Ha3biBaeTca eupoatc- 
deHHUM. 3anHCb al), hjih a; o, 03HanaeT opneHTiipoBaHHtiH OTpe30K c HanajiOM a h kohhom 6. 
HocumeAeM [at] opHGHTHpoBaimoro OTpe3Ka at Ha3biBaeTCH tot jKe caMbiii OTpe30K, ho y»ce 
o6biHHbiH, HeopHeHTHpoBaHHbifi (to ecTb TaKoft, y KOToporo mm "3a6bijiH", Kaxaa H3 ero Kpaii- 
hhx ToneK 6bijia HanajiOM, a Kaxaa kohhom). IIohhtho, hto 

{[a, b], a < b 
{a}, a = b 
[b,a], a > b 

• CyMMou opuenmupoeaHHux ompe3Koe a% h be Ha3BiBaeTCH opHeHTHpoBaHHbiii OTpe30K afe: 

at+bc:=ah (6.2.55) 

(noflpa3yMeBaeTCH, hto cyMMa onpeflejieHa tojibko ecjin KOHen, npeflbiflymero OTpe3Ka coBna- 
^aeT c HanajiOM cneflyioiHero). 

• IIpomueonoAOMCHUM ompe3KOM k OTpe3Ky ~a% Ha3MBaeTCH OTpe30K ba, h oGosHanaeTca oh 
chmbojiom —~a%: _^ 

- ab := ba (6.2.56) 

CyMMy BH,n,a ah + (—be) = ah + co = npHHHTO 3anHCMBaTb xax ah — be h Ha3HBaTb 
pa3HocmbK> opuenmupoeaHHux ompe3K06 lih h &c: 

a£- 6c :=o£+(-fec) = a£ + c£ = a£ (6.2.57) 

• ToBopHT, hto (pyHKH,HH ip RejinemcR npeo6pa30GaHueM opuenmupoeaHHOzo ompesna ctf3 e opu- 
enmupoeaHnuu ompe30K at, h o6o3HaHaiOT sto 3anHCbio 

ip:^$^a1t 7 (6.2.58) 

ecjm 

(i) ip rjia^KO OTo6pa>KaeT HOCHTejib a/§ b HOCHTejib at: 

ip : 0\ -> [at] (6.2.59) 

(sto, b nacTHOCTH, 03HanaeT, hto ,h;jih BCHKoro t 6 [op] 3HaneHHe (£>(t) jicjkht b [oo]); 

(ii) <y5 coxpaHaeT opHeHTanino b cjieflyiomeM CMbicjie: 

ip(a) = a, tpffi) = b (6.2.60) 
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o 6.2.1. 3aniicb 0; 1 03HanaeT OTpe30K [0; 1], b ko- 
topom CHHTaeTCH Ha^ajiOM, a 1 kohhom. Hao6o- 
poT, 1-0 03HanaeT OTpe30K [0,1], ho b kotopom 
CHHTaeTca kohhom, a 1 HanajiOM. Hocht&iih y sthx 

OTpe3KOB OflHHaKOBbI 

[Oil] = [0; 1] = [T^] 

ho opHCHTaniiH y hhx npoTHBOnojiojKHaH, h no3TO- 
My 

iTo" = -bit 

o 6.2.2. OneBH^HO, cnpaBefljiHBBi paBencTBa: 

oTt + iT^ = b^ 

o$ - 1$ = bit 
bit - 2lt = 0-3 

o 6.2.3. <DyHKn,Ha 

ip(t) = cost 

HBjiaeTCH npeo6pa30BaHneM opHeHTnpoBaHHoro ot- 
pe3Ka 0;7r b opneHTHpoBaHHBiH OTpe30K 1; — 1: 



cos : 0; 7r 



1^1 



noTOMy hto OHa rjiaflKO OTo6pa»caeT hochtoib nep- 
Boro OTpe3Ka b hochtcjib BToporo 



cos : 



[0^] = [0,tt] -►[-!; I] = [ip3] 



h coxpaHaeT opHeHTan,Hio: 

COS0 = 1, COS7T = — 1. 

o 6.2.4. Ho Ta *;e cpyHKHHH 

ip(t) = cost 



He 6y^eT npeo6pa30BaHneM OTpe3Ka 0; 4^ b OTpe30K 
1; 0, xoth OHa no-npesKHeMy rjia^Kaa, h coxpaHaeT 

OpH6HTari,HIO 3THX OTpe3KOB: 



cosO 



3tt „ 
cos — = 



Jlpjio b tom, hto 3Ta cpyHKHHs He 6yneT OTo6pa»ce- 

HHGM HOCHTCJIH nepBOrO OTpe3Ka B HOCHTejIb BTO- 

poro: 



cos : 







\ 3tt" 















> [0; 1] = [1^] 



noTOMy hto, Hanpniviep, b tohkc t = ir G [0, ^] ee 
3HaneHHH BBijie3aiOT H3 OTpe3Ka [0; 1]: 

costt = -1 ^ [0; 1]. 



HHTerpaji no opneHTHpoBaHHOMy OTpe3Ky. 

• ToBopHT, hto HHCjiOBaa cpyHKinia / onpeflejieHa (nHTerpnpyeMa, HenpepbiBHa, rjia^Ka) Ha opn- 
eHTHpoBaHHOM OTpe3Ke <5, ecjiH OHa onpe,n,ejieHa (nHTerpnpyeMa, HenpeptiBHa, rjia/n-ca) Ha ero 
HOCHTejie [a^]. IlpH stom 

- ne„euue M fiyn^uu f na opueumupoeanuoM om P es K e 3 Ha3BiBaeTCH „ 

f{x) X=b := f(b) - f(a) (6.2.61) 

x— a 

unmeepaAOM (fynnuiiu f no opuenmupoeaHHOMy ompe3Ky al>, hjih anu3omponHUM 
unmezpajioM no a^, Ha3BiBaeTCH hhcjio 

7[a,b]/( x ) a < 6 

/(x) dx := <( 0, a = b (6.2.62) 

" /[6,o] f( x ) dx > b<a 



f 

J a 



CBoficTBa HHTerpajia no opneHTnpoBaHHOMy OTpe3Ky: 

1°. JlnHenHOCTt: unmezpaji om jiuneunou KOMSunayuu tfiyntivfliu paeen AuneuHou KOM6unav,uu 
unmezpaAoe 

( (a-f(x)+P-g(xj\dx = a-[f(x)dx + P-[ g(x) dx (6.2.63) 

J a J a J a 

2°. A^HTHBHOCTb: unmespaji no cyMMe opuenmupoeannux ompe3Koe paeen cyMMe unmezpajioe 
no smuM ompe3KdM: 

pb pc pc 

I f{x)dx + / f(x)dx= / f(x)dx (6.2.64) 

J a J b J a 
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a unmeepaA no pa3Hocmu paeen pa3Hocmu unmezpaAoe: 

f{x)dx-[ f(x) dx= [ f(x) dx (6.2.65) 

Ja Jb 

3°. TeopeMa o cpe,n,HeM: ecAU (fynKUUK f nenpepuena na ompe3Ke ~a%, mo naudemcsi maxasi 
moHKa £ G ah", umo 

r b 

f(x)dx = f(0-(b-a) (6.2.66) 



4° OopMyjia Hi>H)TOHa-JIefi6HHiJ,a: unmezpaA om nenpepuenou tfynKuxm no opuenmupoean- 
homi/ ompe3Ky paeen nepeMeuifinum KaKou-Hu6yd'b ee nepeoo6pa3nou na amoM ompe3Ke: 

b x=b 

f(x)dx = $(x) (6.2.67) 

x—a 

5° OopMyjia 3aMeHM nepeMeHHoii: nycmt> danu 

(i) npeo6pa,3oeanue cp opuenmupoeannozo ompe3Ka a$ e opuenmupoeannuu ompe30K 
~ab (ydoejitmeopuwuifie ycAoeusiM (|6.2.59[1 u (16.2.60P ). u 

(ii) (fynKVAin f, nenpepuenasi na opuenmupoeannoM ompe3Ke ~a%; 

mozda 

b ,/3 ,/9 

f(x)dx= /(y(t)) Mt) = / /(*>(*)) V(*)d« (6-2.68) 



/J,oKa3ameAbC7neo. 1. IlepBoe cbohctbo cjieflyeT H3 (|6.1.24p . h /i,jih ero ,i];0Ka3aTejn>CTBa Hysoio npocTO 
paccMOTpeTb ,a,Ba cjiynaa B3anMHoro pacnojiojKeHHH Toneic a h 6 Ha npHMOft. Ecjih a < 6, to 

jf (a • /(as) + /3 • 0(ss)) d z = H5TE21I = ^ (a • /(a) + p • <?(x)) d x = (l6"X2"4"l) = 

= a- / f(x)dx + p-[ aix) dx = (|6.2.62[> =g- f f{x)dx + (3-(g{x)dx 

J[a,b] J[a,b] Ja Ja 

A ecjiH a > b, to 

f (a • f{x) + (3 ■ g(xfj d x = = ~ J (a- f(x) + p ■ g(xfj dx = = 

I g(x) dx = (|6.2.62p = a ■ / f(x) dx + p- / g(x) d x 

J[b,a] J a J a 



f{x) dx-p 

[b,a] 



2. PaBGHCTBO (|6.2.64p SKBHBajieHTHO (|6.2.65p h cjiepyei H3 (|6.1.25p . Oho ^,OKa3biBaeTCH TeM »ce npn- 
eMOM: HyjKHO paccMOTpeTb hcckojibko BapnaHTOB pacnojiojKeHHH tohck a, b h c. B npocTeiiHieM cjiynae, 
ecjiH a < b < c, Mbi nojiynaeM: 

f f(x)dx+[ fix) dx = (I6.2.62P = f f(x)dx+[ fix) dx = (I6.1.25P = 

Ja Jb J[a,b] J[b,c] 

= f fix) dx = (I6.2.62P = f f(x)dx 



B cjiy^iae, ecjiH, HanpHMep, a < c < b, Mbi nojiynaeM: 
' fix) d x + I fix) dx = (I6.2.62P = / 

,6] 



f f(x)dx+[ fix) dx = (I6.2.62P = f f(x)dx-[ fix) dx = (I6.1.25P = 

in Jb J[a,b] J[c,b] 

= f fix) dx = (16.2.621) = f f(x)d: 
H b TaKOM flyxe. OcTajiBHBie BapnaHTbi mbi npe^jiaraeivi HHTaTejiio npoBepiiTB caMOCTOSTejiBHO. 
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3. Cbohctbo 3° cjie/ryeT H3 (|6.1.32[) : ecjiH a < b. to 

I f{x)dx=( f(x)dx = ^TM = f(0-(b-a) 

Ja J\a,b] 



Ecjih }Ke a > 6, to 

i-b 

f{x) dx = - 

'[6 



/ f(x)dx = -[ /(z)ds= 6333 = -/(£)•(<*- &)=/(£)• (&"<*) 

Ja J[b,a] 

4. Cbohctbo 4° cjie/ryeT 113 (|6.2.53[> : ecjin a < b, to 



/(a) d x = (1(12.621) = / f(x) dx = (16.2.531) = #(6) - <Z>(a) = (16.2.611) = ${x) 

[a,b] 



--b 



Ecjih jkb a > fe, to 
r b 



x—b 



f f(x) dx = (16.2.621) = - f f(x) dx = (16.2.531) = 

,/a J[b,a] 

= - ($(a) - = <F{b) - <2>(a) = (16.2.611) = <2>(a 

5. ^OKa>KeM 5°. HycTb F - nepBOo6pa3Haa cpyHKiniH / na OTpe3Ke [ao]: 

F'{x) = f{x), x € [a£] (6.2.69) 

Toiyja KOMno3HD,HH F o (p 6ya,eT nepBOo6pa3HOH ,h,jih cpyHKniiH (/ojj) ■ y/, Ha OTpe3Ke [a^], no cpopMyjie 
gXMD: 

(Fo<p)'(t)=F'(<p(t)).<(/(t), t&0] (6.2.70) 

IIosTOMy 

^ /fo,(t)) • v \t) dt= mm = (F o <p)(t)\^ = F( ^) ) - F( p(a) ) = 

II 16.2.601 II I6.2.6QI 

b a 

= F(b)-F(a) = §M7§= [ f(x)dx 

□ 



cpopMyjra HbK>TOHa-JIeH6HHiia CHHTaeTca TaKofi sin a; d x) : 
Ba>KHOH b aHajiH3e noTOMy, hto no3BOjiaeT Bbnic- 
jihtb onpe,n,ejieHHi>ie HHTerpajibi ot CTaH^apTHbix 
(pyHKH,HH, CBOflH hx k HeonpeflejieHHMM HHTerpa- 
jiaM (bmhhcjihtb KOTopbie mm ysce HaynnjiHCb). 

BOT HeCKOJIBKO npHMepoB. 



o 6.2.5. B Hanajie stoh rjiaBM mm roBopHjni, hto 
reoMCTpHHCCKHii cmmcji onpe,n,ejieHHoro HHTerpajia 
- njiomaflb dpnrypM no^ rpacpHKOM dpyHKniiH. Hafi- 
fleM b KanecTBe npHMepa njiom,a/i,b cpHrypbi, orpa- 
hh^ichhoh apKOii CHHycoH^bi (to ecTb, HHTerpaji 



sin x d x — 



BcnoMHHaeM, ito 
— cos x ecTfc 
ncpBoo6pa3Haji fljiJi sin x 

H npHMGHHCM 

V cpopMyjiy 16.2.671 



cosx 



COS7T 



x=0 



(-cosO) = 1 + 1 = 2 
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o 6.2.6. IIoyHHTejiBHO 6bijio 6bi hhihth njioiiiaflb 
KaKOii-HH6yzrb h3bgcthoh cpiirypbi, HanpiiMcp, Kpy- 
ra, c noMombio TeopeMbi HbK>TOHa-iIeft6HHna, h 
y6e^,HTbCH. hto npH stom nojiy^aeTCH npaBHjibHbiii 
OTBeT. B KanecTBe npHMepa HaiifleM HHTerpaji 

yl — x 2 d x 

(to ecTb njiom,aflb nojiyicpyra pa/riiyca 1). 



, / 3tot HeonpeflejieHHtiH \ 

v/ 1 — x 2 d X = I HHTerpaji 6t>iji bbihhcjich ] 
j V HaMH b npHMCpc !5. 1.221 / 



arcsm x 



x=l 
x=-l 



1 1 /7T 7T\ 7T 

- (arcsm 1 - arcsin(-l)) = 2 (2 + 2/ = 2 



Bh^ho. ^ito OTBeT npaBHjibHbiH: njioiiia/rb nojiyKpy- 
ra pa/myca 1 paBHa ^ . 



t» 6.2.1. Han,n,HTe onpeflejieHHbie HHTerpajibi: 



2 ) Jo 1 a/T+~x d a; 6) ^ dx 

3) / f sin 3 zdz 7) /o 1 5^+5 

4 i J-l (iZ+X? ^ Jo sJZ+2x-x* 



HHTerpHpoBaHHe no wthm. 

• Ecjih / - HHTerpHpyeMaa dpyHKiriifl, a g - rjia^Kaa: cpyHKi^HH Ha opiiCHTiipoBaHHOM OTpe3Ke 
at, to UHinespaAOM om (f>yHKU,uu f edoAb (f>ynKU,uu g no opuenmupoeannoMy ompe3Ky ao 
Ha3biBaeTCH hhcjio 

/ f(x)dg{x):= f{x)-g'(x)dx (6.2.71) 

J a J a 

B nacTHOM cjiynae, KOiyia f(x) — 1, sto ^ihcjio o6o3Ha t iaeTCs TaKate 

dg(x) := / g'{x) dx (6.2.72) 



TeopeMa 6.2.3 (o nepeMemeHnn rjia/pcon cpyHKirnn). IJepeMeu^eHue zjiadnou (fynKuuu g na opu- 
enmupoeanHOM ompe3Ke al paeno UHmeepajiy om edunuufii edoAt g no smoMy ompe3Ky: 

d g{x) = / g'{x) d x = g{x) (6.2.73) 



/JoKaaameJibcmeo. 3to cjiepyei H3 cpopMyjibi HbK>TOHa-JIeii6Hima (|6.2.67p . ecjin nojio)KiiTb / = g', <P — 
g. U 

Cjie^cTBHe 6.2.1. (PymzvALsi g : [a, b] —¥ R nejisiemcti znadKOu mozda u moAt>KO mozda, Kozda ona nped- 
cmaeuMa e eude unmezpajia c nepeMennuM eepxnuM npedeAOM om Henomopou Henpepuenou (fynnuuu 
f:[a,b]^R: 

g{x) = g(a) + [ f(t) d * 

J a 

/JoKa3amejibcmeo. B KanecTBe / HyjKHO B3HTb npoiiSBO/myio g' (pyHKuiiii g, ^,oonpe,nejieHHyio npoH3- 
BOjibHbiM o6pa30M b TOHKax HeflHcpdpepeHrxHpyeMOCTH g. □ 

TeopeMa 6.2.4 (06 HHTerpHpoBaHHH no wthm). Ecau fug- zAadtcue <fjyHKv,uu na opuenmupo- 
eanHOM ompe3Ke ~o%, mo 



x—b 



h 



f(x) d g(x) = f(x) ■ g(x) - / g{x) d f(x) (6.2.74) 



/JoKa3ameAt>cmeo. 
rb 



f(x) dg(x)+ / g(x) d f{x) = llHXTn = / f(x)-g'(x) dx+ g(x)-f'(x) dx=mM = 
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f(x)-g'(x) + f'(x)-g(x) ) dx = / (f-g)'(x) d x = (jOTTS]) = (f-g)(x) =f(x)-g(x) 

ii 

(f-g)'(x) 



4J- (nepeHOCHM J b g(x) d f(x) HanpaBo) 

b f{x) d g(x) = f{x) ■ gix) X= " - / g(x) d fix) 



□ 



HHTerpHpoBaHHe b,o,ojib rjia,n,KOH cpyHKipiH. 

Hto6m npHBbiKHyTb k dpopMyjie (|6.2.7ip . nojie3- 
ho BbiHiicjiiiTb HecKOjibKO pa3 onpeflejraeMyio stoh 
(popMyjioit BejiHHHHy. 

o 6.2.7. 



a; 3 dx 5 



u 



x 3 5x 4 d x 
• i 



K x=l 
7 j 8 

x d x = -£ 







a:=0 



o 6.2.8. 



cos a; d sin x 
" 1 + cos 2x 



cos x Ax 



d a; = — • x A — • sin 2x 
2 4 



7T 

2 



IIpHMeHeHHe cpopMyjiBi 3aMeHBi nepeMeH- 
Hoii. IIoKajKeM Tenepb, Kax npiiMcmieTCH dpop- 
Myjia (|6.2.68p . 



o 6.2.9 

/■2 



/" 1 / 



dx 2 = 



X — y/t, t — X 2 



e 4 dt=~e* 
2 



o 6.2.10. 



4 ~d: 



It 



3 / ,2 



1 + ^/x = i, x = t 2 - 1 
x e lit t G 27§ 

3 /.2 



(t 2 - i)d(i 2 - 1) r (i 2 - 1) ■ 2t dt 



2 / (t 2 -l) dt = 2<^ < 



t=3 
t=2 



= 2ii9-3)-(^-2)}= 3 4 



» 6.2.2. Hafl,a,HTe onpe,n,ejieHHbie HHTerpajibi: 

1) JqVA^x^ dx 

2) fa 



o\ [2 dx 

4) J Q .T 2 \/l - X 2 d X 

fi) f 2 4x 

' JO 1+sin x+cos x 

1 I JO 1+2 sin^ x 

IIpHMeHeHHe cpopMyjiBi HHTerpnpoBaHHH no 
nacTHM. IIoKajKeM, KaK npiiMeHHeTca cpopMyna 

EH) , 



o 6.2.11. 

In a; d x = (|6.2.74[) = x ■ In a; 
x d In x = x ■ In x 



x — e 
x=l 



X ■ — dx 

X 



= x ■ In : 
o 6.2.12 

/■2 



1 d a; = a; • In x 



x—e 
x=l 



e ■ lne - 1 • In 1 - (e - 1) = 1 



/ xe x dx= [ x d e x = §7FTM 
Jo Jo 



x=2 
x=0 



s x d x — x ■ e x 



x=1 



x=1 



2 • e 2 - • e° - (e 2 - e°) = e 2 + 1 



HcnojiB30BaHHe peKyppeHTHBix cooTHOine- 

HHH. 

o 6.2.13. HeKOTopbie onpefl&neHHbie HHTerpajibi 
BbiHHCjiaiOTCa c noMOinbio peKyppeHTHbix cootho- 
niCHHii. HanpHMcp. cjie/ryionriie paBeHCTBa 2 : 



sin n x d x — / cos™ x d x — 



(»-!)!! 2L 



(n-1)!! 
nil ' 



n € 2N 



(6.2.75) 



(HanoMHHM, hto flBOHHon cpaKTopnaji n !! 6hji onpe- 
/jejieH cpopMynaMH (|0.3.107p h (|0.3.108p '). CHanajia 
npoBepHM, hto 3th HHTerpajibi coBnajj,aiOT: 



e^+3 



2 PaBeHCTBa 116. 2. 751 noHaflo6aTca HaM Ha c l521l npii flOKa3aTejiBCTBe 4>opMyJiBi Banjinca. 
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sin" j; da; 



x = i-y 

x = y = | 

£ = | y = 



sin "GH) d Gf-» 







= — J cos" y dy = J cos" y d j/ 
Ilocjie 3Toro BBiBe,a,eM peKyppeHTHyio dpopMyjiy: 

I n = / sin" x dx = / sin" -1 x d(— cos a;) 
Jo Jo 



• n — 1 
sin £ • COS £ 



n noaTOMy npn n = 2k, 



2k- 1 T {2k - 1) • (2k - 3) 

^2/c — — 777 -<2fc-2 — 777 7771 777 -*2fc-4 



2k 

(2k - 1) ■ (2fc-3) 



2fc- (2fc-2) • ... -2 
A ,zyiH n = 1 nojiynaeM: 

Ii = sin x d a: = — cos x 
Jo 

nosTOMy npn n = 2k + 1, 



2fc ■ (2fc - 2) 

1 _ (2k- 1)!! 7T 
_ ' ~ (2fc)H 2 



= 1, 



+ (n — 1) ■ / sin" 2 x • cos 2 x dx 



= (n - 1) • / sin" x • (1 - sin x) d x = 
Jo 

= (n - 1) • J n _ 2 - (n - 1) • 7„ 
_n-l 

-»n — ' Jn-2 

n 

Tenepb pjia n = nojiynaeM: 



h = I d x = - 



J. 



2k 



2k+l 



2k + 1 



■hk-l 



2k ■ (2k - 2) 
(2fc + l)-(2fc- 1) 



•^2fc-3 



(2fc) • (2fc-2) • ... -2 
(2fc + 1) ■ (2k- 1) • ... • 



-h = 



(2k)\ 



(2k + 1) 



» 6.2.3. HafiTpiTe onpeflejieHHBie HHTerpajibi: 



1) Jq 1 arctgx d x 

2) Jq 1 xe~ x d x 

i 

3) Jq 2 arcsinx d x 



4) x In x d x 

5) J Q x 3 sin x d x 

6) e x sin x d x 



,,2x 



cos x d x 



(c) BfaiHHCJieHHe reoiweTpHHecKHx bcjihhhh 



B npiiMepax 16.2.51 h 16.2.61 Bbinre mm bh^gjih, hto c noMOinbio onpeflejieHHoro HHTerpajia mojkho bbi- 
HHCjiaTb njiomafln njiocKHx cpnryp. ITomhmo SToro, KaK 0Ka3biBaeTca, onpeflejienHbifi HHTerpaji hmcct 
MHoro flpyrnx nojie3Hbix npnjiojKeHHH, HanpHMep, c ero noMombio bbihhcjihkdtch fljiHHa KpnBoii, o6 r beM 
h njioma,n,b dpnrypBi BpamcHHH. H pa3Hbic flpyrne reoMeTpnHecKne BejiHHHHbi. 3flecb mm nepenncjinM 

HCKOTOpbie 113 3TI1X npHJIOJKCHHH B rCOMCTpilH, He o6 r bHCHHH, O/HiaKO, HH npOHCXOJK^eHHe npHMCHHCMMX 

HaMii dpopMyji, hh /i,a>Ke tohhmh cmmcji caMHx tcpmhhob "njioina^b", "061.61^" h T.,21. Hania nejib - R&Tb 
B03MO>KHOCTb HHTaTejuo noynpajKHHTbca b npuMeHCHHH onpeflejieHHoro HHTerpajia, He o6peMeHHH ero 
noKa CTporHMH onpe,nejieHHHMH h dpopMajibHMMH ^OKasaTCjibCTBaMH. Mbi npe/niojiaraeM, hto HHTyn- 
THBHbiit cmmcji cooTBecTByiomHx TepMHHOB eMy noHHTeH yjKe ceftnac, a tohhmc o6i>HCHeHHa no 3T0My 
noBOfly mbi flaflHM no3»ce b rjiaBax ??, ?? h ??. 



Iljiomaflb npaBHJiBHofi o6jiacTH Ha njiocKO- 3aflaeT Ha KOop^HHaTHOii njiocKOCTH HexoTopyio 06- 

CTH. IlyCTB <pyHKU,HH / h g HenpcpbiBHbi Ha OT- JiaCTb D 

pe3Ke [a, 6] h yflOBjieTBopaiOT HepaBencTBy 



f(x) < g(x), x £ [a;b] 



Torfla CHCTeMa HepaBeHCTB 



a ^ x ^ b 

f(x) < y < g(x) 



BcHKaa Taxaa o6jiacTb Ha3biBaeTca npaeuAwou 

(oTHOCHTejIBHO OCH OX). 
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TeopeMa 6.2.5. /I/ioi^acfc Sd npaeuAbnou o6aol- 
cmu 

a ^ x ^ b 

J(x) ^ y ^ g{x) 

paena 



D 



S 



D 



g(x) - f(x) 



d x 



.2.76) 



o 6.2.14. Hafl,n,eM njioma^i. dpnrypbi, orpaHH^ieH- 

HOH KpilBMMH 

V = x, y = 2 - x 2 
HaftfleM CHanajia tohkh nepece^eHHH sthx jihhhh: 




Ilocjie SToro pHcyeM oSjiacTt: 



Tenept HHTepecyromaH Hac o6jiacTb b npaBHjitHOM 
Biifle 3anHCbiBaeTCH cjie/iyioiHHM o6pa30M: 



D : 



-2 < x sC 1 
x ^ y < 2 — x 2 



h ocTaeTca npiiMemiTb cpopMyjiy (|6.2.76p : 



S D = 



{2 



x -i ax 



}d; 



2x 



3- 2 h2 



» 6.2.4. Haft,n,HTe njioma/ni cpnryp, orpaHH^ieH- 
hmx jihhhhmh: 

1) y = e x , y = e~ x , x = 1, 

2) y = 2px 2 , x = 2py 2 , 

3) y — —x, y — 2x — x 2 . 



IIjioiu,a,n,b o6jiacTH, orpaHHHeHHoii napaMeT- 
pH30BaHHOH KpHBOH. fljIH jiio6bix HenpcptiB- 
hbix cpyHKiniii tp, \ : [a, /3] — ¥ M. CHCTeMa ypaBHCHiiii 
BHfla 

x = ip(t) 

y = x(t) 

t G [a; 13] 

3a/i,aeT Ha njiocKOCTH HeKOTopoe mhojkgctbo tohck, 
Ha3BiBaeMbix ( KOMnaKmnou ) napaMempu3oeannou 
Kpueou. 

o6.2.15 (ajuiHnc). Mojkho npoBepHTB, hto ypaB- 

HCHHH 

{x = a cos t 
y = b sin t 
onpeflejifliOT sjijihiic: 



t G 



^encTBHTejibHO , 

a b 

o 6.2.16 (acTpon,a,a) . ypaBHemiH 



h ^- = cos 2 1 + sin t = 1 



x = a cos t 
y = a sin 3 t 



t £ 



3a,n,aiOT Ha njiocKOCTH KpHByio, Ha3biBaeMyio acm- 
poudou. ^Jia ee nocTpoeHiia mojkho cocTaBHTt Ta6- 
jinny 



t 





±- 


±5 


±- 




X 


a 


8 " 


4 " 


±a 





y 





±Ia 






±a 




t 


1 27T 


1 3tt 
1 4 


1 57T 


±7T 


X 


-H° 


4 " 


8 " 


—a 


y 












3aTeM OTMeTHTb BCe 3TH TOHKH Ha pHCyHKG! 



h coeflHHHTb hx "njiaBHOH jihhhch". IIojiy^HTCH 

KapTHHKa 
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o 6.2.17 (ipiKJioHfla) . YpaBHeHiiH 



x = a(t — sini) 
y = a(l — cos t) 



t e 



o 6.2.18 (njioru,a,fl;b ajuiimca). Haft^eM njiomaflb 
sjijinnca H3 npiiMepa 16.2.151 



3aflaiOT Ha hjiockocth KpiiByio, Ha3biBaeMyrc> v,uk- 
Aoudou. Ee TaKsce mojkho nocTpoHTb no TOHKaM, h 
cooTBeTCByiomaH KapTHHKa 6yflCT BbirjiHfleTb Tax: 



JXjisi 3Toro Bbi,n,ejiHM neTBepTHHKy stoh o6jiacTH. 
onpeflejiaeMyio CHCTeMoii 



06jiacTB Ha hjiockocth mojkho onpeflejiflTb na- 

paMeTpH30BaHHBIMH KpHBblMH. HanpHMep, CHCTe- 

Ma 

3a/i,aeT Ha hjiockocth npHMcpHO Taxyio o6jiacTb 



D 



x = a cost 
^ y ^ bsint 



*e[0; \] 



h HanfleM ee njiomaflb: 



ecjiH ip) B03pacTaeT, h 



Sd = 



ab 









a cos t da sin t 


= ab 


/ cos 2 t dt 






Jo 



2 1 + cos 2t 



dt 



ab 
~2 



t + 



sin It 



o 

nab 



ecjiH ip y6biBaeT. 
TeopeMa 6.2.6. Ilycmb 

1) (f - zjiadnasi MonomoHHasi qiyuKi^usi na 
ompe3Ke t € [a; j3\; 

2) x ~ Henpepuenan neompwaamejibnasi 
qjyHK'nuM na ompe3Ke t £ [a; 0\: x(t) 0. 

Tozda nAov^adb Sd o6Aacmu, ozpaHuueuHou na- 
paMempu3oeaHHOu Kpueou 



Ymhojkhb 3to hhcjio Ha 4, nojiynaeM njioma^b aji- 
jinnca: 

S = nab 

o 6.2.19. HaiifleM njioma^b cpnrypbi, orpaHHneH- 
hoh acTpoHfloii H3 npHMepa 16.2.161 



D 



X = Lp(t) 

< y < x( x ) 



, te[a;(3] 



fl^jisi SToro BbiflejiHM neTBepTHHKy, onpeflejiaeMyio 

CHCTeMOH 



paena 



S 



D 



X (t) dcp(t) 



.2.77) 



I x = a cos 3 1 
D : { , , i€ 

0^i/^a sin J t 



0; 
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Diasa 6. OnPEflEJIEHHMH HHTErPAJI 



h Haa/i,cM ec njioma^b: 



Bmhhcjihcm njiomaflb: 



•>D 



', sin 3 f d (a cos 3 t) 



3a 2 



sin t cos t d t 



3a z 
3a 2 



2 / 1 - cos2t\ 1 + cos2t 



dt 



3a 2 



2 / 2 

(1 - cos2t) (l - cos 2 2t) dt 



1 + cos 4t . . 
(l-cos2t) 1 ) dt 



o 



3V 

16 



r 



3^ 
16 



(1 - cos2t) (1 - cos4t) dt 

j (1 - cos2t - cos4t + cos2tcos4t) dt 
Jo 

(l - cos2t - cos4t+ 



3a 2 
16 



+ - (cos 6t + cos 2t) j cl / 



3a^ 
32 

3a^ 
~32~ 



(2 - cos 2t - 2 cos 4t + cos 6t) d t 



o 



2t sin 2t sin 4t H — sin 6t 

6 2 6 



3a 2 7r 
32 



S D = 



= a 



a(l — cos t) d a(t — sin t) 

/■2tT 

-a 2 (1 - cost) 2 dt = 
Jo 

/ (1 - 2 cost + cos 2 t) dt 
Jo 
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1 — 2 cos t 



1 + cos 2t 



dt 



3 „ . sin2t\ 2tt 

-t - 2 sin tH 

2 4 



» 6.2.5. Haii,zniTe njioma/ni dpnryp, orpaHHneH- 

HblX napaMeTpH30BaHHMMH KpHBMMH! 

1) x = a(t 2 + 1), y = t 2 (njiom,a/i,b neTjin) 
b(t 3 — 3t) (njionjaflb neT- 3) x — 2t — t 2 , y = 
jih) 2t 2 — t 3 (njioma^b neT- 

2) x = ±(3-t 2 ), y= jih) 

rijiomaflB o6jiacTH b nojiHpHbix Koop/pHa- 
Tax. HojiojKeHHe toikh A Ha njiocKOCTH mojkho 
3a/i,aBaTb He tojibko fleKapTOBbiMH KOop/ninaTaMH 
(to ecTb oGbiHHbiMH 3HaHCHHHMH nepeMeHHbix X H 
y), ho TaK»ce nojiapHbiMH KOop/niHaTaMH - 3HaHe- 
HneM yrjia ip Me»yiy jiynoivi OX h jiynoM OA, co- 
e,n,HHHioiHiiM Hanajio KOop/ninaT O c tohkoh A, h 
paccTOHHHa p ot A flo Hanajia KOop,u;HHaT O: 



Ymhojkhb 3to hhcjio Ha 4, nojiyHHM njiomaflb Bcefi 
(pnrypbi: 



5 = 



3a 2 7r 



o 6.2.20. Haii^eM njioma,zi,b cpnrypbi, orpaHHneH- 

HOH apKOH HHKJIOH^nSI 



D : 



x = a(t — sint) 

^ y ^ a(l — cost) 



t e [0; 2tt] 



IlpH 3TOM, nOJISpHbie KOOpflHHaTbl CBH3aHbI c 

,n,eKapTOBi>iMH cpopMynaMH 



x — p ■ cos ip 
y = p ■ sin p 



p = \Jx 2 + y 2 
tg<P=* 



Kax h b cjiynae c fleKapTOBbiMH KOop/niHaTaMH , 
BCHKoe ypaBHenne, CBH3biBaioiHee nojiapHbie Koop- 

^HHaTbl, 

p = R(p) 

3a,n,aeT HeKOTopyio KpnByio Ha njiocKOCTH. Pac- 

CMOTpHM npHMCpbl. 



§2. Oopmyjia HbK>TOHa-JIeii6Hima 
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o 6.2.21 (KapflnoH/i,a). IIoctpohm KpiiByio, 3a- kocth: 
flaimyio ypaBHCHneM b nonspHbix KOopflimaTax 

p = a ■ (1 + cosy) 

3to mojkho c/jejiaTb no TOHKaM. CHanajia cocTaB- 
jiaeTca Ta6jinn,a 








±- 


±- 


±- 




p 


2a 


a(l + #) 




3a 
2 


a 



H b pe3yjibTaTe nojiynaeTCH KpHBaa: 





1 27T 

^ 3 


_J_ 3_7T 


_|_ 57T 


±7T 


p 


a 
2 


a(l-#) 


a(l-^) 








IIOTOM COOTBeTCTByK>m,He TOHKH CTpOHTCH Ha njioc- 

KOCTH' ° *>-2.23 (0Kpy>KH0CTB). IIoCTpOHM KpiIByK), 3a- 

flaHHyio ypaBHCHneM b nojiapHbix KOop^HHaTax 

p = a sin ip 
CocTaBjiaeM Ta6jinn,y 





— 7T 


3tt 
4 


7T 

2 


7T 

4 





p 





1 


2 


1 






3th tohkh coe,u;HHHiOTCH njiaBHOH jiHHHefi, h nony- 


<p 


7T 

4 


7C 

2 


3?r 
4 


7T 


naeTCH KpHBaa: 


p 


a 

V2 


a 


a 






(3flecb 3HaK $ mm nnineM b cjiynae, KOiyja 3HaneHHe 
p nojiynaeTCH OTpHuaTejibHMM; sto ^ojekho 03Ha- 

HaTb, HTO npH flaHHOM if COOTBCTCTByiOinaH TOHKa 

He cymecTByeT, nocKOjibxy p ecTb paccTOHHHe ,n,o 

HyjIH, H 3HaHHT He MOJKBT 6bITb OTpHHclTejIBHMM) . 
IIOTOM Ha njIOCKOCTH CTpOHTCH TOHKH I 

o 6.2.22 (jieMHHCKaTa BepHyjum). IIoctpohm 
KpHByio, 3a,n;aHHyio ypaBHeHHeM b nojiHpHbix Koop- 
,u;HHaTax 

p = ay / cos~2y 

3to TaKJKe flejiaeTCH no tohkeim. CHanajia cocTaB- 
jiaeTCH Ta6jnina (b kotopoh 3HaK $ roBopHT, hto 

fljia flaHHoro 3HaneHHH ip cooTBeTCByioin,ee 3Hane- B pe3yjibTaTe nojiynaeTCH KpHBaa: 
Hne napaMeTpa p He onpeflejieHo): 



f 





±E 


±f 




±f 


p 


a 


a 

V2 












i 2tt 
^ 3 


_l_ 3?r 
^ 4 


_|_ 57T 

^ 6 


±7T 


p 


2 





a 

v^2 


a 



ITotom cooTBeTCTByK>m,ne tohkh ctpohtch Ha njioc- 



HeTpyznro noKa3aTb, hto 3Ta KpHBaa - OKpyac- 
hoctb. J^Jiii 3Toro HyjKHO nepeftTH K fleKapTOBMM 
KOopflHHaTaM: 
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rjiana 6. OIIPE/^EJIEHHblH HHTErPAJI 



p = asmip <^> p 2 = ap sin tp x 2 +y 2 = ay 



x +y -ay+— = — ^ x +\y - - 



(i) 1 



TeopeMa 6.2.7. IlAoinadb o6jiacmu na tiaocko- 
cmu, 3adanHou HepaeencmeaMU 



D 



a < tp < /3 



^jih SToro ^ocTaTOHHO Hafira njioma^b o^Horo "jie- 
necTKa": 



euuucAMemcji no cfiopMyAe 

Sd = \ f R{vfdtp 



.2.78) 



o 6.2.24. Bmhhcjiiim njiom,aflb oSjkicth, orpaHH- 

HCHHOH KapflHOHflOH (jIHHHCH. nOCTpOeHHOH H^MH B 

npHMepe 16.2. 21[) : 



S A = 



a 2 ■ cos 2(p dtp = 



a 2 sin 2ip 



<p=--. 



4 v v 2 

06maH njiom,aflb Tenept nojiynaeTCH yzndoeinieM 
njioin,aflH oflHoro jienecTKa: 

Sjj = 25,4 = a 2 



o 6.2.26. ySefliiMCH, hto cpopMyjia (|6.2.78p . 6y- 
flynn npiiMeHeHa k BbinncjieHHio njiomafli. Kpyra, 
nocTpoeHHoro b npHMepe I6.2.23[ npnBO/niT k npa- 
BHjibHOMy pe3yjii>TaTy : irR 2 



4 



asmtp 



p = a ■ (1 + cos tp) 



Flo TeopeMe 16 . 2 . 71 nojivnaeM : 



Sn = 



2tt 



a 2 ■ (1 + cosip) 2 d ip 



o 



a 

2 j o 

_! / 27r 

2 Jo 

~ 2 Jo 

^ 2 '3 



(1 + 2 cos (/3 + cos 2 tp) dtp = 

l + cos2y\ 
1 + 2 cos <p H I d ip 



2 cos ip 



2 

cos 2<,5 



d tp 



a" / i> sin 2ip 

y -[ -<p + 2sin^+ — 



¥>=o 2 



o 6.2.25. Bbihhcjihm njiom,a/i,b o6jiacTH. orpaHH- 
HCHHOH JICMHHCKaTOH BepHyjijiH (jinHneii, nocTpo- 
chhoh HaMH b npHMepe 16.2. 22j) : 



p = a^J cos2<p 



Sd = -z 



a 2 ■ sin 2 tp dtp — 



T / 1 - cos 2cp 



a 

~2 ./„ V 2 

a" /' p sin 2<p 
2" ' 



d <p 



v= 7r 7ra z 
<p=o 4 



» 6.2.6. Haii^niTe njioin,a,n,H dpuryp, orpaHHieH- 

HBIX JIHHHSMH: 



1) p = 4 sin 2 </j 

2) p = a(2 + sin (/?) 

3) p = a cosy 
A) p — asin3y 



5) p — a cos Atp 

6) p = a sin 2 3y 

7) p = a cos 2 3y 



/JjIHHa KpHBOH. 

TeopeMa 6.2.8. Ecau Kpueasi 3adana ypaenenueM 
y = f(x), x £ [a; b] 



§2. OopMyjia HbK)TOHa-JIeli6HHifa 
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(e KomopoM f - ZJiadKusi cfiynKuiisi na ompe3Ke 
[a;b]), mo ee dAuna paena 



TeopeMa 6.2.10. Ecnu npuean 3adana ypaenenu- 
eM e noMipnux Koopdunamax, 



1= I \/l + (f>(x)) 2 dx 



.2.79) 



o 6.2.27. Hafl^eM ,n,jniHy Kycxa nojiyKy6H x iecKOH 
napa6ojibi: 

y = i' , x e [0; 1] 
IIo dpopMyjie (|6.2.79p HMeeM: 



p = R{ip), <pe[a;/3] 

(zde R(ip) - ZAadnati Qiynnuufi na [a;0\) f mo ee 
dnuna paena 



1= [ ^R(tp) 2 + (R'(ip)) 2 (6.2.81) 



/ = 



8i J 
9 3" 



t = Jl + ^x 

* = I (* 2 - 1) 

x e [o ; i]ete [i ; ^33 

— r A 

td\-(t 2 -l, t 

3 

13 



27 



-1> = 



9 

1 H — x Ax — 
4 



v i ; 

t 2 dt = 

13\/l3-8 
27 



o 6.2.29 (fljiHHa Kap^HOHflbi). Haii^,eM AJiHHy 
KapflHOHflbi: 

p = a ■ (1 + cost/?) 
IIo (popMyne (I6.2.8ip . 
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TeopeMa 6.2.9. i?c/m tcpueaji 3adana napaMempu- 
uecKUMU ypaenenusiMU 



x = <p(t) 

V = x(t) 



npuueM <p{t), x(t) ~ zjiadnue cfiynKi^uu na [a; /3], mo 
ee djiuna paena 

1= fsJ{v'{t)f + { X '{t)) 2 dt (6.2.80) 



1= I \l {a - (1 + cos <p)} 2 + (a sin ip) 2 dip = 
Jo 

= a y 1 + 2 cos tp + cos 2 <p> + sin 2 ip dtp = 
Jo 

— a / a/2 + 2 cos ip dip = 
Jo 

f 2 " I 7v f 2 " v 

— a i/4 cos 2 — d ip = 2a / cos — dip = 
Jo V 2 J 2 



= 2a 



(pa36iiBaeM 0Tpe30K [0; 2tt] 
Ha flBa OTpe3Ka, iyje cos ^ 
HMeeT nOCT05IHHt>IH 3HaK 

2ir 



cos • 



dip + 2a 



cos ■ 



dip = 



o 6.2.28 (/jjiima acTpoH^ti). Haii^eM flJiHHy 
acTpoHflbi: 

{x = a cos 3 1 
y = a sin t 

Ho dpopMyjie (|6.2.80p . ^,jiHHa neTBepTHHKH paBHa 

l_ _ 

4 ~ 



npH if £ [0; 7t] HMeeM 
X.\ - 



- "'■'■^ 1 2a / cos^ d^- 
_ _ / Jo 2 



npn £ [7r; 27r] hmccm 
I cos "2 I = — cos ^2 

27T 



09 03 

2d / cos — d ip — 4a sin — 



ip 

4a sin — 
2 



4a 



(sinf-o) 



. , . 27T . 7T 

4a sm sin — 

2 2 



= 4a + 4a = 8a 



(—3a cos 2 t sin i) 2 + (3a sin 2 t cost) dt= » 6.2.7. Han/jHTe fljnmy kphboh: 

1) y = ±ir 2 - |lnar, x e [l;e] 



3a / V cos 4 f sin 2 < + sin 4 1 cos 2 f d t = 



3a / | cos t sint| V cos 2 f + sin 2 £ d t 



3a / cos < sin ivT d t — 3a / sin£dsin£ = 
Jo Jo 

3a 



3a- 



sin 2 t 



Ymhojkhb Ha 4, nojiynaeM otbct: 
I = 6a 



2) y = 1(3 - x)y/x, x > 

3) x — a(t — smt),y — a(l — cosi) t £ [0; 2ir] 

4) a; = e* cos t : y = e f sin t) t G [0; 7r] 

5) p = a a/cos 2iy9 

6) p = a sin 2^ 

7) p = a sin 2 <p 



OGteM Tejia Bpaiu,eHHH. nycTb Ha OTpe3- 
Ke [a; b] 3a,n,aHa HcnpepbiBHaH HeoTpHH;aTCjibHaa 



304 rjrasa 6. OnPEflEJIEHHblH MHTEFPAJI 

(pyHKinis / [0;7r]: 



Ecjih ee rpa(J)HK 3acTaBHTt BpamaTbca BOKpyr och 
OX, nojiyHHTCH noBepxHOCTt, onHCbiBaeMaa ypaB- 

HeHHGM 

y 2 + z 2 = fix) 2 , x € [a;b] 
h Ha3BiBaeMaa: noeepxHocmtm epamfinusi. 



IIo (popMyjie (|6.2.83p nojiynaeM 



i . , r 1 - cos 2a; 
V = n sin a; d a; = 7r / d a; 



o * 

7r / sin 2x 

— la: 

2 V 2 



7T jp" 

o = y 



KpHBaa, Bpam,aeMaH BOKpyr och, moxkt 6biTb 
3aflaHa napaMeTpiinecKH, h TOiyja cooTBe-TCTByio- 
mee Tejio BpamcHHH 6yii;eT onHCtiBaTtCH chctcmoh 



D 



x = <p(t) 

y 2 + z 2 ^ X {tf 



te[a;0\ (6.2.84) 



TeopeMa 6.2.12. 06neM mejia epauifinusi (16.2.84p 
euHUC/memcH no (fiopMyAe 



3t& noBepxHOCTb orp elhhhhb aeT BMecTe c njiocKO- 
cthmii x = a h x — b o6jiacTB b TepxMepHOM npo- 
CTpaHCTBe, KOTOpaa Ha3biBaeTCH mejioM epauifinun 
h onHCbiBaeTca chctcmoh HepaBeHCTB 



V = TT 



(6.2.85) 



y 2 + z 2 < f(x) 2 
a ^ x ^ b 



(6.2.82) 



TeopeMa 6.2.11. 06seM mejia epauifinusi (|6.2.82|) 
euuucAsiemcfi no aiopjwyjie 



o 6.2.32. Haft^eM o6i.eM sjunincoima, to ecTt Te- 
jia, o6pa30BaHHoro BpamemieM sjijinnca 

{x = a cos t 
y = b sin t 

BOKpyr och OX: 



v = TT / f( x y dx 



(6.2.83) 



o 6.2.30. HaftfleM oGteM Tejia, o6pa30BaHHoro Bpa- 
ihchhcm napa6ojibi y = 11 njiocicocTbio x = b: 



IIo (popMyjie (|6.2.85p nojiynaeM 



IIo (popMyjie (|6.2.83p nojiynaeM 



V = tt I (Vx) 2 dx = tt x dx = 



b = *b 2 

o 2 



o 6.2.31. HaftfleM o6i.eM Tejia, o6pa30BaHHoro Bpa- 
ihchhcm nojiyBOjiHbi CHHycoHflbi y = sin a;, x € 



V = TT 



(frsini) d(acosf) 



o 



= ab tt 
ab 2 ir 
= ab 2 iT 



sin i d cos t 



, 1 — cos t) d cos < 



cos t 



COS 3 t 



» 6.2.8. Haft/nrre 061)6111 Teji BpamcHHH: 



§2. OopMyjia HbK)TOHa-JIeH6Hima 
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1) y = x 3 , x £ [0;b] 

2) y = e x , x £ [a;b] 

3) x = a(t — sint), y — a(l — cost), t £ [0; 2ir] 

4) x = a cos 3 t, y — a sin 3 1 



sin a;, x £ [0; tt]: 



IIjiomaflB noBepxHOCTH Bpam,eHHH. 



TeopeMa 6.2.13. Iljiouifidb noeepxnocmu epavjfi- 
y 2 + z 2 = f(x) 2 , x£[a:b] 



euHucjuiemcfi no cfjopMyAe 



S = 2n[ f(x)-^/l + (f'(x)f dx 



6.2.33. Haii^eM njioin,aflb noBepxHOCTH, o6pa30- 
BaHHOft Bpam,eHHeM napa6ojibi y — • s /x, x £ [0; b]: 



IIo dpopMyne (|6.2.13p nojiynaeivi 



S = 2n J 

rb 



d x 



o 



= 2n I \fx ■ \l 1 + — d x = 2tt f \l x + — d r = 



Ax 



IIo dpopMyne (|6.2.83p nojiynaeM 

rw 

S = 2ir / sin a; • yl + cos 2 a; d a; 
j o 



-2tt / v/T" 
Jo 



cos 2 ie d cos x 



COS X — t 

x £ [0;ir] •» t e [1: -1] 

MCHUCM MCCTaMH 

npe^ejibi KHTerpnpoBaHna 



= 2tt y \/l + i 2 d t = 



HHTerpiipyeM no lacTHM 
c B03Bpam;eHHeM k HcxoflHOMy 
HHTerpajiy (icaK b iiphmcpc I5. 1.221 



= - (ts/i + t 2 + in t + vTTt 2 

= - (2V2 + In 1 + V2 -In -1 + \/2 



1 

-1 



V2 + ^ln 



\/2 + 1 



\/2- 1 



= \/2 + iln(\/2 + l) 2 
= %/2 + In ( V2 + 1 



TeopeMa 6.2.14. YlAouifldb noeepxnocmu epauifi- 
huk, o6pa3oeaHHOu napaMempuaoeanHou Kpueou 



D 



y 2 + z 2 = x(i 2 



euuucAsiemcfi no (fjopjuyjie 



S = 2ir( X (t)-\/(v'(t)) 2 + (x'(t)) 2 dt 



o 6.2.35. Hafi^eM njiom,afli> noBepxHOCTH, o6pa30- 
BaHHOii Bpam,eHneM acTponflbi 

J x = a cos 3 1 

,3, 



y = a sin t 



= 2tt 



C+ id(, + i)=2^ (x + \ 



BOKpyr och OX: 



4dA 1 
~3~ | ( 4 



4tt 

T 



o 6.2.34. Hafi^eM njioma^i. noBepxHOCTH. o6pa- 
30BaHHOii BpameHneM nojiyBOjiHbi CHHycoH^bi y = 



Ho dpopMyne (|6.2.14p nojryiaeM njioma/n? nojiOBHH- 
kh paBHa 
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S 
2 



27r I 2 a sin 3 t ■ \/ (— 3a cos 2 i sin i) 2 
JO 

= 27r / a sin 3 t ■ \/ 9a 2 cos 4 t sin 2 £ 4- 9a 2 sin 4 t cos 2 i d t 
Jo 



= 6a 2 7r / sin 3 1 ■ | cos t sin £ | V cos 2 £ + sin 2 £ d t = 



6a 2 n / sin 3 1 ■ cos £ sin t ■ 1 • d t 



6a 2 7r / sin 4 £ • cost d t = 
o 

sin^ £ 

= 6a 2 7r / sin 4 1 d sin 2 = 6a 2 n 



Tji&b& 6. OnPEfiEJIEHHblH MHTErPAJI 

6 



— a 2 7r 



OTCio/ja nojiHaa njiomaflt 

12 



5 = — a 2 TT 
5 



» 6.2.9. Haft/niTC njioina/ni noBepxHOCTeii, o6pa- 
30BaHHBix BpamcHHeM cne/iyiomHx kphbmx BOKpyr 
och OX: 

1) x = a cost, y = bshit 

2) x = a(t - sint), y = 6(1 - cost), t e [0; 2tt] 



3) ?/ = chx 



e x +e- 



e [a; 6] 



(d) HHTerpnpoBaHHe Kyco^iHO-HenpepMBHMX h KycoHHO-rjia,zi,KHX cpyHKijHH 

HHTerpajibi, c kotopbimh Hail npiifleTCH HMeTb ,nejio b flajiBHennieM, 6ynyr, icax npaBHjio, HHTerpajraMH 
ot HenpepbiBHbix cpyHKiniii, bo3mojkho, b,h,o.jib rjia/paix dpyHKiniH. OflHaKO b rjiaBe [TTl iyje pent noiifleT 
o pa/jax <Pypbe, a TaiQKe b rjiaBe [T2l rfle 6y^yT H3ynaTbCH eichmiitothkh, HaM npn,n,eTCH HHTcrpupoBaTt 
(pyHKn,HH H3 HecKOjibKO 6ojiee ninpoKoro Kjiacca, a hmbhho, KycoHHO-HenpepfciBHtie dpy hkihih , bo3mojkho. 
b/jojib HenpepbiBHbix Kyco^HO-rjiaflKHx dpyHKHiift. B stom nyHKTe mm noroBopuM o TaKiix HHTerpajiax. 

KycoHHO-HenpepBiBHbie dpyHKU,HH. 

• QyHKniifl / Ha OTpe3Ke [a, 6] Ha3biBaeTCH KycoHHo-Henpepuenou, ecjin 

1) Ha [a, b] (pyHKiniH / HenpepBiBHa bo Bcex TO^iKax, KpoMe, bo3mojkho, KoneHHoro 
Ha6opa; 

2) b KajK^oii tohkc pa3pbiBa c G K cpyHKniia / HMeeT KOHenHtie jieBbiit h npaBBifi 
npe^eji 

/(c-0)= lira /(*), /(c + 0)= lim f(x) (6.2.86) 

TeopeMa 6.2.15. 0yHKii,uji f KycouHO-Henpepuena na ompe3Ke [a,b] mozda u moAtKO mozda, nozda cy- 
uificmeyem pas6ueHue r = {cq, Ck} dmozo ompe3Ka manoe, umo na KaotcdoM ompe3Ke [cj_i, Ci] modkho 
onpedeAurrib Henpepuenym cfjyHKi^uw tpi, coenadaww^yw c f na unmepeajie (cj_i,Cj).' 

f(x) = (fii{x), x G (ci_i,Cj) 

/JoKa3ameM>cmeo. 3aHyMepyeM no B03pacTaHHK> to^ikh pa3pBiBa dpyHKHHH / h flo6aBHM k hhm, ecjm 
3Toro He npoH3onijio cpa3y, kohhm OTpe3Ka [a, 6]. y Hac nojiy^HTCH HCKOTopoe pa36ncHHc: 

a = Co < ci < ... < Ck — b 

Ha bcskom 0Tpe3Ke [cj_i,Ci] dpopMyjia 

{f(x), x € (ci_i,Ci) 
/(ci_i+0), x = c 4 _i 
/(cj-0), a; = c, 

onpeflejiaeT HenpepBiBHyio dpyHKH;Hio yjj, coBnaflaiomyio c / Ha HHTepBajie (ci-i,Ci). □ 



> 6.2.1. IIpoBepbTe, hto dpyHKn;Ha 



/(x) = sgnsinrr 



§2. 0opMyjia HbK)TOHa-JIeH6Hima 



307 



HMeioiuaH rpadpiiK 



HBjiaeTCH KycoHHO-HenpepbiBHOfi Ha jiio6om OTpe3- 
Ke [a, b] . 

> 6.2.2. Hao6opoT, dpyHKiniH 

fsgnsini, x + 

/ W = S n n 
10, x = 

c rpacpHKOM 



OTpe3Ke [0,1], noTOMy hto HMeeT Ha HeM 6ecKOHeu- 
Hoe hhcjio TOueK pa3pbma (x = — ). 



> 6.2.3. OyHKHHH 

fix) 

c rpa<pnKOM 



5> 

0, x = 



TO»ce He 6ya;eT KycouHO-HenpepbiBHOH Ha OTpe3Ke 
[0,1], noTOMy hto HMeeT 6ecKOHeHHMH npe,n,eji b 

TOHKe 0. 



He HBjiaeTCH KycouHO-HenpepbiBHOii, HanpHMep, Ha 



TeopeMa 6.2.16. BcsiKan Kycouno-nenpepuenafi qiynKuun f na ompe3Ke [a,b] unmezpupyeMa na neM. 

J\w ^OKa3aTejibCTBa TeopeMbi 16.2.161 HaM noHaflo6HTCH cjie/ryiomaH 
JTeMMa 6.2.2. Ilycmt, cfjyHKV t uu f u ip onpedeAenu na ompe,3Ke [a, b] u coenadawm na unmepeaJie (a, 6): 

f(x) = (f(x), x € (a, b) 
Tozda ecAU ip unmezpupyeMa na ompe3Ke [a,b], mo u f unmezpupyeMa na [a,b], npuueM 

rb 

f(x) d x = / cp(x) d x 

J a 

/JoKaaameAtcmeo. 3aMeTHM cpa3y, uro o6e dpyHKiniH / h p flOjracHbi 6bitb orpaHiiueHM Ha [a, b]: dpyHK- 
hhh ip orpaHH^eHa no TeopeMe 16.1.21 KaK HHTerpnpyeMaH Ha [a, 6], a cpyHKHira / OTjinnaeTCH ot Hee He 
6ojiee neM b ,n,Byx Touicax. Mm mojkcm flaare CHHTaTb, hto ohh orpaHHueHM o/i,hoh KOHCTaHTOii: 

sup \f(x)\ < M, sup \<p(x)\ < M 

x£ [a,b] [a, b] 

Tenepb /jjih npoH3BOjibHbix pa36iieHHH r OTpe3Ka [a; b] h Bbi^ejieHHbix tohck ^ mm nojiyniiM: 

HHTerpajitHaa HHTerpajibHan 
cyMMa /ijih / cyMMa flJia tp. 



4 4- 



fc-1 s / fc-1 



/(&) • Axi + ^ / (&) • Ax, ; + / (4) • Ax fc J - f ^(a) • An + V (&) ' Ax * (&) ' ^ 

* v ' * » ' 

\ CQKpam;aioTca, nocKQjiBKy f(£) — <p(£) npii £ £ (a, b) *f 
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OTCio/ja nojiynaeM: 



(/(a) - • As* + (/(&) - ^(6)) • Ax fe 



/(&) - 



Ax fc < 4M • diam r — >• 

s — s>— s diamr— ^0 



/A /A 
diam t /A diam t 



/A 
2Af 



/A 
2M 



y>(x) d x 



Bto 3HaHHT, hto cpyHKHHJi / HHTerpnpyeMa Ha [a, 6] n ee HHTerpaji paBeH J ip(x) d x. □ 

a 

/JoKaaameAbcmeo meoveMu 1 6'. . J 6l IIojj,6epeM c noMOintio TeopeMBi 16.2.151 pa36HeHne OTpe3Ka [a,b] 

a = c < c\ < ... < Ck = b 

TaKoe, hto Ha bchkom HHTepBajie (cj_i, ci) (pyHKiniH / coBnaflaeT c neKOTopon dpyHKnneH tpi, HenpeptiB- 
Hoft Ha OTpe3Ke [cj_i,Cj]. Toiyja no jieMMe 15.2.21 dpyHKiniH / 6ya,eT HHTerpnpyeMOH Ha bchkom OTpe3Ke 
[cj_i,Cj]. 3HanHT, no CBOiicTBy a/mnTHBHOCTH HHTerpajia (2° Ha c J280|) . / HHTerpnpyeMa Ha OTpe3Ke 
[a,b] = [a,c 1 ]U[c 1 ,c 2 ]U...U[c n ,b]. □ 



KycoHHO-rjia^KHe dpyHKU,HH. 

• OyHKiniH / Ha 0Tpe3Ke [a, b] Ha3t>iBaeTCH KycouHo-ZAadKou, ecjin 

1) Ha OTpe3Ke [a, b] OHa /nicpdpepeHniipyeMa bo Bcex TOHKax, KpoMe, bo3mojkho, kohch- 
Horo Ha6opa; 

2) b KajKjjpn TOHKe c £ [a, 6], rjj,e / .znidpcpepeHinipyeMa, ee npon3Bo;xHaH HenpepbiBHa, 



/'(c) = Urn f{x) 



(6.2.87) 



3) b KajKjjpn Tonxe c £ [a, b], iyi,e / He jxHepcpepeHinipyeMa, OHa o6jiajj,aeT cjiejxyioinHMH 

CBOHCTBaMH! 

(i) / HMeeT KonenHbie jieBtiii n npaBbin npe^ejiw (jih6o ojxhh H3 hhx, ecjin c 
coBnaflaeT c KaKHM-TO H3 kohhob OTpe3Ka [a, b]) 



/(c-0)= lim f{x), /(c + 0)= lim fix) 



(6.2. 



(ii) / HMeeT KOHenHtie jieByio h npaByio npoH3BO,i];HMe (jih6o OflHy H3 hhx, 
ecjin c coBna^aeT c KaKHM-TO H3 kohhob OTpe3Ka [a, b]) 

f ( C ) = lim /W - /(c - 0) , f + ic) = n m m^ME±3 

(6.2.89) 

(iii) npn npn6jTHJKeHHH apryMeHTa x k c cnpaBa hjih cjieBa, 3HaneHHe /'(x) 

CTpeMHTCH COOTBeTCTBeHHO K f!_(c) HJIH /+(c): 



/1(c) = lmi /'(x), /» = lim n /'(x) 

a;— >-e— u a:— fc+u 

Cneflyioinee yTBepjKfleHHe jj,OKa3MBaeTCH b tohhocth, KaK TeopeMa l6.2.15l 



(6.2.90) 



TeopeMa 6.2.17. QyHKtiAin f siejisiemcsi KyconHo-ZAadnou na ompe3Ke [a,b] mozda u moAtKo mozda, 
Kozda cyuificmeyem pa,36uenue r = {cq, Ck} smoeo ompe3Ka maKoe, umo na KamcdoM ompe3Ke [cj—i, Cj] 
MocucHO onpedeAumb ZAadKyw (fyHKi^um (pi, coenadawwAjw c f na unmepeaAe (cj_i,Ci): 



fix) = tpi(x), X € (Ci_i,Cj) 



§2. OopMyjia HkiOTOHa-ilefl&riina 



309 



Cjieflyiomee yTBepjKflemie mbi chhtrgm ohcbhahbim: 

TeopeMa 6.2.18. Ylycmt, g - Henpepuenasi KyconHo-zjiadKan (fynKvaisi na ompe3Ke [a,b]. Tozda 

(i) npou360A"bHUM o6pa30M doonpedejiHsi npou36odHym g' cfjyHKV ) uu g e moHKax HedwfxfjepemiAL- 
pyeMocmu g na [a,b], mu noAynuM KycoHHo-Henpepuenym (p"yHKv,uw na [a, b]; 

(ii) djifi mo6ou uwmezpupyeMou cfjyHKV i uu f na [a,b] unmezpaji 

rb 

fix) ■ g'{x) dx 



He 3aeucum om mozo, ko,k doonpedeAena (fymzv^usi g' e mouKax HedwfxfepemiALpyeMocmu g . 

KaK cjieflCTBHe, ,zi,.jih jihd6oh HHTcrpHpyeMoii cpyHKHHH / h jiio6oh HenpepbiBHOft 3 Kyco^HO- 
rjiaflKoii cpyHKHHH g Ha OTpe3Ke [a, b] cpopMyna 

f{x) dg(x) := / f{x)-g'{x) dx (6.2.91) 



o^HOSHaiHO onpe^ejiHeT hhcjio, Ha3biBaeMoe onpedeAennuM unmezpaAOM om cfyHKi^uu f edo/it 
cfjyHKv,uu g na ompe3Ke [a, b]. B nacTHOM cjiynae, Kor,a,a / = 1 3Ta BejiHHHHa o6o3HaHaeTCH 

b pb 

dg(x) := / g'(x) d x (6.2.92) 

J a 

I^ejiBio HaniHx paccMOTpeHHft 3flecb aBjiaeTca: o6o6meHHe TeopeM 16.2.191 h 16.2.41 06 HHTerpnpoBaHHH 
B,a,ojib (pyHKn,HH Ha cjiynaii, KOiyja 3Ta (pyHKin-ia aBjiaeTca HenpepbiBHOft KycoHHO-rjiaflKOH (a He npocTO 
rjiaflKoii) . 

TeopeMa 6.2.19 (o nepeMeiu,eHHH HenpeptiBHofi KycoMHO-rjia^KOH cpyHKLpm). TlepeMewfinue 
Henpepuenou Kycouno-ZAadKoil <f>yHKii,uu g na opuenmupoeaHHOM ompe3Ke a% paeno unmezpajiy om edu- 
nuvfii edoAt g no DmoMy ompe3Ky: 

r d g(x) = { g'{x) d x = g(x) (6.2.93) 



/foKa3ameM>cmeo. IIohhtho, hto 3^ecb flOCTaTOHHO CHHTaTb, hto a < b, noTOMy hto npoTHBOnojiojKHbift 
cjiynaii nojiynaeTCH yMHOJKCHHeM paBencTBa (|6. 2.931) Ha — 1 . 

1. IlycTb CHa^ajia cpyHKHHH g flucptpcpeHHiipyeMa Be3,n,e BHyTpn OTpe3Ka [a, b] (a He/nKpcpepeHHiipyeMa 
mojket 6bitb tojibko Ha KOHH,ax SToro OTpe3Ka) . Tor^a pjisi jho6bix TO^ex a h ft Taioix, ^ito 

a < a < ft < b, 

(pyHKHHH v 6yn,eT rjmflKoft Ha OTpe3Ke [a, ft], h 3HanHT k hhm npHMeHHMa TeopeMa l6.2.19l 

dg(x)=g(ft)-g(a) 
Ilepexofla k npe/i,ejiaM npn a — > a vl ft — > b, Mbi nojiynaeM KaK pa3 (|6.2.93p : 

dg{x) = g(ft) - g(a) 

, , I 

II g(b)-g(a) 

fa 9 ' ( x ) ^ x ( 3flecfc HcnojitayeTCHN 

\, I HenpepbiBHOCTt g j 

} b a g\x)dx 

II 1 16. 2. 911 



3 06i>iiCHeHHe, noneMy 4>yHKii,Hio g b onpe^ejieHHn HHTerpajia J b f(x) d g(x) Hy^KHO 6paTi> HenpeptiBHOH KycoHHO- 
rjia,n;KOH (a He npocTO KycoMHO-rjia^Kon) 3aKJnoHaeTCH b tom, hto tojibko Tor/^a stot HHTerpaji mo^kho onpe,n;ejiHTb <J)Op- 
Myjiofi H6.2.91|) . B o6iu,eM cjiy^ae 3Ta KOHCTpyKi^HH Ha3i>iBaeTC5i unmespaAOM, PuMaHa-CmuAmbeca h onpe^ejiaeTCH OHa no 
aHajiorHii c HHTerpajiOM PiiiviaHa ho c 3aMeHofi Axi = x% — Xi—\ Ha Agj = g{xi) — g(xi—i). J\jm cxoflHMOCTH nacTHMHbix 
cyMM Heo6xo^,HMO Tpe6oBaTi>, hto6m g 6biJia (pyHKi^ueii ospanuneHHOu eapuai^uu. no,n;po6HOCTH mo^kho Haft™, HanpHMep, 
b yMe6HHKe: A.H.KojiivioropoB, C.B.Oomhh, 3jieMeHTbi Teopnn 4>yHKn;HH h 4>yHKn;HOHajibHoro aHajiH3a, M.: HayKa, 1981. 



310 



Diana 6. OIIPE/fEJIEHHblH HHTErPAJI 



2. B o6m,eM cjiynae mbi BBrfSnpaeM no TeopeMe 16.2.171 pa36iiCHHe OTpe3Ka [a, b] 

a = c < c\ < ... < Ck = b 

Tax, hto6m BHyTpH KajK^oro OTpe3Ka [cj_i,Cj] dpyHKniiH g 6bijia flHcpepepeHnnpyeMa, h, no y»ce flOKa- 
3aHHOMy, mm nojiy^HM: 



b & nCi ™ 



□ 



Cjie^CTBHe 6.2.2. (PymzuiLsi g : [a, b] — ¥ R HGASiemcfi Henpepuenou KycOHHO-z/iadKou mozda u moAbKO 
mozda, Kozda ona npedcmaeuMa e eude uwmezpaAa c nepejueHHUM eepxnuM npedeAOM om neKomopou 
Kycouno-HenpepueHou (p"yHKV,uu f : [a, b] — > R: 

g(x)=g(a)+ f f(t) dt 

J a 

/JoKa3ameAt>cmeo. B KanecTBe / HyjKHO b3htb npoH3BO,i];Hyio g' cpyHKiniH g, ^oonpe^ejieHHyio npora- 
BOjibHbiM o6pa30M b TOHKax He/iricpdpepeHnHpyeMOCTH g. □ 

TeopeMa 6.2.20 (06 HHTerpupoBaHim no lacTHM flJia HenpeptiBHtix KycoHHO-rjia/pcHX cpyHK- 
ii,hh). Ecau fug- nenpepuenue KycoHHO-ZAadnue (fywKuuu na opuenmupoeaHHOM ompe3Ke mo 



f{x) dg{x) = f{x) ■ g(x) 



g(x) d/(x) 



(6.2.94) 



/J,oKa3ameAbcmeo. KaK n b ,a;0Ka3aTejibCTBe TeopeMBi 16.2.191 3^ecb floCTaTOHHO c^HTaTt, hto a < b. 

1. IlycTb pjin Hanajia cpyHKiniH fug AiidpcpepeHinipyeMti se3fle BHyTpn 0Tpe3Ka [a, b] (a He/nidp- 
cpepeHinipyeMbi MoryT 6bitb tojibko Ha KOHnax SToro OTpe3Ka). Tor^a ^jih jno6bix ToneK a n /3 TaKnx, 

HTO 

a < a < f3 < b, 

cpyHKn,HH fug 6y^yT rjia/n^HMH Ha OTpe3Ke [a,/3], n 3HaHHT k hhm npuMeHmia TeopeMa ??: 



/O) dg(z) = f(x) ■ g(x) 



g(x) df(x) 



IlepexoflH k npe^ejiaM npn a — > a n f3 — > b no dpopiviyjiaM (|6.1.30p n (|6.1.3ip . mh nojiy^aeM kbk pa3 
PI: 



J a 



II H6.2.9U 

Xf f(x)- g'(x) dx 
i 

fa f( x ) ■ a '( x ) dx 

II 16.2.911 

f»f(x) dg(x) 



dg(x)= f(x)-g(x) 

' V v — 



x=/3 



g(x) df{x) 



f(x) ■ g(x) 



3ftccb Hcnojiij3yeTca 
HenpepbiBHOCTfc 



II I6.2.9U 

I^9(x)-f'(x) dx 

fug) f a g{x) ■ f '(x) dx 
II \6.2.9ll 

f b a g(x) df(x) 



2. B o6rneM cjiynae mbi Bbi6npaeM no TeopeMe 16 . 2 . 1 71 pa36neHne OTpe3Ka [o, b] 

a — c < ci < ... < Ck — b 

TaK, H;To6bi BHyTpn KajKfloro OTpe3Ka [cj_i,Cj] dpyHKi^HH / h g 6bijih flHdpdpepeHii,HpyeMbi, h, no ysce 
flOKa3aHHOMy, mbi nojiy^HM: 



/(*) d g(x) I f{x) d g(x) = f(x) ■ g(x) ^ - ^ / ' g(x) d /( 



f(x) ■ g{x) 



x—b 



g(x) df(x) 



□ 



§ 3. HeKOTopbie cjie^CTBua (popuyjibi FLbK)T0na,-Jlea6mipa, 
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§ 3 HeKOTopbie cjie^cTBHa (popMyjibi HbK)TOHa-Jleft6HHi],a 
(a) nepBOo6pa3Haa Ha HHTepuajie 

HanoMHHM, hto noHSTHe nepBOo6pa3Hoii fljia cpy hkiihh , onpe/iejieHHOH Ha OTpe3Ke 6bijio BBefleHO HaMii 
Ha c !287l fljiR cjiynaa HHTepBajia onpe,a,ejieHHe hhhcm He OTjinnaeTCii: 

• OyHKHHH F Ha3biBaeTca nepeoo6pa3Hou 3ah cfjyHKV,uu f na UHmepea/ie (a,/3), ecjin npoH3BOjx- 
Haa: F Ha 3tom HHTepBajie paBHa /: 

F'(x) = f(x), xe(a,/3). (6.3.95) 

IIpeflJicoKeHHe 6.3.1. flna aw6ou Henpepuenou (f>yHKV,uu f na UHmepeane (a,/3) u ak>6ou mouKU 
c £ (a; ft) (popMyjia 



F{x) = J fit) dt, ieM 

onpedeAJiem nepeoo6pa3Hyw cjjyHKV,uu f na unmepeaAe (a,/3). 

/JoKa3ameAt>cm60. 3^ecB Hcnojib3yeTCH TeopeMa 16.2. II 06 HHTerpajie c nepeMeHHHM BepxHHM npejrejiOM. 

1. 3acpHKCHpyeM x$ £ (c, f3). B3hb KaKoe-mi6yflb b € (xo, /?), mbi mcbkcm cnnTaTB, hto nepeMeHHaa x 
6eraeT no OTpe3Ky [c, b] , Ha kotopom xo 6yneT BHyTpeHHCii to^koh, nosTOMy npoH3BO,zi,Hyio dpyHKiniH F 
b xq mojkho bbihhcjihtb no dpopMyjie ()6.2.48p : 



F'(x ) = lim ( f X f(t) dt- f ° f(t) dt] = 

x^xo x- x \J C J c J 



= l im _}_{[ f(t)dt- f f(t)dt)=(B2M=f(?o)- (6-3.96) 

x^x X -X \J [c . x] J [c<Xo] J 

Bojiee Toro, npejj,CTaBHB F TeM »ce HHTerpajiOM c x 6eraioiHHM no OTpe3Ky [c, 6], Mbi mo>kbm HaiiTH 
npaByio npon3BOflHyio F b TonKe c no dpopMyjie (|6.2.49D : 

F'(c)= lim E^hllM = ii m _L_ f f( t ) dt = 

^ x^c+O X — C z-s-c+O X — C J c 

= lim — !— { fit) dt= ffiTZM = He). (6.3.97) 

x^c+O X-C J [CjX] 

2. Ecjih a < xq < c, to b3hb KaKoe-Hn6yflB a : a < a < Xq, mbi nojiynnM 
F'(x ) = lim — !— ( [ fit) dt- f ° fit) dt) = HETE5II = lim — !— ( f fit) d, 

x^x X- Xo \J C J c J x^x X- Xo \J Xo 

= (16.2.651) = lim — - — f / f(t) dt - f ° fit) d t 

x-+x X- X \J a J a , 



t = 



lim — 

x^rx X 



— If f(t)dt- [ f(t)dt) =mM=f(*o) (6.3.98) 

~ 2^0 \J[a,x] J[a,x Q ] ) 



H npeflCTaBHB F TeM »ce HHTerpajiOM c x 6eraiOHi,HM no OTpe3Ky [a, c], mbi MO»ceM HaiiTH jieByio npon3- 
BO,n,Hyio F b TOHKe c no dpopMyjie (|6.2.50D : 

F'_(c)= lim F (X) - J?(C) = lim -J— f X fit) dt = 

k->c-0 X — C x—fc-0 X — c /„ 



lim _J_ f fd) dt= (16.2,501) = ffc). (6.3.99) 

C — X J x 



3. TenepB mbi nojiynaeM, hto dpopMyjiBi (|6.3.9T[) h (|6.3.99p BMecTe flaiOT (I6.3.95P jj,jifl: cjiynaa xo — c, 
a ^jih Bcex ocTajiBHBix tohck so ^ c to »ce caMoe yTBepjKflaeTCH b dpopMyjiax (I6.3.96P h (|6.3.98p . □ 
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(b) JleMJvia A,n,aMapa 

JleMMa 6.3.1 (A/jaMap). /Jaji mo6ou zAadnou <fiyHKv ) uu f na ompe3Ke [a, b] u aw6ou ttiohku c E [a,b] 
naudemcsi nenpepuenaji (fjyHKV,uji g na [a, b] manasi, umo 



f(x)-f(c) = (x-c)-g(x), xe[a,b] 



(6.3.100) 



l H [ OKa3ameM>cmeo. IIojiojkhm 



g(x) = I f ^(x — c) • s + cj d s, x G [a, 6] 



H3 HenpeptiBHOCTH dpyHKin-iii /' cjie^yeT, hto dpyHKuiiH g tojkb HenpeptiBHa Ha [a,b]. ^eftcTBHTejibHO, 
nycTb e > 0. Ilo TeopeMe KaHTppa l2.3.5l Hafl^eTca S > TaKoe, mo pjisi jiK>6bix x, y G [a, b] 



\x — y\<6 
IIosTOMy cnpaBeftjiiiBa n,enoHKa: 



\f(x)-f(y)\<e 



\x — y\<6 
4 



Vs e [0, 1] ((x — c) • s + c) — ((y — c) • s + c) = (x — y) ■ s = \x — y\ ■ \s\ ^ \x — y\ < 5 



Vs G [0, 1] |/'((x - c) • s + c) - f'((y -c)>a + c) 

4 



< e 



i(x)-g(y)\ = 



f((x - c) • a + c) d 8 - / /'((y - c) • + c) d 



/'((x - c) • a + c) ds- / f((y - c) ■ s + c) d s 

[0;1] J[0;1] 



[0;i] 



(/'((x - c) • « + c) -/'((» -c)-« + c)) d 

/ , ((x-c)- S + c)-/ , ((y-c)-s + c) 



[0;i]s. 



ds < e da = e 

'[Oil] 



OcTaeTCH npoBepHTB TOJKflecTBO (|6.3.100p . A- 1151 Jiio6oro x > c Mbi nojiynaeM: 



/(x)-/(c)= / /'(t) di 



t — (x — c) ■ s + c 

s e [0, 1] 

d i — (x — c) ds 



/' ( (x — c) • s + cj • (x — c) d s = 
(x — c) • / f'((x — c) • s + cj d s = (x — c) • g(x) 



□ 



rjiaBa 7 

HECOBCTBEHHblE HHTErPAJIbl 



Heco6cTBeHHBiii HHTerpaji <popMajiH3yeT b McItgmcIth^igckom aHajiH3e Hjreio njiomajTH HeorpaHHneHHOH 
cpHrypti. 



o 7.0.1. B npejTbijxyiHeH rjiaBe mm H3ynajiH onpc- 
^ejieHHbiH HHTerpaji, reoMeTpHnecKHH cmbicji koto- 
poro - njiomajib kphbojihhchhoh TpaneHHH. Pac- 
cmotphm Tenepb KaKyK>-HH6y;ib HeorpaHHHCHHyio 
KpuBOjiHHCHHyio Tpaneinno (to ecTb TaKyio, koto- 
paa He jkjkht hh b KaKOM npHMoyrojibHHKe) 



HeorpaHiiHCHa) . 

flfiJIO B TOM, HTO 3Ty BejIHHHHy MOJKHO nOCHH- 

TaTb Kax npe,a,eji njiomafleii orpaHHneHHbix kphbo- 
jihhchhbix TpanenHii: 



Ee njiomajrb 6ya;eT HenoHHTHO neMy paBHa, noTOMy 
hto onpejrejieHHbiH HHTerpaji ot HeorpaHHHeHHOii 
cpyHKHini ne cymecTByeT (no TeopeMe 16.1.21) . 

TeM 6ojiee HeojKH,n;aHHbiM jj,ojbkho 6biTb Ha6jno- 

flCHHe, HTO y HeKOTOpblX HeOrpaHHHCHHblX KpHBO- 

jihhchhbix TpanenriH Bce-TaKH HMeeTCH KOHenHaa 
njiomajib. ToHHee, noHHTHe njiomajiH mojkho 0606- 
miiTb t8.khm o6pa30M, hto HeKOTopbie HeorpaHH- 
neHHbie KpHBOjiHHeHHbie Tpaneinni 6yzryT hmctl ko- 
HenHyio njioni,ajj,b. HanpnMep, ecjin Bbi 3a;xyMae- 
Tecb, HeMy jjpjoKHa 6biTb paBHa njiomajrb kphbojih- 
hchhoh TpaneiniH, orpaHHHeHHOfl kphboh y = -4= 




t->+o V 



o 7.0.2. C jxpyroii ctopohm, ecjin bmccto kphboh 
y = B3HTb HHieM oco6eHHbiM, KaK 6yjj;TO, ne 

OTjiHHaiomyiocH ot Hee KpHByio y = -, 



TO OKajKeTCH, HTO COOTBeTCTByiOIHaH njioniaflb, no- 

CHHTaHHaa TeM »ce cnoco6oM 6ecKOHenHa: 



to Bac HaBepHHKa yzniBHT Ha6 jno^eHHe , hto 3Ta 
njiomaflb KonenHa h paBHa 2 (xoth caMa dpnrypa 



S 



lim 



— dx 

x 



lim In a; 

t-y+o 



= lim (In 1 — In t) 

t->+o 
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o 7.0.3. Eme o/hih npiiMep - njioina/rt kphbojih- t — > oo, 
HeiiHOH Tpanennn, orpaHHneHHon kphboh y = 1 _^ xi 
Ha ncwiyiiHTepBajie [0; +oo): 



h OKa3biBaeTCH, hto OHa paBHa 



d x 



lim 

t— >+oo 



Ee mojkho BbiHHCjiHTb KaK npefleji njioin,a,n,efl; nany- 
HaiorrrnxcH, Kor,na x 6eraeT no 0Tpe3KaM [0,i], npn 



lim arctg x 

t— y+oo 



d x 



lim arctg t = — 
t— y+co 2 



Ilocjie 3thx npHMepoB ecTecTBeHHO cnpocnTt, KaKofi ^,oji}KHa 6biTb HeorpaHnneHHaa KpnBOjiHHCHHaH 
Tpanen,Ha, hto6bi ee njioma/rt 6bijia KOHenHa? H neMy paBHbi njioma^H KOHKpeTHtix HeorpaHHHCHHtix 
KpuBOjiHHCHHbix Tpanennn? 06 3tom Mbi noroBopnM b HacTOHinen rjiaBe. 

§ 1 Onpe^ejieHHa Heco6cTBeHHoro HHTerpajia h ero CBOHCTBa 

HanHeM co cjieflyiornero onpeflejieHHa. 

• OyHKiniH / Ha3biBaeTCH AOKaAbHo unmezpupyeMou na MHoatcecmee E, ecjin OHa onpeflejieHa 
Ha E n HHTerpHpyeMa Ha jiio6om 0Tpe3Ke [a, b], co/jepjKarneMCH b E. 




kohchho. He HHTerpnpyeMa Ha OTpe3Ke [0, 1] (no- 
TOMy hto He orpaHnneHa Ha hcm) . Ho OHa jiOKajib- 
ho HHTerpnpyeMa Ha nojiyHHTepBajie (0, 1] (noTOMy 
hto HenpepbiBHa Ha (0, 1]). 



o 7.1.2. OyHKHHH ,3,HpHxjie, KOTopyro mbi onpefle- 
jihjih dpopMyjion (|2.1.4|) . 



D(x) 



He 6y^eT jiOKajibHO HHTerpnpyeMoii, HanpHMep Ha 
R, noTOMy hto OHa He HHTerpHpyeMa hh Ha KaKOM 
OTpe3Ke. 




(a) Bh,u,m HecoScTBeHHbix HHTerpajiOB 

Heco6cTBeHHtiH HHTerpaji no KOHeiHOMy npoMe>KyTKy. 

• IlycTb dpyHKri,Ha / JiOKajibHO HHTerpnpyeMa Ha nojiyHHTepBajie (a; 6], rjre a, b - npoH3BOjibHbie 
HHCjia. Tor/ia npe^eji 

f b 

lim / f(x) d x 

t->a+0 J t 

Ha3biBaeTcn Heco6cmeeHHUM unmezpaAOM om f no KoneuHOMy npoMeoKymny (a; b] n o6o3na- 
naeTca 




f(x) dx 



Ecjih 3tot npe^eji cymecTByeT n KOHeneH, to roBopjiT, hto Heco6cmeeHHUu unmezpaA cxo- 
dumcM, a ecjin He cymecTByeT hjih 6ecKOHeneH, to roBopsiT. hto Heco6cmeeHHuu unmezpaA 
pacxodumcsi. 



§ 1 . OnpegejieHiifi Heco6cTBeHHoro HHTerpajia h ero CBOitcrBa 



315 



AHajioriiHHO, ecjiH / jioicajibHO HHTerpupycivia Ha nojiyiiHTepBajie [a; b), to npejreji 

lim / fix) 6x 

Ha3MBaeTCH Heco6cmeeHHUM unmezpaAOM om f no KoneuHOMy npoMeoKymny [a; b) h o6o3na- 
naeTca 

f(x) dx 

h onaTb ecjiH stot npejreji cyrnecTByeT h KOHeneH, to roBopaT, hto neco6cmeennuu unmezpaA 
cxodumcH, a ecjiH He cymecTByeT hjih GecKOHeneH, to roBopsiT. hto neco6cmeennuu unmezpaA 
pacxodumcsi. 

PaccMOTpHM npHMepbi. 



o 7.1.3. 

- 1 di 



lim / — — = lim ( 

t^+o J t X 2 t-t+0 \ X 

= lim | -1 + - 

t^+o V t 



x=l 
x—t 



-~Xj 



cos 1 — lim cos y 

y— >4-oo 



npc^cji nc cymecTByeT 



Bbiboji; HHTerpaji pacxojxHTca. 
o 7.1.6. 



Bbibojj,: HHTerpaji pacxojriiTCH. 
o 7.1.4. 



= lim 
+1- 

x—t 



o VI - x 2 t^i-oJ y/l _ x 2 



lim arcsin x 
t-n-o 



= lim ( arcsin t — 0) 
K =o t->-i-o v 



arcsin 1 = — 



Bbiboji; HHTerpaji cxojthtch h paBeH 5. 
o 7.1.5. 



1 sin i di . /" 1 sin i d x 
= lim 



„ x 2 t->+oj t X 2 

lim / sin — d — = lim cos — 

t^+oJ t x x *->+o x 

l 



= lim ^ cos 1 — cos - ^ = 
t-n-o 1 t 



2/ 



f +0 

y — > +oo 



dx ,. A 2 dx 
2 — = lim / j — 

o xln x t ^+°Jt xln x 



lim 

t^+o Jt 



d(lnx) 
In 2 x 



lim 



= lim , 
t-t+o \ In £ 



ln± 



1 
m~2 



Bbiboji; HHTerpaji cxojjhtch h paBeH 



» 7.1.1. BbiHHCjiHTe HHTcrpajibi hjih ycTaHOBHTe 
hx pacxoflHMOCTb: 

1) J Q 4 ctgx d x 

1 x d x 



VT- 



2) Jo 

o\ r 4 d a 

°J JO x+^x~ 

A) T2 dx 

/ JO x\nx 

5) /V^ 

6) jje**? 

7) /o f 



sin ie+cos x 
v^sin x— cos 2: 



Heco6cTBeHHBifi HHTerpaji no 6ecKOHeHHOMy npoMe»cyTKy. Bbiine mm onpej^ejinjiH Heco6cTBeH- 
Hbiii HHTerpaji no KoneuHOMy npoMeotcymKy, cpopMajiH3yioiHHH noHHTHe njiornajTH kphbojihhchhoh Tpa- 
neiniH cncrniajibHoro BH/ra: ocHOBaHHeM TaKoii TpanerriiH hbjihctch KOHenHbiii nojiyHHTepBaji, a "no Bep- 
THKajin" 3Ta dpnrypa mojket 6biTb HeorpaHH^iCHa (TaKHe cpnrypbi mbi onncbiBajiH b npHMepax 17.0.11 h 

Ho nOMHMO TaKHX KpHBOJIHHeifflblX TpaneHHH MOJKHO paCCMaTpHBaTb ^,pyrHe, OCHOBaHHHMH KOTOpblX 

hbjijhotch 6ecKOHeHHbie nojiyHHTepBajibi, h KOTopue noaTOMy "HeorpaHHHeHbi no ropH30HTajiH" (sTy ch- 
Tyainno mbi onncbiBajiH b npHMepe l7.0.3[) . CooTBeTCTByioiHHH MaTeMaTHHecKHH o6T>eKT, <popMajiH3yioiirHH 
3to noHHTHe TaK»ce Ha3biBaeTCH HeonpeflejieHHMM HHTerpajroM, ho y»ce no 6ecKOHe%HOMy npoMemcymny. 
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IlycTb dpyHKHHH / jiOKajibHO HHTerpiipyeMa Ha nojiyHHTepBajie [a; +00), iyje a - npoH3BOjibHoe 
hhcjio. Torfla npe^eji 

lim / fix) dx 

Ha3biBaeTCH Heco6cmeeHHUM unmezpaAOM om f no 6ecKoneunoMy npoMeotcymny [a; +00) 11 
o6o3HaHaeTCH 



r+00 

la 



fix) dx 



Ecjih 3tot npe^eji cymecTByeT h KOHeneH, to roBopHT, hto Heco6cmeeHHUU unmezpaA cxo- 
dumcM, a ecjin ne cymecTByeT hjih GecKOHeneH, to roBopHT, hto Heco6cmeennuu unmezpaA 
pacxodumcH. 

AHajiorHHHO, ecjin / jioicajibHO HHTerpnpyeMa Ha nojiyHHTepBajie (—00; a], to npe^eji 



t— >— 00 



lim / f(x) d x 



Ha3biBaeTCH Heco6cmeeHHUM unmezpaAOM om f no 6ecKOHennoMy npoMeotcymny (—00; a] h 
o6o3Ha*meTCH 



/ 

J — < 



fix) dx 



h onaTb ecjin 3tot npe^eji cymecTByeT h KOHeneH, to tobopht, hto necoScmeenwbiu unmezpaA 
cxodumcx, a ecjin He cymecTByeT hjih 6ecKOHeneH, to roBopsiT, hto Heco6cmeenHuu unmezpaA 
pacxodumcsi. 

PaccMOTpHM npHMepbi. 



o 7.1.7. 

»+oo 



r°° dx_ _ r dx_ 

Jl X t^+ooj 1 x 



lim In x 

t— ¥+00 



= — lim In t = 00 

1 t— >+oo 



Bbibojj,: HHTerpaji pacxojriiTCH. 
o 7.1.8. 



f 



e x d x = lim 

t— 00 



I? 



d x = lim e x 

t—t — OG 



lim (l - e*) = 1 



Bbibojj,: HHTerpaji cxojthtch h paBeH 1. 
o 7.1.9. 



p+00 p 
/ cos x dx — lim / 



cos x d x = 



— lim sin x 

t— >+oo 




t 

= — lim sint 

t— >+oo 



npc^cji 11c cyiuccibvci 



Bbibo^,: HHTerpaji pacxojxHTCH. 

» 7.1.2. BtiHHCJiHTe HHTerpajibi hjih ycTaHOBHTe 

HX paCXOflHMOCTb: 



4) J + °° xe x d x 



x 2 + l 



r+°° ds 



2)J +C °e x dx 



3)/_° c 



e x dx 



5) f 

' J e x In x 

6) fs 

7) 1 



+°° x d x 

dx 

-00 x 2 +2x+2 



(b) Heco6cTBeHHt.ie HHTerpajiw ot CTeneHHofi h noKa3aTejifaHOH cbyHKu,HH 

Mbl BHflejIH, HTO HeC06cTBeHHBIH HHTerpaji MOJKeT CXOJTHTBCH, a MOJKeT paCXOflHTBCH. 3fleCI> MM nOHMBM, 

b KaKHx cjiynaax cxo/thtch HHTerpaji ot kohkpcthbix flByx dpyHKinifi — ^ h a x . 



TeopeMa 7.1.1 (o Heco6cTBeHHOM HHTerpajie no JJoKasameAbcmeo. PaccMOTpHM Tpn cjiy^iaa. 
KOHenHOMy npoMejKyTKy ot CTeneHHofi cpyHKinni). l) Ecjih a < 1, to HHTerpaji cxoahtch: 



d x 

x a 



{cxodumcsi, ecAU a < 1 
pacxodumcsi, ecAU a ^ 1 



f" dX f" - A V f" - 

/ = / x dx = lim / x 

J a x a J t^+oJ t 
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= lim 



x—b 



t^+o (1 - a) 

lim ( \ 

~ t^+o \ (1 - a) ~ (1 - a) J ~ 



X — t 

1-a 



'1 - a < 0\ Jl-a 

[ nOSTOMV I — 

\ti-"^o) (1-a) 



2) Ecjih a = 1, to HHTerpaji pacxo/piTCH: 



r6 J ~ ' 6 dx ,. /" fc di 



fdx_ f 
Jo x ° Jo 



lim 



lim In a; 

t^+o 



X t^+0 
x—b 



lim |ln 6 — In t j = oo 

t->+o 



3) Ecjih a > 1, to HHTerpaji pacxo,zi,HTCH: 



f = / x a dx = lim / 

Jo x a J t^+oJ t 



= lim 



i 1 a di 



t^+o (1 - a) 
b 1 -" dx t 1 ' 01 dx 



x—b 



lim , 

t-s-+o [ (1 - a) (1 - a) 



x" Q dx = 



1 - a < 
nosTOMy 
i 1_cv -s- oo 



OO 



lim 



4 d: 



lim In x 

t— ^+oo 



lim {In t — In a} = oo 



3) Ecjih a < 1, to HHTerpaji pacxo/niTCs: 



r +co dx_ r +cc 

J a X<X J a 



x- a dx 



f _ x x ~°- dx 
lim / x a dx = lim — — 

t^+oo J a t^+oo (l — a) 



il — a 



lim , , 

t^+co [(1-a) (1 - a) 



1 - a > 
nosTOMy J = oo 
t 1 ~ a ->■ OO J 

□ 



Teopeivra 7.1.3 (o hgco6ctbchhom HHTerpajie ot 
noKa3aTejn>HOH dpyHKHiin). 



r. 

J a 



A x dx 



{cxodumcx, ecAu < A < 1 
pacxodumcH, ecAu A ^ 1 



JJoKaaameA-bcmeo. PaccMOTpnM Tpn cjiynaa. 
1) Ecjih < A < 1, to HHTerpaji cxo/thtch: 



□ 

Teopeivra 7.1.2 (o HecoGcTBeHHOM HHTerpajie 
no 6ecKOHeiHOMy npoMexcyTKy ot CTeneH- 

HOH CpyHKHHH). 



/ 



° dx 

x a 



{cxodumcM, ecAu a > 1 
pacxodumcH, ecAu a < 1 



floKa,3ameAbcmeo. PaccMOTpnM Tpn cjiynasi. 
1) Ecjih a > 1, to HHTerpaji cxojthtch: 



f + °° f 

J a X< * J a 



a d x = lim 

t^+oo 

dx *=t 



lim - 

t^+oo (1 — a) 



= lim 



f 



1-a 



■.1-a 



t->+oo \ (1 - a) (1 - a) 



1 - a < 0\ 
nosTOMy J = 

t 1 -" -> 



t 



1-a 



(1-a) 

2) Ecjih a = 1, to HHTerpaji pacxoflHTca: 



* dx 

X 



/ A x d x = lim / A x d x = 

J a *^+°° J a 



A x * 
= lim - — - 

t^+oo In ^4 



lim (A t - A a ) = 

In A t-H-oo 



< A < 1\ j\a 
no3TOMy | — 

a* — > o / In A 



2) Ecjih A = 1, to HHTerpaji pacxoflHTca: 

p+oo r+oo r-t 

\ A x dx = / 1 dx = lim / 1 dx 

J a J a *^+°° J a 



lim - — - 

t->+oo In A 



i — a 
lim - — - = +oo 



t^+oo In A 
3) Ecjih A > 1, to HHTerpaji pacxojjHTCH: 



/ 

J a 



A x d x = lim / d x 

£— >-+oo 



= lim - — - 

t->+oo lnA 



= -J- lim (A* - A a ) = 

In A t^+co 

/ A>1 \ 
= I nosTOMy I = OO 
\A* -> oo) 



□ 



(c) 3aMeHa nepeMeHHofi b Heco6cTueHHOM HHTerpajie 

Ecjih dpyHKH,HH / h g onpeflejieHbi Ha nojiyHHTepBajie [a; b), to chmbojiom 

rb 



J 

J a 



f(x) dg(x) 
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o6o3HaHaeTca Heco6cTBCHHt>iH HHTerpaji ot dpyHKiniH / • g' no [a; b): 

f(x)dg(x):= f(x)-g'(x)dx = lim / f{x)-g'{x)dx 



o 7.1.10. = Um ( 2 



+oo 1 ,+oo 1 j t^+oo y 3.3 

—= d In x = / — 3- d x — lim / — - d x = 



1 = lim I 2 - 4- 1 = 2 

1 t-S- + 00 V £3 



Teopeivra 7.1.4 (o 3aivreHe nepeivreHHOH b Heco6cTBeHHOM HHTerpajie). Ilycmb danu: 

1) cfjyHKV t UM f, Henpepuenaa na noJiyuHmepeajie [a;b) 

2) cfjyHKi^uM ip, onpedeAeHHaM na nojiyuHmepecuie [a;/3), co CAedymwAiMU ceoucmeaMu: 

a) ip ducfjtfiepeHi^upyeMa na nojiyunmepeajie [a; j3) (mo ecmb if ducficfiepeHi^upyeMa na 
unmepeaAe (a;/3), u e moHKe a uMeem Aeeyw npouaeodnyw); 

b) Vt€[a;j3) tp(t) e [a; b) ; 

c) (p(a) — a, (p(t) — > b. 

t-*p-o 

To 2 da 

r f(x)dx= [ f{<p(t))d<p(t)= [ f(<p(t))-<p\t)dt (7.1.1) 



/JoKa3ameAbcmeo. 



^ /(¥>(*)) d ¥>(*)= lim / f(cp(t)) d y(t) = ([6X68| = lim f (x) d x = [ f(x) dx 



□ 



o 7.1.11. 



o 7.1.12. 



+00 



I .r 



- dt 



= 2 «■ i = 
+00 O t - 



+0 



d x 



dt 



— arcsini 



7T 

6 



(2 — x)\/l — x 



-t At 



t = vi - x, x = 1 - t 
x = o t = 1 



1 ^ 2 + l) 



1 dt 

t 2 + l 



arctg t 
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§ 2 IlpH3HaKH cxo/i;hmocth Heco6cTBeHHbix HHTerpaJIOB 

He bchkhh Heco6cTBeHHbiii HHTerpaji mojkho hbho bmhhcjihtb, jxa>Ke ecjin h3bcctho, hto oh cxojthtch. 
HanpnMep, nonpo6yftTe Haft™ Heco6cTBeHHbift HHTerpaji 



1 sin 2 A 

— P^di (7.2.2) 

h Bbi yBHflHTe, hto 3to Hejierxo. IIosTOMy nacTO 6biBaeT Ba>KHO npocTO noHHTb, cxojthtch hjih hct 
flaHHbift Heco6cTBeHHbift HHTerpaji, He bbihhcjihh ero. HanpnMep, HHTerpaji (|7.2.2I) . KaK 6yn,eT noKa3aHO 
b npHMepe 17.2.11 cxonnTCg (xoth h HenoHHTHO, ieMy paBeH). 

B 3tom naparpacpe mm npHBe^eM HeKOToptie npii3HaKH cxo/himocth Heco6cTBeHHbix HHTerpajiOB. 



BnocjieflCTBHH b § 3 rjiaBti mbi jjpnojiHHM stot cnncoK eme jiByMH acnMnTOTHnecKHMH npn3HaKaMH. 



§ 2. IIpH3H£LKH CXOflllMOCTIl HGCOijCTBGHHblX HHTGrpELJIOB 
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(a) IIpH3HaKH CXOflHMOCTH 3HaKOnOCTOHHHbIX HHTerpajiOB 

• HecoScTBeHHbift HHTerpaji f f(x) d x Ha3biBaeTCH 

3HaKonocmoHHHUM, ecjiH ero nojTtiHTerpajitHaH (pyHKinia / He mghhgt 3HaK Ha npo- 
Me»cyTKe HHTerpHpoBaHiia; 

3HaKonoAOjfcumeAt>HUM, ecjiH ero noflbiHTerpajibHaa (pyHKinia / HeoTpHnaTejitHaa 
Ha npoMejKyTKe HHTerpHpoBaHira 

f{x)>0, xe{a,b) 

ilOHHTHO, HTO HCCJieflOBaHHC Ha CXOflHMOCTb 3HaKOnOCTOHHHbIX HHTerpajiOB CBO/HITCH HCCJiejTOBaHHIO 

3HaKonojio>KHTejiBHBix: ecjiH f(x) $C 0, to mojkho B3HTb (pyHKH,Hio g(x) — —f(x) ^ 0, h OKajKeTca, hto 

c-b t>t r-t />b 

/ fix) d x — lim / fix) d x = — lim / q(x) d x = — I q(x) d x 

J a ^-0j a t^b-0j a yV J a 

OTKyjj,a h 6yn,eT cjiejroBaTt, hto HHTerpaji 

b 

f(x) dx 

cxojthtch Tor^a h tojibko Torjia, Kor^a cxo^htch HHTerpaji 

rb 

g(x) dx 

KpHTepHii cxo/pmocth 3HaKonojio>KHTejiBHoro HHTerpajia. 

TeopeMa 7.2.1. Ilycmb gjyHKV ) UM f AOKdAbHO unmezpupyeMa u neompuup,mtM>Ha na noJiyuHmepeajie 
[a; b) 

f(x)^0, x€[a,b) 

Tozda cxoduMocmb unmezpaAa J b f(x) dx sKeueaAeHmna ozpaHuneHHocmu unmezpaAoe J"' fix) dx, t € 
[a, b): 

/ f(x) d x cxodumcH sup / f(x) d x < oo 

J a t£ [a, b) J a 

! 7.2.1. YcjiOBHe cnpaBa (to ecTb yTBepjKfleHHe, hto HHTerpajiti J f(x) dx orpaHHneHbi) npHHHTO 3a- 
nncbiBaTt HepaBeHCTBOM 

b 

f(x) d x < oo 

h, b CHjiy TeopeMBi l7.2.1l Taxaa 3anHCB CHHTaeTCH SKBHBajieHTHoft yTBepjKfleHHio, hto HHTerpaji J f(x) d x 

CXOJTHTCH (npH HeOTpHHclTejIBHOH /). 

/JoKa3ameAt>cmeo. 06o3HanHM 

F(t)= [ f(x) dx 

J a 

h 3aMeTHM, hto 3to 6yn,eT mohotohho Hey6tiBaioiHaH cpyHKiniH, nocKOjibKy nojj, HHTerpajiOM ctoht HeoT- 
pnii;aTejH>Haa dpyHKiniH. Torjia Mbi nojiyHHM uenoHKy: 

HHTerpaji / f(x) d x cxojthtch 



t 

F HMeeT KOHeHHbiH npejreji lim F(t) = / f(x) d x 

t->6-o J a 

t 

F - MOHOTOHHaa h orpaHHHeHHaH dpyHKiniH 

t 

SU P / fi x ) d x — SU P F(t) < oo 

te[a,b)Ja te[a,b) 

□ 
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IIpH3HaK cpaBHeHHH HHTerpajiOB. 

TeopeMa 7.2.2 (npn3HaK cpaBHeHHH Heco6cTBeHHbix HHTerpajiOB ) . Ilycmb fug- AOKcuibHO 
unmezpupyeMue <fjyHKii i uu na noAyunmepeajie [a; c) (zde c - hucao uau cumboa 6ecKOHeHHocmu +oo), 
npuueM 

0^f(x)^g(x), xe[a;c) (7.2.3) 

Coomeemcmeymuiflsi 3aeucuMocmb Meotcdy Heco6cmeeHHUMU unmezpaAaMU KopomKO sanucueaemcji 
CAedymvutAiM o6pa30M: 

f(x) d x ^ / g(x) d x 



Tozda 

1) U3 cxoduMocmu 6oAbuiezo unmezpaAa J c g{x) d x CAedyem cxoduMocmt Menbuiezo unmezpaAa 
/ c /(») dx: 

/ f(x) d x cxodumcn / g(x) d x cxodumcn 

J a J a 

2) u3 pacxoduMocmu Menbuiezo unmezpaAa J c f(x) dx CAedyem pacxoduMocmb 6oAbuiezo unme- 
zpaAa f° g(x) dx: 

re re 

i f{x) d x pacxodumcH / g(x) d x pacxodumcM 

J a J a 

/JoKa3ameAbcmeo. 06o3HauHM 

F(t)= [ f(x)dx, G(t) = [ g(x)dx 



Torfla H3 (|7.2.3|) cjie^yeT, uto, BO-nepBbix, 

0^F(t)^G(t), te[a;c) 

H, BO-BTOpBIX, 

F(t) ii G(t) — Hey6i>iBaioiinie dpyHKiniH Ha npoMexyTKe t e [a; c) 
noTOMy hto ecjiH a ^ /3, to 

/•a /*a 

F(a) = f(x)dx^ f(x)dx+ f(x)dx = f(x)dx = F(fi) 

J a J a J a J a 

h aHajiorHHHO, 

G(a) Gtf) 

1. IlpeflnojiojKiiM Tenepb, hto iiHTerpaji 

g(x) dx = lim G{t) 

t— >c 

cxofliiTCH, to ecTb cymecTByeT Kone^HMii npe^eji 

lim Git) = C 

Torfla, nocKOJibKy G(t) - Hey6fciBaioiHaH dpyHKiniH Ha npoMejKyTKe t € [a;c), OHa ^ojuiaia 6biti> orpaHH- 
nena Ha stom npoMejKyTKe: 

sup G(t) — C < +oo 

i€[a;c) 

3HauHT, (pyHKii,Ha F(t) TOJKe flOjBKHa 6bitb orpaHHiena Ha npoMeacyTKe t € [a; c): 

sup F(t) = B C < +oo 

te[a;c) 



IIoKajKeM, HTO 



limF(t) = B 

t—>c 
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fleiicTBHTejibHO, B03tMeM npon3BOjii>Hyio nocjieflOBaTejibHOCTB t n — > c. H3 ( (a) I cjiejxyeT, hto jijia 

n— >oo ' 

BCHKoro hhcjki e > HaftfleTCH Taxoe b £ [a; c), hto 

B — e < F(b) < B 

IIpi! 3tom, nocKOjibKy & < c h — >■ c, noHTH Bee nncjia i ra flOjxacHbi 6bitb 6ojn>ine 6: 

b < i„ jijih noHTH Bcex neN 

JJ- (BcnoMHHaeM, hto F Hey6t>iBaeT) 

F(b) < F(t n ) fljifl noHTH Bcex n € N 

B - e < F(b) < F(t n ) ^ sup F(<) = i? /ina hohth Bcex n e N 

te[a;c) 

F(t n ) € (-B — e; J3] ,zyra noHTH Bcex ueN 

F(t n ) € (B — e; B + e) jijih noHTH Bcex 71 € N 
IIocjieflHee BepHO fljra jiio6oro nncjia e > 0, 3HanHT 

lim F(i„) = B 



3to BepHO jijih bchkoh nocjieflOBaTejibHOCTH i„ — >• c, 3HanHT BtmojiHseTCH ( (a) I 



OopMyjia ( (a) ) 03HanaeT, hto cymecTByeT kohchhbih npejieji 

/ /(a;) dx = limFtt) 

Ja 

to ecTb Heco6cTBeHHbifi HHTerpaji f(x) d x cxojihtch. 

2. Mbi flOKa3ajiH yTBepjKjieHHe 2 (A). yTBepayjemie 2 (B) HBjiaeTCfl ero cjieflCTBiieM: ecjin HHTerpaji 
la f( x ) d x pacxoflHTCH, to HHTerpaji J g(x) d x He MoaceT cxojxiiTbCfl (noTOMy hto HHane mm nojiynnjiH 
6h hto J° f(x) dx pacxoflHTCH, a f c g(x) dx cxojxhtch, a sto h6bo3mo»cho b cnjiy yjKe jj;oKa3aHHoro 
yTBepjK^eHHa 2 (A)). □ 



o 7.2.1. x lTo6bi noHHTb, cxojjhtch jih HHTerpaji 

d x 



1 sin 2 i 



3aMeTHM, hto nojxbiHTerpajibHaH dpyHKHHH nojio- 

aCHTejIbHa H MeHBHie CpyHKHHH A^: 



sin 2 i 1 
\ x Jx 



OTCio/ia nojiynaeM 
s$ 



1-21 

sin - 



dx€ 



o 7.2.2. JIfim cjicjxyioiHcro HHTcrpajia 



Mbi aHajiorHHHbie paccyjK^eHHa 3anHHieM 6ojiee ko- 
POtko: 



1 



d x > 



sini 



1 1 



d x 



pacxo^HTCH no 
TeopeMe 17.1.11 



Bbibojj,: HHTerpaji L -X^ d x pacxo/niTCH. 



npHHCM 6ojh>ihhh HHTerpaji cxojthtch no TeopeMe 

, . _ . HeHHOMy npoMejKyTKy: 

17.1.11 oHaHHT, no TeopeMe l7.2.2l Ham hcxojihmh HH- 
Terpaji TOJKe cxojxhtcsi. 



. . rl sin — i 

BbiBOjj,: HHTerpaji J Q ^ a x cxojxhtch. 



o 7.2.3. Tenepb paccMOTpiiM HHTerpaji no 6ecKO- 
OMy npoMejKj 

+°° 3 + cosx 



/ 



dx < 



+ 00 



d x 
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BbiBO/i,: HHTerpaji J 5 



+°° 3 + COS 3 



+oo ^ 

— g- (J X 

X 2 



cxoflHTca no 
TeopeMC 17.1.21 



d X CXO^HTCfl. 



o 7.2.4. CHOBa paccMOTpHM HHTerpaji no 6ecKO- 
HeHHOMy npoMejKyTKy: 



"+ 00 3 + cos a; 



d x ^ 



d x 



= 2 



+oo 

—j- dx 

X 2 



Bbibo^,: HHTerpaji J 



+oo 3+cos a 



pacxoflHTca no 
TeopeMc l7.1.2l 



d x pacxoflHTca. 



» 7.2.1. HccjieflyiiTe Ha cxo/niMOCTb HHTerpajiti: 

r>+oo si n 2 x j „. 



1) r — 

2) r+°° in£ 

3) f +00 H£^£ dx; 

' J2 x~Jx 7 



4) Jo 



d x; 



d x; 



5) Jo , ^dx; 



(b) KpHTepnii Koiiih cxo^hmocth Heco6cTBeHHoro HHTerpajia 

Tenepb ot 3HaKonocToaHHbix HHTerpajiOB mh B03BpamaeMCH k npon3BOjn>HbiM. 

TeopeMa 7.2.3 (KpHTepnfi KoniH cxo^hmocth Heco6cTBeHHoro HHTerpajia). 1 Ilycmb f^ywKisxLn 
f AOKaAbHO unmezpupyeMa na noMyunmepeajie [a; b) . Tozda cjiedytmu,ue ycAoeuM SKeueaAeumHu: 

(i) Heco6cmeeHHUu uwmezpaji 

j f{x) dx 

J a 

cxodumcn; 

(ii) 3ak aw6ux deyx hucaobux nocAedoeameAbHocmeu s n ,t n S [a; b), cmpeMsiwALxcsi k b 

s n )■ 6, t n ^ 6, 

n— >oo n— >oo 

uwmezpaA om (p"ynKvt,uu f no ompe3Ky [s n ;t n ] cmpeMumcM k nyAW npu n — > oo: 



f(x) d x — > b 



n— >-oo 



/JoKaaameAbcmeo. PaccMOTpHM dpyHKiniio 

F(t)= f f{x)Ax 

J a 

Tor^a mbi nojiy^HM cjie/iyioiiiyio jiortiHecKyio ijenoHKy: 

Heco6cTBeHHbiii HHTerpaji / /(x)dx cxo/hitch 

J a 



cymecTByeT KOHe^Hbiii npejxeji lim F(t) 

CTCQPCMa r2.4.12t 

Vs„ — > b, Vt n — > 6 F(t n ) - F(s n ) — > 



n— s-oo 



II 

/*»/(*) da:- /*"/(*) d 3 

II 

/£ /(*) dz 

Vs„ — > b, Vt n — > 6 / " /(x) dx — > 



□ 



1 3tot pe3yjii>TaT noHa^,o6HTCH Hii>Ke npn ,n;oKa3aTejibCTBe npii3HaKa a6cojiiOTHOH cxo,h;hmocth Heco6cTB6HHoro HHTerpajia 
(Teopeivia 17. 2.41 1 
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o 7.2.5. KpHTcpnii Koihh o6bihho 6t>iBaeT ya;o6eH 

flJIH ^OKa3aTejIbCTBa paCXOflHMOCTH HeC06cTBCHH0- 

ro HHTerpajia (ecjrn oh fleftcTBHTejibHO pacxo/rHT- 
ca). PaccMOTpuM, HanpiiMcp, HHTcrpaji 



+ 00 



\fx sin x dx 



Bbi6epeM cne/ryiomHe ,n,Be HHCJiOBbie nocjie^OBa- 

TejIBHOCTH: 



2im, t n = 



5tt 



2nn 



Toiyja 
nosTOMy 

rtn 



Vx e [s n ;t n ] sinx ^ - 



\fx sin x dx ^ 



^ x = 



1 3 

3 



3 





/5?r 












h 27TO j - 


fi- 


I- 27TOJ 




V~6~~ 




ve 





(^ + 1) 2 - (2* + ly 

= lim 1-5— ' v 6 



if 



lim 
t->+o 



l + ^+ t _o +0 (t)j-^l + jV +t _o +o W 

3 



lim 

t— >-+o 



c 



f +. P.J*) 



lim ■ 

t— >-+o 



o (1) 



TaKHM o6pa30M, mbi nojryHaeM, hto 



\fx sin a; da; ^ 





/5tt 












I- 27TO^ - 








V 6 




V6 





C jie/i,OBaTejibHO , 



y^c sin x d x 



Bbihhcjihm npe^eji nojiyHHBincHCH nocjie^OBaTejit- 
hocth: 



lim 



5tt 



2im I - ( — + 27m 



»= 2^ 

n — >• oo t — > +0 



t->+0 





3 






/5vr 










■ir- 


es - 





n no npn3HaKy Konin sto 03HanaeT, hto Ham HHTe- 
rpaji pacxoflHTCH. 

BbiBOfl: HHTerpaji / + °° \fx sin x dx pacxcvniTca. 

> 7.2.1. IlpoBepbTe no KpnTepmo Konin. hto HH- 
Terpaji 



; cos x d : 



pacxo^HTCH. 



(c) IIpH3HaK a6cOJIK)THOft CXOflHMOCTH 

TeopeMa 7.2.4 (npn3HaK a6cojnoTHofi cxo^hmocth) . Ilycmb (fiynKuua, f jiokcuiwo uHmeepupyeMa 
na noJiyuHmepeaAe [a; b). Tozda cnpaeedAueu UMnAUKai^uu: 



f(x) d x cxodumcH 
/J,OKa3ameAbcmeo. 



|/(x)| dx cxodumcH 



HHTerpaji / dx cxohhtch 

J a 



sup / |/(x)| d x < oo 

te[a,b) J a 



Vs„ — > b, Vt„ 



(TeopeMa |7.2.3t 

n \f(x)\ dx 



V/ 

l/£ /(*) H 

V/ 




Vs n — > b, Vt„ 



f(x) dx 
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Vs„ — > 6, Vt„ — >• 6 / " /(x) da; — > 

n— ^-oo n— >-oo n— >-oo 

JJ- (TcopeMa |7,2,3l 

6 



Heco6cTBeHHbiH HHTerpaji / f(x) dx cxo^htch 

J a 



□ 



o 7.2.6. Hto6m HecjieflOBaTb Ha cxoflHMOCTb Heco6- 
CTBGHHbiH HHTerpaji 



1 



sin — d x 

x 



paccMOTpuM cooTBeTCTByiomHH HHTerpaji OT MOfly- 

JIH 



S$ 





1 






sin — 


dx s; / 


10 


X 


Jo 



1 dx 



H npHMCHHM npH3HaK CpaBHCHHH flJIH 3HaKOnO- 

ctoshhbix HHTerpajiOB (TeopeMa 17.2. 2[) : nocKOjib- 
Ky 6ojibniHH HHTerpaji -J ldx = l — cxojthtch, 
MeHBHiHH - f Q I sin ~ | d x - TOJKe jjpjrsceH cxojthtb- 
ch. OTCiojia no npn3HaKy a6cojnoTHOft cxojthmocth 
f TeopeMa 17. 2. 4p nojiynaeM 

BbiBOfl: HHTerpaji sin ^ dx cxojihtch. 
o 7.2.7. HHTerpaji 



smi 



HCCjiejj,yeTca TeM a:e cnoco6oM 

r+oo 



0^ 



dx ^ I dx 

X 1 



Ho npH3HaKy CpaBHeHHH flJIH 3HaKOnOCTOHHHbIX 

HHTerpajiOB (TeopeMa 17.2.21) , H3 cxojthmocth 6ojib- 
r +°° l j 

niero HHTerpajia - J , d x - cjiejxyeT cxojxh- 

moctb MeHbniero - J^°° | ^p 2 - Ida;. OTCiojia no npn- 
3HaKy a6cojnoTHOii cxojthmocth (TeopeMa 17. 2.4[) 
BbiBOjj,: HHTerpaji J^°° d x cxojthtcji. 

» 7.2.2. HccjiejryiiTe Ha cxojTHMOCTb HHTerpajibi: 



: cos x dx: 



2) k 

3) h 



+00 ^/xcosx i 

x 2 +x+\nx X 'i 
+oo ( l-\-^/x+\n x) sin x 



x 2 +x A +:r 4 



4 ) id y^+X + X 2 

°J JO ln(l+x+x 2 ) aX - 



(d) OopMyjia BoHHe h npH3HaKH ^Hpnxjie h A6ejia flJia HHTerpajiOB. 

JleMMa 7.2.1. Ecjiu f - unmezpupyeMasi, a g - MonomonnaH (p"yHKV ) uu na opuenmupoeannoM ompe3Ke 
al, mo naudemcsi mourn £ £ at maxasi, umo 

f(x) ■ g{x) d x = g{a) ■ jf /(x) d i + <?(&) • jf /(x) d x (7.2.4) 

• PaBeHCTBO (|7.2.4p Ha3biBaeTCH cfiopMyAou Bonne. 
/JoKaaameJibcmeo. nycTb jijih Hanajia a < b. PaccMOTpHM cpyHKiniio 

F{t)=g{a)- J f(x) dx + g(b)- £ f(x) dx 

Ho CBOftcTBy HenpepbiBHOCTH HHTerpajia 6° Ha c !281l sto 6yjreT HenpepbiBHaa dpyHKniiH Ha OTpe3Ke [a, bj. 
Ha KOHuax stoto OTpe3Ka OHa npHHHMaeT Taxne 3HaHeHHH: 

F(a) = g(b) ■ f f(x) d x, F(b) = g(a) ■ j /(x) d x 

J a J a 

npejjnojiojKHM Tenepb, hto g - Hey6biBaK>maH cpyHKn;HH Ha [a, b], Torjia 

g(a) < g(x) < g(b), x £ [a,b] 
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g(a) ■ f(x) < g(x) ■ f(x) < g(b) ■ f(x), x g [a, 6] 
g(a)- / /(x) dx^ / g(x)-f(x) dx^g(b)- / /(x) d 



F(b) 



F(a) 



TaKHM o6pa30M, hhcjio f g(x) ■ f(x) dx jieaarr Menqjy flByMH shclhghhhmh F(a) h F(b) cpyHKHHH F, 
HenpepbiBHOft Ha OTpe3Ke [a, b]. IIo TeopeMe Kohih o npoMejKyTOHHOM 3HaneHHH 12.3.21 Haft,a,eTCH TOHKa 
£ G [a, b] TaKaa, hto 

F(0 = f g{x)-f(x) dx, 



a 3to ii ecTb dpopMyjia (|7.2.4p . 

Ecjih »ce cpyHKinia g HeB03pacTaeT Ha [a, b], to mm nojiyHHM Ty *;e uenoHKy paccyscfleHHft, tojibko b 
Heft HepaBencTBa 6y/ryT rjiH^eTb b npoTHBonojiojKHyio CTopoHy. 

OcTaeTca paccMOTpeTb cjiynaft, KOiyja a > b. Ho ysce ,n,OKa3aHHOMy, mbi nojiyHHM, hto jijih HeKOTopoft 

TOHKH £ g [b, a] flOJIJKHO BBinOJIHHTbCH paBeHCTBO 



f{x)-g(x) dx = g{b)- / f(x) dx + g(a)- / f(x) dx 
Ymhojkhb sto na —1, nojryHHM: 

f(x)-g(x) dx = -g{b)- I f{x) dx-g(a)- I f(x) d 



! b a f(x)-g(x) dx dx 3(a)-/ a 5 /(*) ^ 

- h sto 6yn,eT dpopMyjia (|7.2.4j) fljia cjiynaa a > b. 

TeopeMa 7.2.5 (npH3HaK ^Hpnxjie). Ilycmb danu: 

(i) nenpepuenaji (fywKmisi f : [a; +oo) -tic ozpanunmnou nepeoo6pa3Hou na [a; +oo): 



□ 



sup 



fix) dx 



M < oo 



(ii) znadKasi (fywKV^UK g : [a; +oo) — > R, mohotrohho cmpeMsiuiflKCK k ngnm; 



/ \ MOHOTOHHO ~ 

gix) — » 



(7.2.5) 



(7.2.6) 



Tozda unmezpaji 
cxodumcsi. 

/JoKasameAbcmeo. 06o3HaHHM 

H 3aMeTHM, HTO 



/(x) • g(x) dx 



C — sup 



Vs, t g [a, oo) 



/(x) dx 



< oo 



/(x) dx 



2C 



(7.2.7) 



,I],eftCTBHTejIbHO , 



fix) d: 



f{x) dx- fix) dx 



fix) d x 



fix) dx 



€ 2C 



C 
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Hto6m y6eflHTbca, hto HHTerpaji f(x)-g(x) d x cxojthtch, BOcnojit>3yeMCfl KpHTepneM Kohih (TeopeMa 
17. 2. 3ft : Bbi6epeM npoH3BOjitHtie nocjieflOBaTejitHOCTii 



s n — > +00, t n — 5- +00. 

n— >oo n— >-oo 



IIo dpopMyjie BoHHe (|7.2.4p . jijis jiK>6oro n HaitfleTCH TOiKa £ s n ,t n Tanas, hto 



f(x) ■ g(x) d x = g(s n ) ■ J f(x)dx + g(t n )-J f(x) dx 



IIocKOjibKy npn 3tom £ n — > +00 (sto cjiejryeT H3 ycjiOBHH £ s n ,t n ), mm nojiyniiM: 

n— >oo 



/(x) • 5(x) dx ^ |ff(s„)| 



/(x) dx +\g(t n )\- J f(x) dx 

-v ' 1 >— : . 

A\ |7.2.7l A\ |7.2.7| 



2C 



2C 



3to BepHO flflsi jiioGbix nocjieflOBaTejitHOCTeii s n , t n , CTpeMHiinixcH k +00. 3HanHT, HHTerpaji J 00 /(x) • 

g(x) d X CXOJTHTCH. □ 



o 7.2.8. fljin HecjieflOBaHHH mrrerpajia 

r+OD sinx , 
dx 



mojkho BOcnojiB30BaTi>ca: npii3HaKOM /IripHxjie, no- 
jiojkhb /(x) = sinx h g(x) = J, H MM nojiyHHM 
Bmbo/t. HHTerpaji J-^ 00 d x cxojthtch. 

7.2.9. HHTerpaji 

«+oo 



2 • 2 j 

x • sin x d x 



+00 



x 2 — t, X — \ft 
X = 1 t = 1 

x — > +00 O £ — 7- +00 
"+00 



1 r / s i n ^ 1 
t-sinidv£ = / — 7="^ 
2\t 



TOJKe cxojthtch no npii3HaKy ^npnxjie (c f(t) 
sin*, g(t) = ajj). 



o 7.2.10. HHTerpaji 
d x = 



1 cos A 



X\/X 



i = *• * = 1 

X = 1 «■ t = 1 
Z — > +0 t — 5- +OO 



/ tyfi- cost d (-} = - I d 



t = 



+ OO 



cost 

2 

t3 



TOHte cxojthtch no npH3HaKy ^Hpnxjie. 



TeopeMa 7.2.6 (npH3HaK A6ejin). IIycmt> danu: 

(i) cxodHm,uucH unmegpa/i f(x) dx u 

(ii) MOHomoHncLR u ozpauuneHHasi (fjyHKi^uji g : [a, 00) — > R. 
Tozda uHmezpaA J°° f(x) ■ g(x) dx cxodumcM. 
JJoKa3ameAbcmeo. Bocnojib3yeMca KpriTepneM Kohih (TeopeMa l7.2.3|) : Bbi6epeM nporoBOjiBHtie nocjiejro- 



BaTejIBHOCTH 



s n — > +00, t n — > +00. 
n— ^oo n— >oo 



no dpopMyjie BoHHe (|7.2.4p . pflu jno6oro n HaftfleTCH TOHKa £„ £ s n ,t n Taxaa, hto 
f(x) ■ g(x) dx = g(s n ) ■ f(x)dx + g(t n )-J f(x) dx 



nocKOjibKy npn 3tom ^ n — > +oo (sto cjie^yeT H3 ycjiOBHH t; n £ s n ,t n ), mbi nojiynnM: 

n— >oo 

orpaHHieHa orpaHHHeHa 

f(x)-g(x) dx= g{s n ) ■ / f(x) dx + g(t n ) ■ / /(x) dx — > 



4, Tco P cMa[m] J, TeopeMa 

0, 0, 

nocKOJitKy nocKOJibKy 

CXOflHTCH CXO/JHTCa 



§ 2. IIpH3HaKII CXOflllMOCTIl HGCO()CTBGHHbIX HHTGrpcLJIOB 
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3to BepHO fljiH jno6bix nocjieflOBaTejibHOCTeii s n , t n , CTpeMjninixcH k +oo. 3hrhht, HHTerpaji f(x) ■ 
g(x) d x cxo^htcs. □ 



o 7.2.11. fljia: iicaneflOBamiH HHTerpajia 



SIXIX 



arctg x d x 



BcnoMHHM, hto b npHMepe (|7.2.8[) mbi y6e/nuiHCb, 
hto HHTerpaji 



SIM 



cxo,h,htch. ITocKOjiBKy dpyHKiniH x i— > arctg X MO- 
HOTOHHa, no npH3HaKy A6ejia mm nojiynaeM, ito 
HHTerpaji J^°° ■ arctg x dx TOJKe cxo^htch. 

o 7.2.12. ^jih HecjieflOBaHHH HHTerpajia 



x 2 ■ sin x 2 ■ cos — da; 



1 

x 



BcnoMHHM, hto b npHMepe 17.2.91 mbi ,noKa3ajiH cxo- 
flHMOCTb HHTerpajia 



2 • 2 _j 

x ■ sin x ax 



IIocKOjibKy dpyHKH,HH x f — y cos i MOHOTOHHa, no 
npH3HaKy A6ejia HHTerpaji x 2 ■ sin x 2 ■ cos ^ d x 

TOJKe CXOJTHTCH. 

o 7.2.13. Cjie/ryioiiTHH HHTerpaji 3aMeHoii nepe- 
MeHHbix npeBpainaeTCH b HHTerpaji, KOTopbiii mojk- 
ho HecjieflOBaTb no npii3HaKy A6ejiH: 



arccos x 



d x 



d x = 



dt 

' r 2 



1 dt 

t ■ arccos - • cos t ■ — = 
t t 2 



cost 1 

• arccos — dt 

t t 



IIo npH3Haxy JJflpuxjie HHTerpaji d t cxo- 

/HITCH. A (pyHKH,H5I X I — ^ arCCOS j MOHOTOHHa H 

orpaHHHCHa na [0, +oo). 3HanHT, no npn3HaKy A6e- 
jih, cxo/hitch HHTerpaji J 1 ^j-^ ■ arccos ^ dt, a bmc- 

CTe c hum h HHTerpaji f Q 



arccos x 



COS ■ 



d X. 



rjiaBa 8 

HHCJIOBblE PKRbl 



IIpeflCTaBbTe ce6e, hto y Bac ecTb HHCjiOBaa nocjieflOBaTejibHOCTb {a n } h BaM 3axoTejiocb cocHHTaTb 
(6ecKOHe ii iHyK)) cyMMy ee ajieMeHTOB: 

oo 

^2 a n = a\ + a 2 + a 3 + ... 

n=l 

B TaKHx cjiynaax roBopHT, hto HyjKHO bbihhcjihtb cyMMy HHCjiOBoro pa^a. HHTepecHoe Ha6jiio/i,eHHe, c 
KOToporo naHHHaeTca bch TeopiiH ph/i,ob, coctoht b tom, hto HHor,n,a TaKaa 6ecKOHeHHaa cyMMa OKa3bi- 
BaeTCH kohchhoh BejniHHHOH. 



o 8.0.14. HanpHMep, HeTpyznro y6e/i,HTi>CH (sto 
cjieflyeT H3 npiiBO/piMoii hhjkc cpopiviyjiBi (JHTT75J) ) , 

HTO 

00 
n=l 

Tpyzniee flOKa3aTb, hto 

n—1 



(mm 3to c^ejiaeM b 3aMenaHim 111 .37T1 Ha c !470p . C 
/ipyroii CTopoHbi, cyMMa mojket OKa3aTbCH 11 6ecKO- 
HeHHOfi, HanpHMep, 




(sto 6ya,eT flOKa3aHO b npnMepe I8.2.1[) . 



3aHHTpHroBaB HHTaTejra sthmh 3aaBjieHHHMH, mbi mojkem nepeiiTH Tenepb k tohhbim cpopMynnpoBKaM. 

§ 1 Onpe^ejieHHe HHCJioBoro pa^a h ero CBOHCTBa 

(a) Onpe,a,ejieHHe HHCJiOBoro pa,a,a 

• IlycTb 3aflaHa HHCjiOBaa nocjie,zi,OBaTejibHOCTb {a n } h h3 Hee cocTaBjieHa HOBaa nocjieflOBaTejib- 
hoctb {SW} no (popMyjie 

N 

Sn = ^ a n = ai + a-2 + 03 + ■•• + &n 

n=l 

Tor^a Taxaa napa nooieflOBaTejibHOCTeii {a n } h {SW} Ha3biBaeTca hucaobum pjidoM h 060- 
3HanaeTCH 



a n = ai + a 2 + a 3 + 



n=l 

00 

Hncjia a n Ha3BiBaiOTCH cAaeaeMUMu pH,a,a ^ a n , a nncjia Sn - uacmuHHUMU cyMMaMU SToro 

n=l 

pa^a. 
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>' 1 . Onpe^ejieHiie nacjiOBoro pa/ia 11 ero CBOitcTBa 
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Ecjih nacTHHHbie cyMMM CTpeMSTca k HCKOTopoMy KOHenHOMy npe^ejiy 

S N — ■> S, (SeR) 

AT^oo 

oo 

to 9tot npe/i,eji S 1 Ha3biBaeTCH cyMMou psida a„ , a caM pa/i, HB3t>iBaeTCfl cxodfivnuMCsi (hjih 

71=1 

npo Hero roBopaT, hto oh cxodumcd). Kopotko sto 3anHCbiBaK>T cpopMynoH 



^2a n = S 



n=l 

Ecjih }Ke nocjieflOBaTejibHOCTb nacTHHHbix cyMM He HMeeT KOHenHoro npe^ejia 

lim S N e M, 

oo 

to pa/i, ^ a„ Ha3biBaeTCH pacxodsivuuMCH (hjih npo Hero roBopaT, hto oh pacxodumcn) . 

71=1 



o 8.1.1. PaccMOTpHM pa,n; 



Tenepi. Hafl^eM nacTHHHBie cyMMti: 



oo 

V I 

n(n + 1) 

n=l y ' 



N 



HT06bI nOHHTb, CXO^,HTCH OH HJIH HeT, 3aMCTHM, HTO 

cjiaraeMbie mojkho pa3jiojKHTi> Ha npocTeHinne flpo- 
6h: 



—{\/n + \Jn+l 

N 

(-Vn + Vn + T) 



1 



1 



n(n + 1) n n + 1 
Tenepi. Hafl/j,eM nacTHHHBie cyMMti: 



5W 



N 1 ^ /1 1 \ 

^n(n + l) ^ \n n+1/ 



= -VT + V2-V2+ V3-V3 + V4+... 

V v ' V v ' V v ' 

n— 1 n—2 n— 3 

...-ViV + ViV+ 1 = -1 + VN+ 1 — ► +oo 



N— >oo 



n—N 



OKpamaioTC 



1 



i i i i i i - ^ i 

n=2 



n=l 



n— 3 
= 1 - 



n—N 



N+1 N^oo 



1 = S 1 



BbiBOA: pafl cxo/niTCH, H ero cyM- 

Ma paBHa 1. 

o 8.1.2. Hto6m HecjieflOBaTb Ha cxo,h,hmocti> paja, 

1 



BbiBOfl: pafl X)~=i v»+V"+i P acx °A HTCa - 
o 8.1.3. PaccMOTpHM pajo, 

oo 

£(-ir 

n=l 

Hafi^,eM nepBbie hcckojibko nacTHHHbix cyMM: 
l 



E 



npeo6pa3yeM ero cjiaraeMtie: 
1 



yMHOJKacM Ha 



yjfi + \Jti I T yconpHjKCHHtiH pa^HKaji j 

_ y/n — \Jn + 1 

~ {y/n + y/n+l)(y/n ~ VnTT) 
\fn — \Jn + 1 V™ - 



n- (n + 1) 



= —y/n + \Jn + 1 



Si^c-ir^-i^-i 

n=l 

2 

s 2 = E(- x )" = + (- 1 ) 2 = -i + i = o 

n=l 

^3 = E(- 1 ) ri = (- 1 ) 1 + (- 1 ) 2 + (- 1 ) 3 = 

71=1 

= -1 + 1 - 1 = -1 

Tenepi. BHflHa 3aKOHOMepHOCTb: 

1—1, ecjiH TV HeneTHoe 



1, ecjiH N neTHoe 
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FjiaB&8. HHCJIOBHE PRffbl 



5Icho, hto Taxaa nocneflOBaTejibHOCTB He HMeeT 
npe^ejia: 

S lim Sn 

JV->oo 

Bmbo/i,: pafl Xm=l( — 1)™ pacxo/niTca. 

CneflyioiHiiH npiiMep oco6eHHO BajKen. 

TeopeMa 8.1.1 (reoMeTpniecKaa nporpec- 
chh). 



E? n 



n=0 

npuueM 



{cxodumcH, ecAU \q\ < 1 
pacxodumcsi, ecAU \q\ ^ 1 



CX) 

n=l 



1 



1-9 

9 

1-9' 



M<i 
M<i 



.1.2) 
.1.3) 



/toKasameji'bcmeo. 3,n,eci> Hcnojib3yeTCH (popMyjia 
(10. 3.115ft cyMMbi KOHEHHoro HHCJia HjieHOB reoMeT- 
pHiecKoft nporpeccHH, KOTopyio mbi flOKa3ajin b 
rjiaBe [DJ 



N 1 /+ 1 



1-9 



g^l (8.1.4) 



PaccMOTpHM Tpii cjryHaa: 
a) ecjiii \q\ < 1, to 



/ 



Sn — 



1 - 



.JV+l 



1 — q N-yoa 1 — q 



H, 3HaHHT B 3TOM CJiyHae pHfl CXOflllTCH, IipiIHCM 

mbi cpa3y nojiynaeM cpopMyjry (|8.1.2p . 113 KOTopoii 



b cbok) o^epeflb TyT ace cjie/ryeT cpopMyjia (|8.1.3[) : 



E^-E^^-E^ 



71=1 



fc=0 



1-9 



6) ecjiH |g| > 1, to 



Sn = 



/ 



N+l 



1 - q N- 



h, 3HanHT b 3tom cjiynae pa,n pacxo/niTCH. 

b) ecjiH \q\ = 1, to 3to 03HanaeT, hto 9 = 1 hjih 
q = — 1, ii TOiyja 

— npii 9=1 nojiy^iaeTCH 



oo 



AT 



/ 



5JV 



Ei 

n=0 



AT 



1 — S- oo; 

AT->-oo 



a ecjiii q = 1, to stot cjiynaii mm ysce pac- 
CMOTpejiii b npiiMepe 18.1.31 h noKa3ajiii, hto 
nojiynaiomHHCH pa^ E^Lo(~ 1)" P acxo fl HTCa - 

□ 

» 8.1.1. Hccjie,n,yHTe Ha cxo/pimoctb paflbi: 

oo 

1) J2 4n 2 -l > 
n=l 

n\ 2n+l 

n 2 (n+l) 2 



ra=l 



3) E (V" - 2V"TT + \ZrT+2). 
n=l 



(b) ApncbivieTHHecKHe CBoiicTBa hhcjiobmx pa,a,OB 

oo oo 

1°. Ecau pud E a n cxodumcsi, mo 3am bcsikozo hucaol A G I E ^ ' a " mootce cxodumcsi, 



n=l 

npuueM 



^A-a n = A-^a„ (8.1.5) 



n=l 



oo oo 



2°. Ecau psidu ^2 a n u b n cxodsimcsi, mo pad E ( a n + &n) mocHce cxodumcsi, npuueM 

n—1 n—1 n—1 



oo oo 



^K + 6 «) = E a » + E 6 " ( 8 - L6 ) 



n—1 n—1 n—1 

oo 

ffoKasameJi'bcmGO. 1. Ecjih psiR ^ a n cxo^iitcs, to sto 03HaHaeT, hto ero nacTH^Hbie cyMMbi 5^ 

n=l 
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AT 

^2 o, n CTpeMHTca k KaKOMy-TO HHCjiy 5*: 



N 

Ea n = Sn — > S 



n=l 

IIosTOMy ,n,jia BCHKoro A € K 

N N 

EXa n = A > a n = XSn — > AS 
^ ^ JV-irvi 



3to 03HaiaeT, hto psm cxo,h,htch, h ero cyMMa paBHa AS 1 = A ^ a„, to ecTb cnpaBe^jiHBa 

n—1 n— 1 

cpopMy.ua (|8.1.5[) . 

oo oo 

2. IlycTB paflbi o„ h 6 n cxo^htch. 3to 03HaHaeT, hto ecjin o6o3HanHTb Hepe3 An H _£?7Y HX 

n— 1 n—1 

HaCTHHHbie CyMMbI, TO OHH CTpeMHTCH K KaKHM-TO HHCJiaM A h B: 

N N 



Ea n = A N — > A, y~] b n = B N — > B 

IlosTOMy 



N->oo ' — ' N->oo 
n—1 n—1 



N N N 

YV> + K) = V«« + Y\K = A N + B N — > A + B 

* ' * — ' ^ — 4 N—tOO 



n—1 n—1 

oo oo 



3to 03HaHaeT, hto ^2 ( a n + &n) cxo^htch, ii ero cyMMa paBHa A + B = ^ a n + 6 n , to ecTb 

n—1 n—1 n—1 

cnpaBe^jiiiBa 4>opMyjia (|8.1.6[) . □ 



o 8.1.4. ^ 2 n + 3 n _ ^ f {2\ n , /3 



. , 5 5 x - 1 / flojiaeM 3aiieHy \ 

2_/ 2^ ~~ 2 ^ 2™" 1 ~ I TorfllTi (X I, 2, ..J 
n—1 n—1 



5™ ^ | V 5 J V 5 



n oo 



5 x 15 1 " =1 ™ =1 

2'^2^ = 2TT = 5 1,1 5 5 25 

3 2 6 



k=0 2 _ 1_2' 1 _3 

o 8.1.5. 5 5 



§ 2 IlpH3HaKH CXOflHMOCTH pHflOB 

Kax npaBHjio, cyMMy pa/ja tohho bbihhcjihtb hgbo3mojkho , p^ayae ecjni h3bcctho, hto psm cxo^htch. 
HanpHMep. (popMyjia, ynoMHHyTaa hsmh b Hanajie stoh rjiaBbi 



^2 



6 



HBjiaeTCH pe3yjibTaT0M cnyHaimoro Ha6jno,n;cHHa, a He KaKoro-TO HaiifleHHoro MaTeMaTHKaMH cnoco6a 
BHHiicjieHHH cyMM, c noMombio KOToporo ee h /rpyrne noflo6Hbie cpopMyjibi mojkho 6bijio 6bi BbiBOflHTb. 

H3-3a 3TOTO B TeOpHH pHflOB CTaHOBHTCH BajKHO npOCTO nOH3Tfa, CXO^HTCH flaHHBIH pHfl HJIH HeT, He 

bhhhcjihh ero CyMMbI. 

IlpaBHjia, o6 r bHCHHioiii,He, KOiyja flaHHbifl pH/i, cxo,h;htch, a KOiyja HeT, Ha3biBaiOTCH npu3Ha,KaMu cxodu- 
Mocmu. B 3tom naparpacpe mbi npHBe^eM HeKOToptie npH3HaKH cxo/i,hmocth pa,noB. B | (b) | rjiaBbi 1121 mm 
^onojiHHM 3tot cnncoK em;e ^ByMH acHMnTOTHnecKHMH npH3HarcaMH. Mbi HanHeM co 3HaKonocTOHHHbix 

pH^,OB. 



332 rjiaB&8. HHCJIOBHE PHffbl 

(a) CxOflHMOCTb 3HaKOnOCT05IHHI>IX pa/],OB 

oo 

• Hiicjioboh pa,n ^ a n Ha3biBaeTCH 

71=1 

— 3HaKonocmoHHHUM, ecjiH ero HjieHbi a„ He mchhiot 3naK: 



— 3HaKonoAocncumeAbHUM, ecjiH ero HjieHbi a n HeoTpimaTejibHbi: 

Vn G Na„ ^ 

KaK ii b cjiynae c Heco6cTBeHHbiMH iiHTGrpajiaMii, iiccjieflOBaHiie Ha cxo/niMOCTb 3HaKonocTOHHHbix pa- 

,11,0 B CBOflHTCH HCCJieflOBaHHK) 3HaKOnOJIOJKHTejIBHBIX: eCJIH a n ^ 0, TO MffiKHO B3HTb nOCJieflOBaTejIBHOCTb 

b n = —a n ^ 0, ii OKajKBTca, hto 

oo N N oo 

Ea n = lira Y^ a n = - lira Y^ 6 n = - Y^ a„ 
JV->+oo ' JV^+oo ^— ' ^ 

n—1 n—1 n—1 n—1 

OTKyjia ii 6ya,eT cjie/i,OBaTi>, hto pup 

oo 

E<2 n 

7i=l 

cxojteitch Tor^a ii TOJitKO Tor^a, Kor^a cxo/ieitch psip 



5> 



KpHTepHH cxoflHMOcra 3HaKoriojio:>KHTejibHoro pn/ia. 
TeopeMa 8.2.1. Ilycmb nocAedoeameAbnocmb a n neompuupimzAbHa 

a n > 0, 7i € N 

oo JV 

Tozda cxoduMocmb pnda ^2 «n SKeueaAeHmna ozpaHuueHHOcmu ezo uacmuHHUx cyMM ^2 a n , JVefJ: 

n—1 n—1 

oo JV 

> a n cxodumcR sup > a n < oo 

i jvsn , 

n—1 n—1 

JV 

! 8.2.1. YcjiOBiie cnpaBa (to ecTb yTBepjK^eHiie, hto ^acTiiHHbie cyMMti a n , N £ N orpaHineHbi) 

n=l 

npiIHHTO 3anHCbIBaTb HCpaBeHCTBOM 

oo 



YJa„ 



< oo 



n=l 

oo 

h, b CHjiy TeopeMBi l8.2.11 Taxaa 3anncb CHiiTaeTCH SKBiiBajieiiTHOH yTBepjKflCHiiio. hto pafl ^ a n cxo^htch 

n=l 

(npii neoTpniiaTejibHbix a„). 

/(oKaaameAbcmeo. IIocKOjibKy a n 0, HacTiraHbie cyMMbi 

JV 



— YJ a " 

n=l 

o6pa3yiOT mohotohho Hey6biBaioinyio nocjieflOBaTejibHOCTb. ITosTOMy cnpaBeji,jiiiBa nenoHKa 



paji Y^ a„ cxo^htcsi 
n=i 



§ 2. IIpH3HaKII CXOflJIMOCTII pXflOB 
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CO 



Sn HMeeT KOHenHbiH npe^eji lim Sjy — / a„ 

71=1 

Sn — MOHOTOHHaa h orpaHineHHafl nocjie,n,OBaTejiBHOCTb 

t 

N 

sup a n = sup Sjv < oo 



HHTerpajiBHtifi npn3HaK Koihh h nocTOHHHaa 3iijiepa. 



□ 



TeopeMa 8.2.2 (HHTerpajiBHtifi npH3Haic Koihh). Ilycmb f - HeompwuameAbHan u Heeo3pacmaK>- 
m,aM (fiyHKu,usi na nojiyimmepeaAe [1; +oo). Tozda cyuificmeyem mame hucjio CeK, umo 



N rN 



£/(n)- / /(*) C (8.2.7) 



Mhcjio C b STOii dpopMyjie Ha3BiBaeTCH nocmosmnou du/iepa pa^a X) /( n )- 

71=1 



Jfare CJiedcmeue, 



°° /'CO 

fwsd y^/( n ) cxodumcM <^=^ umnezpaji j f(x) dx cxodumcsi 

71=1 

• TaKyio cbh3b MejK,ny ph^,om h hgco6ctbchhbim HHTerpajiOM (kotrbl cxo,h,hmoctb o/Daoro skbh- 
BajieHTHa cxo,h,hmocth flpyroro) kopotko 3aniiCBiBaiOT (popMyjioii 



n=l Jl 



h roBopHT npu 3tom, hto pHfl ^ /(") sKeueajienmeH HHTerpajiy J f(x) d x. 

71=1 1 

/JoKaaameAbcmeo. 1. PaccMOTpiiM CHauajia BcnoMoraTejiBHyio nocjie/i,OBaTejiBHOCTb 

/-JV+l 

71=1 "' 1 



h noKa»ceM, uto OHa cxo,h,htch. ^jis SToro Hysoio npocTO 3aMeTHTB, hto OHa MOHOTOHHa h orpaHuneHa. 
^eiicTBHTejiBHO, BO-nepBBix, 

V:r£ [n,n+l] 
/■n+l 

/(n) ^ / f(x) dz>/(n+l) (8.2.8) 

J n 

/•n+l 

-/(«) < - / f(x) dx^-f(n+l) 

J n 
rn+1 

f(n) - / /(.t) d x f(n) - f(n + 1) (8.2.9) 

J n 

a- 
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FjiaB&8. HHCJIOBHE PRffbl 



II 

££U /(«) - /(*) d * 
II 

E"=i/(n)-E^ =1 /" +I /(x) dx 



N r n+l N 



< E (/(») - / /(*) d*U^ (/(n) - /(n + 1)) = 

n=l n=l 



= /(l) - /(2) +7(2) -75) + ...+J(N)-f(N + 1) = /(l) - f(N + 1) < /(l) 



n=2 n=JV V/ 





< F N < /(l) 



H, BO-BTOpbIX, 



/JV+1 „JV+2 \ / N „N+1 \ 



E/H-E/H - / 



\n=l 

W+2 ,iV+l \ ,jV+l J8~279l 

f(x)dx-J f(x) dx\ =f(N+l)-J f(x)dx ^ 



•0- 

HiaK, Fn MOHOTOHHa h orpamneHa, h sna^iHT, HMeeT npe^eji: 

Fjy — > 4 

iV-voo 

2. 3aMeTHM flajiee, hto nocneflOBaTejitHOCTb /(n) TOJKe MOHOTOHHa h orpamneHa, h 3HaHHT TOJKe 
HMeeT npe^eji: 

f(n) — > B 



n— J-oo 



OTCio^a, b CHjiy (|8.2.8[) . cjie/ryeT, hto 

cn+l 

/(x) dx — > B 

n— foo 

(noTOMy hto f™ +L f(x) dx 3aKjiiOHeHa Meac^y flByMH MiijiiiiniOHepaMii, CTpeMHiniiMiiCH k £?). Tenept 
nojiynaeM: 



E/W- / f(x) dx = J2f(n)- f(x) dx + 

n=l Jl n=l 71 ^1 



/(a:) da; — > A + 5 = C 



II + 

4- 

9to flOKa3biBaeT (|8.2.7D . 

oo AT 

3. H3 (|8.2.7p cjie^yeT, ^ito ecjiH pa/i, f( n ) cxo,zniTca, to ecTb f(n) — > S € R, to 



/ f( X ) dx = E/w- E/w- / d: 

•' 1 n=l \n=l 



— > 5-C 

N-Hx) 



S C 



§ 2. IIpH3HaKII CXOflMMOCTM pRflOB 
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OTCio/ra cjie,n,yeT, ito 

f(x) dx — > 5-C 



y->oo 



nocKOJibKy dpyHKinia F(y) = fj f(x) dx MOHOTOHHa (ii3-3a HeoTpHiraTejibHOCTH /). To ecTb, HHTerpaji 
f(x) d x cxo/hitch. 

4. Hao6opoT, ecjin HHTerpaji f(x) d x cxojthtch, to ecTb f(x) d x ^ — > I G M, to 



N 

f(x) dx — ► I 

N— >oo 

h nosTOMy 



iV / JV at \ j-N 

E/h= E/w- / /(*) H + / /■ 

n=l \n=l ^ X ) 



f(x) dx — > C-J 

JV— »oc 



c 1 

N 

To ecTi, pup /( n ) cxojthtch. □ 



o 8.2.1. rapMOHHMecKHH psiR- Hhcjioboh psip h Tor^a 



n— 1 

Ha3biBaeTca zapMOHunecKUM. Oh pacxo/niTCH, no- 
TOMy hto SKBHBajieHTeH pacxoflHmeMyca HHTerpa- 
Jiy: _ 



1 

n 



d x = In x 



x 



oo 



oo 

n=l 1/1 

HecMOTpa Ha to, hto cyMMbi y 3Toro pa^a HeT, y 
Hero ecTb nocTOSHHaa 3iijicpa: 

N 1 \ 
C ' = Km ( y^-- ln^V ) (8.2.10) 



N 1 

E 1 

n=l 



II 



/id. 

l 

3to hhcjio npHBjieKaeT BHiiMaHHe cneiniajiHCTOB no 
Teopnn nnceji TeM, hto 3a npoineflnme c ero ot- 
kpmthh jraa c nojiOBHHOfi BeKa ,0,0 chx nop Tax h He 
yzjajiocb noHHTb, 6yn,eT jih oho painiOHajibHbiM. 

o 8.2.2. Ph,h flppmcjie. IIoKajKeM, hto 

{ cxojthtch, ecjin a > 1 
pacxoflHTCH, ecjin a ^ 1 

(8.2.11) 

3tot pup Ha3biBaeTcn psidoM flupuxjie. Flpn a > 
k HeMy npnMCHHMa TeopeMa l8.2.21 h b stom cjiynae 
eMy cooTBeTCTByroT nocTOHHHbie 3njiepa 



oo 

E — 

n=l 



C a = lim 

AT->oo 




.2.12) 



/J,oKa3ameAt>cmeo. Ecjih a $J 0, to o6ihhh hjkh 
3Toro pnfla He MeHbine ejinminbi 



N ^ TV 



n=l 



n=l 



n 3HannT, paji pacxojriiTCfl. Ecjih »ce a > 0, to mojk- 
ho npnivieHHTb TeopeMV 18.2.21 n mm nojryHHM: 



oo 

E- 




CXOflHTCH 

TOJibKO npii a > 1, 
no TeopeMc |7.1.2l 



□ 



o 8.2.3. 



oo 1 

Y — 



n=2 



111 1 



;ln: 



00 x 00 
d In x = In In x 



BbiBO/i: phjt yi 00 „ — r — 
o 8.2.4. 



paCXOflHTCH. 



„ 1„ 



n In 



1 



2 xk I 



d x 



1 



d lnx 



1 

lnx 



12 In x 
Bhboa: Pha X)r^L 2 ^1^7 cxoAHTCa. 
» 8.2.1. HccjieflyiiTe Ha cxo/niMOCTb paflbi: 



1 

ln2 



1) E r c 

2) V c 

/ n Inn In" Inn 



J71—2 n ln° 
■\oo 



1 



o\ v^oo e v 
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IIpH3HaK CpaBHeHHH pHflOB. 

TeopeMa 8.2.3 (npH3HaK cpaBHeraa pn,n,OB). Tlycmt ^ a n < b n . Goomeemcmeywv^asi 3aeucu- 
Mocmt) Meztcdy ptidaMU Kopomno 3anucueaemcH CAedywiyuM o6pa30M: 

oo oo 
n—1 n— 1 

Toeda 

CO OO 

1) us cxoduMocmu 6oAt>iue2o pnda J2 b n cjiedyem cxoduMocmt> Memzueeo pnda J2 a n '• 

n— 1 n—1 

CO CO 

a n cxodumcrt <^= 6 n cxodumcn 

n—1 n—1 

CO CO 

^ U3 pacxoduMOcmu Meubiueeo psida ^2 a n cAedyem pacxoduMocm'b 6oAt>iueeo pnda J2 &n : 

n—1 n—1 

CO CO 

a n pacxodumcn ^ 6 n pacxodumcx 

n—1 n—1 

CO oo 

/JoKasameA'bcmeo. OGosHa^iHM nepe3 A at h £?tv nacTiiHHbie cyMMbi pa^OB ^ a n h 6 n : 

n—1 n—1 

N N 

An = a n , Bat = ^ 6 n 

n—1 n—1 

Toiyja 







B 2 




s 3 


< • 




Bn 




V/ 




V/ 




V/ 






V/ 




A 1 




A 2 




^3 




• s$ 


A N 





1. Tenepb bo3hhk3,gt jioriiHecKaa uenoHKa: 

oo 

ecjiH pim b n cxo/hitch, to 

n=l 

cymecTByeT kohchhmh npe^eji lim Bn = B 

Af->oo 

nocjieflOBaTejibHOCTb _Bjv orpaHHHeira : B\ ^ i?2 ^ B3 ^ ... ^ Bn ^ ... ^ -B 
nocjieflOBaTejibHOCTb A^r (MOHOTOHHa h) orpaHiiHCHa : A\ ^ A 2 $J A3 ^ ... ^ ^4tv ^ ••• ^ B 
no TeopeMe BeftepniTpacca, cymecTByeT KOHenHbifl: npe^,eji lim An = A 

JV->oo 

CO 

pa^ a n CX0/D3TCS 

71=1 

00 00 

2. Mbi ^OKasajiH, hto ecjiH ^2 &n cxo^htcs:, to ^2 a 7i TO^e cxo^htch. To eerb, 

n—1 n—1 

CO oo 

neeo3MOJtcna cumyavxiH, nozda ^ a n pacxodumcn. a ^ b n cxodumcn 

n—1 n—1 

CO CO 

OTCio^a cjie^yeT, hto ecjiH ^2 a n pacxo,n,HTCH, to ^2 bn TO^ce ^oji^eH pacxo^HTbCH. □ 

n—1 n—1 
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o 8.2.5. 



E 

n=l 



2 00 1 

cos z n v-^ 1 

< E 



BbiBOfl: pfl/i, J] 2+ ^° s " CXO/HITCH. 
n=l 



2" 



71=1 



2" 



o 8.2.8. 



CXOflHTCH, 

KaK cyMMa reoMCTpH^iecKofl nporpeccHH 
co 3HaMeHaTejieM \q\ < 1 

BojIblHHH pafl CXOflHTCfl, 3HaiHT H MeHBIHHH pflfl 
CXO,H,HTCfl. 

oo 2 

Bhbo^: pa,n, E co |„ " cxo^htch. 



E 



i 



E 



i 



' -v/n- • arctg(3 + sin n) ^— ' " arctg 4 

71=1 71=1 v 

1 °° 1 

E 



arctg 4 



71 = 1 



o 8.2.6. 



E2 + cos n 



E 1 



paCXOflHTCH, 

b CHJiy npHMCpa !8.2.2| 



pacxo^HTca, 
b ciiJiy npHMepa |8.2.l| 

MeHbniHH psfl pacxo^HTCH, 3HanHT h 6ojibniHH pa^ 
pacxo^HTCH. 

oo 

BblBO^,: pafl ^ 2+ cos n p acx0 ^ HXCH _ 



71=1 

» 8.2.2. Hccjieflyirre Ha cxoahmoctb pn^Bi: 



o 8.2.7. 



00 n i 

E2 + cos n 
r)2 



UO iy OO -j 

E^ = 3- EA 

n— 1 n— 1 



CXO^HTCfl, 

b CHJiy npHMepa |8.2.2| 



1) E e- ; 

71=1 



2) E 

n=l 



In / 



oo 

^ ^2 4+cos n , 

n=l n 

oo 

5) E (2 + sinn)-n Q . 

77=1 



3) E 

77=1 



IIpH3HaK ,HajiaM6epa. 

TeopeMa 8.2.4 (npH3HaK ,HajiaM6epa) . Hycmb a n > 0, u 



D = lim -^±1 (8.2.14) 

7i->co a n 

Toeda 

oo 

ec/iu D < 1, mo E a 7i cxodumcsi; 

71=1 

OO 

2j ec/m 13 > 1, mo pad E a 7» pacxodumcsi. 

71=1 

• Miicjio 13, onpeflejiaeMoe cpopMyjioii (|8.2.14D . Ha3BiBaeTca hucaom ,Z[aJiaM6epa pa^a 

oo 

E a n- 

71=1 

J^OKa3ameAt>cmeo. 1. IIpe^nojiojKHM, ito 

D = lim __±I < 1 (8.2.15) 

7i->-oo a n 

Bo3bMeM KaKoe-Hii6ynb hhcjio e > TaK hto6m D + e < 1. H3 (|8.2.15p cjie/ryeT, hto e-OKpecTHOCTt Hiicjia 
D co^epjKHT noHTH Bee Hiicjia a ^ +1 , to ecTb 

3Af Vn > M D-e < < £» + e 

Ecjih o6o3HaHHTb q = D + e, to mm nojiyniiM hto g < 1 h 
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Vn > M a n+1 < q- a n 

B nacTHOCTH, 

a-M+i < q- a>M 
a M +2 < q ■ a-M+l < q ■ (q ■ a M ) = q 2 ■ a M 
a.M+3 < q ■ a M +2 < q ■ (q 2 ■ a M ) = q 3 ■ a M 



a-M+k < q ■ a-M+k-i < ... < q ■ a M 

OTCio/ja 

oo oo oo oo 

a n = ^ a M+k < ^ ( qk ■ ° m ) = ° m ■ X] qk 

n=M k=0 k=0 k=0 

IIocjieflHHii pafl cxo^HTca KaK reoMeTpnnecKaa nporpeccna co 3HaMeHaTejieM q < 1 . 3HannT, no npn3HaKy 
cpaBneHHH, MeHbiniiii pafl X^^La/ a « T OJKe cxo^htch. OTCiOfla no jieMMe 06 0CTaTKe ll2.3.21 psm J^Li a « 

CXO,H,HTCfl. 

2. IIpe^nojiojKHM, hto Hao6opoT, 

D = lim > 1 (8.2.16) 



Bo3bMeM KaKoe-HH6yflb nncjio e > TaK HTo6bi D — e > 1. H3 (18.2.1611 cjie/ryeT, hto e-OKpecTHOCTb nncjia 
D co,nep»cHT noHTH Bee nncjia a ^ +1 , to ecTb 

3M Vn^ M D-e < < D + e 



Ecjih o6o3HanHTb q = D — e, to mbi nojiynnM hto g>ln 



to ecTb 



B nacTHOCTH, 



Vn > ill esn+i > 5 • a„ 

a-M+x > q ■ a M 
an+2 > q ■ a M +i > q ■ (q ■ a M ) = q 2 ■ a M 
a.M+3 > q ■ a-M+2 > q - (q 2 ■ a M ) = q 3 • a M 



OTCio^a 



aM+k > q ■ a M +k-i > ...> q ■ a M 



= M 



k=0 



k=0 



k=0 



IlocjieflHHH pa/i, pacxoflHTCH KaK reoMeTpnnecKaa nporpeccnH co 3HaMeHaTeneM q > 1. 3HannT, no npn- 
3HaKy cpaBHCHHH, 6ojibinnn pa,n X)^°=a/ a « TOJKe pacxo/niTCH. OTCiofla no jieMMe 06 ocraTKe 112.3.21 pa/; 

J2^=l a n paCXOflHTCH. □ 



o 8.2.9. Hto6m HecjieflOBaTb na cxo/uimoctb pa,n, _ (n + 1) ■ 2 ra+1 ■ 3 n 

x ~ n^oo n • 2™ • 3 n+1 
Y^ n-2" , (n+l)-2 2 

3 n = km ^ ^ — = - < 1 

n _j n->oo n • O O 

HaitfleM ero hhcjio /],ajiaM6epa: 



a (rt+l)-2 

Z? = lim " + = lim 



BblBOfll pHfl ^ CXOflHTCH. 
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o 8.2.10. PaccMOTpiiM psfl 

oo 

E 

n=l 

Ero hhcjio /],ajiaM6epa: 



n 



D = lim 



O n +l 



("+l) r 



lim 

n— f oo 



(n+1)! 



lim 



n— >oo a n 

(n + l) n+1 • n! 



lim 



(n+1) 



n+1 . „l 



n-^-oo n n ■ (n + 1)! n-^oo n™ • (n + 1) • n! 



lim 



(n + 1) T 



n— J-oo 77,' 



lim 

n— >oo 



n+1 



= lim [ 1 + - ) = e > 1 

n . 



Bbibo^,: pafl tj pacxoflHTCH. 

n=l 

» 8.2.3. HccjieflyftTe Ha cxo/niMOCTb paflbi: 



oo 1 

n— 1 n! ' 

oo 



i)E 

r >\ V^ 00 e" . 

z i 2^n=l n l ) 

o\ V^oo (rt!)^ , 

°i l^n=l (2n)\ ' 

4 \ y-oo 2 "-n! . 



r\ 3"-n! . 

6) E~ : ^ 

'J Z^n=l 2'*+3" 



Pa^HKajibHbiii npH3HaK Koiiih. 

Teopeivra 8.2.5 (pa^HKajitHtiii npH3HaK Koiiih). FFycm-b a n ^ 0, u 

C= lim ^ (8.2.17) 

n— >oo 

Tbgcta 

oo 

1) ecAu C < 1, mo jwo 1 a n cxodumcn,; 

71=1 

oo 

^) ec/iu C > 1, mo piio 1 On pacxodumcM. 

n=l 

oo 

• Hhcjio C, onpeflejiaeMoe (popMyjioft (|8.2.17p . Ha3biBaeTca hucaom Komu pa^a ^ a„. 

n=l 

/foKa3ameAbcmeo. 1. npe,npojiojKHM, ito 

C = lim s/a^ < 1 (8.2.18) 

n— > oo 

Bo3bMeM KaKoe-HH6y,i];i> nnc.no e > TaK hto6bi C + e < 1. H3 (|8.2.18p cjie,ayeT, hto e-OKpecTHOCTb nncjia 
C coflepjKHT noHTii Bee Hnoia i/a^, to ecTb 



3M Vn > M C-e < ^ <C + e 

ECJIH 0603HaHHTB q = C + £, TO Mbl nojiynnM x ito g < 1 H 

Vn ^ A/ {/a^" < g 

to ecTb 

Vn ^ M a n < q n 

OTCio,n,a 

oo oo 
n=M n=M 

ITocjieflHHH psm cxoflHTCH KaK reoMeTpnnecKaa nporpeccna co 3HaMeHaTejieM q < 1 . 3iraHHT, no npH3Haxy 
cpaBneHHH. MCHbniHH pa,n; E^Lm a ™ T0JKe cxoflHTCH. OTCio^a no jieMMe 06 0CTaTKe ll2.3.2l pa/; E^Li a « 

CXO,H,HTCfl. 

2. Ilpe^nojiojKHM, hto Hao6opoT 

C = lim v/a^ > 1 (8.2.19) 

71— ^OO 

Bo3bMeM KaKoe-nn6yflb nncjio e > TaK nTo6bi C — e > 1. Ife (|8.2.19p cjie^yeT, ttto e-OKpecTHOCTb nncjia 
C co,nep>KHT nonTH Bee nncjia ^/a^T, to ecTb 

3M Vn > M C - e < ^ <C + s 
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Ecjih o6o3HanHTb q — C — e, to mbi nojiynnM hto q > 1 11 

TO eCTb 

Vn ^ M a n > q n 

OTCio/ja 

oo oo 

E a « > E i n 

n=M n=M 

IIocjieflHHii pafl pacxoflHTCH KaK reoMeTpnnecKaH nporpeccns co 3HaMeHaTejieM q > 1. 3HanHT, no npn- 
3HaKy cpaBHeHHH, MentHiHii pa,a, E^t*Lm a « TO>Ke pacxo/niTCH. OTCK>,na no jieMMe 06 ocTaTKe 112.3.21 pa^ 

J2"^=l °« paCXOflHTCH. □ 



8.2.11. Hto6h HCCjieflOBaTb na cxo/himoctb pa fl B biboa: pafl £ (l + i) n " pacxo/niTCH. 
n — 1 



n=l 



E 



HaiifleM ero hhcjio Konin 



2n + 1 



C = lim ^fa^n 

n— >oo 



n - 1 1 



lim 

n->oo 2n + 1 



Bbibo^,: pHfl 



OO / v 7 

^ V 2™+! / 
n— 1 v ' 



CXOflHTCH. 



o 8.2.12. PaccMOTpnM pafl 



( ^ „ 



Ero nncjio Konin: 



C = lim 

71— J-OO 



2 <X 



lim I 1 + - 



e > 1 



>t> 8.2.4. HccjieflyiiTe Ha cxo^hmoctb paflbi: 

OO 2 

i) ££-(i + *) B ; 

n=l 

n=l 
oo 

3) E n ■ (arcsini)"; 

n=l 

OO n+±- 

4) X) ( 3 fl ec i> npn3HaK Konin He ,n,aeT pe- 



n=l 



3yjibTaTOB); 



5) E 2-" 
n=l 



+sin n . 



6) E 



2+(-l)' 
2" 



(stot pa/; nccjieflyeTCH no npn3Ha- 



Ky Kohih, ho He no npraHaKy ,ZIa.naM6epa) . 



(b) KpHTepHH KOIIIH CXOflHMOCTH P»A a 

Tenept ot 3HaKonocToaHHbix paflOB mbi B03BpamaeMCH k npoH3BOjiBHBiM. 

TeopeMa 8.2.6 (KpHTepHH Kohih cxo,h;hmocth pH,a,a). Ilycmb {«„} - npou360At>Hasi uucjioeasi no- 
cAedoeameJi&Hocm'b. Tozda cAedytoui,ue ycAoeusi sKeueaJieHmHu: 



(i) pud 

E' 



oo 

\a r . 

n=l 

cxodumcn; 

(ii) 3asi aw6ou nocJiedoeameJi&Hocmu U €E N, u ato6ou 6ecKOHeuHO 6oAtmou nocAedoeameAtHocmu 

hen 

ki — > oo, 

i— >oo 

ki+li 

cyMMa E a n cmpeMumcsi k nyAW npu i — > oo: 

n=ki + l 



ki+U 

E a '> 



l— ¥OC 



§ 2. IIpH3HaKII CXOflllMOCTIl pXflOB 



341 



/^OKa3ameAbcmeo. PaccMOTpiiM nacTiiiHbie cyMMH pafla ^ a„: 



n=l 

N 



Sn — ^ a n 



n=l 

Mm nojiynaeM cjie/ryiOHryio jiorinecKyio u;enoHKy: 

oo 

pa/; a„ cxo,htitcs 
n=l 

nocjie/i,OBaTejii>HOCTb 5jv cxo,h,htch 

A / BCnOMHHaCM KpHTCpilH KoiHH CXOflHMOCTtA 

v I nocjieflOBaTejibHOCTH - TeopeMv ll,2.7l y 

fljia jiio6oii nocjie/i,OBaTejibHOCTH Zj G N, 
h jik)6oh 6ecKOHeHHO 6ojibhioh nocjieflOBaTejibHOCTH ^eN fc.; — >■ 00, 

2—)- OO 

BbinojiHaeTca cooTHomeHiie: Sk^+u — >5fe, — > 

3aMcnaeM, *ito 

k i+ l i 

Sk i +L i — Sk i — a 7 
n = k i + l 

fljisi mo6ovL nocjie/i,OBaTejibHOCTH li £ N, 
h jno6oii 6ecKOHeHHO 6ojibinoii nocjieflOBaTejibHOCTH ^eN fc, — >• 00, 



ki+h 

BbinojiHaeTCH cooTHOineHHe: ^2 a n — > 

n=ki + l 



□ 



(c) 06m,He npH3HaKH cxoahmocth pa,n,OB 

Heo6xo/i;HMoe ycjioBHe cxo^hmocth. 

00 

TeopeMa 8.2.7. Ecjiu pud ^2 in cxodumcn, mo a n — > 0. 

00 

TeopeMa 8.2.8 (aKBHBajieHTHaH cpopMyjmpoBKa) . Ecau a n 0, mo pad a n pacxodumcn. 

n— too n=l 

00 

JJoKasameAbcmeo. Ecjih pafl a n cxo/jhtch, to pjia nocjieflOBaTejibHOCTeii fc, = i h li = 1, no KpiiTepiiio 

n=l 

KoniH (TeopeMa 18. 2. 6p . hu nojiy^iiiM 

ki + l 

^ a„ = a fci+ i = a; — > 



n=fci + l 



□ 



8.2.13. Hto6bi HCCjieflOBaTb na cxoahmoctb pa fl B biboa: pafl £ pacxo fl HTCH. 

n—1 



71=1 v 



o 8.2.14. Mto6h HCCjieflOBaTb pa/i, 



^ocTaTOHHO bmihcjihtb npefleji 00 n n +-k 

1 , 1 / -i\ E ( n _|_ jv 

t t — — t ml n n ) 7i=l v ' 

Iim — = = lim n n = lim e v / = 

n— foo \/Tl n— >-oo n— >oo 

BHHHCjiaeM npe,n;eji 

= lim =e° = 1^0 
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n n+ n ^ / flejIHM HHc^HTejib \ _ To ecTb \a n \ —A 0, OTKyn,a a n —b 

, (~ i 1 In \ h 3HaMeHaTejiij Ha / ' ' 

1 \i fj ~\~ J- J v 7 71— >oo n— >-oo 

oo 



" » (n. + 1) 

.1 



= lim n n = - ^ Bhboa: pflA J] (-1)™ ■ n ■ sin i pacxoflHTCH. 

n-Hx> (l + Aj e n =i 



Bbiboa: pafl J] (" + + i')'" pacxo^HTCa. 



>=i 



o 8.2.15. Hto6m HecjieflOBaTb Ha cxo/himoctb pH,a, 



n—l 



^ocTaTOHHO bmhhcjihtb npefl&ji 



» 8.2.5. HccjieflyiiTe Ha cxo/himoctb paflbi: 

i) £^ 

n—l 

°° 1 
2 ^ E 



n=l 



1 1 3) ^ (-1)" • n 2 • (1 -COS 1 " 

lim \a n \ = lim n ■ sin — = lim n ■ — = 1 ^ n =i 

ra— >-oo n— >oo 77, n— foo 77, 



IIpH3HaK a6cOJIK>THOH CXOflHMOCTH. 



TeopeMa 8.2.9. Ecau pad "^2 \a n \ cxodumcH, mo p fid ^ a n moatce cxodumcji. 

n—l n—l 



/J,OKa3ameAbcmeo. 



oo 

pafl | Of, | cxoflHTCa 



n=l 



vz 4s *jeN (fci — > oo) V Kl — > o 

V n — i-rxn / ^ — * i— inn 



npHMGHSieM KpHTepHH KoiIIIl 

cxoflHMocTH pnR& - TeopeMy |8.2.6j, 

ki+U 













(•« 


Y «« 


< V |On| — > => 


Y a « 


— > =*> V a n 

2— >-00 * * 




n=fci + l 


n=fci + l 


n=fci + l 





yii.h e n (fej — ► oo) 

V n— foo / 



ki+h 

Y] a n — ► 

' * i — inn 



n=ki+l 

CHOBa npHMCHaeM KpHTepHH Kohih 

CXO/JHMOCTH pSI^a 



pa,n, 'Y^ a n CXO^HTCH 



□ 



o 8.2.16. HtoSm HCCjieflOBaTb pafl 



BbiBOfl: pafl J2 cxoAHTca. 



Y 



Y 



-l) n 



TByiOIHB 

Y^r-Y 1 



paCCMOTpHM COOTBeTCTByiOIHHH pafl H3 MOflyjieH: 

OO oo 



n=l 



CXOflHTCH KaK pHfl ^HpHXJIC 

c noKa3aTejieM CTeneHH a > 1 



o 8.2.17. Mto6h HCCjieflOBaTb pHfl 



oo 

sinn 



Y 
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paccMOTpHM cooTBeTCTByromiiii pafl H3 MOflyjien: Bbibcw pflfl X) si 2 n " cxo^htch. 



E 



E- 

/ / On 



CXOflMTCa, 

KaK cyMMa reoMCTpiiMCCKoii nporpeccHH 
co 3HaMCHaTejieM |g| < 1 



71=1 



» 8.2.6. HccjieflyiiTe Ha cxo/niMOCTb pa^bi: 

CO 

-i \ cos n 

71=1 



2) E(-l)^|r. 

71=1 



(d) Cneu,HajifaHfaie npH3HaKH cxoahmocth p»,h,ob 
IIpH3HaK JIefi6HHLi,a. 

TeopeMa 8.2.10. Tlycmt noc/iedoeamejibHOcmb {b n } o6jiadaem ceoucmeaMu: 
(i) ona Heompuv^ameAbHa u Heeo3pacmaem, 

b ^b 1 ^b 2 ^ ... > (8.2.20) 

(it) u cmpeMumc.fi k ny/im: 

b n — > (8.2.21) 

n— >oo 

Tozda 

oo 

(a) pud ^2 (~ l)"&7i cxodumcH, 

71 = 

f&j ego ocmamoK ovfiHueaemcH ceepxy cboum nepeuM uachom: 

s; 6at +1 (8.2.22) 
! 8.2.2. To ^ce cnpaBe^jiHBO h ^jis pa^a, y KOToporo hhjkhhh npe^eji cyMMiipoBaHiis paeeH 1: 

oo 

EC- 1 )"*- 

71=1 

fl^oKaaameAbcmeo. PaccMOTpHM HacTHHHbie cyMMbi Hainero pa^a: 

iV 

s JV = E(- 1 ) n6 « 

71=1 

Mm noxajKeM, hto Sjv o6pa3yiOT nocjieflOBaTejibHOCTb, KOTopyio mojkho H3o6opa3HTb KapTiiHKOft 



oo 

E (- 1 )" 6 ' 

7l=iV+l 



(HeneTHbie cyMMti o6pa3yiOT B03pacTaioiHyio nocjieflOBaTejibHOCTb, a neTHbie - y6biBaioiHyio, npiiHGM 
paccTOHHiie MejKfly hgthbimh h HeneTHbiMii CTpeMHTca k Hyjiio). 

fleficTBHTejibHO, paccMOTpHM noflnocjieflOBaTejibHOCTii HeneTHbix h hcthbix cy mm : 

Ak = S2k-\, Bk = S2k 

1. IToKa^KeM CHanajia, hto Ak MOHOTOHHa h orpaHineHa: 

Ai < A 2 < A 3 < ... ^ 6 (8.2.23) 
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^eHCTBHTejIbHO, C O/UTOH CTOpOHbl, 

2k+l 2fc-l 



A k+1 = S 2k+1 = (-!)"&» = + - W > S 2k -i = A k 



n=0 n=0 



A, c APyrofi. - 

A k+ i = S 2k +i = b - (61 - b 2 ) ~ (63 ^ h) - (b 2k -i - b 2k ) - (b 2k+ i) < 6 



V V/ V/ 





2. ^OKcDKeM MOHOTOHHOCTb H OrpaHHUeHHOCTb nOCJieflOBaTejIbHOCTH {B k }: 

sC ... sC B 2 < B x ^ B (8.2.24) 

C o^hoh CTopoHbi, nanyuaeM: 

2fc+2 2k 

B k +\ — S 2k+2 = y (— l) n 6„ = y (— l) n b n — (&2fc+i — b 2k+2 ) ^ S*2A; = B k 
i — ; 1 — ; > .. ' 



n=0 n=0 



A, c APyrofl. - 



B k = S 2k = (b - 61) + (62 ~ 63) +■■• + (b 2k -i - b 2k ) > 



V V/ V/ 





3. H3 (|8.2.23p 11 (|8.2.24p cjie^yeT, hto nocjie,a,OBaTejibHOCTH {A k } 11 {B k } cxoahtch: 



A k — > A = sup A k , B k — > B= inf B k (8.2.25) 



IIpH 3TOM, 



£? - A = lim B fc - lim A k = lim (£? fe - A*) = lim (S 2 fc - Sa*— 1) = lim 62^ = 0, 

fc— ^00 >oo fc— >oo >-oo k— foo 



TO eCTb 



h noaTOMy cooTHOinenHa ([8.2.25P yn,o6HO nepenncaTb Tax: 

S 2k -i — > sup S 2 k-i = S = inf S 2k i — S 2k (8.2.26) 

k — ^00 &£Z+ &GZ+ oci — k 

rpfi S = A = B . OTCiOAa cpa3y cjie/jyeT, hto nocjieflOBaTejibHOCTb Sn cxo/uitch k S, 

Sn — > S, 

N-too 

00 

to ecTb pafl (— l) n b n cxo/jiitcs. C Apyrofi CTopoHbi, H3 (18.2. 26p cjie^yeT flBoiiHoe HepaBeHCTBO 

n=0 

Vfc, I £ N S'afe-i sC 5 < Sa; (8.2.27) 
H3 KOToporo Mbi nojiy^aeM, BO-nepBbix, 

1 5 — S 2k -i \ = S — S 2k -i < 5 2 fc — Sa/b-i = (— l) 2fe • &2fe = &2fe (8.2.28) 

H, BO-BTOpbIX, 

|5-5 2fc | = 5 2fe -5 < S 2k -S 2k+1 = -(-l) 2k+1 -b 2k+1 =b 2k+1 (8.2.29) 

— 5 5$; — J2k+1 

it 

S-2k+l ^ s 

it 

18.2.271 

D,enouKH (|8.2.28|l h (|8.2.29|) BMecTe ^aiOT ou,eHKy (|8.2.22|) . □ 
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o 8.2.18. Pha 



E 



MOJKHO npeflCTaBHTb B BHfle ^2 (— l) n o„, ?A e 

n=l 



7 MOHOTOHHO 

On = - — > 

71 n— foo 

nosTOMy no TeopeMe JIeii6HHn,a nonynaeM 

Bbibo/i,: pHfl ^2 — CXO,H,HTCfl. 
n=l " 



o 8.2.19. Pafl 



-l) n km 



n=l 



mojkho npeflCTaBHTb b BHfle ^2 (— l) n o„, r^e 

n=l 

In n 



3ia nocjieflOBaTejibnocTb ctpcmhtch k Hyjno no 
TeopeMe o nixajie 6ecKOHenHOCTen, ho HenoHHTHO, 
6yn;eT jih 3to CTpeMjieHne mohotohbim. JlflSL Toro, 
hto6bi 3to npoBepnTb, mojkho paccMOTpeTB Bcno- 
MoraTejibHyio (pyHKiniio 

f(x) = 

X 



Ee npoH3BO,n;HaH 6y^eT OTpHnaTejiBHon Ha npoMe- 
»cyTKe x ^ 3 

f{x) = < 0, x > 3 

x z 

IIosTOMy f(x) mohotohho y6biBaeT npn x ^ 3, 3Ha- 
hht, Hama nocneflOBaTejiBHOCTB b n = f(n) moho- 
tohho y6biBaeT HannnaH c HOMepa n = 3. OTcro^a 
no TeopeMe JIen6Hnn,a nojiy^aeM, hto ^ojiJKeH cxo- 



(-1)" In? 



. Oh HBjiaeTCH ocTaTKOM 



AHTBC3 pafl J2 
ri—3 

E(—l) n In n v~-\ ( — 1)" In? 
* '- , 3Ha^HT 3TOT pflfl ^ „ 

n— 1 n— 1 

TO»ce cxoflHTCH (no jieMMe 06 QCTaTKe ll2.3.2j) . 



(-1)" lor 

n 

» 8.2.7. HccjieflyiiTe Ha cxo/himoctb paflBi: 



Bbibo^,: pup, ^2 — — ~ CXOflHTCH. 

n=l ™ 



± i Inn 

n=l 



(-1)" 
In n 

(-ir 



3) S „.(lnn)° ■ 



2 ) E n 

n=l 



IIpeo6pa30BaHHe A6ejia h npn3H£iKH ^upHxjie h A6ejiH pjisi pn,a,OB. 

JTeMMa 8.2.1. ak>6ux hucaobux nocjiedoeamejibHOcmeu {a n } u {b n } cnpaeed/iueo paeencmeo 



q-l 



.2.30) 



ede 



N 



An = On 



n— p 



Ecau edo6aeoK {b n } - MOHomoHHan nocAedoeameAbHocmt), mo cnpaeedAueo Hepaeencmeo 



n—p 



< 3 ■ max 



A' 



E«r. 



n—p 



:{|6p|.N} 



.2.31) 



• PaBeHCTBO (|8.2.30p Ha3BiBaeTcn npeo6pa306anueM A6eAn l , a HepaBeHCTBO (18.2. 3ip - nepaeen- 
cmeoM A6eAM. 



JJoKa3ameAt>cmeo. 1. CHanajia floxajKeM cpopMyjiy (|8.2.30p . 



II 



-A ? _ 2 + A g _i 

II 



^ On • On = Op "Op + Op+1 -Op+l + ••• + 



9-1 



-Ag-! + A q 

II 



a q -b q = 



n—p 



X B 1 18.2. 301 1 mojkho bb6cth TpeTHH napaiweTp, hhcjio M < p, h Torfla b o6o3Ha^ieHHH Ajv = JZ^=M a " (topMyJ 13 npHMGT 



Sojiee npHBBiHHBift Biifl: 



9-1 



2^ In ■ K = 22 An ' ( bn _ b n+l) + A q -b q - A p -i ■ bp, 



346 



FjiaB&8. HHCJIOBHE PRffbl 



= A p b p + (-A p + A p+1 )b p+1 + ... + {-A q _ 2 + + + A q )b q = 

= A p b p - Apb p+ i + A p+ ib p+1 + ... -A q - 2 b q -i + A q ^b q ^i - A q -ib q +A q b q = 

ii ii 

A p (b p - bp+i) A,_i(b,_i - 6,) 

9-1 

= 2J A n ■ (b n - b n+ i) + A q -b q 

n—p 

2. Tenept npe,n,nojiO}KHM, hto nocjie^OBaTejitHOCTb {b n } mohotohhr h flOKaxeM HepaBencTBO (|8.2.31l) . 
3^ecb mojkho CHHTaTb, hto {b n } HeB03pacTaeT, noTOMy hto cjiyqaft, KOiyja OHa Hey6biBaeT, cbo/pitcsi k 
3TOMy yMHO>KeHHeM {b n } Ha — 1: 

h > b 2 ^ 6 3 > ... (8.2.32) 



0603HaHHM 

Toiyja: 

n—p 



A = max I Aw- 1 = max 

p^N^q P<N^q 



9-1 



2J A n • (b n - b n+1 ) + A q -b q 



n—p 



N 



9-1 



.2.33) 



•| 6 »- 6 n+l| + IAjM & 9l< 



n—p 



A 



A 



9-1 



A\ j8.2.32l 



< A- ( ^ I 6„ - h n+1 I +\b q \ \ =A- [J2(b n - b n+1 ) + \b q 



9-1 



6„ - 6„ 



A ■ ( fop - 6 p+ i + 5 p+ i - 6p +2 +... + 6 g _i - 6, 

n—p n— p+1 n— g— 1 

= A • (&„ - fe 9 + < A • {\b p \ + \b q \ + \b q \) < 3 • A- max{|6p|, \b g \} 



□ 

TeopeMa 8.2.11 (npH3HaK ,ZI,HpHXJie) . Ilycmb nocAedoeameAt>Hocmu {a n } u {b n } o6jiadawm cAedy- 
Knu,UMU ceoucmeaMu: 

00 

(i) nacmuHHue ct/MMU p&da ^ a n ozpaHuuenu: 

n=l 



sup 

NGN 



N 

E' 



< 00 



(ii) nocAedoeameji'bHocm'b {b n } mohotuohho cmpeMumcsi K nyAw: 



7 MOHOmOHHO „ 

b n > 

n— f 00 



Tozda pjid ^2 a n ■ b n cxodumcn. 

n=l 

/JoKasameAbcmeo. 06o3HauiiM 



sup 



JV 



E a « 



c < 



II 3aMGTIIM, HTO 



Vp, g € N 



E a " 

n—p 



2C 



.2.34) 
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fleiicTBHTejibHO , 



q q p-1 q p-1 

E a » = a n - }^a n < E a " + a n 

n— p n—1 n—1 n—1 n— 1 



^ 2C 



AN 
C 



AN 
C 



HtoBm y6eflHTbca, hto pa^, 2^Li a « ' cxo/hitch, BOcnojib3yeMCH KpiiTepnGM Kohih (TeopeMa I8.2.6|) : 
Bbi6epeM npoH3BOjii>Hbie nocneflOBaTejibHOCTH Zj € N 11 fcj G N (fej — >• oo). IIo HepaBeHCTBy A6ejia 

n— >oo 

(|8.2.3ip nojryuaeM: 



n=ki + l 



^ 3 • max 



N 



E a » 

n=ki + l 



■ max 



AN 
2C 



4. 4 





9to BepHO fljia jiio6bix nocjieflOBaTejibHOCTeft 1; g N i £ N (i; — >• oo), 3HauHT psfl ^ a„ • b n 

n ^°° n=l 

CXO,HHTCH. □ 



IIpH3HaK ^Hpnxjie nacTO Hcnojib3yeTCH .zyiH iiccjie/ipBaHHH ph/i,ob BH,n,a 

oo oo 

6 n • sinnx, fe„ • cosna; 



B 3thx cjiynaflx 6biBaiOT nojie3Hbi cjieflyroiniie TpHroHOMCTpnuecKHe cpopMyjibi: 



N 



E- 



sm na; 



N ■ N+l 

sm ' sm J a; 



n—1 ^ 

IIoKajKeM KaK ohh npHMeHHiOTca. 



AT 

E 



N N+l 

sm ^a; • cos £L ^ J -x 

cosnx — — : — - — (x ^ 2nk) 

sinf 



.2.35) 



o 8.2.20. HccjieflyeM Ha cxo/niMOCTb pap, 

oo 

Esmn 
n 

n—1 

ECJIH nOJIOJKHTb 



a n = sinn, b n 



1 

n 



, MOHOTOHHO ~ 

TO Mbl nojiyuHM 0„ > (J, II 

n— J-oo 



sup 

TVeN 



N 



E a ™ 

n=l 



sup 



sup 

NeN 



N 

sinn 

n=l 
18.2.351 



sm y ■ sm 



sm : 



< +oo 



sm - 



IIo npH3HaKy f\wpnxjie, nojiyuaeM 

oo 

BbiBO,n,: pafl cxo,hhtch. 
n=i n 

o 8.2.21. HccjieflyeM Ha cxo/himoctb psip 

oo 

Esm nx 
n 



ECJIH nOJIOJKHTb 



a n = sinna;, b n = — 
n 



, MOHOTOHHO 

TO Mbl nOJiyUHM n > U, H 

n— f oo 



sup 

JVGN 



N 

E- 

n=l 



sup 



sup 



N 

E 

n=l 
US. 2. 351 



sm nx 



■ N ■ N+l 

sm y% ' sm 11 -f ± x 



sm ■ 



< +oo 



IIo npH3HaKy flnpHxjie, nojiynaeM, hto Hani pup, 
CXOflHTCH npH x =/= 27rfc. 

OcTaeTCH npoBepHTb, 6yn,eT jih oh cxoflHTbCH 
npH x = 2irk. IIo^,CTaBHM sto 3HaueHHe b Hani psip: 



E 

71 = 1 



sin 27rfcn 



oo 

E 

71=1 







ilCHO, UTO 3TOT pH^I, CXOflHTCH. 

oo 

BbiBOfl: pim Slnnx cxo^htch npu jho6om x G 

n=l " 



» 8.2.8. HccjieflyftTe Ha cxoflHMOCTb paflbi: 
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1) 


OO 

cos n . 
2^ n ' 
n— 1 


oo 

4) E ^ 

Tl— 1 


2) 


oo 

cos nx , 
n ' 


OO 

5) E(-i) 

n=l 


3) 


oo . _„ 

3111 t§ . 

^ In n ' 





n=l 



TeopeMa 8.2.12 (npH3HaK A6ejin). Ilycmb nocAedoeamejibHocmu {«„} u {6 n } o6Aadamm cAedyw- 
iu,UMU ceoucmeaMu: 

oo 

(i) £wd E a n cxodumcR; 

(ii) nocAedoeameAtHocmb {&„} MOHomcmna u ozpaHuuena. 

oo 

Tozda pjid E a n ' b n cxodumcn. 

n=l 

oo 

/(oKasameAbcmeo. 3aMeTHM, ^ito h3 cxo^hmocth pfl,n,a E a n cjie^yeT, hto pjlsi npoH3BOjit>Hbix nocjieflo- 

n=l 

BaTejibHOCTeii 6 N i fe, € N (fc.; — > oo) BtinojiHaeTCH cooTHOHieHiie 



max 



N 

ra=fc; + l 



.2.36) 



^eiicTBHTejibHO, ecjin 6bi sto 6bijio He Tax, 



max 



N 

12 a « 



to, nepexoflH k noflnocjieflOBaTejibHOCTH, mm nojiyimiH 6bi, ito fljia HeKOToporo e > BbinojiHHeTca 
cooTHOineHHe 

iV 

In 

n=fe;+l 



max 

ki^N^ki+U 



3Ni e [k h ki + h] 




> e 



3flecfc Ni > ki , 

noTOMy HTO 
HHa i ie 6t>iJio 6m 

N i 

£ = o 



3ra ? - = TV,- — 



Tenept oGosHa^HM 



E < 

n=fci + l 



> £ 



t 

3TO HCB03MOJKHO, 

noTOMy hto 
no KpHTepiiio Kouih 
(TeopeMa 8.2. 61 

£ a 







_B = sup |6„| < oo 
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HtoBm flOKa3aTb cxoahmoctb pa^,a E o, n ■ b n , CHOBa BOcnojib3yeMca KpnTepiieivi Kohih f TeopeMoft 18.2.61 ): 

71=1 

npoH3BOjibHbix nocjieflOBaTejibHOCTeit £ N h fci £ N (fc, — ^ cxd) no HepaBeHCTBy A6ejia (|8.2.3ip 

n— foo 

Mbi nojiyHHM 



3 • max 



n=fci + l 



•maxi |6fc,+i|, l^fci+ij \ — > 

I s _ ' s _ ' J 7— >oo 



J, 18.2.361 





A\ 
S 



A\ 



9to BepHO fljia jiio6bix nocjieflOBaTejibHOCTeft (j £ N h £ N ((ij — > oo), 3HanHT psifl E o„ • 6„ 
cxoflHTCa. □ 



o 8.2.22. PaccMOTpHM psfl 

oo 

E 



smn 7r 
cos — 

n n 



ECJIH nOJIOJKHTB 



sm n 7r 

, b n = cos - 

n n 



to mm nojiynnM, hto E a n - cxo/^ihtihch P a A ( MM 



yxe ,i],OKa3ajiH sto b npnMepe 18.2.201) , a b n — moho- 
TOHHan orpaHnneHHan nocjieflOBaTOibHOCTb. 3iia- 

oo 

hht, no npn3HaKy A6ejia, pafl E cos ~ cxo ~ 

n=l ™ 

/hitch. 

o 8.2.23. Cjie/i,yioin;HH pH,n, 



Esin ns • cos nx . . 
arctg(nir) 
Inn by J 

71=2 



HCCjieflyeTCH tskhm :sce o6pa30M. Ecjih nojiojKHTb 
sin nx ■ cos nx 



In ? 



arctg(nx) 



TO Mbi nOJiyHHM, ^TO 



v^v sm nx ■ cos nx 



71 = 2 



71 = 2 



In n 



Esin 2nx 
2 Inn 

71 = 2 



- cxo/yiinriHCH P a A n P H Jho6om x £ K (sto 
flOKa3biBaeTCH Tax »ce, KaK b npiiMepe 18.2. 21|) . 
a fo„ - MOHOTOHHaH orpaHHHeHHaa nocjie/iOBa- 
TejibnocTb. Sna^iHT, no npii3HaKy A6ejia, pa/i 

oo 

j2 sinn^cosna: arctg(nx) cxo/hitch npn jiio6om x £ 

71=2 



» 8.2.9. HccjieflyiiTe Ha cxo^iiMOCTb paflbi: 

oo 

1) arcsm _^ ; 

n—1 

oo 

2) E • arctg(nx); 

71=1 " 

OO ■ 7TT1 

3 ) E n^F • arcctg(-n); 

n=l 

oo , x 

4) E ^ • cos ff • arccos (-^); 

n—1 v y 

r\ / 1 \ Tt ( n + 1 ) COS ^ 

5) E(-l) 2 --7*. 



rjiaBa 9 



OyHKI^HOHAJlbHblE 
nOCJlE^OBATEJlbHOCTH H 

06 r bacBwib, 3aneM HyjKHM (pyHKiniOHajibHbie nocjieflOBaTejibHOCTii h (pyHKin-iOHajibHbie paflbi, o KOTopux 
noiifleT pcnb b stoh rjiaBe, mojkho, HanaB, HanpHMep, co cjie/ryioiHero Bonpoca: Mocucem jiu nenpepuenaji 
cj}yHKv > usi na ompe3Ke 6umt> nmde ne dutpfpepenuupyeMou 1 ? 

3to HyjKHO bot pjm nero. HanHHaa c rjiaBbi01 mm flOKa3biBajiH yTBepx/jeHHs o ,zni(p<pepeHinipyeMbix 
(pyHKipiHx, nocTOHHHO oroBapnBaa b (popMyjinpoBKax ycjiOBHH flH<p<pepeHnHpyMOCTH hjih rjiaflKOCTH, 
ho MO»ceT 6htb npnpofla ycTpoeHa npome, h sth ycjiOBHH b no/rxo/riiiHeH HHTepnpeTanHH BbinojimnoTCH 
aBTOMaTH^ecKH? Bot, HanpHMep, b TeopeMe 16.2.201 06 HHTerpnpoBaHHH no nacTHM pent H^eT o Henpc- 
pbiBHbix KycoHHO rjia/i,KHx (pyHKinisx, ho, mojket 6biTb ycjiOBHe KycoHHoii rjiaflKOCTH aBTOMaraHecKH 
cjieflyeT H3 HenpcpbiBHOCTH, h noaTOMy OTflejibHO ero Tpe6oBaTb He Hysoio? Mm Beflb j\o chx nop He 3a- 
flyMbiBajiHCb, MOJKeT jih HenpepbiBnaa (pyHKHira 6bitb cymecTBeHHO Herjia/rKoii (TOHHee, He 6biTb KycoHHO 
rjiaflKoii) . B^pyr Taxoe h6bo3mo>kho? Tor^a mo>kho 6mjio 6m ynpocTHTb TeopeMy 16.2.201 h HeKOTopbie 
noflo6Hbie yTBepayjeHHs:, Bbi6pocHB H3 (popMynnpoBOK ynoMHHanne o KycoHHoii rjia/ptocTH (pyHiantS, h 
3to jierne 6mjio 6m 3anoMHHTt>. 

Tohho Tax ace, ecjin 6m o6Hapy>KHjiocb, HanpHMep, hto jno6aH HenpepbiBHaa (pyHKnna Ha OTpe3Ke 
flH(p(pepeHH;HpyeMa bo Bcex TOHKax, KpoMe, MOJKeT 6biTb, KOHenHoro Ha6opa (a flpyrnx HenpepbiBHbix 
(pyHKiniii mm noxa He BCTpenajin), to sto 03Hanajio 6m, hto BOo6ine nojiOBHHy yTBep:sc,zi,eHHH, npeflCTaB- 
jieHHbix HaMH 3pfiCb HanHHaa c rjiaBbi[2J Heo6xo/i,HMO cpoHHO nepenncbiBaTb, noTOMy hto Bee 0Ka3MBaeTCH 
HaMHoro npome. 

Bonpoc, ne Mootcem jiu 3mo Burnt npomfi. HBjiaeTCH no-BiflHMOMy, rjiaBHMM b Hayxe, nocKOjibKy 
caM HaynHMH MeTOfl, ecjin nbiTaTbca o6 r bHCHHTb ero cyTb npocTO, npeflCTaBjiaeT co6oii He hto HHoe, 
KaK cnoco6 ynopHflOHHBaTb nocTynaioiHHe 3HaHHH o Miipe TaKHM o6pa30M, hto6m, He Tepaa npaKTHne- 
CKOft n,eHHOCTH, ohh BMCTpanBajiHCb b CTpyKTypy, floCTaTOHHO npocTyio, hto6m ee mojkho 6mjio jierxo 
3anoMHHTb. EcTecTBeHHO, b MaTeMaTHKe stot Bonpoc TaKsce BajKen 1 , npnneM npnMeHHTejibHO k MaTe- 
MaTHnecKHM yTBepjKfleHHHM oh HMeeT ppe BajKHbie nacTHbie (popMyjinpoBKH: 

1) HacKOMbKO cyinecmeemiu ycJioeuM na o67>eKmu, osoeapueaeMue e meopeMax? 

2) He 6ydym au KdKoe-mo cikcuomu, e uacmHocmu, aKcuoMtt, nocmyAupymiuue cymficmeoeanue 
o6 / 5eKmoe c 3adaHnuMU ceoucmeaMU, dannou meopuu ee meopeMaMU? 

3flecb b o6ohx cjiynaax penb H^eT 06 o6T>eKTax c HyambiMH CBOHCTBaMH , h nonsTHO, hto pjui Toro, 
hto6m cyn,HTb o cymecTBOBaHHH TaKHx 061.6x108, jKejiaTejibHO HMeTb onepainni, no3BOjraioiHHe CTpo- 
HTb HOBbie o6 r beKTM H3 yxe HMeiomHxcH. B anajiH3e TaKoii onepan;HeH HBjiaeTCH npe,n,e.nbHbiH nepexofl, 
npHHeM ecjin nofl hckommm o6 r beKTOM noHHMaeTCH hhcjio, to t3,khm npeflejibHMM nepexoflOM 6yn,eT npe- 
,n,eji HHCJiOBOii nocjieflOBaTejibHOCTH, o kotopom penb nijia b rjiaBe [l] a ecjin nofl hckommm o6T.eKTOM 
noHHMaeTca <pyHKii;HH, to onepan,Hcii, no3BOjiinom;eH ee nocTpoHTb, 6yn,eT npe^eji (pyHKH,HOHajibHOH no- 

1 06mhho no 3TOMy noBOfly u,HTHpyeTca ynoMHuaBiuHHCH HaMH b rjiaBe [0] /JaBHfl rHjib6epT. KoHCTaHC Phji b CBoeit 
3HaM6HHToii GnorpacpHii rmiB6epTa npiiBOjj,HT TaKHe ero cjiOBa H3 pa3roBopa c TapajiB^OM BopoM: «To, hto mh6 yj^ajioct 
mto-to c^ejiaTB b MaTeMaTHKe, o6T>HCHHeTC5i, Ha caMOM ^,ejie, TeM, hto h Bcer^a Haxo^,Hji Bee oneHt cjiojkhbim. Korjj,a h 

HHTaiO HJIH KOrjJ,a MH6 HTO- TO paCCKa3BIBaiOT, MHe nOHTH BCerjJ,a 3TO Ka>KeTCH OHeHB TpyjJ,HbIM H npaKTHHeCKH HeB03MO>KHbIM 

noHHTB. Tor^a a He Mory He 3a^aTb ce6e Bonpoc, a He MO>KeT jih sto 6biTb npoHj,e. H b HeKOTopbix cjiynanx OKa3biBanocb, 
HTO 3TO ^eHCTBHTejIbHO HaMHoro npoHj,e». 
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cjie^OBaTejiBHOCTH, h 06 3toh KOHCTpyKiniH mbi KctK pa3 noroBopHM b HacTOHineii rjiaBe. B Ka^ecTBe 
npujiojKeHHH mbi, b HacTHOCTH, papjiM otbgt Ha ccpopMyjiHpoBaHHBiH 3,n,ecb b caMOM Hanajie Bonpoc o 
cymecTBOBaHHii Hurpfi He rjia^Koit HenpepbiBHOii (pyHKHHH (cm. |§ ^[d)[ ). O^HOBpeMeHHO onHCbmaeMoe b 
3toh rjiaBe nonarae cpyHKiniOHajibHoro pHfla no3BOjiHT 3aTeM b |§ 4| raaBbi 1101 flOKa3aTb h36bitohhoctb 
aKCHOMBi CTeneHeii h aKCHOMbi TpnroHOMeTpHH, o kotopbix penb mjia b rjiaBe|21 

§ 1 IloTOHeHHaH CXOflHMOCTb 

(a) OyHKu,HOHajii>Ha5i nocjie^OBaTejibHOCTb h ee o6jiacTB cxoahmocth 

• 0yHKv i uoHaAt>Hou nocAedoeameAbHocm'bH) Ha3biBaeTCH nocjieflOBaTejibHOCTb, sjieMeHTaMH ko- 

TOpOH HBJIHIOTCH (pyHKHHH: 

fi, /2j h, ■■■ 

IIpedeAOM cfjyHKV ) uoHaAbHou nocAedoeamejibHocmu CHHTaeTCH (pyHKHHH, 

f(x) = lim f n (x) 

onpeflejieHHaa jitik Tex 3HaneHHH nepeMeHHOft x, pjin KOTopbix upepfiji lim f n (x) cymecTByeT 

n— > 00 

h KoneneH. 3to mho^kcctbo 

D = {x G R : npe^eji lim f n (x) cymecTByeT h KOHeneH} 

n—>oo 

na3biBaeTCH o6Aacrm>Ki cxoduMocmu (pyHKin-iOHajibHoii nocjieflOBaTejibHOCTH {f n }- 

• ToBopHT, hto (pyHKHHOHajibHaa nocjie^OBaTejibHOCTb {f n } CTpeMHTca k cpyHKrpiH / nomoueuHo 
Ha MHOJKecTBe E, ecjni pjin BCHKoro ie£ HHCjiOBaa nocjieflOBaTejibHOCTb {/ ra (x)} CTpeMHTca 
k HHCJiy f(x): 

Vie£ f„(x) — > f(x) (9.1.1) 

n—too 

KOpOTKO 3TO 3aiIHCbIBaeTCH TcLKI 

f n (x) ^ f(x) 



o 9.1.1. PaccMOTpHM (pyHKH,HK), 3a,n,aHHy:EO (pop- 
Myjioii 

1 



/(x) = lim 



l + x ri 



IlOKajKeM, HTO, HeCMOTpH Ha TaKOH Heo6biHHbiii 

cnoco6 3a,n;aHHH cpy hkhhh , mojkho nocTpoHTb ee 
rpaepHK (h 3aoflHO HaifcrH totkh pa3pbma). 3j\eci> 

Ba>KHO 3aMeTHTb, HTO 



00, ecjin III > 1 



x 



n->oo I 0, ecjin \x\ < 1 

Ilocjie SToro Ha^o paccMOTpeTb HecKOjibKO cjiyna- 
cb: 

1) ecjin |x| > 1, to f(x) — lim 1+ 1 a ,„ = 



(t^)=0; 



2) ecjin |x| < 1, to f(x) = lim j-p 



x n 1+0 



0; 



3) ecjin x — 1, to nojiynaeM /(l) = lim . 1 „ = 



lim 



1 + 1" 1 + 1 2' 



4) ecjin x = — 1, to lim ,_r „ He cymecTByeT, 
nosTOMy /(— 1) He onpeflejieHO. 



B pe3yjibTaTe nojiynaeM 



/(*) 



0, ecjin |x| > 1 

1, ecjin Ixl < 1 



2' 



ecjin x 



1 



H rpa(pHK 3TOH (pyHKHHH BbirjISflHT CJieflyKUHHM 

o6pa30M: 



Bh/hto, hto x — 1 3/i,ecb aBjiaeTca toikoh pa3- 
pbiBa, a Bee ocTajibHbie totkh. b KOTopbix cpyHK- 
hhh onpe^ejieHa - to ecTb totkh xG (—00; —1) U 
(—1; 1) U (1; +00) - HBjiHiOTCH TOHKaMH HenpepbiB- 

HOCTH /(x). (IlpH 3TOM, B TOHKe X = —1 (pyHKHHH 

/ He onpeflejieHa, h noaTOMy He HMeeT CMbicjia ro- 

BOpHTb O HCnpepblBHOCTH / B 3T0H TOHKG.) 
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o 9.1.2. Pchihm Ty sa^any fljia cpyHKnnii 



fix) = lim - 

n— >oo n 1 -+- n 



3aMeTHM, HTO 

„ I oo, ecjiH a > 

n — > < 

n^oo I 0, ecjiH a < 

ii paccMOTpiiM HecKOjibKO cjiynaeB: 
1) ecjiH x > 0, to /(x) = lim 

i- n - 2 



lim 

n— foo 



1-0 
1+0 



o 9.1.5. QyHKirHOHajibHaH nocjie^OBaTejiBHOCTb 

f n (x) = n x 
HMeeT o6jiacTb cxo^hmocth 

D = (-oo;0] 
n ee npeflejiOM 6yn,eT cpyHKirna 

0, ecjiii x < 



l+n- 2 

2) ecjiH x < 0, to f(x) 



/(*) = 



1, ecjiii x = 



lim 



lim ■ 

n— f oo 



0-1 
0+1 



-1; 



» 9.1.1. nocTpoirre rpacpHKH n Han/niTe tohkh 
pa3pi>iBa cne^yioinHx cpyHKirnn: 



2) ecjin x = 0, to /(z) = ? lim = 1=1 = . 

B pe3yjibTaTe nojiy^iaeM 

!1, ecjiii x > 
0, ecjin a; = 
— 1 , ccjih x < 

to ecTb /(x) coBnaflaeT c cpyHKnnen CHmyM: 



Bh/i,ho, hto x = 3flecB HBjiaeTCH tohkoh pa3- 
pbiBa, a Bee ocTajiBHBie tohkh, - to ecTb tohkh 
x 6 (— oo; 0)U(0; +oo) - hbjihiotch TomcaMn Henpe- 

pblBHOCTH /(x). 

o 9.1.3. PaccMOTpiiM cpyHKn,HOHajiBHyio nocjieflo- 

BaTejIBHOCTb 



1) 


f{x) = 


lim cos x; 

n— >oo 


2) 


m = 


l+(2sinx)^> 


3) 


m = 


lim x ■ arctg(n ■ ctgx 

n— > oo 


4) 


m = 


n— ¥oo 


5) 


m = 


log 2 (l+2") ' 


6) 


m = 


lim ^-."t! ; 

n— >oo 21 + 1 ' 


7) 


m = 


lim (sin 2 " x — cos 2 ™ x 

n— voo 


8) 


m = 


lim 2— -2^. 

ri->oo z +z 


9) 


m = 


lim x 2 • arctg(x 2 ™); 

n— >oo 


10) 


m = 


lim arcsin " x ~?" . 


11) 


fn(x) = 


= arctg(nx); 


12) 


fn(x) = 


= arctgf ; 


13) 


fn(x) = 


- rj.n _ <£«+! • 


14) 


fn(x) = 


= \/ 3;2 + ^- 



/„(x) = VI + ^ 2 " 
Ee o6jiacTbio cxoahmocth 6yfleT bch HiicjiOBaa npa- 

D = R 

a npeflejiOM 6yn,eT cpyHKirnH 

{1, ecjiH |x| < 1 
1, ecjiH |x| = 1 
x 2 , ecjiH |x| > 1 

o 9.1.4. OyHKD,HOHajitHaa: nocjie^OBaTejitHOCTb 

fn(x)=X n 

HMeeT o6jiacTb cxoahmocth 

D=(-l;l] 
n ee npe/i,ejiOM 6yn,eT (pyHKirnH 

I 0, ecjiH x £ (—1; 1) 
1, ecjiH x = 1 



o 9.1.6. ^OKa^KeM cjieflyiomyio (popMyjiy, BbipajKa- 
romyio (pyHKii,Hio ^npHXjie H3 (|2.1.4p kbr abohhoh 
noTOHeHHBiii npe^eji CTaHflapTHbix (pyHKrnift: 

D(x) = ll' X j Si = I™ lim cos" 1 2tt • n! • x 

[0, X f QJ n-Kx>m->oo 

(9.1.2) 

(sTy (popMyjiy Ha,a,o noHHMaTb Tax: HTo6bi bhhhc- 
jihtb 3HaHeHiie b tohkc x nyjKHO CHanajia B3aTb 
npe^eji npn m — > oo, a 3aTeM npe/i,eji npn n -+ oo). 

/JoKa3ameAbcmeo. IlycTb x G Q, to ecTb x = |, 
p £ Z, g £ N. Tor,a,a npn n ^ q Mbi nojiynnM: 

n! I g 

n! • x = n! • — G Z 
9 
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cos 2ir ■ n! • x = 1 JJ- 
cos m 2^n!.x = l |cos27r.n!.x|<l 

lim cos" 1 27r • n! • x = 1 

m— >oo 

3to BepHO fljia n ^ q, to ecTt ,zyia iiohth Bcex n. m^oo cosm 2?r • • x = 

IIosTOMy 

3to BepHO pflsi Bcex n, 3HaHHT 

hm lim cos 2ir ■ n\ ■ x — 1 = D(x) 

n— >oo m— >oo 

Hao6o P OT, ecjiH x £ Q, to npii jik)6om n e N J™, J™, cos " 1 2tt • n! • x = = L>(x) 

nojiyHHM: 

n\ ■ x 4 Z □ 



(b) OyHKijHOHajifaHMH pa/i, h ero o6jiacTi> cxo^hmocth 

• IlycTb 3a,a,aHa (pyHKmroHajitHaa nocneflOBaTejibHOCTB {a n } h h3 Hee cocTaBjieHa HOBaa cpyHK- 
niiOHajitHaa nocjieflOBaTejibHOCTb {Sn} no (popMyjie 

N 

Sn(x) = a„(x) = ai(x) + a 2 (x) + a 3 (x) + ... + a N (x) 

71=1 

Tor^a Taicaa napa nocjieflOBaTejibHOCTeft {a n } h {Sn} Ha3biBaeTca (fiyHKHfUOHajibHUM psidoM 
h o6o3Ha^iaeTCH 

oo 

^ a n (x) = a x (x) + a 2 (x) + a 3 (x) + ... 

71=1 

OyHKiiHH a n Ha3biBaiOTca csiaaaeMUMU pa/ja J2'^Li a n, a (pyHKiniH Sn - nacmuHHUMU cyM- 
mclmu 3Toro pa^a. 

IlpH KajKflOM (pHKCHpOBaHHOM 3HaH6HHH IICpCMeHHOH X = Xq (pyHKHHOHajIbHaa nocjieflOBa- 

TejibHOCTb {Sn(x)} npeBpamaeTca b HiicjiOByio nocjieflOBaTejibHOCTb {Sn(xq)}. Ecjih 3Ta hhc- 
jiOBaa nocjieflOBaTejitHOCTb cxo/niTca 

oo 

3 lim S N (x ) = S(x ) = V* a„(x ) E M 

N^-oo z — ' 
■a=\ 

oo \ 

to ecTb, ecjiH hhcjioboh pa/i; ^ a n (xo) cxo/niTca I , to roBopaT, hto gjyHKii,uoHaAbHuu psid 



71=1 

oo 

a n (x) cxodumcsi e moHKe x = xq. 

n=l 

oo 

Mhojkcctbo Bcex ToneK x, b kotopbix pa,n, a„(x) cxo,n,HTca (to ecTb, o6jiacTb cxo,h,hmocth 

71=1 

(pyHKi^HOHajiBHOH nocjieflOBaTejibHOCTH {Sn{x)}) Ha3biBaeTca oGjiacm-bw cxoduMocmu $yHK- 

oo 

VtUOHCLJlbHOZO pflda a n(x). 

71=1 

ToBopaT, hto cpyHKn,HOHajii>HbiH pa/i, Y^Li a n cxodumcsi k gjynKuuu S nomoueHHO Ha mhojkc- 
ctbc SCR,, ecjiH fljia BcaKoro x £ E hhcjioboh pa/j, X^^Li a n(x) cxo/niTca k nncjiy S(x): 



N 

MxeE Va„(x) — > S(x). (9.1.3) 

^ — 4 TV— s-oo 



n=l 



o 9.1.7. 06jiacTbio cxo^hmocth pa^a 

oo 



71=1 
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6ya,eT, KaK mm yace OTMenajiH b TeopeMe l8.1.1[ mho- 
jKecTBO (—1; 1). JXjih Harjifl/nrocTH b Taxiix cjiy^iaax 
pHcyiOT KapTHHKy: 



fljis SToro cpa3y 3aMeTHM, hto o6jiacTb onpeflejie- 
hiih Haniero pa^a (to ecTb o6maH o6jiacTb onpeflc- 
jichhh cjiaraeMbix pa^a) ecTb mhojkcctbo x > — 2. 

1. HccjieflyeM Tenepb pafl Ha a6cojiiOTHyio cxo- 
/niMOCTb (to ecTb npo6yeM npiiMCHHTb k HeMy Teo- 
peMv [8T9|) : 



E 

71=1 



(-1)" 



n ■ 3™ • yj{x + 2)™ 



o 9.1.8. 06jiacTbK> cxo/himocth pfl,n,a JJjrpmme 



oo 



^ n • 3™ • v/(x + 2) f 



OO 

E 

n=l 



E 



rjn- (3- v^T^)" 



6yn;eT, KaK yste roBopHjiocb b npnMcpe 19.2. 3[ mho- 
jkgctbo (1; +oo). 



o 9.1.9. Haii^,eM o6jiacTb cxo/uimocth psfla 
^ (-1)" 



E 



n=l 

^jia 3Toro 3aMeTHM, hto 



Haxo^,HM hhcjio Koihh: 

C= lim 

n— > o< 

OTCio/ja 
C 



(3- v / 2T+2) n + 2 



1 



1 



< 1 Vx + 2 > 

3 • VxT2 3 

1 



x + 2 > 



9 



1 „ 17 

x > 2 = 

9 9 



Tenepb mojkho CflejiaTb BbiBOfl, hto pafl cxo/hitch 
npn x > — 



(-ir 



i 



0, eCJIH X > 

1, ecjiH x = 
oo, ecjiH x < 



OTCio/ja nojiynaeM: 

1) ecjiH x > 0, to -=j 



(-1)" 



> 0, ii pa fl x; n 

„ ,oo n=1 

6yneT cxoflHTbca: no npraHaKy JIcfl6HHn,a; 

(-i) 



2) ecjiH x ^ 0, to 



X - — ^— 6ya,eT pacxo,zniTbca b cnjiy Heo6xoflHMO- 

n=l " 

ro ycjiOBHa cxo,h;hmocth. 



0, ii pflfl 



2. IIocMOTpHM, hto nojiynaeTCH npn x < — -77- : 



17 



1 



1 



x < — — => Vx + 2 < - 

9 3 3-VxT2 



> 1 



(-1)' 



3 ■ y/x + 2 



1 



3- y/x + 2 



BcnoMHHaeM 
HeoSxoflHMoe ycnoBiie 

CXOflHMOCTH 



oo 



(-1)' 



^ n ■ 3" ■ ^(x + 2)' 
OTMenaeM sto Ha KapTHHKe: 



pacxoflHTca 



BbiBO^,: o6jiacTbio cxo^,hmocth pa^a X i — J— hb- 

n=l n 



jiaeTca mho^ctbo (0;+oo). 3 R&M OCTaeTCH n0CM0TpeTb; HTO 6yAeT npH 

o 9.1.10. Haii^,eM o6jiacTb cxo,zi,hmocth pa^a 9 ' 

» (-!)« y = f- (-i)" 



> 2. PaBHOMepHax cxo^iiMOCTb 

(-iy 
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' r> . in . _!_ 



(-1)" 



n • 3™ • 

9tot psiR cxo/hitch no npn3HaKy JlefiGHHua: 



Bmbo/i,: o6jiacTbio cxo/himocth pa,n,a 
HBjiaeTCH MHO»cecTBO [— ^ ; +oo) . 



v 

n=l ™-3"-y^+iF 

» 9.1.2. Hafi^,HTe oSjiacTt cxo/himocth (pyHKini- 
OHajibHbix pa^OB: 

oo 

1) cos ™ x (npH3HaK ,HiipHxjie + Heo6xo,zniMoe 

n=l ™ 

ycjiOBHe cxofliiMOCTii) ; 

oo 

2) X C ° S /^ (TeopeMa 06 a6cojiiOTHOH cxo/himo- 

n— 1 

cth); 



3) X (Heo6xo,n,HMoe ycjiOBiie cxo^hmocth); 

n=l 

oo 

4) X i-z" (TeopeMa 06 a6cojnoTHOH cxo^hmo- 

n=l ^ 

cth + npii3HaK ,HajiaM6epa + Heo6xo,2niMoe 
ycjiOBHe cxo,zi,hmocth) ; 

oo _ 

5) X 2 sl " 31 (TeopeMa 06 a6cojnoTHOH cxo,u;h- 

n=l 

mocth + npii3HaK ,3,ajiaM6epa + Heo6xo,n,HMoe 
ycjiOBHe cxo,zi,HMOCTii) ; 

oo 

6) X ( a; ™ + n 2" a" ) ( Teo P eMa °6 a6cOJIK)THOH 
n=l 

cxoflHMOCTH + npii3HaK ,H,ajiaM6epa + Heo6xo- 
flHMoe ycjiOBHe cxo/himocth) ; 

oo / \ n 

7) X 7TTT ' ( Ix^fi ) (TeopeMa 06 a6cojiiOTH0H 

n— 1 ^ ' 

cxoflHMOCTH + npn3HaK ^ajiaM6epa + Heo6xo- 
flHMoe ycjiOBHe cxo/himocth) ; 

oo 2n 

8) X " 2 3 n ■x 1l -(l — x) n (TeopeMa 06 a6cojnoTHOH 

71=1 

cxo^HMOCTH + npH3Hax r I[ajiaM6epa + Heo6xo- 
flHMoe ycjiOBHe cxo/himocth) . 



§ 2 PaBHOMepHaa cxo^hmoctb 

(a) PaBHOMepHaa HopMa cpyHKipra 

• PaeHOMepnou nopMou cfjynKiixiu f na MHocHcecmee E, Ha3biBaeTca: BejiHHHHa 

ii/Ue = ii/wiUe ■■= su P 1/(^1 

xeE 

(3flecb npeflnojiaraeTCH, hto cpyHKiniH / onpeflejieHa Ha MHOJKecTBe E). 



(9.2.4) 



oo 9.2.1. 



x 2 IUe[o;2]= sup \x 2 \ = 4 

xe[(i:2] 

x 2 ||xeM= sup \x 2 \ = oo 

x£R 



|| s'mx ||x£R= sup | sinx| = 1 

x£R 

|arctga;|| xeR = sup | arctg:r| = ^ 

£CGR ^ 



CBOHCTBa paBHOMepHOH HOpMbI 



1°. Heompuv^amejibHocmb: 

npuueM 
2° . OdHopodnocmb: 
3°. IIoAyaddumueHocm-b: 
4° . noAyMyAbmnAUKamuenocmb: 



= 



^0 



v.t e £ f(x) = o 



l|A-/|| £ = |A|- H/ll 



E ' 



A e 



\\f + 9\\ E <\\f\\E + 



11/ 



(9.2.5) 
(9.2.6) 
(9.2.7) 
(9.2.8) 
(9.2.9) 
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5°. MoHomoHHOcrrib no napaMempy E: 

D Q E =► \\f\\ D ^\\f\\ E (9.2.10) 

J^OKasameAbcmeo. Bee sth CBOiiCTBa HanpHMyio cjie^yiOT H3 cbohctb MOflyjiH. HanpiiMep, nojiya^HTHB- 
hoctb flOKa3biBaeTca Tax: 

!|/ + g\\ E = sup \f(x)+g(x)\ ^ mM < sup (|/(x)| + |.g(a;)|) - jXTj - 

x£E xeE v 7 

= sup \f{x)\ + sup \g(x)\ = \\f\\ E + \\g\\ E 

xGE xeE 



□ 



(b) PaBHOMepHaa cxo^hmoctb cbyHKu,HOHajifaHt.ix nocjie,zi,OBaTejii>HOCTeft 

• ToBopHT, ^ito nocAedoeameAbHocmb <fiyHKV i uu {/„} cmpeMumcM k cfiyHKUiiu f paeHOMepno na 
MHowcecmee E, ecjui paBHOMepHaa HopMa pa3HOCTH /„ — / Ha mhojkgctbg E CTpeMHTca k 
Hyjuo npu n — »• oo: 



n— s-oo 



KopoTKO 3T0 3anHCBiBaeTCH Tax: 

xeE 

fn(x) =t /(S) 

71— ►OO 

B cjieflymmux npiiMepax Mbi yBH/niM, ito noToneHHaa h paBHOMepnaa cxojthmocti> (pyHKHHOHajibHbix 
nocjieflOBaTejiBHOCTeii - He Ojtho h to xe. 



o 9.2.1. OneBHflHO, 

„ JO, ecjiH x E (-1; 1) 

n->oo I l j ecjIH X = 1 

IIosTOMy ecjiH b3htb _B = \—\', 5], to nocjieflOBa- 

TejIBHOCTb f n (x) = X n 6y^,eT CTpeMHTBCH K CpyHK- 

hhh /(a;) = noTOieuHO na MHO»cecTBe 



IIpoBepHM, 6yn,eT jih f n (x) = x n CTpeMHTbca k 
CpyHKHHH f(x) = paBHOMepHO na E = [ — ii 5]- 
JXjik SToro HaflO bbihhcjihtb HopMy hx pa3HOCTH: 



||/«(a:)-/(a:)|U 



EE 



sup \x n — 0| = sup 



2 ■ 2 j 



BBIBO^,: f n (x) = X™ CTpeMHTCH k /(x) = nOTO- 

ueuHO h paBHOMepHO Ha MHOJKecTBe E = [ — f ! f 1 : 



xe 



& 







o 9.2.2. Ta see caMaa nocjieflOBaTejibHOCTb f n (x) = 

X H CTpeMHTCS K (pyHKHHH f (x) = nOTOHeHHO H Ha 

6ojiee HinpoKOM MHO»cecTBe E = (— 1; 1): 



IIpoBepHM, 6y,n,eT jih f n (x) = x n ctpgmhtbch k 
f[x) — paBHOMepHO na E = (— 1;1). fljisi sto- 
ro CHOBa BbiHHCjiaeM HopMy hx pa3HOCTH Ha stom 
MHOJKecTBe: 



\\fn(x)-f(x) 



\xEE 



sup | at 
ce(-i-.i) 



0| 



sup 

xe(-l;l 



|x£(-l;l) 
\x n \ =1 -/L 



B^ibo/i;: nocjieflOBaTejibHOCTb f n (x) = x n CTpeMHT- 
ca k (pyHKiniH /(.t) = noTOueiHO, ho He paBHO- 
MepHO na MHOJKecTBe E = (— 1; 1): 



xe(-l;l) 



o 



o 9.2.3. HeTpyznro yBHfleTb, uto nocjieflOBaTejib- 

HOCTb fn{x) — ^f^- CTpeMHTCH K (pyHKHHH f (x) = 

noTOicuHO Ha MHOJKecTBe E = R: 



Sim xei 







n n— foo 



IIpoBepHM, 6y^eT jih f n (x) = 
f(x) = paBHOMepHO Ha E 1 = IF 



CTpeMHTbCS K 



H/nW-/(x)|U e£ 

sin a; 



SIM 







= sup 



- 



1 I • I 1 
= — • sup | sin a; = — 

n xeR n 







BbiBO,n,: f n (x) — CTpeMHTCs k f(x) = noTO- 
neuHO h paBHOMepHO Ha MHOJKecTBe E = M: 







sin a; sin a; 
— ^ &; 
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o 9.2.4. noxcxxcaH 

sin — TO>Ke CTpeMHTCH k (pyHKHiin f(x) = no- 
Toueuno Ha MHOJKecTBe E = R: 



sup 



• X n 
sin 

n 



— sup 



sin ■ 



= 1 ^0 

n— f oo 



sin — — !> 

77, n—foo 



IIpoBepHM, 6yn,eT jih f n (x) = sin ^ CTpeMHTbCH k 
f{x) — paBHOMepHO Ha E = K: 



\\fn(x) - f{x)\\ xeE =|| sin \\ x& 

n 



Bbibo^,: nocjieflOBaTejibHOCTb /„ (x) — sin — CTpe- 

MHTCH K CpyHKIHlH f (x) — nOTOUGHHO , HO He paB- 
HOMepHO Ha MHO»cecTBe E = K: 



. X x<£R . . X 

sm — — > I) & sm — 

n n— >oo rj 



.rfcp: 



IIpHMepbi 3.2 h 3.4 noKa3biBaiOT, uto h3 noTOueuHoii cxo/himocth He Bceiyja cjie^yeT paBHOMepHaa: 

fn(x) ^ f(x) =U f n (x) ^Jf /(X) 



Ho o6paTHoe Bcer,a,a BepHo: 

TeopeMa 9.2.1 (o cbh3h MejK^y noToneuHoii h paBHOMepHoft cxo/niMOCTbio). Ecau nocAedoeameAb- 
Hocmt) (fjyHKi^uti f n cmpeMumcJi K (pymtt^uu f paenoMepno na MHOotcecmee E, mo f n cmpeMumcM K f 
nomoueuHO na E: 

f n {x) ^1 f(x) ^= f n (x) "If f(x) 

n ^oo n — 

/J,oKa3ameAt>cmeo. ^OKa3aTejibCTBO npeflCTaBjiaeT co6oii npocTyio jiorHnecKyio uenouKy: 

x£E 

fn(x) =i f(x) 

71— »00 

II /„(a0 - /(as) |U eE = sup |/ n (x) - /(x)| — > 



VxeE 0< |/ n (x) - f(x)\ ^ sup |/„(x) - f(x)\ — > 

x£E 

V^efi |/ n (x)-/(x)| — > 

n— >-oo 

Vx g £ /„(x) - /(x) — ► 

n— ¥oo 

Vie£ f n (x) — ► /(x) 



/ n (x) /(x) 

71— 



□ 



H3 3toh TeopeMbi CTanoBHTCH noHHTHO, uto b npiiMepax 19.2.21 h 19.2.41 Heo6H3aTejibHO 6bijio nncaTb 

B BbIBO^,aX, UTO f n {x) CTpeMHTCH K /(x) nOTOHeUHO Ha E, nOTOMy UTO 3TO aBTOMaTHUeCKH CJieflyeT H3 

paBHOMepHoro CTpeMjieHHH f n (x) k f(x) Ha E. 
PaccMOTpHM Tenepb eme hcckojibko npHMepoB. 



o 9.2.5. PaccMOTpHM cpyHKiniOHajitHyio nocjieflo- k Hyjno: 

B aTe JlbHOCTB f n (x) — X n — X n+1 Ha MHOJKECTBe 

E = [0;1]. 5Icho, uto OHa noTOuenHO CTpeMHTca n _ n+i x< ^\0\}] 
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Hto6m npoBepiiTb CTpeMHTca jih OHa paBHOMepHO, 

HaM HyjKHO HaHTH HOpMy 



R. 5ICHO, HTO OHa nOTOHeHHO CTpeMHTCH K CpyHKHHH 

f(x) = \x\: 



\\fn(x) - /(a;)|| xe [o ; i] - a; ™ +1 Le[0;i] — 

= sup \x n - x n+1 \ 

xe[0:l] 

3to mojkho CflejiaTb, hcctho HCCjie,n,OBaB cpyHKiniio 
f n {x) = x n — x n+1 Ha B03pacTaHH6 h yGbmaeHne c 
noMom,LK) npoH3BO,u;HOH: 



f n {x)=nx n - 1 -{n+l)x n = 
x"- 1 {n- (n + l)x} = <=> xe\0; 



1 xi 



\/ x 2 + = |a;| 



IIpoBepHM, 6yn,eT jih sto CTpeMjieHne paBHOMep- 
hbim: 



fn(x) - f(x) \\ xm = 



sup 



.T^ + — - \X\ 



x 2 + \ - \x\ \\ xeR -- 



flOMHOJKaCM Ha 
COIipflJKeHHMH 

pa^HKaji 



n+1 

HHTepBajibi B03pacTaHHH h y6biBaHHH Ha OTpe3Ke 
[0;1]: 



sup 



(V- 2 + 5) -m 5 



+ 13 + w 



sup 

xeK 



x 2 + -k-x 2 



+ M 



sup 



+ M 



3HaueHne cpyHKiniH b tohkg MaKCHMyMa: 

fn 



n+1 J (n + 1)™ (n+l)™ +1 

n" 1 



(n + 1)™ V « + (n + 1)" n+1 

1 1 



infant [\Jx 2 + 4j- + 



^ 1 



^0+^+0 £ 



= BtiBOfl: nocjieflOBaTejibHOCTb / n (x) 



(! + !)» n+1 



TpacpHK: 



,2 I 3_ 



CTpeMHTCH K f (x) — \x\ (nOTOHCHHO h) paBHOMCpHO 

Ha MHOJKecTBe E = M: 



1 x£l 



o 9.2.7. PaccMOTpHM dpyHKiniOHajiBHyio nocjie/ip- 
BaTejiBHOCTb f n (x) — arctg ^ Ha mhojkcctbg E = 
[—a; a]. 5Icho, uto OHa noToneuHO ctpgmhtch k 
(pyHKu,HH f(x) = 0: 



X x£[— a\a\ 

arctg — — > 

Jl n— >oo 



arctg = 



HopMa Ha OTpe3Ke [0; 1]: 

\\fn(x) - /(aOLgrojii = SU P \x n - x 

xe[0;l] 



n+1 1 _ 



fn 



n - 



1 



1 



+ lj (l + I)™ n+1 n->oo 



•0 = 



IIpoBepHM, 6yn,eT jih sto CTpeMjieHne paBHOMep- 
hbim: 



fn(x) ~ f(x) |Ue[-o;o] = || arct g ~ IUe[-a;a] = 



Bbibo^,: nocjieflOBaTejifaHOCTb f n (x) = x n — x n+1 
CTpeMHTCH k f(x) = (noTOueuHO h) paBHOMep- 
HO Ha MHOJKecTBe E = [0; 1]: 



x n - x n+1 



xe[0;l] 



o 9.2.6. PaccMOTpHM cpyHKiniOHajitHyio nocjieflo- 

BaTejIBHOCTb /„ (x) = \J X 2 + H a MHOJKCCTBe = 



sup 

x£ [— a;a] 



= sup 

i+-a;o] 



•/ —a 



arctg ■ 



arctg — At 
n ' 



sup 

[— a;a] 



/x i_ 
-a IT 



X 1 



SUP / " t 2 d * < 

i£[-o;o] J— a 1 + ^7 



^ sup 



x 1 



1 



, _2_dt=--(a-a) 

£[-a;a]7-a 1 + n 
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xe(-oo;0) 

3) n x =t 0; 



BbmoR: nocjieflOBaTejibHOCTb /„ (x) — arctg ^ CTpe- 

MHTCH K f{x) = (nOTOHCHHO h) paBHOMepHO Ha 

MHOJKecTBe E = [—a;a\: M<f 



4 ) tt^ =t l; 



r , n— »oc 
^ a;aj 

arctg- =t x I-I<1 

n— >-oo 

» 9.2.1. IlpoBcpBTe cooTHonieHHa: 6) " x+ "-x zz^ 1; 

n— >oo 

1) arctg f X J? 0; 7) shl *n x ^\. 



n— J-oo 
a;£[-a;a] 



n— foo 
|x|<? 



2) sill— ^ (Bocnojib30BaTBCH tcm 5Ke npHeMOM, q\ . 2n > 2 f». 

™ n— too °) sm x —* "i 

hto h b npiiMepc l9.2.7L 



n— >-oo 



CBoiicTBa paBHOMepHO cxo/jhihhxch cpyHKinioHajiBHBix nocjie^OBaTejiBHOCTeii. IlepeHHCjiHM 
HCKOTopbie CBoiicTBa paBHOMepHO cxo/ihihhxch nocjieflOBaTejibHOCTeii. 

1°. Ecau tfiynKuuu f n uenpepuenu na MHowcecmee E u paenoMepno cxodsimcsi na neM k g^ynKuuu 
I 

f n (x) ^ f(x), 

mo QiynKuufi f nenpepuena na MHoafcecmee E. 

2°. Ecau tfiynKuuu f n nenpepuenu u paenoMepno cxodsimcsi na unmepeaAe (a, b), mo 3am bcmkou 
moHKU c £ (a, b) cnpaeedAueo paeencmeo 



lim lim f n (x) = lim lim f n (x) (9.2.12) 

x— >cn— >oo n— >oo ic— >c 

3°. Ecau cfiyHKi^uu f n nenpepuenu u paenoMepno cxodnmcn na ompe3Ke [a,b], mo 

rb rb 

/ lim /„ (x) dx = lim / f n (x) dx (9.2.13) 

4°. Tlycmb f n - ZAadnue tfiynKuuu na [a, b], ux npou3eodnue f paenoMepno cxodsimcsi na ompesne 
[a,b], u xomsi 6u 3asi odnou mouKu c £ [a,b] cympcmeyem Koneunuu npcdcA 

lim /„(c) (9.2.14) 

n — ¥oo 

Tozda cjjynKuuu f n paenoMepno cxodnmcH na ompe3%e [a, b\ } npuueM 

{ lim f n (x)}' = lim f'Jx) (9.2.15) 

In— foo J n— >-oo 

fl^oKa3amcA'bcmeo. 1. IlycTb (pyHKHHH f n (x) HenpepbiBHbi Ha MHOJKecTBe i? h paBHOMepHO cxo,h;htch k 
(pyHKHHH / Ha iS. IIoKa>KeM, hto f(x) HenpepBiBHa Ha E, to ecTb (cm. onpe/i,ejieHHe §1 rjiaBbi 3) hto 
jho6oh nocjieflOBaTejibHOCTH x, t £ E. cxo^hihchch k TOHKe c £ E 



x% 7 c 

n— > 00 



o6a3aTejibHO BbinojiHaeTCH cooTHOineHHe 

f( Xi ) .— > /(c) 

^jth SToro 3a(pHKcnpyeM KaKofl-HH6yzrf> e > h noKa»ceM, hto noHTH Bee HHCJia /(xj) coflepjKaTCH b 
HHTcpBajie (/(c) — e, /(c) + e), to ecTb, hto ^jih noHTH Bcex HOMepoB i £ N BbinojiHaeTCH HepaBCHCTBO 



\f( Xi ) - f(c)\ < e 



(9.2.16) 
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fl,JIR 3TOrO 3aMeTHM, HTO H3 paBHOMCpHOH CXOflHMOCTH fn{x) K f(x) TO eCTb H3 COOTHOHICHHH 

|| f n (x)-f(x) \\ x eE^ 
n— s-oo 

cjie,u;yeT hto HaiifleTCH HOMep N G N, pjin KOToporo 

|| f N (x)-f(x) \\ xeE < | 
IIocKOjibKy (pyHKipiH /at (a;) HenpcpbiBHa Ha mhojkgctbg E, ^otdkho BbinojiHHTbca coothohichhc 

/jv(aJi) — ► /jv(c) 

3HaHHT, Haft^eTCH trkoh HOMep J EN, hto 



Vz^I |/w(^)-/jv(c)| < 3 



Tenepb nojiyuaeM Vi J 



l/fo) - /(c)| = 1/^) - f N {xi) + f N (xi) - f N (c) + f N (c) - f(c)\ < 

< \ffa) - + \f N (x t ) - f N (c)\ + |/jv(c) - /(c)| < 

<|| f(x) - /jv^) || X6B - f N (c)\ + || /jv(c) - /(c) || X6B < | + | + |=e 



Mm nojiynnjiH to, uto xotcihi: dpopivryjia (|9.2.16[) BBinojiHaeTCH .zljxh nourn Bcex i G N. 

2. IlycTb cpyHKi^HH f n (x) HenpepMBHM h paBHOMepno cxoflaTCH Ha HHTepBajie (a, 6) k KaKOH-TO cpyHK- 
rpra /: 

/«(a0 =4 /(a) 

n— f oo 

Toryja cpyHKiniH /(a;) 6yn,eT HenpepMBHa b cnjiy yxe ,noKa3aHHoro CBOftcTBa 1°, noaTOMy fljia bchkoh 
toukh c G (a, &) mbi nojiyuHM 

lim lira f n (x) = lira f(x) = /(c) = lim /„(c) = lira lira / n (x) 



x— >c n— >oo 



3. IlycTb cpyHKH,HH f n (x) HenpepbiBHM h paBHOMepHO cxoflaTCH Ha 0Tpe3Ke [a,b] k KaKOH-HH6yzrb 
4>yHKH,HH /. Tor/i,a 



b *b 

f n {x) Ax - / /(a;) da; 



{/„ (a:) -/(*)} dx 



< / |/n(ar) - f{x)\ dx^ 



/ sup \f n (x) - f(x)\ dx = sup \f n (x) - f(x)\ ■ / 1 da;=|| /„(x)-/(a;) || xe[o i) ] -(6-a) — >0 

Ja x£\a,b] xelaM Ja ,wo ° 



To ecTb 



1 1 .71 IT 



6 rb 

f n (x) dx- f(x) dx — > 



f{x) dx 



f n (x) dx 

n— >c 

a 3to y^e osna^iaeT, hto BtinojiHseTCH (|9.2.13D : 

lira / f n {x)dx = / lim f n (x) dx 

n^ooJ a J a n^oo 

4. IlycTb /„ - rjia^KHe dpyHKHHH Ha [a, b], hx npoH3BOflHbie f n paBHOMepHO cxo/ihtch Ha OTpe3Ke [a, 6] 
k KaKoft-TO dpyHKHHH g(x), 

fn(x) X S g(x), (9.2.17) 



h xoth 6bi ^ljih oflHoii tohkh c G [a, i>] cymecTByeT kohcuhbih npe/ieji (|9.2.14|) : 

H = lim /„(c). 
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Torfla, b CHjiy flOKa3aHHoro yste CBoftcTBa 1°, (pyHKuiia g(x) HenpepwBHa Ha OTpe3Ke [a,b]. IIosTOMy 

MOJKHO paCCMOTpeTb (pyHKHHK) 



f(x) = H + J g(t)dt, xe[a,b] (9.2.18) 

IIOKajKeM, UTO CpyHKUHH fn{x) paBHOMepHO CXOflHTCH K (pyHKUHH / Ha OTpe3Ke [a, 6]. 3aMeTHM, HTO 



\fn(x)-f(x)\ 



fn(c)+ / f n (t)dx\-{H + / g(t)dt 



{f n (c) - H} + { jf f n {t) dx-J* g(t) d t 



< \f n (c)-H\ + 



{f n (t)-g(t)}dt s- 



^\f n (c)-H\+ \fi l (t)-g(t)\dt^\f n (c)-H\+ sup |/A(t)-ff(t)| dt = 

Jc Jc te[a,6] 

= |/„(c) - ff| + sup |/;(t) - g(t)\ ■\x-c\ = \f n (c) -H\+\\ f n {t) - g(t) || i£M] -|z - c| 

t£[a,6] 



OTCio/ja 



II fn(x) - f(x) |Ue[o,6]= sup - f(x)\ = |/„(c) - H\+ \\ f' n (t) - g(t) \\te[ a ,b] ■ sup |ac — c| < 

x£ [a,b] x£ [a,b] 



To ecTb, 



< |/„(c) - H\+ || - g(t) || tg[o , 6] -|6 - a| — ► + = 

(9.2.19) 



Ux) =4 /(a;). 

n— >oo 



Tcncpb 4)opiviyjia f|9.2. 15[) ctelhobhtcs ohcbh^hoh: 

{ lim /„(*)}' = (4.8) = {f(x)}' = (4.7) = <?(*) = (4.6) = lim f n {x) 

KpHTepHH KoiIIH paBHOMepHOH CXOflHMOCTH CpyHKIl,HOHajIBHOH IIOCJie,a,OBaTejIbHOCTH. 



□ 



Teopeivra 9.2.2 (KpHTepnii Kohih paBHOMepHoii cxo,h,hmocth (pyHKuiionajibHOH nocjieflOBaTejibHOCTii). 
0yHKV,uoHajit>Haji nocAedoeameAbnocmb {f n (x)} mogda u moAbno mozda paenoMepno cxodumcti ua mho- 
Mcecmee E, Kozda ona ydoejiemeopsiem cAedywmuM deyM aKeueaAenmHUM ycAoeusiM: 



(i) 3ak aw6ux deyx 6ecKOHeuHO 6oAbiuux nocAedoeameAbtiocmeu undeKcoe {pi}, {qt} C N 



Pi — > oo, q l — > oo 

i— yoo i— too 



(9.2.20) 



coomeemcmeymmxie nodnocAedoeameAbHocmu {f Pi (x)} u{f qi (x)} nocJiedoeameAbHOcmu {f n (x)} 
paeHOMepno cmpeMfimcH dpyz K dpyzy na MHoatcecmee E: 



|| f Pi (x) - f qi (x) \Ue~^ 



(9.2.21) 



(ii) 3asi aw6ou nocAedoeameAbHOcmu {Zj} C N u ak>6ou 6ecKOHeuHO 6oAbwou nocAedoeamejibHO- 
cmu {ki} C N 

ki — > oo (9.2.22) 



eunoAHnemcsi coomnomeHue 



II fk t +h( x ) - fki(x) \\x 







(9.2.23) 



/JoKasameAbcmeo. y6e/uiMCH CHanajia, hto ycjiOBiia (i) h (ii) /jeiicTBHTejiBHO SKBiiBajieHTHti. 

1. HMnjiHKan;HH (i) =>■ (ii) oueBiiflHa: ecjiH BbinojiHHeTca (i) to ecTt jiioGtie ^Be no,a,noc.jie,zi,OBaTe.iib- 
hocth {f Pi (x)} h {f qi (x)} nocjieflOBaTejibHOCTH {f n (x)} cipeMHTCH APyr k flpyry 



II fpi(x) - f qi (x) |U 



ee; 



0. 
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to aBTOMaTH^ecKH BbinojiHaeTca h (ii), noTOMy hto fljia jno6oii nocjieflOBaTejibHOCTii jy C N h jiio6oh 
6ecKOHeHHO 6ojibiiioii nocjieflOBaTejibHOCTii {ki} C N mm mo^k6m nojioJKHTb pi — ki + U h qi = ki, 11 TOiyja 
6ya,eT BbinojiHHTbCH coothohichhc 



II fki+h(x) - fki(x) \\xEE=\\ fp z ( x ) - fqi( x ) IU 



eE; 







2. flftK&iKeM HMnjiHKan,Hio (ii) =>■ (i). ITycTb BbinojiHseTCH (ii), to ecTt .zyia jiio6oii nocjie,n,OBaTejibHO- 
cth {li} C N h jiio6oh 6ecKOHeHHO 6ojiBinoii nocjieflOBaTejibHOCTii {fc^} C N BbinojiHaeTCH coothohichhc 
(|9.2.23p . Bo3bMeM KaKHe-HH6yn,b n,Be 6ecKOHeHHO 6ojibiniie nocjieflOBaTejibHOCTH hh/jgkcob 



H nOJIOJKHM 



Toiyja 



h nosTOMy 



Pi > 00, qi > 00 

2—^00 i— too 



ki = mm{pi; q,}, h = maxfe; q, t } - k t 
h +li = max-jj^; gj 



/maxjp,;?,)^) _ /min{ Pi (%) , eCJIH > Qi 
fpi ( x ) ~ fq, ( X ) = { fmin{p z ;q z }( x ) ~ /max{ Pl ; 9l } ( x ) , eCJIH Pi < q t 

0, ecjiH pi = qi 

fk,+h(x) - fki(x), ecjiH pi > qi 
fk t (x) - fhi+u (x), ec™ pi < qi 
0, ecjiH pi = q, 

B jik)6om cjiynae nojiynaeTCH 

II f Pi (x) - f gi (x) \\xeE=\\ fk z +u( x ) - fki(x) \\xeE 

nosTOMy 

II fpi{x) ~ fq z ( x ) IUe-B=ll fki+h(x) ~ fk t ( x ) WxeE — > 

z — ^00 



H 3HaHHT, 



f P i(x) - f qi (x) II 



x£E ; 







IIocjieflOBaTejibHOCTH {pi} h {qi} 3Reci> Bbi6HpajiHCb c caMoro Hanajia npoH3BO jtbhbimh . 3to 3HaHHT, hto 
BbinojiHHeTca (i). TaKiiM o6pa30M, mm ,n,OKa3ajTH, hto h3 (ii) cjie^yeT (i). 

3. ^OKajKeM Tenepb, hto ecjiH nocjieflOBaTejibHOCTb {f n ( x )} cxo/hitch paBHOMepno k HeKOTopofi cpyHK- 
d,hh /, to ecTb 

|| f n (x)-f(x) || a6B .— > 

1— >oo 

to {f n ( x )} o6H3aTejibHO flOjBKHa o6jia,n,aTb cbohctbom (i). Bo3bMeM jno6bie ,n,Be 6cckohchho 6ojibinne 
nocjieflOBaTejibHOCTH HHfleKCOB {pi}, {qi} C N 

p 2 — > 00, qi — > 00 

i— foo i— >oo 

CooTBeTCTByK>in,iie no/i,nocjie/i,OBaTejibHOCTH {f Pi (x)} h {f qi (x)} TOJKe cxo^,htch paBHOMepHO k f(x), no- 

TOMy HTO 



\\f Pi (x)-f(x) II 



x£E ; 



0, \\f qi (x)-m 11 



x£E ; 







nosTOMy 



<|| f Pi (x) - f qi (x) \\ xeE =\\ f Pi (x) - f(x) + f{x) - U(x) || xeB < ^123) ^ 

^11 fptix) - f{x) \Ue + \\ f(x)-f qi (x) || X6B .— > + = 



To ecTb, 



/piW - Z?,^) IU 



H 3TO 3HaHHT, ^ITO {fn( x )} flGHCTBHTejIbHO flOJBKHa o6jia/],aTb CBOHCTBOM (i). 
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4. IlycTb BbinojiHeHO (i), to ecTb pjisi jno6bix nocjieflOBaTejibHOCTeft HH^eKCOB 



Pi — > oo, g, — > oo 



BbinojiHHeTca cooTHOineHne 

|| f Pi (x)-f q M lUe*.— > (9.2.24) 



Torfla flJIH BCHKOH TO^IKH a £ E Mbl nojiyHHM 

< |/pi(a) - /?<(«)] < sup |/ P4 (a;) - U(x)\ =|| - / g4 (a;) |U e£; . — ► 

OTKya,a no TeopeMe o flByx MiijiiunroHepax, 

f Pi (a) ~ .— > 



3to 3HaHHT, uto ,hjih bcskoh tohkh a £ E HHCjiOBaa: nocjieflOBaTejibHOCTb cxo/hitch no KpnTepnio 

Konin fT.2.71 06o3HauHM ^epes /(a) ee npe^eji: 

/(a) = lim f n (a), a£E (9.2.25) 

n— >oo 

Mm nojiynnjin cpyHKiniio /, onpe,u;ejieHHyio Ha MHOxecTBe x £ E. 

IIoKa>KeM, hto (pyHKn,noHajibHaH nocjieflOBaTejibHOCTb f n {x) paBHOMepHO cxo/hitch k cpyHKiniH / Ha 

MHOJKeCTBe E. 

|| f n (x) - f(x) \\ xeE — > 

n— ^oo 

IIpeflnojiojKHM, hto 3to He Tax, to ecTb hto nncjiOBaa nocjieflOBaTejibHOCTb c„ = || f n (x) — f(x) \\ x ge ne 

CTpeMHTCH k Hyjiio: 

Cn =|| fn(x) ~ f{x) \\ xeE 7^ (9.2.26) 

Toiyja, no CBOiicTBy 2° §3 rjiaBbi 2, cymecTByiOT noflnocjieflOBaTejibHOCTb pi — > oo h uhcjio e > Taiaie, 

i— >oo 

HTO 



To ecTb, 



II /piOO - /(a:) \\xee= sup |/ p <(x) - /(x)| > e 

x£E 



OTCio^a cjie/i,yeT, hto .hjih Bcaxoro i cymecTByeT Tonxa a; £ E Tarcasi hto 

\f Pi (ai) - f(ai)\ >£ 

TO eCTb 

fpMi) - £ < f(ca) < f Pi ( a i) - e 

BcnoMHHM Tenepb (popMyjiy ([9. 2. 25ft : hhcjio f{a{) HBjiaeTCH npe^ejiOM nocjieflOBaTejibHOCTn f n (a,i) h 
jiejKHT b HHTepBajie (f Pi (a,i) — e, f Pi (o>i) — s) 3HauHT, nouTH Bee uncjia f n {di) jiejKaT b stom HHTepBajie: 

f P Mi) ~ £ < fn(ai) < f P A a i) ~ e 
06o3HauHM uepe3 qi KaKoe-HH6yi];b 3naueHne n c t&khm cbohctbom: 

/p 4 (ffli) - £< fqMi) < fpA a i) - e 

H3 SToro /i,BOHHoro HepaBeHCTBa nojiyuaeM 

\fpMi) ~ fq.( a l)\ > E 

a OTCKyja 

II fpifa) ~ /ft 0*0 \\x&E> \ fpMi) - fq,( a i)\ > £ 

3to npoTHBopennT cpopMyjie (|9.2.24l) . TaKHM o6pa30M, Hanie npeflnojio»ceHHe (5.7) neBepHO. □ 
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(c) PaBHOMepHaa cxoflHMOCTb cpyHKu,HOHajii>Horo pa,a,a 

IlycTb HaM /i,aH (pyHKiniOHajibHbiH paii, 

oo 
n=l 

ii nycTb Sn — nocjieflOBaTejibHOCTb ero nacTHHHbix cy mm : 

N 

Sn(x) = ^2 a n (x) 

n=l 

TOBOpHT, HTO 

oo 

pafl a n cxo/hitcs nomoneHHO Ha MHOxcecTBe E k cyMMe S, ecjrn Sat CTpeMHTca k S noTO- 

n=l 

neHHO Ha E: 

S N (x) S(x) (9.2.27) 

N— >oo 

(to ecTB \fx e E S N (x) — > Six)); 

N— s-oo 

oo 

pHfl °n CXO,H,HTCH pCLGHOMCpHO Ha MH0JK6CTB6 K CyMMe 5, eCJIH Sn CTpeMHTCH K S paB- 

n=l 

HOMepHO Ha i?: 

Sjv(x) ^If S(x) (9.2.28) 

N-HX> 

(to ecTB ||5jv(x) - 5(x)|| a;e£ ; — >• 0). 

JV— >oo 



o 9.2.8. BbiacHHM, 6yn,eT jih pajj, cxo^htbch paBHOMepHO Ha MHOJKecTBe E = 

(1; +oo). ^jih stoto cpa3y 3&MGTHM, hto cjiaraeMBie 

y~^(l — a;) ■ a;" pacKjiaflMBaiOTCH Ha npocTefiniHe ,u;po6h: 

™ =1 a; _ 1 1 

cxoahtbch paBHOMepHO Ha MHOJKecTBe E = (0; 1). (nx - x + l)(nx + 1) rax - x + 1 nx + 1 

Xbia STOro HaitneM npe/Teji ero nacTHHHbix cvmm: n 

" Bbihhcjihm nacTHHHBie cyMMbi: 

W N N 

S N (x) = £(1 - x) • x" = J>» - X-+ 1 ) = (a;) = y ( 1 l_\ = 

n=i n=i ^ x + 1 nx + 1 / 

= (x-x 2 ) + (x 2 -a ; 3 ) + (x 3 -x 4 )+ ... +( x--x-+ 1 ) = " = r-^ j ; j 

j "i j ^ i i i iiii i 



„2 , „2 „3 , „3 „,4 



= x - aT + x" - i J + x u -aT + ... + x" - x I,T = -x + 1 1 1 x + 1 x + 1 2.x +1 

, v . ' v . ' v . ' 

= x — x T — > x — Six) , 

Tenepb Hait^eM HopMy ocTaTKa i j \ \ _ 

■'■ (AT-l)x + l 7Vx + l 

\\S N {x) - S(x)|| xe (o ; l) = ' ' 

= || (x - x^ 1 ) - x|U e(0;1) = = J- L_ xejo^i) _J_ = 

, „ , . . / 1 - X Nx + 1 iV-s-oo 1 - X 

= sup jx^ 1 ! = 1 -U 

xe(0;i) n-+co Tenept HaitneM HopMy 

oo 

BbiBOfl: pafl J2 (! - x ) ■ xU cxo^HTca Ha MHO»ce- HS'jv(x) - S(x)\\ xe ^. t+00 ) = sup 

™ =1 x£(l;+co) 

CTBe (0; 1) noToneHHO, ho He paBHOMepHO k cyMMe , 
S(x) = x. ' " = — — - — > 

W N+l JV^oo 

o 9.2.9. BbiacHHM, 6yn,eT jih pajj, ^ 

Bhboa: pa fl E cxoAHTCa na mho- 

EX n=l 
(nx — x + l)(nx + 1) JKecTBe (1; +oo) paBHOMepHO k cyMMe S(x) = jzr^- 

n=0 1 



1 



iVx + 1 
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» 9.2.2. BtiacHHTe, 6yn,eT jih flaHHbift pH,zi, cxo- ^ ^ x _ ^ ( ^/nx + x — v / "^) 

flHTbca: paBHOMepHO Ha MHO»cecTBe £7: «=i Vn^+x+ynx n=1 

£=(0;1); 

1) £(l-aO-s n ,£;=(0;±); 5) £ (Vnz + 2x - 2 V / ^T^+ y^) = 

n=l „=i 

OO OO / \ 

2) S (rax-x+l)(nx+l) ' ^ = (^j ■*■)' ^ ( V^5+25+7^5+5 _ Vnz+^+V^ J ' 

£ = (0;+oo), E= (l;+oo); 



n=l 

oo 



3) J2(l-x n )-x n , E = (0;1), £7= (0; ±) 

(npe,n;cTaBHTb KaK cyMMy flByx reoMeT- 
pirqecKiix nporpeccnii); ^ = (0; 1); E = (1; +oo). 



OO , OO / \ 

fi N y> X +(31+1) _ y> / 1 I J_\ 

V) x"-(x + l)" — Lj \ (x+1)" X" J ' 

n— 1 n— 1 x ' 



CBOHCTBa paBHOMepHO CXOflHIHHXCH CpyHKH,HOHajIBHBIX pH,H,OB. IlepeHHCJIHM HeKOTOpbie CBOH- 
CTBa paBHOMepHO CXOflHIHHXCH pHflOB. 

1°. Ecau $yHKv,uu a n nenpepuenu na Mnoatcecmee E u pnd 

OO 

n=l 

paenoMepno cxodumcM na Mnootcecmee E mo ezo cyMMa 



n=l 



nenpepuena na Mnomcecmee E. 
2°. Ecau cjjynKuuu a n nenpepuenu na uwmepeaAe (a,b) u pad 



OO 

n=l 

paenoMepno cxodumcM na (a,b), mo 8am bcmkou tuohku c e (a, b) cnpaeedAueo paeencmeo 

{OO ^ OO 

^a„(x) I = I 1 ™ a n (x)} (9.2.29) 
n=l J n=l 

3°. Ecau aiynKuuu a n nenpepuenu na ompe3Ke [a,b] u psid 

OO 

n=l 

paenoMepno cxodumcn na [a,b], mo 

/b ( oc ~\ oor.b ~\ 

|Xj a «( x )| dx = XjW a «(z)dzj (9.2.30) 

4°. Ilycmt a n - ZAadttue aiyHKU,uu na ompeane [a,b], pud U3 npou3eodnux 

OO 



OO 

:,(.»■) 

n=l 



paenoMepno cxodumcsi na ompe3Ke [a,b], u xomn 6u dAH odnou mounu c € [a, 6] cxodumcsi 
uucAoeou pad 

OO 

5>„(c) (9.2.31) 

n=l 
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Tozda (f}yHKV,uoHaM>Huu psid 

oo 
n=l 

paeHOMepno cxodumcn na ompe3Ke [a,b], npuueM ezo cyMMa 6ydem zjiadnou na [a,b], u ee 
npou36odHyw mochcho euHUCAumt> noHJiennuM duificfiepeH'nupoeaHueM: 

{oo ~\ oo 

]Ta„(x) =X>»(*) (9-2.32) 
n=\ ) n=l 



/^OKaaameAbcmeo. 1. IlycTb /jaH pa^, ffl n (i), KOsepcpnnneHTbi KOTOporo a n {x) - HenpepbiBHbie cpyHK- 

n=l 

hhh Ha MHOJKecTBe £\ Toiyja nacTnnHbie cyMMbi 



N 



S N (x) = ^ a n {x) 



n=l 

6yayT HenpepbiBHbi Ha mhojkcctbc E (no TeopeMe I2.2.2p , KaK KOHenHbie cyMMH HenpepbiBHbix cpyHK- 
intfi). Ecjih psm cxoflHTCH paBHOMepHO Ha E, to ecTb HacTnnHbie cyMMti CTpeMSTca paBHOMepHO na E k 

HeKOTOpOH CpyHKHHH S(x) 

xeE 

S N (x) =4 S(x), 

N->oo 

to no CBOiicTBy 1° §4 rjiaBbi 19, 3Ta (pyHKiniH 



S{x) = ^ a n(x) 



flOjcKHa 6biti> nenpepbiBHa Ha MHoacecTBe E. 
2. HycTb (pyHKH,HH a n (x) HenpepbiBHbi h pafl 



n=l 

paBHOMepHO cxo^htch Ha HHTepBajie (a,b). 3to 3HannT, hto ero nacranHbie cyMMti 

N 

S N (x) = ^ a n{x] 
n=l 



HenpepbiBHbi Ha (a, &) h CTpeMHTCH paBHOMepHO Ha (a, b) k HeKOTopoii (pyHKiniH S'(x) 

ccG (a, 6) 
N-yoo 

Tlo CBOiicTBy 2° §4 rjiaBbi 19, OTcro^a cjie^yeT, hto pflsi bchkoh tohkh c G (a, 6) cnpaBe^jrHBO paBeHCTBO 



lim lim Sff(x) = lim limSjv(x) 

x— iV— ^oo TV— >-oo x^c 



TO eCTb paBeHCTBO 



I L^J 

lim < V] a„(x) > = I lim a„(.x) I 

Ln=l J n=l 

3. IlycTb (pyHKH,HH o„(x) HenpepbiBHbi h psm 

oo 
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N 

paBHOMepHO cxoflaTCH Ha 0Tpe3Ke [a, b}. 3to 03HanaeT, hto nacTHHHbie cyMMbi pa^a Sn(x) — a n{x) 

71=1 

HenpepbiBHbi Ha [a, 6] h ctpgmhtch paBHOMepno Ha [a, b] k HeKOTopoft dpyHKiniH S(x) 

xG(a,6) 
iV-s-oo 

IIo CBOHCTBy 3° §4 rjiaBbi 19, OTCio/ja cnepyeT, hto 

r-b r-b 

I lim Sn{x) ds = lim / Sn{x) da; 

J a N^J a 



to ecTb, 



Ja U=l J n=l l Ja 



4. IlycTB o n (x) - rjiaflKne dayman™ Ha [a, b], pa,n, H3 npoH3BO,n,Hbix 

oo 
71=1 

paBHOMepHO cxoflHTCH Ha OTpe3Ke [a, 6], h ,h,jih KaKOH-HH6yn,b tohkh c G [a, 6] cxo/hitcs pa^ 

oo 
71=1 

N 

Tor^a nacTHHHbie cyMMbi Sn(x) = a n{x) - rjia^KHe dpyHKiniH Ha [a, b], nocjie^OBaTejibHOCTb ex 

n=l 

npoH3BO/i,Hbix paBHOMepHO cxoflHTCH Ha [a, b] k HeKOTopofl: dpyHKn,HH g(x) 

x£[a,b] 

S' N (x) =4 g(x), 

AT -5- CO 

h ^jih tohkh c € [a, 6] cymecTByeT KOHenHbifi npe^eji 

lim Sn(c) 

iV-s-oo 

IIo CBOHCTBy 4° §4 rjiaBbi 19, OTCiofla cne/jyeT, hto dpyHKiniH Sn(x) paBHOMepHO Ha [a,b] cxo/hitch (k 
HeKOTopofl rjia,ii;KOH cpyHKHira S(x)), 

x£ [a.b] 

S N (x) =4 S(x), 

N-s-oo 

npnneM 

{ lim S N (x)}' = lim S' N (x) 

ljV->oo J N— >co 

3to 03HanaeT, hto pHfl 

oo 

71=1 

paBHOMepHO cxoflHTCH Ha OTpe3Ke [a,b], h 

{oo ^ ' oo 

J2a n (x) \ = XX (x) 
71=1 J 71 = 1 

□ 
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KpHTepafi KoniH paBHOMepHoii cxo^hmocth cpyHKHHOHajiBHoro pH^a. 

TeopeMa 9.2.3 (KpHTepHH Koiiih paBHOMepHoii cxo^hmocth pa,n,a). IIycmt> {a n } npou3eoJib- 
nasi nocJiedoeameA'bHOcmt) ^jyHKv ) uu, onpedejiewHux na MHocucecmee x € E. Tozda cjiedywiu,ue ycjioeusi 
DKeueaAenmHu: 



(i) cfjyHKV t uoHaAbHuu pad 



E< 



cxodumcn paeHOMepno na Mnootcecmee E; 

(ii) 3jik aw6ou nocJiedoeameA&Hocmu U £ N, u aw6ou 6ecKoneHHo 6oAtmou nocAedoeameAwocmu 
h e N 



hi — > oo, 

i— f oo 



fci+Z; 



cyMMa ^2 a n (x) cmpeMumcM k nyAW npu i — > oo paenoMepno na MHOotcecmee E: 

n=ki + l 

ki+li 

E °™ 

n=fc 4 +l 

J^oKaaameAtcmeo. JXna HaeniHHMx cyMMH Sn(x) — Yl 1 a n Qc) mm nojiynaeM cjie^yiomyio jiorHne- 
CKyio u,enoHKy: 

oo 

pa,n, a„ (x) cxo^htch paBHOMepHO Ha E 

n=l 

t 

nocjie^OBaTejibHOCTb Sn(%) cxo^htcs paBHOMepno Ha E 

I BCnOMHHaeM Kpi-ITCpilH Koiiih 

K ( CXOflHMOCTH (py HKU > H0HajlI,H0 ^ 



\ nocjie^oBaTejibHOCTM — Teopeiviy 19.2.2 

/yiH jik)6oh nocjie^OBaTejibHOCTPi li G N, 
11 jik)6oh SecKOHCHHO 6ojibihoh nocjie^OBaTejibHOCTii hi 6 N fci — ^ oo, 

BbinojiHiieTCH cooTHonieHiie: || S^+i^x) — Sfc. (#) ^ 



' 3aMeiaeM, hto 

Ski + iiix) - S ki (x) = J2 a n (x) 

v n = k i + l 



,n,jia jno6oii nocjie/i,OBaTejibHOCTH ij S N, 
ii jno6oii 6ecKOHeHHO 6ojii>iiioh nocjieflOBaTejibHOCTii ki 6 N fc^ — )> oo, 



BbinojinaeTCH cooTHOiiiciiiie: 







x£E 



□ 



Heo6xo,o,HMoe ycjioBHe paBHOMepHoii cxo^hmocth pa,a,a. MacTO 6biBaeT, hto HacTiiHHbie cyMMbi 
cpyHKiniOHajitHoro pa^a He no^maiOTca bbihiicjichhio, KaK, HanpiiMep, b anyiae c pa^OM 



Ex 



(9.2.33) 



HTo6bi noHHTb, cxoflHTCH 3T0T psp, paBHOMepHO, hjih HeT, Hcnojib3yiOTCH TeopeMbi, Ha3biBaeMbie npH3Ha- 

KaMH paBHOMCpHOH CXO/HIMOCTH. IlepBfclH H3 HHX 3ByHHT TaK! 

TeopeMa 9.2.4. Ecau cfjyHKv i uoHaA'bHuu pad 



n=l 



paeHOMepno cxodumcn na MHOOKecmee E, mo ezo o6iu,uu hach paeHOMepno cmpeMumcsi k nyAW na E: 

xeE 
a n (x) =4 
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/JoKa3ameMbcmeo. II o KpnTcpnio Koihh (TeopeMa 19.2. 3[) . ecjni stot pafl cxojjhtch paBHOMepHO Ha E, to 
jijih nocjie^OBaTejibHOCTCii U — 1, h ki — i ^ojijkho BtmojiHHTbCH ycjiOBHe 



ki+h 

} J a n (a 

n=ki + l 



x£E 



E 



n— i+1 



= ||a i+ i(a;) 



\x£E 



x£E 



□ 



o 9.2.10. PaccMOTpHM pHfl (|9.2.33[) : 

OO 



sin ■ 



3to moxcho c^ejiaTB, HanpiiMep, c noMombio cpop- 
Myjibi HbK>TOHa-JIefi:6HHii,a: npii x > mm nojiyna- 

CM 



n=l 



Ilo npraHaKy a6cojiiOTHOii cxojxhmocth (TeopeMa 
I8.2.9[) , oh cxojxhtch npn jho6om i£l: 



1 

l*E ^2 



A 13. 1.1261 

arctg x | = arctg a; 



< oo 



x dt 



a; = |a;| 



IloHMeM, 6yn,eT jih oh cxojxhtbch paBHOMepHO Ha 
MHOJKecTBe E — R. JXjir 3Toro bbihhcjihm HopMy 
o6m,ero HjieHa: 



h OTCiofla y»ce jj,jih x < nojiynaeM 



X 






sin — 


= sup 


sin — 









= 1/4 

n— foo 

BbiBO^: pa^ cxofliiTca Ha M, ho He paBHOMepno. 

D> 9.2.1. IIpoBepbTe, 6y r a l eT jih pa# cxo^htch paB- 
HOMepHO na MHO^cecTBe R: 

oo 

Ex 
arctg — 
n 

n=l 

3^;eci> npeflBapHTejiBHO Hysoio ,n,OKa3aTb cpopMyny, 
aHajiorHunyio p.l.89[) : 



arctg a; ^ a; 



x e 



(9.2.34) 



V A3. 1.1271 A 

arctg a; = — arctg a: = arctg( —x ) ^ —x = \x\ 

» 9.2.3. IlpoBepBTe, 6yzryT jih flaHHbic phjxbi CXO- 
JXHTCH paBHOMepHO Ha MHOJKeCTBe E: 

oo 

1. £ x n ,E=(-l;l); 

n=l 

oo 

2. £ aj n • (1 — aj"), i? = [0; 1] (3jxeci> Heo6xojjHMO 

n=l 

HCCJieflOBaHne cpyHKiniH x n ■ (1 — x n ) Ha 3kc- 
TpeMyM Ha MHO»cecTBe [0; 1]). 



IIpH3HaK BeiiepniTpacca paBHOMepHoii cxo^hmocth. 

TeopeMa 9.2.5. Ecjiu hucaobou pad, cocmojnu,uu us nopju q^ynKuxiu a n {x) na MHooicecmee E 

oo 

ElM*)IU B (9-2.35) 

n=l 

cxodumcsi, mo <fiyHKV i uoHaA'bHuu pad 

oo 

E a ™( x ) 

n=l 

paeHOMepno cxodumca na MHootcecmee E. 

JJoKasameAbcmeo. Ecjih psji (|9.2.35[) cxojxhtch, to, no KpHTepnio Konrn cxojxhmocth hhcjioboto pHJia 
(TeopeMa 18. 2. 6p . jjjih jik>6oh nocjiejiOBaTejibHOCTH I, £ N, h jik>6oh 6ecKOHeHHO 6ojh>hioh nocjiejjpBaTejit- 

HOCTH ki £ N ki — > oo. 

i— >oo 

ki+h 

E IM^IU-e .— > 

* — * i— too 
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OTCio/ja 



€ 



ki+h 

Y a »( x ) 

71=^+1 



ki+U 



< Y \Wn(x)\\ x 



l£B n=ki + l 



a- 
Y 



ki+l 



n=fc,- + l 



xeE 



IIocKOjibKy 3to BepHO fljiH jho6bix nocjie^OBaTejibHOCTeit Ij, S N h ki G N (fej — s- oo), no KpiiTepnio 



l— ¥ OO 
OO 



Kohih paBHOMepHoii cxo,h,hmocth (pyHKii,HOHajibHoro psifla (Teopeivra 19.2.3ft , pa^, yj (x) paBHOMepHO 

n=l 

CXOflHTCH Ha MHOJKeCTBe E. □ 



o 9.2.11. ITpoBepHM, 6yn,eT jih pafl (|9.2.33|) cxo- 
flHTbca paBHOMepHO Ha MHOJKeCTBe [0; 1]: 



Ex 



J\jisi 3Toro bbihhcjihm HopMy o6mero ujieHa: 



= sup 

c£[0;l] a;e[0;l] 



1 



Tcnepb nojiynaeM 

OO 

Ell X 
sin —x 
71^ 



S[0;1] 



OO - 

Esin — 



oo 1 



BbiBOfl: pa/i, cxo^htch paBHOMepHO Ha OTpe3Ke [0; 1] 



» 9.2.4. IIpoBepbTe, 6y^yr jih ^aHHbie pa^ti cxo- 
,h,htcs paBHOMepHO na MHO^ecTBe E: 



1. — tt — 9 , _£/ = 1R.; 

n— 1 

2. gar" £=[-§; §]; 

n=l 
oo 

3- £ l+rT 4 -^ , E = M (s^ecb Heo6xo r zniMO nccjie- 

n— 1 

^OBaHHe 4)yHKD,HH 1+r ^4 -:c ^ Ha 3KCTpeMyM); 

oo 

4. y; i-ttK £ = K: 

n— 1 

n—l v y 

OO 2 

6- E^(z n + ^ n ), ^=[|,2]. 



IIpH3HaK JIeH6HHIl,a paBHOMepHOH CXOflHMOCTH. 



TeopeMa 9.2.6. Ilycmb (fiytiKVALOHaAbHasi nocAedoeameAbHocmb {b n (x); x € E} o6Aadaem CAedywvu/u- 
mu ceoucmeaMu: 



(i) ona HeompwuameAbHa u Heeo3pacmaem, 

b (x) ^ bi(x) ^ b 2 {x) > ... >Q 
(ii) ona cmpeMumcsi k hi/aw paenoMepno na E: 



\e — ► 

n— f oo 



Tozda 



(a) cfjyHKV t uoHaAbHuu pad ^2 (—l) n b n (x) cxodumcsi paenoMepno na Mnootcecmee E, 

n=0 

(b) ego ocmamoK ouenueaemcsi ceepxy nopMou ceoezo nepeozo UAena: 



n=N+l 



€ \\b 



N+1\\E 



(9.2.36) 



(9.2.37) 



(9.2.38) 



x£E 
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/JoKa3ameMbcmeo. Ife npraHaKa JleH6HHu;a cxo^hmocth HiicjiOBoro psfla (TeopeMa l8.2.10[ ) cjie/ryeT, hto 

oo 

npH KajKflOM (pHKcnpoBaHHOM x G E HHCjiOBOH pafl ^2 (~^) n b n (x) cxoflHTCH. 06o3Ha ii iHM Hepe3 <S*(x) ero 

n=0 

cyMMy, a nepe3 Sn(x) ero lacrinHbie cyMMti: 

oo N 
ri=0 

B cany (|8.2.22ll . mbi nojryraeM: 

V.t € £ IS'(af) - Sjv(a!)| = 



n=0 



E (-i)"^^ 

n=JV+l 



< &iv+i(a;) < ||6jv+i||j 



\\S(x) - S N (x)\\ xeE = sup \S(x) - S N {x)\ = sup 

xEE xEE 



n=2V+l 



^ II^W+lll-B 



To ecTb cnpaBe/i,jiHBa on,eHKa (|9. 2.381) . H3 Hee cpa3y cjie^yeT paBHOMepnaa cxoahmoctb pfl,a,a: 

\\S(x) - S N (x)\\ xeE s£ ||&jv+i|U — ► 

./V— >-oo 



||5(a;) -5^(1)11^ — ► 

iV— »oo 

x£E 

Sn{x) =4 

AT->oo 



IIpH3HaKH ,HHpHXJie h A6ejiH paBHOMepHoii cxo^hmocth. 



□ 



TeopeMa 9.2.7 (npH3HaK ,ZI,HpHXJie) . 2 Ilycmb QiynKuuonaAbnue nocAedoeameAbnocmu {a n } u {b n } 
o6Aadawm CAedymmxiMU ceoilcmeaMu: 

00 

(i) uacmuHHue ci/mmu psida ^ a n paenoMepno ozpanuuenu na Mnootcecmee E: 



sup 

NGN 



N 



E a «( a 



< 00 



x£E 



(ii) nocAedoeameAbnocmb {b n (x)} MOnomonna npu aw6om x G E; 
(Hi) nocAedoeameA'bHocmb {b n } paenoMepno cmpeMumcn K nyAm na Mnootcecmee E: 



\\bn(x)\\ 



x£E 







(9.2.39) 



Tozda pad a n(x) ■ b n (x) paenoMepno cxodumcsi na Mnootcecmee E. 



/JoKa3ameAbcmeo. c oneBH^HbiMH H3MeHeHiiaMii KoniipyeTCH ,n,OKa3aTejibCTBO TeopeMbi 18.2.111 

0603HaHHM 



C = sup 

NeN 



N 



E a «( a 



< 00 



II 3aMCTHM, HTO 



sup 



E a «( 3 



n—p 



xeE 



€2C < 



(9.2.40) 



x£E 



2 TeopeMa l9.2.7l MacTO Ha3i>iBaeTC5i TaioKe npn3HaKOM Xap,a,H. 
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fleiicTBHTejibHO , 



xeE 



71=1 



n=l 



xeE 



xeE 



n=l 



^ 2C 



xeE 



A\ 
C 



A\ 
C 



Bocnojib3yeMCH Tenept KpiiTepi-iGM Koihh (TeopeMa l9.2.3[) : Bti6epeivi npoH3BOjitHBie nocjieflOBaTejitHOCTH 
li E N h ki e N (fcj — ;> oo). IIo HepaBeHCTBy A6ejia (|8.2.3ip nojiyuaeM: 



ki+h 

^ a„(a:) • 



^ 3 • max 



N 

a n(x) 



{ \bkj+i(x)\ , Ibkt+itjx)] | 

A\ A\ 



i=fc i +l 



EE 

A\ j9. 2.401 

2C 



a- 



ki+h 

Y a n (x)-b n (x) 

n=ki + l 



6-C-maxj ||6 fei+ i (^H^g^, ||6fe i+ii (x)\\ x€E } — > 



xeE 



4- 19.2.391 





4- 19.2.391 





3to BepHO fljia jiio6bix nocjieflOBaTejibHOCTeft 6 N h fcj € N (fcj 

CXOflHTCH. 



— ► oo), 3HanHT pHfl ^ a n ■ b n 



□ 



9.2.12. IIpoBepHM, 6yn,eT jih pajj, 



E 



CXO,H,HTBCH paBHOMCpHO Ha MHOJKCCTBe (—1; 0). O6o- 
3HaHHM 

o n (x) = x n , b n (x) 



1 



Torfla 

N 



sup 

xe(-l;0) 



ae(-l;0) 
N 



sup 

x£(-l;0) 



sup 

x£(-l;0) 



A? 



n=l 



1 — X 



N 



l-X 



< S » P M- (1 + 1**1). 



xe(-l;0) 



1-z 



< sup, g( _ 1;0) |ir| -(1 + 1^1) < 2 = 
inf xe (_i;o) |1 - x\ % 1 



OTKya,a 



JV 



sup 

NeN 



^ 2 < oo 



n=l 



x£(-l;0) 



A, c ,a,pyroH CTopoHbi, 

MOHOTOHHO 
H paBHOMCpHO 

^ no x G (-1, 0) 

b n (x) = —= =4 

V W n— >-oo 

BbiBO^: pH/i, cxo^htcs paBHOMepHO Ha MHO^cecTBe 
(-1;0). 

» 9.2.5. IIpoBepbTe, 6yayT jih flaHHbie paflbi cxo- 
,n;HTca paBHOMepHO na MHOJKecTBe E: 



!• E 



V n 2 +e x 



2- E T^fr, = R 

n— 1 

4>opMyjibi (|8.2.35p ); 



(3^eCb Hy^CHO npHMCHHTb 



2 g Sm Jn+i n:C ' ^ = ^ ( TC0Ke Hy^KHbi 4>opMyjibi 

n— 1 

(18.2.351) 1. 



TeopeMa 9.2.8 (npH3H&K A6ejiH). Tlycmb cfiyHKi^uonaAbHue nocAedoeameAtHocmu {a n } u {&„} na 
MHoatcecmee E o6jiadawm CAedytoiu,UMU ceoucmeaMu: 
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(i) pud ^2 a n cxodumcsi paenoMepno na E; 
n=l 

(ii) nocAedoeameAtHocmb {b n } mohouiohhq, u paenoMepno ozpanunena na E: 

sup \\b n {x)\\ xeE < oo 

oo 

Tozda pjid ^2 a n ■ b n cxodumcn paenoMepno na E. 

n=l 

JJoKa3ameAbcmeo. 3/i,ecB noBTopaiOTca: paccyjKfleHHH, npiiMeHaBHineca npn flOKa3aTejii>CTBe TeopeMBi 



18.2.121 CHanajia Hy>KHO 3aMeTHTB, hto h3 paBHOMepHoii cxo^hmocth psip,a, a n cjie^yeT, hto pjia npo- 

n=l 

H3BOjibHbix nocjieflOBaTejitHOCTen li £ N n ki £ N (ki — > oo) BBinojiHaeTcn cooTHOinemic 



max 



N 

n=ki+l 



(9.2.41) 



Ilocjie SToro, o6o3Ha x iHB 



B = sup 1 1 6 rl 1 1 ^ = sup sup < co 



mm nojib3yeMCH KpuTepneM Kohih (TeopeMoii I9.2.3[) : pjm npoH3BOjitHBix nocneflOBaTejiBHOCTeii l,eNz 
ki 6 N (fcj — > oo) no HepaBCHCTBy A6ejia (|8.2.31[) Mbi nojiynnM 



ki+h 

^ a n {x)-b n (x) 

n=fci + l 



^5 3 • max 

ki^N^ki+U 



N 

n=fci + l 



■ max 



{\b ki+ i(x)\,\b ki+h (x)\} 



£ Or, 



B 



B 



^ a„ • b n 

n= ki + l 



^ ZB ■ max 

ki^N^kt+U 



N 



J. 19.2.411 





3to BepHO fljia juo6bix nocneflOBaTejiBHOCTeii li € N n fcj € N (fcj 

CXO,H,HTCfl paBHOMCpHO. 



OO), 3HaHHT pafl a n 1 &n 

n=l 

□ 



(d) Bcio/],y HenpepfaiBHaa, ho HHrfle He .znicpcpepeHHHpyeMaa cpyHKuna 



o 9.2.13. IIycmt> uucjia a u b ydoeAemeopnwm 
ycAoeutiM: 

3 

0<6<1, oe2N-l, ab>l + -n 
Tozda (fiynKuiiH 

oo 

f(x) = ^ bn cos(a n 7Tx) (9.2.42) 

n=0 

onpedeAena u nenpepuena ecwdy na TSL, ho He ducfi- 
(fiepenuupyeMa hu e odnoil mouKe. 

/JoKa3ameAt>cm60. PaBHOMcpntic hopmbi cjiarae- 



mbix 3Toro pa^a o6pa3yiOT cxo^hihhhch pnp, 

oo oo 

b n ||coB(o"7r»)|| x6H = X; b n < co 

n=Q n=0 

nosTOMy no npronaKy BeftepniTpacca (TeopeMa 
I9.2.5p . (pyHKn,noHajiBHBiH pa^ b (|9.2.42p cxo/i,htch 
paBHOMepHO, h 3HannT, onpe^ejiaeT HenpepBiBHyio 
cpyHKnnio. 3a(pHKcnpyeM Tonxy x € M n y6e#HMCJi, 
hto / He /nicpepepeHnnpyeMa b hch. 
3aMeTHM npejK/i,e Bcero, nTO 

L 1 3 

afe > 1 + -7r 

4 
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TT 



3 

2 > ab - 1 



(9.2.43) 



\S\ = 



^ajiee paccMOTpHM Tpii nocjie-flOBaTejibHOCTii: 
11 1 



6 



OA- 



ax+ 2r 2 e 



1 



1 1 

2' 2 



n=0 



COS 



(a™7r(x + h k )) — cos(a n wx) 



n"'.r ■+ — = a fc .T - £ fc e z 
1-ffc f-{a fc z+§} 



fc-i 

?i=0 



n a ra 7r/t fc _ 
= (|0.3.115p = 7T 



A— 1 



ra=0 

(ab) k - 1 7ra fe 6 fc 
a6 — 1 ^ ab — 1 



(3fleci> [•] ii {•} - iiejiaa ii /i,po6Haa: lacrii Hiicjia, 
onpeflejieHHbie <popMyjiaMii (|0.4.158|) ii (|0. 4. 16410 . 
OneBiiflHO, ito 



Ilocjie SToro oijchhm R. IlycTb n ^ k. Toiyja, 
BO-nepBBix, 

a k ■ (x + h k ) = a k ■ x + a k ■ h k = 



<h k C 



2a k 



(9.2.44) 



a K ■ x + - - < a K x 



h k — )■ 0, 

k— ¥oo 

nosTOMy Hania 3a,naHa 6yn,eT BBinojmeHa, ecjiii Mbi 

flOKajKEM, HTO 

f(x + h k )-f(x) k 



= a k ■ x + i - j a k x + i )■ + I = 



a fc x + 



1 



1 = a k + 1 



a" • 7r • (x + fefc) = a" fc • a fe (z + /ifc) • tt 



06o3HaHIIM 

fc-1 



a n - k ■ (a k + 1) • tt 



n=0 
oo 

^ = E &r ' 

n— 

Tor^a 



a- 



(a™7r(a; + ft-A;)) — cos(o n 7ra;) 
hk 

i(a n ir(x + h k )) - cos(a n nx) cos (a n -ir-(x+h k )j = cos a n ~ k ■ (a k + 1) -7r^ 



2N - 1 



f(x + h k )-f(x) 



(— 1)° = ( (-l) a ) = (-l) Q fc +1 



E 6 

n=0 



n cos (a n ir(x + h k )) — cos(a n irx) 



hk 

k— 1 oo 



Bo-BTOpbIX, 



E+E = *+^ 



n— n— 

CHanajia oijeHiiM CBepxy 5*: 

cos (a n n(x + hk)) — cos(a n 7ra) = 

cos (a n irx + a n irh k ) ~ cos(a n nx) = (I3.1.86[) 
2a n TTx + a n nh k 



cos 





. a n irh k 




sm 




2 



< a n 7r/iA; 



A\ 

1 



A\ 13.1. 891 



a • x — a k + £ k 

a n -x = a n - k ■ (a k + &) 
4 



^a™7rx^ = cos ^a" fc • 7r • (ak + Cifc)) = 
cos (a"- fe 7ra fe + a"- fc 7ra) - (llU.4.l48fl 
= cos (a n ~ k a k ir S J ■ cos {a n ~ k ir£, k j - 

V v ' 

II 



sm I a" fc aA-7r I • sin 



a < 

II 
o 

(—1) ■ COS I a 7r£, 



§ 3. PaBHOMepHaa no npoH3BO^HbiM cxo^hmoctb 



2N-1 



= ((-l) a " )°* ■ cos (a n - fe 7r&) = 

= ■ cos (a n - k ^ k ) 

BMecTe mm nojiynaeM: 

cos (a n 7r(a; + hk)) — cos(a n irx) = 

= (-l) ak+1 - (-l) ak • cos (a n ~ k n^ k ) = 

= (-l) Qfc+1 (l + cos (a"- fc 7r£fc)) 



\R\ 



• £ b 



n 1 + cos (a n - k Tr£ k ) 



n— fe ^ 



1 + cos (a"- fc < fc ) 
hk 



v/ 





= f> l + cos(a"- fc 7rq) , 



n— 
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^ b 



k l + cos(a fc fc 7r£ fc ) 



n—k 



t-f.f) 



1 + COS ( 7r£fc ) 6 



Tenepb nojiynaeM: 
f{x + h k ) - f{x) 



>\R\-\S\> 



2a k b k ira k b k 



3 ab-l 

'2 7T 



3 ab-l 



iab) k 



k— voo 



V 19.2.431 





□ 



§ 3 PaBHOMepHaa no npoioBO^HbiM cxo^HMOCTb 
(a) PaBHOMepHaa no npoH3BO,zi,Hi>iM HopMa cpyHKUHH 

IlyCTb E - IIHTCpBcLJI HJIH 0Tpe30K B K. 

• OyHKi^HH / Ha3BiBaeTCH zjiadnou na E nopndKa m, ecjiH OHa hmgct m HenpepbiBHbix npoH3BO,n,- 
hbix Ha E 3 to ecTb ecjiH cymecTByeT KOHenHaa nocjieflOBaTejibHOCTb HenpepbiBHbix cpyHKiniii 
/o, h, /m na TaKHX. HTO 

/o = / 

h fljia BCHKoro k = 0, ...,m — 1 cpyHKiniH /nicpepepeHinipyeMa Ha OTpe3Ke E (ecjiH E - 
OTpe30K, to flHcpepepeHHHpyeMOCTb Ha HeM noHHMaeTca b CMbicjie onpeflejieHHH Ha c J287|) h ee 
npoH3BOflHaa paBHa f k +i- 

fk = fk+i, k<m 

Mhojkcctbo Bcex (pyHKH,Hfi, rjiaflKHx Ha E nopaflKa m, oGosHanaeTca: C m (i5). 

• OyHKH^HH / Ha3biBaeTCH 6ecKOHeuHo zjiadKou na E, ecjiH pjia BCHKoro m S N OHa sbjihctch 
rjiaflKoit Ha E nopaflKa m: 

VmeN feC m iE). 
Mhojkcctbo Bcex 6ecKOHenHO rjia^KHx (pyHKHiiii Ha E o6o3HaHaeTCH C°°iE). TaKHM o6pa30M, 

oo 

C°°iE) = p| C m iE) 

m=0 

Mojkho 3aMeTHTb, hto 6ecKOHeHHaa: rjia/i,KOCTi, / 3KBHBajieHTHa npocTO cymecTBOBaHHK) npo- 
h3bo,hhoh jiio6oro nopHflKa, to ecTb cymecTBOBaHHK) Gcckohcthoh nocjie^OBaTejibHOCTH cpyHK- 
h,hh {f k } na E TaKoii, hto 



/„ = /, VfceZ+ 3f' k = f k+1 . 
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• HopMoil QiynKuuu f £ C m {E), paeHOMepnou na MHODfcecmee E no npou3eodnuM do nopndKa 
m G Ha3biBaeTCH Bejiinima 



|(m) 
IE 



\m\& 



m ^ 

^ fc! 



fc=0 



f(fe) 



E^-- ? i/ (fc) (-)i 

fc=0 fc 



(9.3.45) 



Ecjih fljia KaKoro-Hn6yflb (pyHKniiH /( fe ) He orpaHHneHa Ha E, to 3Ta Bejiiinima CHHTaeTCH 
SecKOHeiHoft. OflHaKO Taxoe mojkbt cjiynHTbCH tojibko ecjin E - HHTepBaji, noTOMy hto ecjin 
E - OTpe30K, to no TeopeMe BeHepinTpacca [2.3.31 Bee cpyHKHHH 6yflyT orpaHHneHbi Ha E. 
OTMeTHM, hto paBHOMepHaa no npoH3BOflHbiM HopMa MajKopnpyeT o6biHHyio paBHOMepHyio 
Hopiviy, KOTOpyio Mbi onpe^ejiajiH (popMyjioit (|9.2.4j) : 



l/ll 



l/l 



(m) 
E 



oo 9.3.1. 



-211(0) 
lla:€[0;2] 

r 2||(l) 
Ilx6[0;2] 

r 2||(2) 

1 llxe[0;2] 



= sup \x | = 4 

xG[0;2] 

= sup |x 2 | + sup |2x|=4 + 4 = 



cG[0:2] 



cS[0;2] 



sup |a; | + sup |2ir| 



cS[0:2] 



cS[0;2] 



- • sup |2| = 4 + 4+ 1 = 9 



(1) 



sup I sin x\ + sup | cos x\ — 1 + 1 = 2 



.ctt 



it-- 



|sina;||^.g R = sup | sina;| + sup | cosx| + 

+ i • sup I — sin x| = 1 + 1 + - = 2,5 

2 xgi 2 



CBoficTBa paBHOMepHofi no npoH3BO,a;HbiM HopMti 

Heompuv > ameA , b'Hocmi>: 

\\I\\ { E l) >0 (9.3.46) 

npuHCM 

||/||^)= <^ Vfc = 0,...,m Vxe-B / (fe) (a;) = (9.3.47) 



|A-/|lL m) -|A|-||A-/||i m) , Aei (9.3. 



OdHopodnocmb: 

1 x ''is — i^i ' m j \\e ' 
3°. TloAyaddumuenocmb: 

U + gllP ^\\f\\ { E ] + \\9\\P (9.3.49) 

4° . IIoAyMyAbmnAUKamueHocmb: 

H/-5llL m) <ll/llL m) -|l5llL m) (9-3.50) 
5°. MoHomoHHOcmb no napaMempy E: 

DCE => ||/||&° < ||/||&° (9.3.51) 
6°. MoHomoHHOcmb no napaMempy m: 

m^n => \\f\\™ < (9.3.52) 
7°. HopMa (fiyHKi^uu Maotcopupyem nopMy ee npou3eodnou: 3am mo6ozo k ^ to 



E 



sc ||/||^ +m) (9.3.53) 



ffoK03amejvbcmeo. KaK n b cjiynae co CBOHCTBaMH paBHOMepHoft HopMbi Ha c !3551 Bee 3th yTBepjKflCHHH 
cjieflyiOT HanpHMyio H3 cbohctb MOflyjia. Mbi npe/i,ocTaBjiHeM HHTaTejno caMOCTOHTejibHO npoBepnTb hx 

CnpaBGflJIHBOCTb. □ 
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(b) PaBHOMepHaa no npon3BO,a,Hi>iM cxo^hmoctb cpyHKnnoHajiBHBix nocjie,zi,o- 
BaTejibHOCTeii 

• ToBopHT, hto nocjiedoeameAbnocmb qjynKuiiu {/„} cmpeMumcn k gjynKU,uu f paenoMepno no 
npou3eodnuM do nopndKa m na Mnomcecmee E, ecjin 

WU-fWP — ► (9.3.54) 

n— > oo 

Cjieflyiomee yTBepjKfleHHe anajioriinHO TeopeMe 19.2.21 h ,n,OKa3MBaeTCfl TaK xe: 

TeopeMa 9.3.1 (KpnTepnii KoniH paBHOMepHoii no npoH3BO,a;HBiM cxo^hmocth cpyHKinioHajiB- 
Hoii nocjie^OBaTejibHOCTH) . (PynKUALonaAbnan nocAedoeameAbnocmb f n G C m {E) mozda u moAbKO 
mozda cxodumcn % nenomopou gjynKU,uu f G C m {E) paenoMepno no npou3eodnuM do nopndKa m na 
MHoatcecmee E , Kozda ona ydoeAemeopsiem CAedymuiALM deyM OKeueaAenmntiM ycAoeuHM: 

(i) dAn Ato6ux deyx 6ecKoneuno 6oAbuiux nocAedoeameAbnocmeu undeKcoe {pi}, {qi} C N 

Pi — > oo, qi — > oo (9.3.55) 

i— >oo i— >oo 

coomeemcmeywuiAie nodnocAedoeameAbnocmu {f Pi } u {f qi } paenoMepno no npouseodnuM do 
nopndKa m cmpeMnmcn dpyz k dpyzy na Mnoofcecmee E: 

WU.-UW^ .— > (9.3.56) 

2— >oo 

(ii) dAn aw6ou nocAedoeameAbnocmu {h} C N u aw6ou 6ecKoneuno 6oAbuiou nocAedoeameAbno- 
cmu {ki} C N 

h — > oo (9.3.57) 

eunoJiH^emcM coomHomenue 

\\fk i+ h - fkA [ E ] .— > (9-3-58) 

%— »oo 

TeopeMa 9.3.2 (o nonjieHHOM ,znicpcpepeHn,HpoBaHHH nocjie^oBaTejiBHOCTH, cxo^HineficH paB- 
HOMepHO no npoH3BO/j,HBiM). Ecau nocAedoeameAbHocmb gjynKi^uu f n , zAadKux nopndKa m na mho- 
Mcecmee E, cxodumcn na smoM Mnootcecmee paenoMepno no npou3eodnuM do nopndKa m, mo 

(i) npedeA 3mou nocAedoeameAbnocmu 

f(x) = lim f n (x), x £ E 

n— f oo 

neAnemcn gjynKu i ueu, ZAadKou nopndKa m na E, 

(ii) dA.n ecnnozo k m npouseodnan nopndKa k om npedeAa coenadaem c npedeAOM nocAedoea- 
meAbnocmu U3 npou3eodnux nopndKa k om ee HAenoe na MHOMcecmee E: 

lim /«(*), xEE. 

71— >OG 

(c) PaBHOMepHaa no npon3BO,a,HBiM cxoahmoctb cbyHKn,noHajiBHBix ph,h,ob 

• ToBopHT, hto qjynKVALonaAbHuu pnd X^^Lo a ™ cx °dumcn na Mnootcecmee E paenoMepno no 
npou3eodnuM do nopndKa m k gjynKuuu S, ecjiH nacTHHHbie cyMMbi 3Toro pima cxo/i,aTca k S 
Ha E paBHOMepHO no npoH3BO,a,HbiM ,0,0 nopsflKa m: 



ak - s 



(m) 

(9.3.59) 



n— too 

E 



k=0 

Cjieflyromne flBe TeopeMbi aHajioriiHHbi TeopeMaM 19.2.31 h 19.2.51 11 ,n,OKa3biBaeTCfl Tax jkb: 

TeopeMa 9.3.3 (KpnTepnii Konin paBHOMepHoii no npon3BO,a;HBiM cxo/i,hmocth pH,n;a). J^ar 
nocAedoeameAbnocmu QiynKuiLU a n G C m (E) CAedymu^ue ycAoeun SKeueaAenmnu: 



(i) qiyHKUALonaAbnuu pnd 



n=l 



cxodumcn paenoMepno no npou3eodnuM do nopndKa m na Mnowcecmee E k neKomopoil cyMMe 
S G C m (E); 
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(ii) djin aw6ou nocjiedoeamejibHocmu i, e N, « aw6ou 6ecK0Hev.no 6oAbiuou noc/iedoeameAbHOcmu 

ki — > oo, 

i— >oo 

cyMMa a n cmpeMumcH k ny/im npu i — > oo paenoMepno no npou3eodnuM do nopndna 

n=ki + l 

m na MHOMcecmee E: 



ki+h 



a - 

n=ki+l 



(m) 







TeopeMa 9.3.4 (npn3HaK BefiepiiiTpacca flJin paBHOMepHofi no npon3BO,a,HBiM cxoahmocth). 

Ilycm-b a n € C m (E), u vucaobou pud 



ii a «( a 



,(m) 



n=l 



cxodumcH. Tozda aiyHKyuonaAbHuu pnd 



cxodumcn, paenoMepno no npou3eodnuM do nopsidna m na Mnootcecmee E. 

TeopeMa 9.3.5 (o noHJiemiOM /nicpcpepempipoBaHiiii pnp,&, cxo,a,HinerocH paBHOMepHO no npo- 
h3bo,h,hbim). Ecau pud U3 tfiynKuuil a n , zAadnux nopudna m na MHOOK.ecm.ee E 

oo 
n=l 

cxodumcsi paenoMepno no npou3eodnuM do nopsidna m na Mnootcecmee E, mo 
(i) cyMMa smozo psida 

oo 

S(x) = ^ a n(x), X £ E, 

n=l 

KBAnemcn, (jjynKuueu, ZAadnux nopttdxa m na MHOMcecmee E; 

(ii) dAfi ecfinozo k ^ m npou3eodnasi nopndKa k om cyMMU coenadaem c cyMMOU pnda U3 npou3- 
eodnux nopsidna k na MHootcecmee E: 



= (a), xeE. 



n=l 



(d) KoHTpnpHMepi>i b KJiacce rjia,n,- 

KHX CpyHKU,HH 

o 9.3.1. Cyuificmeyem 6ecK0Hev.no zjiadnafi cfiynK- 
u,us\, f € C°°(M) co cAedymu^uMu ceoucmeajviu: 

{f(x)=0, x^O 
\f(x)>0, x>0 

JJoKa3ameAt>cmeo. PaccMOTpHM (pyHKinno 

m = i e ~ 



x > 
x < 



Bee oGijHBjieHHijie ee CBOiicTBa OHeBH^Hbi, KpoMe 
6ecKOHeHHOii rjia,n,KOCTH. OneBHflHO, / 6yn,eT 6ecK0- 
hghho rjiaflKoii b HeKOTopofi OKpecTHOCTii KajK/joft 

TOHKH X =/= 0, nOSTOMy HyjKHO TOJIbKO flOKa3aTb, 



hto ona aBjiaeTca decKOnemio rjiaflKoft b OKpecT- 

HOCTH TOHKH X = 0. J iT06bl 3T0 IIOHHTb, BMHHCJIHM 

CHanajia o,u;HOCTopoHHHe npoii3BO,n,HBie b stoh toh- 
kc 5Icho, hto jieBaa: npoii3BO,n,HaH paBHa Hyjno: 



/1(0) = 



HaitfleM npaByio: 



f' (0) = lim ■ 



t -> +00 



= lim ie~* = 

t— >+oo 



Mbi nojiy^HjiH, hto nepBaa npoH3BOflHaa: cyme- 
CTByeT b KajKfloft tohkc Cym,ecTBOBaHHe ocTajib- 
Hbix npoBepaeTCH no vmffyw\vm. IIpeflnojiojKHM, 
hto Mbi ^,OKa3ajiH, hto cymecTByeT npoii3BO,n,Has: 
nopa^Ka n. OneBHflHO, ona hmgct BHfl 



( P n (x) -1 

/(»)(«)= o.(-) e "■■ 



x>0 
x^O 
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Tflfi P n {x) 11 Q n (x) HeKOTOpBie MHOrOHJieHbl. Otcio- 

fla nojiynaeM 



,(n+i) 



(0) 



P n (x)e * 
lim — - 

a;-s-+0 xQ n (x) 



1) e moHKe x = ece ee npou3eodHue paenu ny- 
jim, KpoMe npou3eodHou nopndKa n, Komopasi 
paena edunuye, 



^W(0) = 



t — s- +oo 



,. Rn{t) _ t _ 

= lim e = 



1, fc = n 



r^e R n (t) h - HeKOTopbie HOBtie MHoronjie- 

Hbl. □ 

o 9.3.2. JJjim ak>6ozo unmepeaAa (a, b) na R cyuifi- 
cmeyem 6ecKoneHHO ZAadnaK (fiytiKVALSi g G C°°(R) 
co CAedywuiALMU ceoucmeaMu: 

\9a,b( x ) = °> ^ ^ ( a ' & ) 
\ga,b(a;) > 0, a; G (a, 6) 

/J,OKa3ameAbcmeo. Mojkho nojiojKHTb 

ffo,6(a:) = f(b-x) ■ f(x-a), 

rpfi f - (pyHKE,Ha H3 npiiiviepa 19.3.11 □ 

o 9.3.3. fljix, mo6ozo unmepeaAa (a,b) na R cy- 
uificmeycm 6cckohchho ZAadKan qiyuKuufi h a j, G 
C°°(R) co CAedywmiiMU ceoucmeaMu: 

h a ,b(x) = 0, x < a 

< h 0) 6(«) < 1, z G (a, 6) 

/JoKasameAbcmeo. 3thmh CBOHCTBaMH 6yfleT o6jia- 
,n,aTb dpyHKHira 



,2) ee paenoMepnaH nop Ma na ompesKe [— 1, 1] no 
npou3eodnuM do nopadna n — 1 Memuie e, 



II n(n-i) 
IMI[-i,i] 



< e. 



/JoKa3ameAt>CTneo. IIojiojkhm 5 = - (r^e e - hhc- 
jio Henepa) h paccMOTpHM (pyHKxniio r\ 113 npiiiviepa 
19.3.41 co cjieflyiomHMH CBOHCTBaMH : 

'r)(x)=Q, x(£(-5,6) 
ri{x) = l, ase(-f,f) 
< < 1, - b ocTajibHbix cnyiaax 

PaccMOTpiiM nocjieflOBaTejibHOCTb (pyHKHiiii /„, 
onpe/i,ejieHHyio peKyppeHTHbiMii coothohichuhmii; 

fo = V, 

^ ^ \-/ a °/m-l(*)dt, [-1,0)' 



J a 9a,b{t) d f 

r fle g a ,b ~ <pyHKu,HH H3 npiiMepa 19.3.21 □ 

o 9.3.4. mo6ou nocAedoeameAbHocmu nuceA 

a < a < (3 < b 

cympcmeyem 6cckohchho ZAadnasi a^ywKUUK rj G 
C°°(R) co cjiedywmuMU ceoucmeaMu: 

Tj(x) = 0, x (a, 6) 

??(a;) = 1, x G (a, /3) 
0<r?(a;)<l ) x G (a, a) U (f3, b) 

/JoKa3ameAt>cmeo. Mojkho b3htb 

r)(x) = h a . a (x) + 1 - hp,b(x), 

Tflfi h a ^ a h hp t b - dpyHKiiHH H3 npHMepa 19.3.31 □ 

JleMMa 9.3.1. fljin ak>6ux s > U n G Z + cyiu,e- 
cmeyem ZAadKasi tfiynKuun tp G C°°[— 1; 1] co CAedy- 
mvutAiMU ceoucmeaMu: 



Ilo npejuioaceHiiio [6.3.11 bcc (pyHKD,HH / m hbjihiot- 
ch rjia^KHMH Ha OTpe3Ke [—1,1], npineM 

f m = fm-1, TO ^ 1 

OTCio^a cjie^yeT dpopMyjia: 



f m -k, < k < m 
f, { n } = {v, k = m 

J ^(fc-m) ) k > m 



(9.3.60) 



H3 Hee, b cbok) onepeflb, cjie^yeT Tpii BajKHbix ^jih 

HaC COOTHOHieHHH: 



II, k = m 



iT(o) 



(9.3.61) 



||/m||r_in= sup |/ m (a;)|<(5, to^I 

x6[-l,l] 

(9.3.62) 



l/"»ll[-l,l] ^ fc 



(9.3.63) 



3flecb paBeHCTBO (|9.3.6ip ,n;0Ka3biBaeTca: nepe- 
HiicjieHiieM cjiynaeB: ecjiH ^ k < to, to 



rn 

ecjiH k = m. to 



finKO) = /m-fe(0) = / fm-l(t)dt = 0, 




/i fc) (o) = ^(o) = i, 

H ecjiH >Ke fc > 771, TO 

/i fc) (o) = 7 ? ( fe -™)(o) = o. 

t 

nocTOHHHaa 
Ha HHTepsajie 

K 2- 2 > 
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HepaBeHCTBO (19.3. 62p ,n,OKa3biBaeTca: HH/ryKin-i- 
eft. Ilpn m = 1 nojiynaeM, c oflHoii CTopoHbi, 



l/i||r ii = SU P l/iO)l = SU P / V(t) dt 
xe[o,i] xe[o,i] Jo 

= sup [ n(t) dt = f r](i) dt sC 

zGlO.lWO JO 

^ (5 ■ sup ri(x) = S 

x£[0,8] 



ra— 1 

f ll(w-l) _ _J_ 



fc=0 



f (fc) 



[-1,1] 



m— 1 



(t x 1 

E fcj -Il/m-felll-l,!] < < 

.it — 1 1 / OO - ^ 



fc=0 
m—1 

k=0 



Vfc=0 



S = e • - = e 

e 



C flpyroft CTopoHbi, 

11/ilLi, 0] = SU P \fi( x )\ 

x£[-l,0] 



Ilocjie Toro, k&k cooTHoniemiH (|9.3.61l) - (|9.3.63[) 

,n;0Ka3aHi>i, HaM ocTaeTCH nojiojKHTb 



= sup 

xe[-i,o] 



p0 pO 

/ r)(t) dt = sup / r)(t) dt = 
Jx xe[—i,o]Jx 

rj(t) dt ^ 6 ■ sup rj(x) = 8 

<> ' a:e[-<5 : 0] 



BMecTe 3to ,naeT 

ll/ill[-i,i] = max {ll/i|l[-i,o]'ll/ill[o,i]} 



h mm nojiy^iHM 



,(fe) _ 



<P = fn 



0, k^n 

1, k — n 



□ 



Elajiee, ecjui ^jih m—1 HepaBeHCTBO (|9.3.62l) y*;e 
,a,OKa3aHO, to pjin m nojiynaeM: c o/nroii CTopoHbi, 



TeopeMa 9.3.6 (Bopejit). /fjm mo6ou nocjiedoea- 
meJimocmu nuceji a — {a„; n G Z + } cymecmeyem 
ZAadnati <fiyHKV > UM f hbR manafi, umo 



VneZ+ /(™)(0)=a„ 



(9.3.64) 



l/mllfo 11 = SUp \f m (x) 
xd[0,l} 



sup 

ce[o,i] 



f m -i(t) dt 



sup(x-O)- sup |/ m _i(a;)| < 

a;e[0,l] x£[0,l] 

<1- || / m _x || f_ 1(1] <<5 

A\ 
<5, 

no npeflnojiojKCHHio 
im,a;yKUHH 

A c flpyroit CTopoHbi, 

ll/mllf-l ol = SU P I /m 0*0 1 = 

xei-i,o] 



/J,oKa3ameAt>cmeo. Bbi6epeM nocjieflOBaTejitHOCTb 
(pyHKiniii ip n co cjie/ryioiHHMH CBOiicTBaMii: 

1) ecjui a n — 0, to ip n = 0, 

2) ecjui a„ t^O, to Bbi6iipaeTCfl no jieMMe [9".3.1l 
TaK, x iTo6bi BbinojiHHjiiicb ycjiOBiia: 



9 



(k) 



0, k^n 

1, k = n 



(n-l) 



1 



2"- 1 ■ |a„| 

3aMeTIIM, HTO (pyHKII,HOHajIbHbIH pHfl 



(9.3.65) 
(9.3.66) 



E a n ■ <Pn 



sup 

as£[-l,0] 



fm-l(t) dt 



71=0 



^ sup (0-a:)- sup |/ m _i(a;)| < 
xe[-i,o] xel-ifi] 

^ 1 ' ||/rra— 1 1| [—1,1] ^ ^ 



CXO^,IITCH Ha [—1,1] paBHOMepHO nO npOIQBOflHblM 

pp npoii3BOju>Horo nopaflKa k. ^eiicTBHTejiBHO, npii 
jiio6om (piiKCiipoBaHHOM k mbi nojiy^aeM: 



A\ 
6, 

no npeflnojiojKGHHio 



|(fe) 



-1,1] 



I (n-l) 

4-1.1] 



n^fc+l 



H BMGCT6 nojiynaeTca (|9.3.62p ^jih m: 



/mil [-1, 



; {ll/m||[_i, ] > l|/m||[0,l]J ^ $ 



HepaBeHCTBO (|9.3.63p ,i];0Ka3biBaeTCH Bbinncjie- 
hhgm; 



I9.3.53I 

fc n - 1 

= E Ki • iKiifrij < 

njsfc+l 1 "' n^fc+1 



1 



lra-l 



E — 



< OO 
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H3 cxoflHMOCTH SToro pHfla no npH3HaKy Bcftcp- 
inrpacca l9.3.4l cjiejyeT. hto ero cyMMa 

00 

n=0 

HBjiaeTCH rjiaflKoii dpyHKniieii nopa/pca k. 3to cnpa- 
Be/i,jiHBO jiioGoro A:, 3HaHHT / HBjiaeTCH rjia^- 
Koii. IlpH 3tom, no TeopeMe o nonjieHHOM /nidpcpe- 
pcHnnpoBaHHH 19.3.51 

00 

/« = y: a n ■ v p 

n=0 



H OTCIOfla 

00 

/( fe )(o) = J2 a n ■ ^ fc) (o) = mm = «fe 

t 

Cpe^H 3THX 'IHCeJI 
OTJIH1HO OT HyjIH 
TOJlbKO C HHflCKCOM 
71 = k 



§ 4 AnnpoKCHMai^Ha 

(a) IIpH6jiH>KeHHe HHTerpnpyeMMx cpyHKijHH 
HHTerpajiBHaH HopMa cpyHKipm. 

• MnmezpaAbHou nopMou (p"yHKV,uu f na ompe3Ke [a,b], Ha3biBaeTCH BejinnnHa 

\\f\\{a M = ll/(*)ll£ 6[ „,6] : = / l/WI dx ( 9A67 ) 

J[a,b] 

(3^ecB npeflnojiaraeTca, hto dpyHKniiH / onpe/i,ejieHa n HHTerpnpyeMa Ha OTpe3Ke [a, b]). 



00 9.4.1. 



.211/ 



cS[0;2] 



\x 2 \ dx=^- 



[0;2] 



x=o 3 



sin x 



1/ 

lse[0;7r] 



sinxl d x 



[0;tt] 



sin i d j; = - cos a; 



x=0 



sin x 



I 1 

lse[0,27r] 



[0,2tt] 

sin 1 da;- 



x=0 



I sinx| ds = 
sin 1 di 

a;— 2tt 



2 + 2 = 4 



CBoiicTBa HHTerpajiBHoii hopmbi 

1°. HeompwuameAbHocmb: 



2° . OdHopodnocmb: 

3°. TLojiyaddumuenocmb: 



l|A-/llf , 6] = |A|-||A-/||f O|6]1 A EM (9.4.69) 



IIZ + ^llL^II/llL + NlL (9-4.70) 



1,6] ^ WJ W[a,b] ^ \\y\\[a,b] 

4°. MoHomoHHOcrrib no ompe3Ky [a, b]: 

[a, 6] CM => ||/||f 0i6] < ||/||f C)d] (9.4.71) 

/(oKasamejibcmeo. KaK n b cjiynaax c paBHOMepHOii nopMOii h c paBHOMepHOii no npoH3BO^,ni>iM nopMOii 
3th CBoftcTBa cjie,nyiOT H3 cbohctb MO^yjiH (h b flaraoM cjrynae eine H3 cbohctb HHTerpajia) . □ 
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IIpH6jIH>KeHHe HHTerpHpyeMOH CpyHKIJIIII KyCOHHO nOCTOHHHHMH. 

• OyHKnira g Ha 0Tpe3Ke [a, b] Ha3BiBaeTCH KycouHO-nocmojiHHou, ecjiii cymecTByeT pa36neHHe 
T = { x 0i ■■■,%k} OTpe3Ka [a,b] Taicoe, hto Ha Ka»cflOM HHTepBajie (xi-i,Xi) dpyHKniiH g nocTO- 
HHHa: 

g( s ) = 9(t), s,t e (xi-i,Xi) 

IIohhtho, hto BCHKaH KycoHHO-nocTOSHHaH cpyHKiniH g 6yn;eT KycoHHO-rjiaflKoii, h 3HanHT, HHTerpH- 
pyeMOH Ha [a, b]. Ecjih uepe3 Ci o6o3HauHTb 3HaueHHH g Ha HHTepBajiax nocTOHHCTBa (xi^\,Xi), 

g(x) = Ci, x e (xi-uXi), 

to no jieMMe [B.2.21 HHTerpaji no KajKflOMy OTpe3Ky Xi] ot g 6ya,eT paBeH HHTerpajiy ot Ci no STOMy 

OTpe3Ky 



g(x) dx = Ci ■ (xi - Xi-i) 

1 

KaK cjieflCTBne, HHTerpaji ot g no BceMy [a, b] 6yn,eT paBeH 



/b k 
g{x) d x = Ci ■ (xj - Xi-x) 
i=i 



(9.4.72) 



TeopeMa 9.4.1. ,Zf/us mo6ou uumezpupyeMou c/jyHKv i uu f na ompe3Ke [a, 6] u jiw6ozo e > modkho 
naumu KycoHHO-nocmoMHHyw (^ywKv^uw g na [a, b] manym, nmo 

11/ - S||( a , 6] = /' \f(x) - 9{x)\ dx<e (9.4.73) 

J a 

QyuKi^uto g Moofcno eu6pam'b man, Hmo6u eunojinjuiocb ycjioeue: 

sup \g{x)\ < sup |/(a;)| (9.4.74) 

x^[a,b] x£[a,b] 

/JoKaaameAbcmeo. Bbi6epeM pa36neHHe r = {xq, Xk} 0Tpe3Ka [a, b] Tax, HTo6bi hhjkhhh cyMMa r ZI,ap6y 
s r OTjiHnajiacb ot HHTerpajia MeHbnie ubm Ha e: 

< / /(a:) dx - s r < e 

J a 

(stoto Bcerfla mojkho /i,o6HTbCH, b cnjiy coothoiiighiih (|6.1.15p ). Hojiojkhm 

g(t) = inf f(x), te[xi-i,Xi) 

x£[xi-i : Xi] 

(a b nocjieflHeii tours Xk = b dpyHKnino g mkkho onpeflejinTb, HanpHMep, nojiojKHB g(b) — /(&)). Tor,a,a 
mbi nojryuHM: 

g[x) ^ f(x), x e [a,b] 

h noaTOMy 

f \f(x)-g(x) \ dx= f (f(x) - g(xj) dx= [ f(x) dx- [ g(x) dx = ^M = 

a s * v y Ja Ja Ja 



V/ 




I f(x) dx- y inf f(x)-Axi= / f(x) dx-s T < 

Ja ~, ' x£[Xi-i,Xi] J a 



YcjiOBne (|9.4.74p BbinojiHaeTCH no nocTpoeHHio g. □ 
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IIpH6jiH»ceHHe HHTerpHpyeMOH cpyHKijiiii HenpepbiBHbiMH. 

TeopeMa 9.4.2. /Jam aw6ou uumezpupyeMou (fiyHtmuu f na ompe3Ke [a, b] u awGozo e > mojkho 
naumu nenpepuenyw (pyHKi^um g na [a, b] manym, umo 



Wf-9\\{ a . b] = / \m-9(x)\ dx<e 

J a 

OyHKVAim g MocifCHO eu6pamb maK, umo6u eunoAHMAOct ycAoeue: 

sup \g(x)\ ^ sup \f(x)\ 

[a,b] xG [a,b] 



a maKOfce ycjioeue 



g(a) = = g(b) 



(9.4.75) 



(9.4.76) 



(9.4.77) 



/JoKaaameAbcmeo. 1. PaccMOTpiiM CHanajia cnyuaii, Kor^a cpyHKinia / npeflCTaBjiaeT co6oii CTyneuBKy, 

TO eCTb HM6GT BHfl 

' C, x € [a, ft] 
0, x<£[a,ft] 



/(») 



fljia HeKOToporo OTpe3Ka [a, ft] C [a,b] h HeKOToporo HHCJia Cel. Tor,n,a ^jih juo6oro s > moscho 

nOnpaBHTb CpyHKHHIO / JIHHCHHO B OKpeCTHOCTHX TOUeK pa3pbIBa a H ft (HJIH B OKpeCTHOCTH OflHOH H3 

hhx, ecjiH flpyraa HBjraeTCH kohhom OTpe3Ka [a, 6]) Tax, HTo6bi nojiyHHjiacb HenpepbiBuaa: cpyHKiniH g, 
OTjiHuaion;aaca ot / TOjibKO b sthx OKpecTHOCTax, h HHTcrpaji ot MO^yjia pa3HOCTH 6y^eT MajieHbKHM. 
Ha H3biKe (popMyji sto mojkho Bbipa3HTb Tax: ecjin a ^ a h ft ^ b, to nojiojKHM 



8 = min 



\3|C|- 



0. 



x < a — 8 



ot-a,b- ft} , g{x) = < 



j • x + C - j • a, ie[a-J,a] 



€ [a,/9] 



0. 



x > ft + 8 



h Toiyja g HenpcpbiBna, OTjiuuaeTca ot / tojibko Ha HHTepBajiax (a — 8, a) h (ft, ft + 8), h pa3HOCTb / — g 
BMrpfi He npeBoexoflHT \C\, noaTOMy 



\f(x)-g(x)\ dx 



CK — S 



P+s 



\f(x)-g(x)\ dx+ / \f(x)-g(x)\ d x < 2|C|<5 < 2\C\ 







e _2e 

3jcf ~ T <e 



Ecjih »ce a = a hjih /3 = b, to b onpejrejieHHH g HHTcpBaji (a— 8, a) hjih HHTepBaji (ft, ft+8) cootb6tctbchho 
HyjKHO hckjhouhtb, h pe3yjibTaT 6yn,eT tcm jkc ycjiOBHe (|9.4.76[) npn stom BbinojiHaeTCH aBTOMaTiiuecKH. 

2. Ilocjie SToro npe^nojiojKHM, uto dpyHKinia / KycouHO-nocTOHHHa. Toiyja, ecjin He CHHTaTb ee 3Haue- 
hhe b TOHKax pa3pbiBa, OHa 6y,neT coBna^aTb c cyMMOii HeKOToporo KOHeuHoro Ha6opa CTyneHeK /i, /„: 



/=!> 



fljia KajKfloii CTyneHbKH /j nopjoepeM HenpepbiBHyio dpyHKn,Hio gi Tax, HTo6bi 

rh e 
\fi(x) - gi(x)\ dx < - 



Toiyja, nojiojKHB g = J3i=i 9ii MbI nojiy^HM: 



\f(x) -g(x)\ dx 



d x = 



i=i i=i 



dx € 



i=l 

dx = ^2 fi( x )-gi(x) dx <^2~ 

i=l i=l n 



Ecjih B,no6aBOK Bbi6HpajiHCb Tax, HTo6bi BbinojiHHjiocb ycjiOBHe (I9.4.76|) . 

sup \g t (x)\ < sup \fi(x)\ 

x£ [a-b] x£ [a,b] 
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to 3TO ycjiOBHe 6yfleT BbinojiHHTbca n jijir g: 

sup \g(x)\ = max sup |Si(a;)| < max sup \fi{x)\ = sup |/(ir)| 

xe[a,b] 1 < i < n xe[a,b] 1 < IS S™ xe[a,6] xe[a,b] 

3. HaKOHen,, ecjiH / - npoH3BOju>Haa HHTerpupyeMaa dpyHKHira, h e > 0, to, no,zi;6epeM pjisi nee no 
TeopeMe 19.4.11 Kvco^HO-nocTOgHHyio dpyHKniiio, o6o3Ha x iHM ee h, Tax, hto6h 

- h(x)\ dx< £ - 

3aTeM, no yste ^,OKa3aHHOMy, mm mo^kcm no/i;o6paTb ^jia cpyHKinin h HcnpcpbiBHyio dpyHKHHio g TaK, 

HT06bI 

rb e 
\h(x)-g(x)\ Ax < - 

H TOiyja mbi nojiyuHM: 



f \f(x)-g(x)\ dx= [ \f(x)-h(x) + h(x)-g(x)\ dx^ [ (\f(x) - h(x)\ + \h{x) - g{x)\) 

J a J a J a 



d X 



\f(x) - h(x)\ d x + J \h(x) - g(x)\ dx<- + -=e 

Ecjih KpoMe Toro, hug BbiGnpajiHCb Tax, uto6bi yapBjieTBopjiTb ycjiOBHHM (|9.4.76p n (|9.4.74p , to mh 
nojiyHHM 

19.4.761 119. 4. 741 

sup \g(x)\ < sup \h(x)\ ^ sup 

x£[a.b] x£[a,b] x£[a,b] 

4. IIocjie/],Hee ycjiOBne (19.4. 77|) mojkho o6ecne x iHTb, nonpaBHB erne HeMHoro cpyHKHino g b orcpecTHOCTH 
toukh a hjih b TaK, KaK mbi 3to ^ejiajin b nyHKTe 1 (to ecTb jinHeftHo) . □ 

(b) CBepTKa 

• CeepmKou (pyHKuiiii / :8->Rh5:R->1 Ha3biBaeTCH cpyHKiniH f*g ; R — >• R, onpeflejienHaa 
dpopMyjion 

f(y)-g(x-y) dy= lim / f(y)-g(x-y)dy, yeR (9.4.78) 

-co A -> -°° J A 

S -s. +oo 

3^ecb b npaBofi HacTH ctoht Heco6cTBeHHbin HHTerpaji, KOTopbift, kohcuho, hc pjia juo6bix /, g 
n x cymecTByeT, h nosTOMy CBepTKa / * g ne Bceiyja onpeflejieHa. Cpe/ni ^ocTaTOHHbix ycjiOBnit pjisi 
cymecTBOBaHHH CBepTKH Hac 6yp$T HHTepecoBaTb tojibko o/hto, a hmghho, to, b kotopom cpyHKinin / h g 
jiOKajibHO HHTerpnpyeMbi, npnueM o^Ha H3 hhx cpnHHTHa. IIoHHTHe JiOKajibHO HHTerpnpyeMOH cpyHKnnn 
6bijio BBefleHO Haivm Ha c !314[ a uto Taxoe dpnHHTHafl cpyHKinia o6t)HChhgtcse b cjieflyioin;eM onpeflejieHnn: 

• OyHKirnfl / : R — > R Ha3biBaeTCH cfjuHumHou, ecjin cymecTByeT 0Tpe30K [a, b], BHe KOToporo 
(pyHKHira / o6pamaeTCH b Hyjib: 

Vx£[a,b] f(x) = 

HaHMeHbniHfl H3 TaKnx OTpe3KOB Mbi 6yn,eM Ha3MBaTb eunyKAUM uocumeAeM c/jyHKv i uu / n 
o6o3HaHaTb conv supp /: 

convsupp/ = P| I [a, 6] : Vx ^ [a, b] f(x) = O} 

(ecjin / (pHHiiTHaa h He Be3flfi HyjieBaa, to TaKoii 0Tpe30K Bceiyja cymecTByeT) ■ 

TeopeMa 9.4.3. Ecjiu cfiyHKi^uu fug AOKaAtno uumezpupyeMU, npuneM odna u.3 hux tfjuHumna, mo 
ceeprriKa f * g : R — ¥ R KoppeKmno onpedeAena u nenpepuena. 
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/JoKa3ameMbcmeo. Ecjih cpHHHTHa cpyHKirnH /, to HHTerpaji b npaBoii nacTH (I9.4.78|) 6ya,eT paBCH hhtc- 
rpajiy no ee BBinyKjiOMy HOCHTejiio [a, b] = convsupp/: 

/+oo r-B 
f(y) ■ g(%-y) dy = lim / f{y) -g(x-y) dy = 
-00 A->-oa, 

B -> +00 



.1 



4 I / ^ v ^' 9 ^ x ~ v ^ dy + J f(y)'9{x-y) dy + J f(y) ■ g(x - y) d y \ = 

II II 



f(y)-g(x-y) dy 

Ecjih jkb cpHHHTHa cpyHKinis g, n [a, b] = convsupp g - ee BbinyKjrtiH hochtcjib, to jijih bchkoto cpiiK- 
cupoBaHHoro x £ R cpyHKniiH y 1— > g(x — y) 6ya,eT TOJKe cphhhthoh , h ee BBinyKjiBiM HOCHTejieM 6yfleT 
OTpe30K [x — b, x — a] : 

x—y £ [a, b] a ^ x—y ^b —a ^ y—x ^ — b x—a ^ y ^ x— 6 y e [x— 6, x— a] 

ITosTOMy HHTerpaji b (|9.4.78p 6yjj;eT HHTcrpajiOM no OTpe3Ky [x — b, x — a]: 

/+00 r-B 
f{y) ■ g(x -y) dy = lim / f{y)-g{x-y)dy = 
-00 A-* -00 , 

B -y +00 



.4 



-b px — a i>B 

^lim^^ / f(y) ■ g{x-y) dy+ / f{y)-g(x-y)dy+\ f{y)-g(x-y)dy 

B +00 



A Jx — b 



II II 




f(y) ■ g( x -y) d y 

-b 

OcTaeTCH npoBepnTB, nTO cpyHKirHH / * g HenpepBiBHa - mbi sto cjrejiaeM no3*;e, Ha c !388l □ 

• CdeuzoM (pyHKv,uu f : K — > R na BejinnnHy a € R Ha3BiBaeTCH cpyHKiriiH T Q / : R — ► R, 
onpeflejieHHaH npaBHjiOM 

T a f{x) := f(x + a), x £R (9.4.79) 



1°. /Jucmpu6ymu6Hocmt>: 
2°. KoMMymamuGHoem'b: 



CBOHCTBa CBepTKH 

(/ + g)*h = f*h + g*h (9.4.80) 
f*g = 9*f (9.4.81) 



3°. IlepecmaHoeoHHOcmb co cdemoM: 

(T a f) * «? = T a (f * 5) = / * (T oS ) (9.4.82) 

4°. OufiHKa paeHOMepnou nopjuu: ecAU (fiyHKUALH g (AOKaAbno unmezpupyeMa u) cocpedomoueHa 
na ompe3Ke [a,b], 

Vx i [a, b] g(x) = 0, 

mo 3am aki6ou (AOKaAbno uwrnezpupyeMou) <fiyHKV i uu f u aw6ozo ompe3Ka [A, B] eunoAHH- 
mmcM Hepaeencmea: 

\\f*9\\ [ A < B]^\\f\\[A- b ,B-a]-\\g\\[a, b] (9-4-83) 

ll/*5ll[A, B ]<ll/ll[A-6,B- a ]-NI K 6] ( 9 - 4 - 84 ) 
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/JoKa3ameAt>cmeo. 1. IlepBoe cbohctbo flOKa3BiBaeTCH npocTO BbiHiicjieHiieM: 

f+OO 



((f + g)*h)(x) 



f(y) +g(yj) -h(x-y) dy 

f + ' 

f(y) -Kx-y) dy + / g(y) ■ h(x - y) dy = (f* h)(x) + (g * h){x) 

J — oo 

2. Cjie^yiomHe jxb& CBOiicTBa flOKastmaiOTCfl 3aMeH0ii nepeMenHoii. KoMMyTaTiiBHOCTb: 



/ * g(x) 



f(y) ■ g(x - v) d y = 1™ / f(y) ■ g(x - y) d y 

A -> -oo J A 
B -y +oo 



x - y = t 
y — x — t 
dy = -dt 



= — lim 

A -y -oo J X ^A 
B -y +oo 



-B 



/(x - t) ■ g(t) d t = lim 

A -y -oo 
B -y +oo 



B 



f(x-t)-g(t) dt = 



B = x - A 
A = x - B 



+oo 



+oo 



= _lim / f{x-t)-g{t) dt= I f{x-t)-g{t) dt = (g*f)(x) 

A — y — oo J A 



B -y + oo 

3. IIcpCCTaHOBOHHOCTb CO CflBHraMH! 



T a f(y)- g(x-y) dy = lim / f(y + a)-g(x-y)dy 

A — y — oo . 
B -y +oo 



B 



A 



y + a = f 
y — t — a 
dy = dt 



lim 

A — y — oo 
B -y + 00 



B+a 



f(t)-g{x + a-t) dt 



a — A + a — y — oo 

A— > — oo 

3 = B + a — y +oo 

B^ + oo 



lim / f{t) -g(x + a-t) dt 

a — > — oo , 
[3 -> +co 



/(i)-ff(x + a-t) di = ( ff */)(z + a)= (T a («7*/))(z) 



H tohho Tax »ce /i,OKa3biBaeTCH BTopaa (popMyjia b (|9.4.82p . 
4. ^,OKa»ceM (|9.4.83p : 



V^[4,B] (/*<?)(*) 



f(x-y) ■ g(y) dy 



otjihhho ot Hyjia 
TOJibKO npn y G [a, fr] 



f(x-y)-g(y) dy 



[A — 6, B — a] 

Ul 

[2; — 6, a; — a] 



< / |/(s-y)|- 5 ( V ) dy<||/|| 



[A-b,B-o] 



<?(y) dy = \\f\\ [A _ biB _ a] ■ \\g\\{ aM 



A\ 

Wf\\[A-b,B-a] 



ll/*flll[A,B]= SU P (f*9)(x) < \\f\\[A-b,B-a] ■ IMIjC.6] 
x £ [v4 1 _£?] 



Tenept (|9.4.84|) : 

V^[A5] (/*<?)(z) 



f{x-y)-g{y) dy 



OTJ1HMHO OT HyjIH 

TOJibKO npn y G [a, fa] 



f{x-y) -g{y) dy 









f(x-y) 


J a 





A\ 
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f(x-y) dy-\\g\\ [ab] 



x - y = t 
y — x — t 
d y = - d t 



x—b 



\\9\\[aM- / /»(*)"/(*) 



x — b 



/(*) dt-\\g\\ [ab] < 

t 



B-a 



A-b 



/(*) d*-Hflll[a,6] = ll/ll{l- i , B -a]-|MI[a,6] 



[a - 6, x - a] C [.A - 6, B - a] 



\\f*9\ 



[A,B] 



sup 

xe[A,B] 



I/II/a- 



6,S-a] 



[a. 5] 



□ 



JleMMa 9.4.1. Ilycmb f - Henpepuenasi tfytiKVALSi na R. Tozda djisi ak>6ozo ompe3Ka [a, ft] cnpaeedAueo 
coorrmouieHue: 

\\TsJ - f\\ [aA = \\f{x + s)- f{x)\\ xe[aM -» (9.4.85) 

/JoKa3ameAbcmeo. OyHKirna / HcnpepbiBHa Ha OTpe3KC [a — 1, ft + 1], 3HannT no TeopeMe KaHTQpa l2.3.5l 
OHa paBHOMepHO HenpcpbiBHa Ha HeM, to ecTb fljia jno6oro e > cymecTByeT 5 > TaKoe hto pjisi jno6bix 
x h j/ 6yn,eT cnpaBe/i,jiHBa HMnjiHKarnis:: 

1/e [a -1,0 + 1]] 

xe[a-\,ft + l]\ =► \f(y)-f(x)\<e 
\y-x\<6 J 

3/i,eci> npn Heo6xo/i,HMOCTH hhcjio (5 mojkho yMeHbHiHTb TaK. *rro6bi BbinojiHajiocb /i,onojiHHTejibHoe Hepa- 

BGHCTBO 

S < 1 

Toiyja fljia jik>6bix s <E 5) h x € [a, /?] mm nojiyuHM: 

x + s £ [a - 1,0 + 1] I 
SB e [a -1,0 + 1] I 
|(x + s) - x| = |s| < 5 J 

|/(ac + a) - /(as)| < e 



IIosTOMy 



ll^/-/ll M = ™P |/(x + .s)-/(.T)Ke (9.4.86) 

xG[a,/3] 



To ecTb no nporoBOjibHOMy flaHHOMy e > Mbi Hanijin Taxoe 6 > 0, ito ajis Bcex s G (—(5, <5) BbinojiHaeTca 
(|9.4.86p . 3to h HyjKHO 6bijio ^,0Ka3aTb. □ 



JleMMa 9.4.2. Ilycmb f - ZAadnati (fjytiKUALSi na 
coorrmomeHue: 



Tozda 3ah ak>6ozo ompe3Ka [a, ft] cnpaeedAueo 



T s f - f 



f 



[<*,P] 



f{x + s)- f{x) 



/'(*) 



(9.4.87) 



xe[a,0] 



JIoKa3ameAbcmeo. 3,n,ecb tot »ce npneM npHMeneHHeTCH He k cpyHKHnn /, a k ee nporoBO/nron /'. OyHK- 
uhh /' HenpepbiBHa Ha OTpe3Ke [a — l,ft+ 1], 3HannT no TeopeMe Kagropa 12 .3 . 51 OHa paBHOMepHO Henpe- 
pbiBHa Ha HeM, to ecTb fljia jno6oro e > cymecTByeT S > Taxoe hto ^jih jiio6bix x h y 6yn,eT 
cnpaBCfljiHBa HMnjiHKainis:: 



'ye [a-l,ft+l]' 
x e [a- l,ft + 1] 
\y - x\ <S 



\f'(y)-f'(x)\<e 



OnaTb 3aMeHaeM, ^ito npn Heo6xoflHMOCTH hhcjio S mojkho yMeHbniHTb Tax, HTo6bi BbinojiHHjiocb flonoji- 
HHTejibHoe HepaBeHCTBO 

S ^ 1 
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Toiyja fljia jho6mx s € (—6,8) n x € [a, /?] mm nojiynnM: 



x + t e [a -1,0 + 1] 
x G [a - 1,0 + 1] 
I (a + t) - x| = |t| ^ |s| < S 



- ■ (/(* + s) f{x)) -f\x) = \f'(x + r) - f'(x)\ < e 
S V / m 



II 

ff'(x + t) dt 



II 16.2.661 

/'(x + r)- S, 
tEOs 



IIosTOMy 



= sup 

[a,p] x<£[a,/3] 



f{x + s) - f{x) 



fix) 



€ £ 



(9.4.88) 



To ecTb no npon3BOjibHOMy ^aHHOMy e > mm HainjiH TaKoe S > 0, ito ajis Bcex s € (—(5, <5) BbinojiHaeTca 
(|9.4.88p . 3to h Hy»cHO 6mjio ^OKa3aTb. □ 



OKOHuamie doKa3amejit>cmea meopeMu \9.4-3\ Bchomhhm, hto b ,n,OKa3aTejibCTBe TeopeMbi 19.4.31 mm ot- 
jiojkhjih Ha 6yayin;ee npoBepxy Toro, hto CBepTKa f*g flencTBHTejibHO HBjiaeTCH HenpepbiBHOii cpyHKnnen. 
Tenepb mojkgm b stom y6e,n,HTbCH. 

1. Ilpe^nojiojKHM CHaiajia, hto cpyHKinia g nenpepbiBHa h cpHHHTHa. HycTb [a, 6] - ee BbinyKjibin 
HOCHTejifa: 

convsupp g = [a, 6] 

Toiyja fljia jho6oh nocjieflOBaTejibHOCTH s n — > 0, no MO/ryjno He npeBOCxoflHineii 1, 

|*»| < 1 

cflBnrn T Sn g (pyHrcniiH g 6yn,yT cocpeflOToneHbi Ha OTpe3Ke [a — 1,6+1]: 

convsupp T^c? C [a -1,6+1] (9.4.89) 
H3 jieMMM 19.4.11 mm nojiynnM nenonKy: 



\ T s n g - g\\\ a -i 



b+i] 







Vx e 



|(/ * + s n ) - (f * 5)^)1 = \T Sn if * g)(x) - (/ * g)(x)\ = ||T S „(/ * <?) - / * g\\ [xM = 



mm = 11/ * (t.„5) - / * 5ii [a ,x] = moD = / * [T Sn g - g 

1/ 



< « < ll/llf !B _ 6 _ 1 , !e _ 0+1] ■ \\Ts n 9-g\\ [a . lth+l] --> 



V.tgM if*g)ix + s n ) — > (/* 9 )(z) 
9to BepHO fljia jik)6oh nocjie^OBaTejibHOCTH s n -> co cbohctbom |s n | $C 1, 3Hawr, 

VxeR if * g)(x + s) ^ (f * g)(x) 

s— *-0 

to ecTb cpyHKiniH / * g HenpepbiBHa. 

2. Tenepb nycTb g - npoH3BOjibHaH jiOKajibHO HHTerpnpyeMaH cpnHHTHaH cpyHKnnH n [a, 6] - ee bm- 
nyKjibin HOCHTejib. IIo TeopeMe l9.4.2l mo acHO no/i,o6paTb nocjieflOBaTejibHOCTb HenpepbiBHbix (pyHKH,Hfi g n 

TaK, HT06bI BbinOJIHHJIHCb yCJIOBHH 



\\9n-9\\{ ab] — > 0, 5 (a) = = 5 (6) 
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BTopoe 113 3thx ycjiOBHH 03HanaeT, hto (pyHKiniH g n mojkho npo^ojcKHTb HyjieM BHe OTpe3Ka [a, b], h ohh 
CTRHyT HenpcpbiBHBiMH cpy hke,hsmh , onpe,n,ejieHHbiMH Ha Been npjnvion R, n, k&k h g, cocpe,n,OToneHHbiMH 
Ha OTpe3Ke [a, b] , nosTOMy 

Vn convsupp(g„ — g) C [a, b] 
Ilocjie 3Toro rjisi BCHKoro OTpe3Ka [A, B] C R mm nojiynnM: 

ll/*5n - / * <?|| [AB] = El = 11/ * (g n - g)\\ [AB] «S Ei < ■ lift. - ffllf , 6] ^ o 



xe[A,B] 

U*9n)(x) =L (f*g)(x) 
n—>oo 

Ilpn 3tom, nocKOjibKy cpyHKnnn g n HenpepbiBHM, no y»ce ,n,OKa3aHHOMy, CBepTKH / *g n — TOJKe Henpcpbm- 
Hbie cpyHKH,HH. SHa^HT, no CBOHCTBy 1° Ha c !3591 paBHOMepnbiii na OTpe3Ke [A, B] npe^eji / * g cpyHKinrfi 
/ * g n ppjuKeu 6bitb HenpepbiBHOii cpyHKniicn na [A, B]. 3to BepHO fljra jno6oro 0Tpe3Ka [A, B], 3HannT 
apyHKnna f * g ,n,oji>KHa 6biTb HenpepbiBHa BCiofly Hal. □ 

TeopeMa 9.4.4. Ecau odna U3 cfiyHKi^uu f ujiu g neAsiemcti zjiadnou, mo ceepmna f*g mootce MeAJiemcM 
zAadKou, npuueM ecAu ZAadnou siBAnemcsi (f>yHKii,uji f , mo 



(f*g)' = f'*g 



(9.4.90) 



ecAu otce zAadnou sieAtiemcsi tfiyHKi^uji g, mo 



(/*<?)' = /*<?' 



(9.4.91) 



/JoKasameAbcmeo. IlycTb cpyHKiniH / - rjiaflKaa, aj - cpHHHTHafl (h JiOKajibHO HHTerpnpyeMaa) c hoch- 
TejieM [a, 6], Toiyja pjia npoH3BOjibHoii nocjieflOBaTejibnocTn s n — > 0, s n ^ 0, mm nojiynnM: 



V[a,0\ C 



-(T s J-f)-f 



fjicMMa [9X2l 



(f*g)(x + s n ) - (f*g)(x) 



(f*g)(x) 



-((T s J*g)(x)-(f*g)(xj)-(f*g)(x) = —(T.J*g-f*g)-f'*g 
s n \ J s n \ J 



— {T s J-f)-f 



l/ 



x — 6, x — a] 







(/*5)(x + s n ) - (f*g)(x) 



3to BepHO ,hjih jno6oft nocjieflOBaTejibHOCTH s n — > 0. IIosTOMy 

Vx R + (f*g )(x) 



s-yO 



(f*g)(x) 



(f'*g)(x) 



Mbi nonynaeM, hto (pyHKniiH / * 5 /nicpcpepeHnnpyeMa h ee npoH3BO/i,Haa 6yn;eT paBHa /' * g. OcTaeTCH 
BcnoMHHTb, hto b CHjiy TOJibKO hto 3aKOHneHHoro flOKa3aTejibCTBa TeopeMBi l9.4.31 cpyHKHHH f'*g 6yn,eT 
HenpepbiBHa. 

IIo aHajiornn paccMaTpnBaeTCH cjiynaii, Kor/i,a (pyHKn,na / - npoH3BOjibHaa: (jiOKajibHO HHTerpnpye- 
Maa), ag- rjia^Kaa: h (pnHHTHaa. □ 
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Cjie,a,CTBHe 9.4.1. Ecau odna us (pyHKV,uu f ujiu g sieAnemcsi 6ecKoneHHO zjiadKou, mo ux ceepmKa 
mootce 6ydem 6ecKoneHHO ZJiadKou. 

/JoKaaameAbcmeo. HycTb / 6ecKOHeHHO rjiaflKaa. Toiyja no TeopeMe 19.4.41 cb6ptk£l / * g 6ya,eT rjia,n;KOH, 
npnneivi 

(/ *gY = f*g 

IIocKOjibKy /' TO»ce rjia/pcaa, onaTb no TeopeMe 19.4.41 nojiynaeM, hto CBepTKa /' * g, to ecTb dpyHKinia 
(/ * 9)' i 6yn,eT rjiaflKofi, npnneM 

(/*<?)" = (/'*<?)' = /"*<? 

H Tax flajiee. □ 

(c) IIpH6jiH>KeHHe HenpepfaiBHbix cpyHKijHH 
AnnpoKCHMaTHBHaa e,a,HHHiia. 

• nocjieflOBaTejibHOCTb jiOKajibno HHTerpnpyeMbix cpyHKiniii A n : R — > K Ha3biBaeTCH annpoK- 
cuMamuenou eduHuv,eu, ecjin BbinojimnoTCH cjie,nyK>irpie ycjiOBna: 

(i) cpyHKinin A n HMeiOT o6innn KOMnaKTHbrii HOCHTejib, to ecTb cymecTByeT OTpe30K [a,/3], 
BHe KOToporo Bee ohh paBHbi Hyjno: 

Vx(£[a,p] VneN A n (x) = 

ecjin 3to Bepno. to b KanecTBe \a,0\ Bceiyja mojkho Bbi6paTb OTpe30K Bn^a [—D,D], iyje 
D > 0, h Toiyja 6yn,eT BbinojiHHTbca ycjiOBne 



( \x\ > D VneN Zi„(ir)=0 ) (9.4.92) 



(ii) Bee cpyHKiniH A n HeoTpnnaTejibHbi: 

A n ^ (9.4.93) 

(iii) HHTerpaji ot bchkoh cpyHKnnn A n paBeH efliiHEi^e: 

/+00 

A n {x) dx = l (9.4.94) 
-00 

(iv) /i,jia BcaKoro 8 > BbinojiHaeTca cooTHOineHne: 

r+S 

/ A n (x) dx — > 1 (9.4.95) 

HJIH, HTO paBHOCHJIbHO, COOTHOUieHHe 

Zi„(x) da; — > (9.4.96) 



o 9.4.1. IloKajKeM, hto cpyHKiniH 



4W = <| /f 1 - 2 )"^ 
0, 



(l-x 2 )™, |x| < 1 



N>1 
(9.4.97) 

o6pa3yK>T annpoKCHMaTHBHyio CflHHHiiy. YcjiOBHa 
(i)-(iii) 3^ecb oneBHflHbi. flpKameM (iv). JXjlsi bcs- 
koto 5 > mm nojiyHHMt 



1 ,1 
(1 -x 2 ) n dx =2 1 (1 -x 2 ) n dx^ 



C 1 (1 - x) n+1 x=1 

^ 2 / {l-x) n dx = -2 K ' 



71+1 



x=a n + 1 



^ n+ 1 



/(l -x 2 ) n dx 
-1 



/ A n (x) dx = 2- / Ai(a:) dx 
./|x|^(5 J* 
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J (1- x 2 ) n Ax 
-l 



(1 - x 2 ) n Ax < 



An + 2 



TV 



A\ 
n + 1 



A\ 

//(1-5 2 )" dx 
II 

(l-5 2 )".(l-5) 



n— J-cso 



o 9.4.2. IIoKa^eM, hto (^yHKipin 
l 

I f cos 2 ™ I dx 



cos 2?i f, |x|<7r 



A 
1 



o 9.4.3. BecKOHeHHO rjia^Kan annpoKCHMa- 
THBHaa e/i,HHHLi,a. Cne^ya nDHMepv l9.3.2l nocTDO- 

hm rjia^Kyio dpyHKniiio g e C°° (R) co cjie,n,yioiHHMH 

CBOHCTBcLMH '. 

ig(x) = 0, a; £(-1,1) 
\g(x)>0, i6(-l,l) 



A n (x) 

0, \x\ > 7T 

(9.4.98) 

o6pa3yiOT annpoKCiiMaTHBHyio eflimiiny. KaK h b 
npeflbiflymeM npniviepe, 3flecb HyjKHO npoBepnTb 
TOjibKO ycjiOBiie (iv). JXflK BCHKoro <5 > mm no- 
jiyHHM: 



ITojIOJKHB 



K X ) = 7T 



l( x ) 



cos - d x = 



x = 2y 



= 2 / cos 2 ™ y A y = 4 / cos^y dy^ 

v/ 

1 _ 2i 
noTOMy hto 
cos - BbinyKjian 

OpyHKHH5I Ha [0, ^] 



> 4 



2~ 



2y\ 2n 

7T / 



1-^ 

2n + 1 V 7T 



2n+l 



2tt 



2n + l 



2n+ 1 



P cos 2 ™ f d a 2tt 



Z\ n (x) Ax — 2 I A n (x) Ax — 

\x\^S JS 

1 r / a;\2n 

■2 1 ( cos 2 J dx ^ 



T cos 2 "f dx 



A\ 

2n + l 



^^±1.2 

2n+ 1 



( x \ 2n A 
ycos—j Ax 



f = v 

x = 2y 



2, ' A f' {z?zT dy< 

AN 
cos (5, 
noTOMy HTO 
cos y6t.iBacT 
na [0, ffl 



4n + 2 



cos <5 d x = 



MM nOJiyHHM CpyHKnilK) CO CJieflyiOIHHMH CBOHCTBa- 

mii: 

'ft(x)=Q, 

/i(x)>0, ie(-l,i) 
J- X K X ) dx = 1 

TenepB iiojiojkhb 

^n(x) = U • h(nx) 
Mbi nojiyHHM nocjieflOBaTejiBHOCTb HeoTpiinaTejib- 

HblX (pyHKUHH A n £ C°°(M), HMeiOIHIlX B KBHeCTBe 

o6mero hochtcjih OTpe30K [— 1 , 1] : 

x£(-l,l) =^> nx£(-l,l) 

/A n (x) = h(nx) — 

HHTcrpaji ot KajKfloii TaKoii cpyHKHiiii 6yn,eT paBen 
e^HHiine: 



A n (x) Ax — I n-hinx) Ax — 

J — oo 

/>oo 

h(nx) d(nx) = / h(y) Ay = 1 



A pjisi KajK,zi;oro <5 > h jiio6oro n. > $ mbi nojiy- 
ihm: 



5 j.5 

A n (x) Ax — / n ■ h(nx) Ax 



h(nx) A(nx) — I h(y) Ay 



— nS 



nS>l 
1 

h(y) d y = 1 



TaKHM o6pa30M, BbinojiHHiOTCH Bee neTbipe ycjio- 
bh2 (i)-(iv) Ha c l3901 h Haina nocjieflOBaTejibHOCTb 
A n HBjiaeTCH annpoKCHMaTHBHOii e,n,HHHHCH. 
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TeopeMa 9.4.5. Tlycmb f : R R - Henpepuenasi (f>yHKV,uji na R. Tosda djisi ectatou annpoKCUMa- 
mueHoti edunuiifii A n nocAedoeameAbnocmb ceepmoK / * A n cmpeMumcM k f paenoMepno na KaotcdoM 
ompe3Ke [a, b] : 

f * A n {x) X ^ b] f(x) (9.4.99) 

n— >oo 

/J,oKa3ameAbcmeo. 3acpHKcnpyeM OTpe30K [a, i>] h hhcjio _D co cbohctbom ()9.4.92|) . HocKOjibKy (pyHKnnH / 
HenpeptiBHa Ha OTpe3Ke [a— D,b + D], no TeopeMe BcHepiHTpacca [2.3.4l iiojEKHa 6biti> KOHe^Ha BejinnnHa 



M = 11/11 [a-D.b+D] = S UP 

se[a-D.b+D] 



(9.4.100) 



IlycTb flajiee e > 0. IIocKOjibKy cpyHKHiia / Henpepbmna Ha R, OHa HenpepbiBHa h Ha OTpe3Ke [a— I?, b+D]. 
Ho TeopeMe KaHTppa 12.3.51 sto 03HanaeT, hto / paBHOMepHO HenpepbiBHa Ha [a — D,b + D], nosTOMy 
fljisi HHCjia § > ^ojijkho cym,ecTBOBaTb S > 0, KOTopoe mojkho noflinHHTb flonojiHHTejibHOMy ycjiOBHio 
5 < D, TaKoe, hto 



Vs,t e [a-D,6 + L>] 



l/W -/(*)!< 2 



B nacTHOCTH. npn t = x £ [a, b] n s — x — y, rpp y £ (—6,8), mh nojiynnM Taxoe cooTHonieHne: 

\fxe[a,b] Vy€(-5,5) \f( x - y )-f( x )\<l 
Tenepb pjm jno6oro x € [a, 6] mh nojiy^aeM: 



(9.4.101) 



/*^ r»(a) 

I f9.4.78l 



1 1 ■ . 4.941 



\f * A n (x) - f(x)\ 



f(x-y)-A n (y)dy-f(x)- / A n (y)dy 



f(x-y) -A n (y)6y- / f{x~y)-A n {y)dy 



(f(x-y)-f(x)) ■ A n (y) dy 



o, 

npn 1 2/ 1 > D 



-D 
S 



-6 



f(x-y)-f(xj) -A n (y)dy 



-D 



f(x-y)-f(x) -A n (y)dy^ 



f{x -y)- f{x) -A n {y) d y + / f(x-y)- f(x) -A n {y) d y < 

\y\>Ss - 



>\ |9.4.10ll 



A\ 

\f(x-y)\ + \f(x)\ 

A\ |9.4.n)Ti1 

M + M 



Bto BepHO fijin jno6oro x € [a,b]. 3HaiHT, 

II/* ^n-/ll[o,61 = SU P \f * A n(x) ~ f(x)\ ^ - 



xG[a,b] 



2M 
r-S 



«C £ - ■ ( A n (y)dy + 2M ■ f A n (y)d 
1 J-S J\y\^S 



[ A n {y)dy +2M- ( A n (y)dy 
J-S J\y\^$ 



e 

n—>oo Z 



19.4.951 4- i 
1 



19.4.961 4- J- 





H 3to BepHO fljia jno6oro e > 0. Mm nojiynaeM, hto, Kaxoe hi B03KMH e > 0, pjisi noHTH Bcex n £ N 
6ya,eT BepHO HepaBeHCTBO 

ll/*A»-/|| [o>t] <e 

To ecTb, 



l/*Ai-/|L. 



0. 



a 8to HaM h HyjKHO 6bijio ,n,OKa3aTb. 



□ 
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AlHipOKCHMaipiH rjia/JKHMH CpyHKU,HHMH. 

TeopeMa 9.4.6. /(ah aw6ou Henpepuenou tftynKuuu f : R — > M. momcho nodo6pamt> nocAedoeameAb- 
Hocmb 6ecK0HeuH0 ejiadnux (fynriuuu ip n : R — > K, paenoMepno cxodsiuiymcsi k f na KaatcdoM ompe3Ke 
[a, 6] C M: 

V[a,6]cR (^„(x) f(x) (9.4.102) 

n— j-cjo 

/JoKa3ameJit>cmeo. IlycTb Z\„ - 6ecKOHenHO rjiaflKaa: annpoKCHMaTHBHaa e/nimina, nocTpoeHHaa b npn- 
Mepe 19.4.31 Tor,a,a no cjie^CTBHio 19.4. 1[ cpyHKinin 

tp n = f * An 

6yzryT 6ecKOHeHHO rjia^KHMH, a no Teopeivre 19.4.51 ohh 6yayT ctpgmhtbch k / paBHOMepHO Ha Kax^OM 
OTpe3Ke b1, □ 

Cjie,a,CTBHe 9.4.2. /(am ak>6ou Henpepuenou aiywKuuu f : [a, b] — > K mojkho nodo6pamb nocAedoea- 
meAbHOcm-b 6ecKoneuHo zAadnux (fynKuuu ip n : [a, b] — > R, paenoMepno cxodsmix/wcsi k f na [a, b] : 

<Pn{x) X ^ b] f{x) (9.4.103) 

/(oKa3ameAbcmeo. Hy>KHO CHanajra npoflOjiJKHTb / pp HenpeptiBHOH (pyHKirnn na bcio npaMyio K. 3to 
mojkho c^ejiaTb, HanpnMep, nojiojKHB 



fix) 



f(a), x < a 
f(b), x>b 



Ilocjie SToro no TeopeMe 19.4. 6[ Han^eTCH nocjieflOBaTejitHOCTb rjia/ninx (pyHKunn ip n , npn6jiH>Kaiom,aa: / 
paBHOMepHO Ha KaxflOM OTpe3Ke, b nacTHOCTH, Ha 0Tpe3Ke [a, b]. □ 

AnnpoKCHMaijHH ajireGpaHHecKHMH MHoroMJieHaMH. HanoMHHM onpe^ejieHne, flaHHoe Ha c !254l 
• OyHKHHH BHfla 

n 

f{x) = Y,a k -x k (ieR), 

k=0 

iyje neNaatEil, Ha3MBaiOTCH aAze6pauuecKUMU MnozonAenaMumm npocTO MnozouAenaMU 
(ot ojxhoh nepeMeHHOii). Ecjih a n 7^ 0, to hhcjio n Ha3tiBaeTCH cmenenvto MnozouAena f. 

TeopeMa 9.4.7 (BefiepniTpacca 06 annpoKCHMai^HH ajire6paHMecKHMH MHoroHJietraMH). /Jam 
aw6ou Henpepuenou aiynnuxiu f : [a, b] — > K mochcho nodo6pamt> nocAedoeameAbnocmb MHOzoHAenoe 
ip n : [a, 6] — > IR, paenoMepno cxodMuiymcM k f na [a, b] : 

fn(x) X ^ b] f{x) (9.4.104) 
n— >oo 

/J,oKa3ameAbcmeo. 1. IlpejKfle Bcero 3aMeTHM, hto jinHefraoH 3aMeHoii nepeMeHHOii yTBepjKfleHne cbo- 
,z],htch k cjiynaio [a, b) C (0, 1). HanpnMep, cpyHKinia 

ip(t) =3(6 -a) -t + 2a-b 

npeBpamaeT OTpe30K [3, §] b OTpe30K [a,b]: 



9 



1 2 

3' 3 



[0,6] 



A (pyHKHHH / b KOMno3HH,nn c (p npeBpam,aeTCH b (pyHKii;Hio / o tp Ha OTpe3Ke |] ■ Ecjih mm cmojkbm 
nocTpoHTb nocjieflOBaTejibHOCTb MHoro^jieHOB g n , npH6jinjKaioin,yio f o (p paBHOMepHO Ha OTpe3Ke |] 
(co^epjKamnMCH b HHTepBajie (0,1)) 

9n(t) =4 / (¥»(*) , 

n— >-oo > ' 
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to dpyHKHiiH /„ = g n o tp 1 6yzryT MHoronjieHaMH, npH6jiH}KaioiHHMH / paBHOMepno Ha [a, b\. 

f n (x) = g n (<p-Hxj) 3^ /(W^*))) = /(*) 
2. HTaK, momo CHHTaTb, hto OTpe30K [a, 6] jiejKHT b HHTepBajie (0; 1): 

[a, b] C (0,1) 

Toiyja / moscho ^oonpeflejiiiTb HenpepbiBHO Ha bcio npHMyio R Tax, x ito6bi ee BbinyKjiMM HOCHTejieM 6mji 
OTpe30K [0,1]. HanpHMep, mojkho Ha ocTaBinnxcH KycKax HHTepBajia (0,1) japonpe^ejiHTt dpyHKHino / 
jiHHeiiHO, to ecTB nojiojKHTb 

(^■x, xe(0,a) 
f( x ) = (x-b) + f(b), a; €(6,1) 

[o, x € (-oo,0] U [l,+oo) 

3anoMHHM 3to, h paccMOTpHM annpoKCHMaTHBHyio c/niHHiry (|9.4.97D : 

0, \x\ > 1 



l 

/ (l-x 2 )™ di 

-l 



IIo TeopeMe 19.4.51 BbinojiHaeTca cooTHOHiemie 



x£ [a.b] 

f*A n (x) =t f(x) 

HaM ocTaeTca tojibko 3aMeTHTb, hto Ha OTpe3Ke [a, b] dpyHKiniH npe,n,CTaBjiHiOT co6oh MHoronjieHti: 

/+oo fX+1 
f(y)-A n (x-y) dy = I f(y)-A n (x-y)dy = 

II 

o, 

npii y [x — 1, x 1], 

nocKOjitKy 
convsupp/i^ — [—1, 1] 

fX + 1 

= C n ■ 



/ f(y) •(l-(x-y) 2 )" dy = C n - f j{y)-(l-{x~y) 2 Y dy 



MHoro^iJieH no y 



npn y £ [0,+l], 
npnieM 
x-1^0<l^x+l 



.1 2n in * „i s 

a- / /(y) -y n dy = V C„- / /(y).j/ n dy • Pk ( 3 

Jo k=o k=o V Jo ' 



MHOrOHJieH 

no a; 



□ 

AnnpoKCHMaipa TpHroHOMeTpHiecKHMH MHoronjieHaMH. 
• OyHKHiin BHfla 

n 

f(x) = c + • cosfcx + 6fc • sinfca; j (x € R), 

fe=l 

r,a,e n S N, c, afc , fefe G R, Ha3MBaiOTca mpuzonoMempuuecKUMu MHozoujienaMu. Ecjih a„ ^ 
hjih b n 7^ 0, to hhcjio n Ha3BiBaeTCH cmeneHbw mpmotiOMempuuecKozo MHOSOHJiena f. 

TeopeMa 9.4.8 (BenepniTpacca 06 annpoKCHMairHH TpHroHOMeTpmecKHMH MHoronjieHaMH). 

fljiH aw6ou Henpepuenou 2ti -nepuoduuecKou (pyHK'nuu f : R — ► R mookho nodo6pamt> noc/iedoeamejib- 
Hocmb mpuzoHOMempuuecKux Mnozoujienoe /„ : R — > R, paenoMepno cxodKmymcK k f na R: 

/„W "^f /(*) (9.4.105) 



§ 4. AnnpoKCHAiaifHfi 
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/JoKa3ameMbcmeo. HyjKHO paccMOTpeTb annpoKCHMaTHBHyio p .nvm vmy (|9.4.98p . IIo TeopeMe 19.4.51 

BbinojiHaeTCH cooTHOineHHe 

f*A n (x) =* f{x) 

n— too 

h Haina 3a,a;aHa - yGefliiTbca, ito dpyHKniiii / * A n hbjihiotch TpiiroHOMeTpinecKHMH MHoroHjieHaMii. 
J\nsi SToro HyscHO 3aMeTHTB, hto Ha OTpe3Ke [— 7r, 7r] cpyHKiniH A n caMii GynyT TpiiroHOMGTpii^iecKHMii 
MHoroHjieHaMii: 

N 



A n {x) = c + |afc cos fca; + 6fc sin fcx j 



fc=i 



OTCio/ja cjie/iyeT nenoHKa: 



f(y)- A n (x-y) dy = J f(y) • A n (x^-y) dy 

II Tl 
0, [— 7T,7T] 

npn y ^ [a; — 7r, a; + tt] , 

nocKOJitKy 
convsuppz^TT, — [— 7T, 7r] 

- y /(y) ■ ^ C + Xj { ak ' cosk ( x ~ V) +h(x) ■ sink(x - d y = 

v v ' 

27T-nepHo r HH i iecKan tpY HKU . H51 OT V 



HHTcrpaji no cflBHHyTOMy ncpjio.ny 
paBCH HHTerpajiy no nepno^y 



/ f(y)- (^ + J2{a k -co8k(x-y) + b k (x)-smk(x^y)^j d y = (I3T791 . (ETLTHD 
- y /(l/)-(c + X){ 'COS%+ £fe(^ -sinfcy}^ d V = 



TpnroHO- TpnroHO- 

MeTpHMCCKHH MCTpHHeCKHH 

MHoroMjieH MHoro^uieH 

OT X OT X 



C- [ f(y) dy + J2{ A k (x) ■ [ f(y)-cosky dy+ B k (x) ■ f f(y)-smky dy\ 

TpiiroHO- TpnroHO- 

MeTpH^eCKHH MCTpH^eCKHH 
MHOrO^IJieH MHOrOHJIGH 
OT X OT X 



□ 



rjiaBa 10 



CTEIIEHHblE Pfl^bl H 
AHAJ1HTHHECKHE OYHKI^HH 



• CmenennuM pttdoM Ha3biBaeTca (^yHKipiOHajiBHBiii pa^ cjieflyiomero cneijHajibHoro Bii^a: 

oo 

J2cn-(x-XoT (10.0.1) 

n=0 

Hiicjio Xq Ha3biBaeTCH nenmpoM 3Toro CTeneHHoro pa^a, a nncjia c n - ero K03$$uuuenmaM,u. 

• MacTHbiM cjiynaeM CTeneHHoro psfla 6yn,eT pafl, b kotopom KoacpipiiuiiCHTbi c„ bhhhcjisiotch 
no (popMyjiaM 

c = /( " ^ (10.0.2) 
n! 

r,ne / - HeKOTopaa cpyHKHHH, 6ecKOHeHHO rjiaflKaa b okpgcthocth tohkh xq- TaKoii CTeneH- 
hoh pafl Ha3biBaeTCH psidoM TeuAopa (pyHKuiiii / b tohkb Xq. Ero KOSipcpiiuiieHTbi (|10.0.2[) 
Ha3biBaiOTCa K03$Qiu'u > ueHmaMU TeuAopa (pyHKuiiii / b tohkb xo, a nacTHHHbie cyMMbi 

oo 

T N (x) = J2 c n-( x - x o) n (10-0.3) 

ra=0 

- MHOzoHAenaMU TeuAopa (pyHKHira / b to^kb Xq. 

Cpc,n;n BceB03MOJKHbix (pyHKn,HH b MaTeMaTHHecKOM aHajiii3e BajKHbiii Kjiacc o6pa3yiOT (py hkhhh , 
HBjiHK>m,Heca cyMMaMii CBoero pa,n,a Teiijiopa: 



f(x) = ^ Cn ■ (X ~ XqY 



Taxne (pyHKHini Ha3biBaiOTCH aHajiiiTinecKHMH (TO^moe onpe/jejiemie cm. Ha c !427l) . h b stoh rjiaBe mm 
noroBopiiM o hhx. 



§ 1 CTeneHHbie pa^bi 

(a) 06jiacTB cxoahmocth CTeneHHoro p»,a,a 

TeopeMa 10.1.1 (06 o6jiacTH cxo^hmocth CTeneHHoro pH,n,a). 06Aacmt> cxoduMocmu D bcsikoso 
cmeneHHoao psida 

oo 

J2cn-(X-X ) n (10.1.4) 

n=Q 

UMeem CAedymmxLU eud: 

— au6o D cocmoum U3 odnou ttiohku: D = {x^}; 

— au6o D coenadaem co eceu hucaosou npHMoil: D — (— oo, +co); 

au6o cymficmeyem mateoe hucao R > 0, nmo D coenadaem c ompe3KOM [xq — R,xq + R], 
ucKAwuasi, Mootcem 6urm>, ttiohku na zpanuue: (xq — R, xq + R) C D C [xq — R, xq + R] . 
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• Hhcjio R npii 3tom Ha3biBaeTCH paduycoM cxoduMocmu, a HHTepBaji (xq — R, xq + R) - unmep- 
eajioM cxoduMocmu CTeneHHoro psma (jlO.1.41) . 



^HoKasaTejibCTBO stovl TeopeMbi iicnojib3yeT cjieflyioiHyio jieMMy. 
JleMMa 10.1.1 (A6ejn>). IIycm& naM dan cmeneHHou pud 



(10.1.5) 



n=0 



Tozda: 



ecAU psid (|10.1.5p cxodumcsi e Kanou-mo moHKe z = £, mo oh cxodumcn maKwce e ak>6ou 
moHKe z — rj no Modyjiw Mewbuieil Q: 

H < ICI 



ecAU pad (|10.1.5p pacxodumcsi e Kanou-mo moHKe z = f], mo oh pacxodumcn manatee e ak>6ou 
moHKe z = C, no ModyAW 6oAbmeu n: 

M < ICI- 

/J,oKa3ameAbcmeo. 1. flpK&yneM CHanajia nepByio nacTb. 3,necb Hcnojib3yeTca hckhh CTaHflapTHbift npneM, 
iioctohhho npHMeHHeMbifi npn H3yHeHiiii CTeneHHbix pH/jOB, h Ha3biBaeMbili aozuhcckou v,enouKou A6eAH. 
Oh coctoht b cneflyiomeM. 

Pa,a, (|10.1.5p cxo/hitch b tohkc z = Q 

oo 

hhcjioboh pa,n c n ■ C" cxoflHTca 
0610,1111 HjieH CTpeMHTCs k Hyjiio: c n • £ n — > 

a- 

nocjieflOBaTejibHOCTb c„ • £" orpaHHneHa: 3M > ViiGN |c„ • ( n \ ^ M (10.1.6) 



fljia BCHKoro 77: 1 77! < ICI nojiynaeM: 



K-v n \ 



Cn ■ C 



n T_ 

c™ 



|c„-C"l 



< (npHMeHaeM (|10.1.6p ) < M 



rfle 



< 1 



j2\c n -v n \^J2 M - 7 = M -E 



n=0 



n=0 



I? 
C 



CXO,H,HTCfl, nOCKOJIbKy 



< 1 



/J |c n • 77™ I — cxo^htch, no npH3HaKy cpaBHGHHH (TeopeMa l8.2.3p 

00 

c„ • 77™ — cxo/hitch, no npH3HaKy a6cojiK)THoft cxo^hmocth (TeopeMa I8.2.9P 

n=0 

2. fljia /i;0Ka3aTejibCTBa BTopoft Hac™ ^ocTaTOHHO nepeepopMyjnipoBaTb ,n,OKa3aHHoe yTBepxflemie 
Tax: He 6ueaem, nmo6u \r)\ < |£|, U npu amoM pad c n ■ n n pacxoduAcsi, a P^^X^^Lo C ™'C™ cxoduACJi. 

OTCio/ja cpa3y nojiynaeTCH HMnjiiiKainia 



1 77 1 < |C| & pfl,a, C„ • 77™ paCXOflHTCH 



n=0 



pnp, c„ • C™ pacxo^HTCH 

n=0 



□ 
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/JoKa3ameJit>cm60 meoveMu \ 10.1. i[ 3aMeTHM cpa3y, hto HaM jrpCTaTOHHO paccMOTpeTb pajj; (|10.1.5I) . no- 
TOMy hto pjm p0.1.4|) npeBpain,aeTCH b Hero 3aMeHoii nepeMeHHOii 

x — Xq = z 

06o3HaHHM nepe3 D ero o6jiacTb cxojthmocth. HaM Hysmo flOKa3aTb, hto jih6o D = {0}, jih6o D = E, 
jih6o cym,ecTByeT Taxoe hhcjio R > 0, hto (—R,R) C £) C [— R,R}. 

5Icho, hto D =/= 0, nocKOjibKy G -D. KpoMe Toro, H3 jieMMbi A6e jig [1 . 1 . 1 1 c jieii ve-T yTBepjKjreHHe: 

ec™ z G R h 3( € D : |z| < |C| to zE D (10.1.7) 

A H3 cjie^CTBHH 1.3 - yTBepjKflemie 

ecjin z e E h 3r]^ D : \r]\ < \z\ to z ^ L> (10.1.8) 

FlojIOJKHM 

i? = su P {|C|;CeD} 

h paccMOTpHM HecKOjibKO B03MOJKHbix cjiynaeB. 

1. Ecjih i? = 0, to 3to 03HanaeT, hto o6jiacTb cxo,hhmocth coctoht h3 ojihoh tohkh: Z? = {0}. 

2. Ecjih R — oo, to sto 03HanaeT, hto bchkoh tohkh z£K HaiifleTca £ G D TaKoe, hto |z| < |£|. 
IlosTOMy, b CHjiy (|10.1.7p . z npHHajj;jiejKHT D. 3to BepHO jijih jho6oh z G K, nosTOMy D = R. 

3. IlycTb < i? < cxi, Torjj,a mm nojiyHHM 

ecjin z G (— i2, Z?), to ecTb \z\ < R, to sto 03HanaeT, hto HaftfleTCH £ G D TaKoe, hto \z\ < 
nosTOMy, b CHjry yTBepjKjreHHH (|10.1.7|l . z E D; 

ecjin >Ke z ^ [— i?, ZZ], to ecTb \z\ > ZZ. to sto 03HanaeT, hto HanixeTCH r/ ^ D Taxoe, hto 
\z\ > \rj\, nosTOMy, b cnjiy yTBep»c^,eHHH (|10.1.8|) . z (f: D\ 

TaKHM o6pa30M, mm nojiynaeM, hto D coflepacHT HHTepBaji (— R, R) h hc cojj;ep>KHT tohck, He jiejKa- 
IHHX b OTpe3Ke [— iZ, R\. To ecTb, 

{-R,R) QDQ [-R, R] 

3to HaM h HyjKHO 6bijio flOKa3aTb. □ 

TeopeMa 10.1.2 (o pa^nyce cxo^hmocth CTeneHHoro pnp,a). Paduyc cxoduMocmu R npou3eoAt- 
hozo cmenennozo psida 

oo 

^ C n - (x- Xq) 71 



n=0 



momcho euHUCAumt no cfiopMyAaM 



R = lim 

71— >CX> 



lim ■ 

n— >oo 



1 



Cn+1 

(ecjiu maKue npedenu cymecmeymm) . Tlpu dviom, paeencmeo 

Z? = 

03nanaem, umo o6Aacmt> cxoduMocmu D amozo ptida uMeem eud D — {xq}, a paeencmeo 

R = oo 

- umo D = E. 

/JoKa3ameJit>cmeo. IJocTaTOHHO paccMOTpeTb phjtm c HyjieBMM ueHTpoM, to ecTb pajjpB BHiia (|10.1.5p . 
Mm floxajKeM jiHHib nepByro cpopMyjiy, CKa3aB npo BTopyio jinnib, hto OHa jj,OKa3biBaeTCH aHajiornnHO. 

FlyCTb 

R = lim — - 

n— foe 

npHHGM npefleji cnpaBa cymecTByeT h KOHeneH. Tor^,a 



Cn+l 



§ 1 . CreneHHbie pxflhi 
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ecjiH \z\ < R, to pim \ c n ■ z n \ 6yfleT cxo/ihtbch no nproHaicy ,ZlajiaM6epa (TeopeMa 18.2.41) . 
noTOMy hto wcjio ,I[ajiaM6epa 6yneT MeHtine efs^san^r. 



D = lim 



Cri+l ' Z 



n+l 1 



lim . U| 



n->oo |c„ • Z™| n-S-oo |c„| 



lim ^ l c "l i? 

mlL n^oo | Cri+1 | 



4<i ; 



3HaHHT, pHfl ^2 C n ■ Z n TO>Ke flOJUKEH CXOflHTbCH; 
n=0 



ecjiH \z\ > R = lim 



c„+i 



to ecTb lim 

n— >oo 



> 1, to 3to 03HaHaeT, hto cymecTByeT Taxoe 



hhcjio C > 1, hto, fljia HeKOToporo HOMepa iV BbinojiHHeTca cjie/iyioiiiee: 

Cn+lZ 



Vn> N 



a- 

Vn^N \cn +1 z\ >C\Cn\ 

Vn^N \c n+1 z n+1 \^C\c n z n \ 
to ecTb, nocjie/i,OBaTejii>HOCTi> |c n+ iz™ +1 | ,np.iDKHa 6biTb Hey6fciBaioiiieH; OTCiofla cjie^yeT, hto 

CnZ n 7^ 0, 



SHa^iHT, pHfl c n +\z n+ He mojkbt cxo,u;HTbca. 

n=0 

Mbl flOKa3ajIH, HTO 

(-R, R) CDC [-R, R] 
ii noaTOMy R ^eficTBHTejibHO flOji»ceH 6biTb paflnycoM cxo,z];hmocth pa,n;a (jlO.1.51) . 
HaM HyjKHO tojibko em,e paccMOTpeTb cjiy^ait R = lim , , = oo. Tor/ia Mbi nojiynnM fljia jiio6oro 

n— >oo l c " + il 

oo 

z 6 R, to pjm \°n • z n \ CHOBa 6yneT cxofliiTbca no npii3HaKy ,HajiaM6epa: 

n=0 



D = lim 



C)l+1 • z 



n+l I 



lim 4^ • \z\ 



\z\ 



n-^roo \c n ■ Z n \ n->oo |c„| 



lim 



noaTOMy ps/i, X^^Lo c " ' z " TO»ce cxoahtch, h t&khm o6pa30M, D = R. 
ITepeiifleM, HaKoneii, k npnMepaM. 



M 1=0 

00 



□ 



o 10.1.1. PaccMOTpnM pafl 

oo 
n=l 



o 10.1.2. PaccMOTpnM pH,n, 

Ex 



n=l 



Pa/niyc cxo^hmocth b stom cjiy^ae OKa3biBaeTca Pa/niyc cxo^hmocth b stom cjiynae OKa3BiBaeTCH 



paBHbiM nyjno 
R= lim 



paBHbiM 6ecKOHenHOCTH 



Cn+l 



lim 



= lim 



1 



n->oo (n+l)! n-S-oo n+l 



= R= lim 



Cn+l 



(n + l)! ,. . 
= lim ; = lim (n+l) = oo 



n— foo n! 



nosTOMy o6jiacTb cxo^hmocth 6yneT coctohtb h3 nosTOMy o6jiacTb cxo/itimocth 6yfleT coBnaflaTb co 
o,h,hoh tohkh - n,eHTpa Hamero pa^a xq = 0. Bceft npaMofi R. 



BbiBO/i; 06jiacTb cxo^hmocth D = {0}. 



Bbibo^i,: 06jiacTb cxo^hmocth D 
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Tjiasa 10. CTEIIEHHblE PH£H II AHAJIHTMHECKHE QyHKIJHH 



o 10.1.3. PaccMOTpiiM pafl Pa/niyc cxoahmocth: 



Ex'" 
n R = lim 

n=l n-¥oo 



lim — — = 2 



Cn+1 



n— >oo 



2> 



Bbihhcjihcm pa/niyc cxo^hmocth: 

KapTHHKa: 



R= lim 

n— >oo 



Cn+l 



lim — — — = 1 



n— >oo 7z 



3to 3HanHT, ito o6jiacTb cxo^hmocth D HBjiaeT- 
ca OTpe3KOM [—1, 1], KpoMe, MOJKeT 6i>iTb, ToneK Ha 
rpaHime. Haras/nro 3to yno6HO noKa3aTb cjieflyio- 
men KapTHHKOft: 

IIpoBepHeM tohkh x = —3 h x = 1. 
1) IIpi! a; = — 3 nojiynaeM pafl 

n— 1 n — 1 

Ha M ocTaeTca jihhib nposepiiTb tohkh i = -1h pacxoflamiiHCH no H eo6xo fl HMOMy ycjiOBHio cxo A h- 



x = 1. 



mocth (TeopeMa l8.2.7D . 



1) IIpH x — — 1 nojivnacM phjt „>„ , 

y r 2) llpii x = 1 nojiynaeM pafl 

» ( _ 1)n 



n— 1 



00 2™ 00 

n—l n—l 



TaKace pacxoflHinnncH no Heo6xo,n,HMOMy ycjiOBHio 

CXO,H,HMOCTH. 

IIonpaBjieHHaH KapTHHKa: 



KOTopbiii cxo/i,htch no npH3HaKy JlcH6HHH,a (Teope- 
M a 18. 2. 101) . 

2) IIpH x = 1 nojiynaeM rapMOHHnecKHii pjm 

oo „ oo 

E L = E i 

n—l n—l 

KOTopbiii pacxoflHTCH, b CHjiy npHMepa 18.2.11 

TaKHM o6pa30M, Hamy KapTHHKy mojkho nonpa- 
BHTb cjieflyiomHM o6pa30M: 

Bbibo^,: 06jiacTb cxo^hmocth D = (—3, 1). 
t» 10.1.1. Haii^n-iTe o6jiacTb cxo/himocth: 

BbiBO/i,: 06jiacTb cxo^hmocth D = [—1,1). 1- X) — 7? — > ^- X n ™ ' 

n—l n—l 
O 10.1.4. PaCCMOTpHM pa,U; C HeHyjieBbIM neHTpOM: n \^ 2 f n\n rr \-> x n 

I. ^ n ■ \x — l) \ Zj 

^(z + 1)" 

2^^^ 3. £ 3™ • (x + 2)«; 

n—l n—l 



(b) PaBHOMepHaa cxo^hmoctl. CTeneHHoro pa,n,a h ee cjie^CTBHa 
PaBHOMepHaa cxoflHMOdb CTeneHHoro pa,n,a. 
TeopeMa 10.1.3. Bcmkuu cmenewHou pud 

oo 

E C « ' ( X _ ' T o)" 
n=0 

cxodumcsi paeHOMepno na KaotcdoM ompesKe [a, 6] enympu unmepeajia cxoduMocmu (xq — R, xq + R) . 



§ 1 . CreneHHbie pxflhi 
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/JoKa3ameAbcmeo. IlocKOjibKy [a, b] C (xq — R,Xq + R), mojkho hrhth hhcjio C > Taxoe, hto 

xq — R<xq — C<a<b<xo + C<xo + R 



3a(J)HKCHpyeM ero h 3aMeTHM, hto 



| a; - sc 1 
sup — = max 



ccG [a, 6] 



\a -xq\ . \b - x Q \ 
C 5 C 



A < 1 



(10.1.9) 



Hani pafl cxoflHTCH b tohkc xq + C G (xo — -R, &o + R), ii sto npiiBOfliiT k jioruHecKoii uenoHKe A6ejia 
(onHCBiBaBineiicH npii flOKa3aTejibCTBe jibmmbi 110.1. ip : 



J2 c « • ° r ' 



cxo/uitch 



71 = 



Cn • C n — ► 

n— >-oo 

nocjieflOBaTejibHOCTb c„ • C™ orpaHHHeHa : 
3M>0 Vn Ic-C^KM 
4 



(10.1.10) 



|c„ • (x - £Co) n '|la;e[a,Ii] = SU P l C ™ ' ( X _ X o)"l = SU P 
scE[a,b] [a,6] 



|c„-C"|- sup 

x£ [a,b] 

< M • I sup 

\ xe[a,b] 



(x - x a y 



\x - Xq\ 

C 



< (npuMCHHCM (|10.1.10p ) < 

< (npHMeHHeM (|10.1.9p ) < M ■ A™ (rp/e A < 1) 



a- 



J2\\c n -(x-x r\\ xe[a<b] ^J2M.X n =M.J2x n (r fl e A < 1) 



n=0 



n=0 



^ ||Cn • (X - X ) n \\ xe[aM - CXOAHTCH 



n=0 



BcnoMHHaeM npH3HaK BeftcpiiiTpacca 

paBHOMepHOH CXOflHMOCTH ( TCOPCM V 19. 2 . 5l 



c„ • (a; — so)" — cxo,n,HTca paBHOMepHO Ha OTpe3Ke [a, b] 



n=0 



□ 
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HenpepBiBHOCTB cyMMBi CTeneHHoro pH^a. 
TeopeMa 10.1.4. CyMMa gcrkozo cmenenHOZo psida 

oo 

S(x) = 2J c„ • (x - x ) n 

77=0 

nenpepuena na uwmepeaAe cxoduMocmu (xq — R, xq + R) . 

ffoKaaameji'bcmeo. Ilo TeopeMe 110.1.31 stot pH/i, cxo/hitch paBHOMepHO Ha jik>6om OTpe3Ke [a, b] C (xq — 
R, xq+R). C /rpyroii cropoHbi, oh coctoht hx HenpepbiBHbix cpyHKHiiii c n -(x~xo) n , nosTOMy, no CBOiicTBy 
1°§3 rjiaBBi 20, cyMMa S(x) flOjuKHa 6biTb HenpepbiBHa Ha [a, b]. 3to BepHO fljia jnoGoro OTpe3Ka [a, b] C 
(xq — R, Xq+R), nosTOMy cyMMa S(x) flOjiJKHa 6bitb HenpepbiBHa Ha BceM HHTepBajie (xq — R, xq + R). □ 

,HH(p(pepeHn,HpoBaHHe h HHTerpnpoBaHHe CTeneHHBix ph^ob. 3a<pHKCHpyeM npoH3BOjibHbiH CTe- 
ncHHOfl pa,n; 

oo 

^2c n -(x-x ) n (10.1.11) 
h BbinHHieM pafl, nojiyHaroiHiiiicH ero noHjieHHbiM flncpcpepeHinipoBaHHeM 

oo oo 

J2 {Cn ■ (X ~ XoT}' = J2 C n- n -( X ~ (10.1.12) 
n— n— 1 

h pHfl, nojiynaioiiiHHCH no^uiGHHbiM HHTerpupoBaHiieM: 

^/ c n -(t~x ) n dt = Y,^h-( x - x »y i+1 (10.1.13) 

77=0 "^D 77=0 71 + 

TeopeMa 10.1.5. Paduycu (u unmepeajiu) cxoduMocmu psidoe (jlO.l.lip . p0.1.12p u (|10.1.13p coena- 
dawm, u 

(i) cyMMa ptida (110.1. lip fieAsiemcfi zjiadKoil QiywKVjUeu na uumepeaAe cxoduMocmu, u ee npou3- 
eodnyw na hcm mookho euHUCAumt noHAeHHUM duqiqiepeHt^upoeaHueM: 

, / oo \ oo , oo 

— ^^-(x-^r ^E^^-^-^r) =^c 7l -n-( a; -a : o) n - 1 (10.1.14) 

\7i=0 / n=0 n=l 

fiij unmezpaA om cyMMU pjida (jlO.l.lip mookho euHUCAumt uohachhum utimezpupoeanueM: 

. x / OO \ OO - x oo 

/ lY / C n-( t - X 0) n )dt=Y / Cn-(t-XoT dt=Y,~ I h-( X - X ^ n+1 (10.1.15) 

■^o \n=0 / n=0 77=0 " + 

/(oKasameAbcmeo. 1. y6e,zi,HMCH CHanajia, hto pa/niycbi cxo^hmocth ph,h,ob (jlO.l.lip . p0.1.12p h (|10.1.13|) 
coBna/i,aiOT. 3aMeTHM npejK/i,e Bcero, hto ,n,jia SToro HaM floCTaTOHHO npoBepnTb coBna,n,eHHe pa/niycoB 
cxo^,hmocth pjia psflOB (jlO.l.lip h l|10.1.12|l . 3to 6ya;eT 03HaHaTb, hto npn r i] > Hcp(pepeHD;HpoBaHHH CTe- 
neHHoro pfl,n,a ero pa/niyc cxo/himocth He MeHaeTCH, 3HanHT, nocKOjibKy psm (110.1. lip Toace nojiynaeTca: 
H3 pafla (|10.1.13p noHjieHHbiM flHepcpepeninipoBaHHeM, hx pa/niycbi cxo/himocth tojkc 6yzryT coBna,n,aTb. 
C,zi,e.jiaeM nocjie 3Toro 3aMeHy nepeMeHHOfi 

X — Xq = Z 

Toiyja paflbi (jlO.l.lip h (110. 1.12)) nepenHHiyTCH cjieflyiomHM o6pa30M: 

oo 

Y,Cn-Z n (10.1.16) 

n=0 

oo 

^Cn-n-z"- 1 (10.1.17) 

77=1 

06o3HanHM nepe3 R\ pa/niyc cxo/i,hmocth pH/i,a (|10.1.16p , a Hepe3 i?2 _ paflnyc cxo/himocth pa^a (|10.1.17p . 



>' 1 . CTeneHHbie pa^bi 
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A) ,HoKa>KeM CHanajia, hto R\ ^ i?2- 9to paBHOcnjitHO TOMy, hto ecjin pHfl ^ c„ • £™ cxo/hitch npn 



n=0 



KaKOM-nn6yz];b (, to npn jiioGom z : < \z\ < |(| cxo^,htch pafl c„ • n • z n . ITpiiMeHHeM jiornnecKyio 

n=l 

nenonicy A6cjih: 



cxo,n,HTca 



n=0 



c„ • C" — ► 

n— J-oo 

3M > Vn |c„ >("|a 
fljia BCHKoro ^ : < \z\ < \(\ 



c„ • n- z 



n-l\ 



Cn-C 



n z 
~z ' C™ 



- \Cn ■ C\ 



n 



< M ■ 



n=l 



n=l 



n=l 



— cxo^htch no npH3HaKy flajiaM6epa, nocKOjitKy 

a- 



< i 



E 



c„ ■ n ■ z 



n-li 



n=l 



cxo/niTCH no npn3HaKy cpaBHeHna 

oo 

c n ■ n ■ — cxoflHTCH no npn3HaKy a6cojnoTHofi cxo/niMOCTn 



n=l 



B) Tenept ^OKajKfiM, hto i?2 ^ 3to paBHOcnjitHO TOMy, hto ecjin pjifl ^ c„ • n • (™ 1 cxo^htch 



n=l 



npn KaKOM-nnGyflb £, to npn jik>6om z : < \z\ < \(\ cxo/ititch pafl c « ' 2: ™- npHMCHaeM jiornnecKyio 

Tl = 

nenoHKy A6cjih: 



^ c„ • n • C™ 1 — cxo^htch 

n=l 

c„ • n • C™ -1 — > 

n— foo 

3M>0 Vn |c„ •n-C" _1 K M 
fljia bchkoto z : < \z\ < \(\ 



C n - Z = 



n-1 C 

' n ' C™ 



= |c„ • n • C 



n-l, ICI 



s$ M ■ 



ICI 



n 



n=0 



n=0 



Ei^^E^i 7^ M -E^ 



n=0 



10. 

n 
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Tjiasa 10. CTEIIEHHblE PH£H II AHAJIHTMHECKHE QyHKIJHH 



z 

cxo^htch no npH3HaKy ^JajiaiviGepa, nocKOjitKy — 

1$. 

oo 

\c n ■ z n \ — cxo^,htch no npH3HaKy cp&bhchhh 



< 1 



oo 



c„ • z n — cxo/niTca no npn3naKy aGcojnoTHoft cxo^hmocth 

n=0 

HTaK, mm ,n,OKa3ajiH, hto 

Ri *S R2 ^ -Ri 

TO eCTb 

i?l = i?2 

2. /J,OKa>KeM flajiee tojk^gctbo (|10.1.14p . Bo3bMeM KaKne-Hn6yflb tohkh a, b Tax nTo6ti 

a^o — R < a < - T o < b < xq + R 

Toiyja, no TeopeMe 110.1.31 mm nojiynnM, hto pa^, (|10. 1 .12)) 

00 00 



Cn ■ n ■ (x - x ) n 1 = ^ ( c « -ti-(x- x ) n Y 



n—0 

cxoflHTCH paBHOMepHO na OTpe3Ke [a, b], a, c /ipyroft CTopoHbi, pa^ 



^ c n ■ (x - x ) n 



n=0 

cxo^,htch b TOHKe xq, noTOMy hto Bee ero HjieHbi, KpoMe HyjieBoro paBHM Hyjno b stoh tohkc: 



J~] C n ■ n ■ (x - Xq) 7 



n=0 



= c • 1 + ci • + c 2 • + ... 

X—Xq 



IIo CBoiicTBy 4° Ha c !365l sto 03HanaeT, hto cyMMa pa,n,a (|10.1.11|) 6yn,eT flHcpcpepcHnnpyeMa Ha [a, 6], n 
ee npoH3BO,n,Hyio b KajKflofi Tonxe x G [a, 6] momo bmhhcjihtb nonjieHHMM /nidpcpepeHnnpoBaHHeM: 

^ ( Cn ' ^ ~ ) = ^ ( c " ' ( x ~ = c ™ ' n ' ^ ~ ^o)" -1 , x € [a, b] 

\n=0 ) n=0 n=l 

To ecTb TOJKflecTBO (|10.1.14|) BtinojiHseTCH fljiH x 6 [a, i>]. IlocKOjibKy nncjia a,b 3flecb BbiGnpajincb 
npoH3BOjibHbiMH, yapBjieTBOpHioiHHMH ycjiOBHK) Xq — R < a < Xq < b < Xq + R, mm nonynaeM, HTO 9TO 
TO»mecTBO BbinojiHaeTCH npn jik)6om x £ (xq — R, xq + R)- 

3. Tenepb floxajKeM (jl0.1.15l ) . 3adpHKcnpyeM x H3 nnTepBajia cxo/himocth (o6mero paflOB (110.1.11) ) 
n (jl0.1.13|) ). Ilo TeopeMe 110.1.31 mm nojiynnM, hto pa,n, 

oo 

^ Cn ■ Tl ■ (t - x ) n 
n=0 

cxo^,htch paBHOMepHO Ha OTpe3Ke [cco,a;]. FIosTOMy, no CBoiicTBy 3° Ha c !365l ^ojijkho BbinojiHHTbCH 

paBCHCTBO 



f X _ OO fX oo 

/ £c n -(t-a:o) n dt = E / Cn'(t-s )' l dt = ^^ T .(x- S or +1 
To ecTb cnpaBefljiHBO (|10.1.15[) . □ 



§ 1 . CreneHHbie pxflhi 
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Cjie^cTBHe 10.1.1. CyMMa gcrkoso cmenenHoao pjida jieAMemcji 6ecKOHeuHo zAadKoil (f>yHKv,ueu na 
unmepeajie cxoduMocmu (xq — R, x$ + R) smozo pada, u npou3eodnasi nopfidna k smoil cfiyHKi^uu euuuc- 
AJiemcM no cfiopMyAe 

ife / o° \ oo i 

^ ^cn-ti-xor =J2 r ,,, -Cn-{x-x ) n -\ xg(x q ~R,x + R) (10.1.18) 

° X \n=0 ) n=k [Jl K >- 

/J,oKa3ameAt>cm60. 06o3Ha x iHM pjin yflo6cTBa cyMMy Hainero CTeneHHoro psfla 6yKBOfi P: 

oo 

P{x) = yCn-{x- X ) n , X E (Xq - R, Xq + R) 
n=0 

IIo TeopeMe ??, P ^ndpdpepeHnnpyeMa Ha (xq — R,xq + R), npnneM ee npoH3BO,n,HaH HBjiaeTca cyMMoii 
CTeneHHoro pa^a c TeM jkb HHTepBajiOM cxo/thmocth: 

oo 

P'(x) = c n ■ n ■ (x — xo) n_1 j x € (xq — R, xo + R) 
n=i 

3HanHT, onaTb no TeopeMe ??, P' /jadpcpepeHnripyeMa Ha (xq — R,xq + R), npnneM ee npoH3BO/i,Haa 
HBjiaeTCH cyMMoii CTeneHHoro pH,na c TeM jkb HHTepBajiOM cxo/thmocth: 

oo 

P"(x) = c„. ■ n ■ (n - 1) ■ (x - x ) n ~ 2 , x e (x - -R, x + i?) 

n=2 

H Tax flajiee. HH/ryKHiien no k nojiynaeM dpopMyjiy (jlO.l.lSp . □ 



(c) BbiHHCJieHHe cyMMbi CTeneHHoro To ecTb, 



TeopeMa 110.1.51 no3BOjiaeT b HeKOToptix cjiy^anx 
hbho bbihhcjihtb cyMMy CTeneHHoro pHfla. 3flecb 
mbi noKaxceM Ha npHMepax, KaK sto flejiaeTca. 

Bee Ha^HHaeTCH c cpopMyjiti pjia cyMMBi uie- 
hob 6ecKOHenHoii reoMeTpnnecKon nporpecenn, ko- 
Topyro mbi BbinncBiBajin b npnMepe 18.1.11 



E- 



l-x' 



x < 1 



(10.1.19) 



H3 Hee BBiBOflHTca iiejiBiii psfl flpyrnx nojie3Hbix 
cpopMyji pjlsi cyMM CTeneHHbix pa/ipB. IIpoK/ie Bce- 
ro, 3aMeHoii a; Ha —a; mbi nojiynaeM TOJKflecTBO 



00 1 

EM)" = W <1 



n=0 



(10.1.20) 



HHTerpnpya ero npn \x\ < 1 mbi nojiynaeM 



E(- 1 )"" 1 ~ = E(- 1 ) 



n+l 



71 + 1 



E / (-l) n -t n dt = \n(l+x)= / 

„_n^0 JO 



dt 

T+l 



Y (-1)"- 1 . — 

n=l 



= ln(l + x), |x| < 1 



(10.1.21) 

^ajiee, 3aMeHHB b ([10.1. 20p 1 Ha i 2 , mbi nojiynHM 



E(-i: 



n . 2n _ 



1 + X 2 



\x\ < 1 



(10.1.22) 



IlHTerpnpya: (|10.1.22p no TeopeMe 110.1.51 ( npii \x\ < 
1) mbi nojiynaeM: 



1 + i 2 



arctg a; 



To ecTB 



00 



,r 



2n+l 



^ V ; 2n + l 

n=0 



arctg a:, |a;| < 1 



(10.1.23) 

IIojiyneHHBix (popMyji yjKe .npcTaTOHHO, nTo6Bi 
nepeiiTH k penieHHio 3aflan. 

o 10.1.5. IlpeflnojiojKHM, Hain Hysmo HafiTH cyM- 
My CTeneHHoro pH/ra 



x - X" 



(10.1.24) 
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rnaisa 10. CTEIIEHHblE PH£H II AHAJIHTMHECKHE QyHKIJHH 



PeuenT peineHHH saKjuOTaerca b tom, hto6m coo6- 

pa3HTB. KaK 3TOT pHfl MOJKHO nOJiy^HTb 113 CpOp- 

Myji p0.1.19p - (|10.1.23p c nc-MOiHbio onepanHii /rndp- 
cpepeHu,HpoBaHHa, HHTcrpiipoBaHiia, 3aMeHM nepe- 
MeHHOii h yMHOJKeHHH Ha x k . JJnn flaHHoro pH/ia 
nocjieflOBaTejiBHOCTb ^eficTBHii BbirjiH/riiT cjie/ryio- 
ihhm o6pa30M. CHanajia mh BbinncbiBaeM cpopMyry 
(110.1.191) : 

oo 1 

n=0 



OTBeT: 



l-x 



3aTeM MeHaeM b Heft HH^eKC n Ha k — 1: 

^ l-x 

fe=l 

Ilocjie SToro HHTerpnpyeM: 

X3 J. -a; CX 

Et= E^ 



(1 - x) 2 

n— 1 v ' 

o 10.1.7. Haft™ cyMMy CTeneHHoro psfla 

Y(-\) n -— — 

^ K ' 2n + l 

n—l 

3fleCb BMHHCJICHHH Ha^IHHaiOTCH c (popMyjibi 

(|10.1.23|) . KOTopyio mm nepennnieM c nepeMeHHOft 
t BMecTO x: 



2n+l 



k=l 



k=l 



o 1-* 



dt = -ln(l-x) 



n=0 

Mbi flejiHM ee Ha i 



2n+ 1 



arctg i 



OcTaeTCH yBH/jeTb, hto nojiyneHHtift pH,n, OTjinna- 
ercfl ot (|10.1.24| TOjibKO hh/jckcom. Ecjih Tenept 
noMeHHTb fcnan, to nojiyHHTCa 
Otbct: 



-. oo 

t-E(-i) 



t 2n+1 arctg i 



n=0 



E^ = -mi--) 



E(-!) n 



n=l 



n=0 



2n + 1 

i 2 " 

2n+ 1 ~ 



arctg t 
t 



o 10.1.6. HaiiTH cyMMy CTeneHHoro pH/ia 

oo 



IIotom ^ejiaeM 3aMeHy nepeMeHHOii t = x h ncuiy- 
naeTCH 
Otbct: 



CHOBa BbinHCbiBaeM cpopMyjiy (|10.1.19|) : 

oo 1 

E* n = T 

n=0 

^HcpcpepeHin-ipyeM ee: 



E(-d 



arctg 



n=0 



2n + 1 



l-x 



1 



E 

n=l 

YMHOJKaeM Ha x: 



n • /- 1 = 



*-E 



1 - X 



(1-x)^ 



(1-x) 2 



>t> 10.1.2. Haft,n,HTe cyMMy pjma: 

oo 

1. £ - a;" ; 

n=l 
oo 

2. £ 2™ -x"; 

n=l 

oo q 

3- E^; 

71=1 
OO 

4 V - rL - 

n—l 

oo , . 

n=l ™ 

oo 

6. £ n-x"(l + x); 

n=l 
oo . . 
y y> g (1+x ) . 

n=l 

oo 

8. £ n-x"(l + x"). 

n=l 



§ 2. AaajmTvnecKae nocjie^OBaTejibHOCTii h npoH3BO/],simne cpyHKijHH 
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§ 2 AHajiHTHHecKHe nocjie^oBaTejibHOCTH h npoH3BO^HLU,He <3pynK- 

D,HH 

(a) Onpe^ejieHHe aHajiHTH^ecKoft nocjie,zi,OBaTejii>HOCTH 

• HncjiOBaa nocjieflOBaTejibHOCTb {a n ; n G Z + } Ha3biBaeTCH (maAumuHecKou, ecjiH OHa ynpBjie- 
TBopaeT cjiejjyiomHM SKBHBajieHTHbiM ycjiOBiiHM: 

(i) CTeneHHOii pajj; X^^Lo a ™ ' ■ E ™ HMeeT HeHyjieBoii pa/niyc cxojthmocth: 

oo 

3r > pim a n • r" cxojthtch (10.2.25) 

n=0 

(ii) fljiH HeKOToporo HHCjia A > nocjieflOBaTejibHOCTb A n MajfcopnpyeT nocjie;j,OBaTejn>- 
hoctb \a n \: 

V?iGZ+ \a n \^A n (10.2.26) 
MHO»cecTBO Bcex aHajiHTiinecKHx nocjieflOBaTejiBHOCTeii o6o3HanaeTCH chmbojiom A. 

• Pajrnyc cxojthmocth CTeneHHoro pajia X)^°=o a ™ ' x " Ha3biBaeTCH paduycoM cxoduMocmu nocjie- 
doeameAbHocmu a h o6o3na il iaeTca p(a): 

p(a) = sup < r > : pajj, a n ■ r™ cxojthtch > 
I n=o J 



o 10.2.1. Ilocjie/i,OBaTejibHOCTb 
a n = n\ 

He 6ya,eT aHajiHTHHecKoii, noTOMy hto b ciuiy npn- 
Mepa 110.1.11 nopojK,n,aeMHH eio psm 

oo 

n! • x n 

n=l 

HMeeT HyjieBoit pajxnyc cxojthmocth. K TaKOMy 

JKB BblBOJiy MOJKHO npHHTH, Hcnojib3yH KpHTepnii 

(110.2.261) . 



o 10.2.2. Hao6opoT, nocjiejrpBaTejibHOCTb 

1 

a n = —. 
n\ 

6yjj,eT aHajiHTHHecKoii, noTOMy hto, KaK mm y6ejTH- 
jihcb b npHMepe 110.1.21 nopojKjraeMbm eio phjj, 

EX 

n=l 

HMeeT pajxnyc cxojthmocth R = oo (jijih Hac rjiaB- 
Hoe, hto R ^ 0). KpHTepnii (|10.2.26p jraeT to jks 
caMoe. 



(b) Ajire6paHHecKHe onepaipra c aHajiHTHnecKHMH nocjie,zi,OBaTejii>HOCT5iMH 

• Ecjih a € A, to ecTb a = {a n ; n G Z + } - aHajiHTHHecKas nocjiejjpBaTejibHOCTb, to npomueo- 
noAODfcnaM nocjiedoeameAbHocrrib —a onpejrejiaeTCH cpopMyjioft 

(-a)„ := -a„ 

H3 p0.2.26p cpa3y cjiejryeT, hto —a G .4. 

• Ecjih *;e a, b € A, to ecTb a = {a„; n 6 Z + } id = {6„; n G Z + } - aHajiHTHHeciaie nocjiejro- 
BaTejiBHOCTH , to hx cyMMa a + b h ceepuiKa a * 6 onpejrejiaiOTCH cpopMyjiaMH 

n 

(a + b) n := a n + fe„, (a * 6) n := ^ a fe • 6„_ fc 

k=0 

CeiiHac mbi noKa»ceM, hto a + b£Ana*b£A. 

/JoKaaameAbcmeo. B cnjiy (|10.2.26p . ycjiOBHH a G A h b G 03HaHaroT, hto jijih HeKOTOpbix ^4 > h 
-B > BbinojinsiOTca HepaBeHCTBa 

\a n \ < A n , \b n \ a" (ne Z + ) 
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Tjiasa 10. CTEIIEHHblE PH£H II AHAJIHTMHECKHE QyHKIJHH 



OTCio^a cjie/i,yeT, BO-nepBbix, 

n 

| (a + 6)„| = |a„ + b n \ < K| + |6„| < A n + B n ^J2 °n ■ Ak ■ Bn ~ k = ( A + B )' 



k=0 



to ecTb nocjieflOBaTejibHOCTb |(a + b) n \ MajKopnpyeTCH noaneflOBaTejibHOCTbio (A + B) n , h 3HaHHT, no 
ycjiOBHio (|10.2.26|) . a + 5eA 

H, BO-BTOpbIX, 



I (a * b) r 



k=0 



< £ |a k | • l^-jfcl ^ A fc • B n - k Y. ( 't- Ai ■ Bn ~ k = ( A + B ) n 



k=0 



fc=0 



to ecTB nocjieflOBaTejibHOCTb \ (a * 6) n | Ma»copHpyeTca nocneflOBaTejibHOCTbio (A + B) n , h onHTb b cmiy 
(|10.2.26|) . s*i>eA □ 

CBOHCTBa ajireGpaH^ecKHX onepainift Hafl aHanHTHiecKHMH nocjie^oBaTe jibhocthmh : 

1°. Onepau,usi caomcchuh na MHOwcecmee A ydoeJiemeopMem cAedywvut,UM mootcdecmeaM: 

a + b = b + a, (a + b) + c = a + (b + c), a + = a, a + (-a) = (10.2.27) 
zde - nocJiedoeameA'bHocmb, cocmosnu,asi U3 HyjieiL: 

0„ := 

2° . Onepav,uji ceeprriKU na MHOcncecmee A ydoeAemeopnem CAedywmxiM mootcdecmeaM: 

a*b = b*a, (a * b) * c = a * (b * c), a*l = a (10.2.28) 

zde 1 - nocjiedoeameAt>Hocm'b, y Komopoti na nyneeoM Mecme cmoum eduHuv,a, a na ocmajit>- 
hux Mecmax nyAu: 

10, n > 



(10.2.29) 



3° . Onepav,uu + u * cesisanu Meatcdy co6ou mootcdecmeoM 3ucmpu6ymueHocmu: 

(a + b)*c = a*c + b*c 



(10.2.30) 



JJoKasameAbcmeo. Cbohctbo 1° mm cniiTaeM oneBiiflHbiM h cpa3y nepexo/niM k 2°. KoMMyTaTiiBHOCTb 
CBepTKH: 



(a *b) n = ^a k ■ b n - k = 



k=0 



n — k = i, k = n — i 



= ^ a ™ ' bt = ( b * a )" 



i=0 



AcCOHIiaTHBHOCTb CBepTKH! 



((a * b) * c) n = J^(a * 6) ft • c„_ fe = ^ ^ a, • 6 fe _; • c„_ fc = ^ a; • 6 fe _j ■ c„_ fe 

fc=0 fc=0 Vi=0 / < k < n 

^ i < k 



• c n _ fe 



< i < n 



i=0 



k — i = j, k = i + j 
i ^ k ^ n <^> O^j^n — i 



Bl ' ( X! b J ' ) = ^ a; ■ (& * c) n _i = (a * (6 * c)) f 



i=0 



i=0 



EflHHHD;a OTHOCHTejIbHO CBepTKH! 

n 

(a * l) n = 2J afe • ln-fc = flfc • 1 = a n 



k=0 



k—n 



1, k — n 
0, k ^ n 



§ 2. AHajiHTimecKiie nocjie^OBaTejibHOCTH h npoii3BOfi,xmiie cpyHKijHH 
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OcTaeTCH CBOHCTBO flHCTpil6yTHBHOCTH 3° : 

n n n n 

((a + b) * c) n = ^(a + b) k ■ c„_ fc = ^(a fc + b k ) ■ c„_ fe = ^ a fc • c„_ fc + ^b k ■ c n - k = (a * c)„ + (6 * c) r 



fc=0 



fe=0 



□ 



(c) IIpOH3BO/],5IIIJ,a5I cJ)yHKU,H5I 

• TLpou3eod}iwfiu q^ynnuueu hjih zenepampuccoil Gen a aHajiHTiiHecKOft nocjieflOBaTejibHOCTii a G 
.4 Ha3biBaeTCH (pyHKHHH, onpeflejieHHaa: b okpgcthocth Hyjia (— p(a), p(a)) (popMyjiofl: 

oo 

Gen a (x) := ^ a„ • x™ 

n=0 

Ilo TeopeMe 1 1 . 1 . 5 1 3Ta (pyHKijiiH HBjiaeTCH rjia/jKoft Ha HHTepBajie (— p(a), p(a)). 



CBoiicTBa npoH3BOflHiu,HX cpyHKii,HH: 

1°. Tlpouseodsiwfisi cfjyHKv i uM cyMMu paena cyMMe npov,36odMU,ux qiynKuuil, 

Gen 0+ f,(x) = Gen (x) + Gerib(x), (10.2.31) 

npuneM p(a + 6) ^ min{p(a), p(b)}. 
2°. npou3Bods\,wp,si c/jyHK'nuM ceeprriKU paena npouaeedenuto npouseodftinux qiyHKi^uu, 

Gen a * 6 (a;) = Gen a (x) • Gen b (x), (10.2.32) 

npuneM p(a * b) min{ j o(a), p(b)}. 

fl,jut ^,OKa3aTejibCTBa BToporo 113 sthx cbohctb hem noHa,u;o6HTCH cne/iyiomaH 

JleMMa 10.2.1. Tlycm-b Xfclo Wfe u zCi^o u ' ~ ^ ea aScoJiwmno cxodsiu^uxcsi puda. IIoaochcum 

n 
fc=0 

Tozda pud X^Lo w " a ScojiwmHO cxodumcsi, u ezo cyMMa paena npou3eedenum cyMM psidoe X)/J=o Uk u 

Eoo " 
1=0 v i : 



\ N n / N \ 

Ew n = lim y~] V" Ufc • w„_ fc = lim V" u fc 
N->oo z — ' * — ' \ N=>oo * — ' 

n=0 n=0fe=0 V fc=0 / 

J^oKa3ameAt>cmeo. P^nsi BCHKoro N € N nojiynaeM: 



/■ JV \ / oo \ / oo \ 

= E«* • EH ( 10 - 2 - 33 ) 

\ i=0 / \fc=0 / \i=0 / 



N 



n=0 



n=0 



fc=0 



iV n 



n=0k=0 k+l^N max{k.l}^N 



N N 



N 



u k \ 



ma,x{k,l}^.N 

EhU (f>*iV (f>i) <°° 



k+l^N 
N \ 



fe=0 i=0 



\fe=0 



\k=0 



OTCK),n,a cjie^yeT, hto pa/i, X)^°=o ""n a6cojiiOTHO cxo^HTca. C flpyroii ctopohm, CHOBa fljiH jiio6oro JVeN 
iiMeeM: 



2iV 



z^ w «~ E Ufe ■ E^ 



n=0 



\/c=0 



2JV n iV iV 

^ ^ u k ■ V n -k ~ E E 



n=0 fc=0 



u k -vi- 22, u k- v i 

k+l^2N max{fc,/}^Af 



k+l^2N 



max{fc,;}^JV 



E 

J fe + ! < 2JV 1 
' \max{fe, 1} > Nj 



k=0 1=0 

U k ■ Vi 



< E M-N< 

f k + l ^2N \ 
|max{fe, 1} > Nj 
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fjiaBa 10. CTEIIEHHblE PXRbl II AHAJIHTHHECKHE OYHKI^HH 



< Y ki-n= E \u k \-\vi\= y ki-n + Y \ u k\-fa\ = 

( max{/c, 1} < 2N\ 7V<max{fc d}^2N 

\ max{fc, 1} > N j 



^ k < N 
N < I 2N 



N < k ^ 2N 
<l <2N 



Y .«*! I I Y 



E I • I E h 

,N<k^2N I \0^l^N 



E u * • E r 



Vfc=0 



\k>N 



4. 4- 

0, 0, 
npH AT — ^ oo npii TV — >• oo 



A 
oo 



H nosTOMy 



2iV 



Ew„ = lira > w„ = lim 

n=0 n=0 



V Wf ^ 



Y u k) ■ \ Y v i 

\k=0 / \l=Q / 



□ 



/J,oKa3ameAt>cmeo ceoilcme (|10.2.3ip - (|10.2.4ip . 1. Ecjih |a;| < min{p(a), p(b)}, to 
Gen a+6 (a;) = lim Y^ (a + 6)„ • x n = lim Y^ (a„ + b n ) ■ x n = 

/V — inn ' ■ AT — ^nn ' ■ 



2<N 



= Jim I YJ a n ■ x n + Y, bn ■ x n J = YJ a„ • x" + YJ 6„ • x n = Gen a (a;) + Gen b (:r) 



>n<N 



n<N 



3to BepHO jijih jiio6oro a; TaKoro, hto |x| < 011111,0(0), /o(o)}, nosTOMy p(a + 6) min{p(a), p(6)}. 
2. Ecjih |x| < min{p(a), p(6)}, to 



Gen *j(x) = lim Y" (a * b) n ■ x n = lim Y" Y" a fe • o„_ fe 

iV — J'OO ' * rJ — ^nn ' ■ \ ^ • 



N—t-oo 



n^N \k=0 



= Km Y Y ( ak ■ xk ) ■ ( bn - k ■ xn ~ k ) = (ll0 - 2 - 33l) = ( E ak ' xk r ( E bl • ^ = Gen a(») • Gen &(z) 

^^n^JVfcO Vfc=0 / \l=0 ) 

3to BepHO fljia jiio6oro a; TaKoro, hto |x| < mm{p(a), p{b)}, nosTOMy p(a + b) min{p(a), /c(6)}. 



□ 



(d) IIopaflOK aHajiHTHHecKoii nocjie/i,OBaTejii>HOCTH 

• IIopsidKOM aHajiHTHHecKofi nocjiejj,OBaTejiBHOCTH 6 € A Ha3BiBaeTca: hhcjio 

a; (a) = min{n G Z + : a„ 7^ 0} 
TeopeMa 10.2.1. Cnpaeedjiueo nepaeeHcmeo: 

w(a*b) ^ w(a) +u(b) (10.2.34) 
/JoKa3ameAt>cmeo. CnpaBefljiiiBa jioriiHecKaa E,enoHKa: 

n 

(a * b) n = Y a k ■ b n-k ^ 
fc=0 

3fc e {0, ...,n} a k -b n - k ^0 



§ 2. AHajiHTii^iecKiie nocjieffOBaxejibHOCTH h nponsBO^amHe qpyHKinzii 
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3k e {0,...,n} 
3fce{0, ...,n} i 



3fc G {0,...,n} 



H3 Hee nojiynaeM: 



fc ^ w(a) 
n — fc > 

{fc 5? cj(a) 
n ^ w(6) + k ^ + w(a) 

n ^ + lu(ci) 



u(a * b) = min {n G Z + : (a * 6)„ ^ 0} > cj(fe) + w(c 



□ 



(e) CpaBHeHHe aHajiHTHHecKHx nocjie,zi,OBaTejii>HOCTeH 

• HepaBeHCTBO a ^ b p/in nocjieflOBaTejitHOCTeii a,b £ A 03HaHaeT, hto KajK^aa KOMnoHeHTa a 
He npeBoexoflHT cooTBeTCTByioinyio KOMnoHeHTy b: 

a ^b <^=^ Vn G Z + a„ 6„ 

IIpe^jio>KeHHe 10.2.1. YIpou3eod}im,asi <fiynKv,u.R coxpansiem Hepaeeucmea 6ah Heompwu,ameAt>HUX ap- 
zyMeHmoe: 

a^b Vre(0,p(6)) Gen a (r) < Gen b (r) (10.2.35) 

oo oo 

J^OKa3ameAbcmeo. Gen a (r) = a n ■ r n ^ b n ■ r n ^ Gerib(r). □ 

n=0 n=0 



(f) Mo,n,yjiB aHajiHTHHecKoii nocjie,n,OBaTejii>HOCTH 

• ModyjieM nocjie/i,OBaTejibHOCTH a G A Ha3biBaeTCH nocjieflOBaTejitHOCTb \a\ € .4, onpeflejieimaH 
(popMyjioii: 

\a\ n := \a n \ (10.2.36) 

OneBHflHO, nocjie^OBaTejibHOCTb a = {a„; n G Z + } hbjihctch aimjiHTHHecKOH Toryja h tojibko 
Tor^a, Kor/i,a ee Mopyjib \a\ = {|a„|; n G Z + } hbjihctch aHajiiiTHHecKoii nocjieflOBaTejitHOCTbio: 

aeA \a\eA (10.2.37) 

CBoficTBa MO^yjiH aHajiHTHHecKofi nocjie^OBaTejitHOCTH: 

1°. Modyjit> cyMMU He npeeocxodum cyMMU Modyjiett: 

\a + b\ < \a\ + \b\ (10.2.38) 

2°. ModyAb ceepmKU He npeeocxodum ceepniKU ModyAeil: 

\a*b\ < \a\ * \b\ (10.2.39) 

3°. Paduyc cxoduMOcmu ModyAK coenadaem c paduycoM cxoduMocmu ucxodnou nocAedoeameAb- 
Hocmu: 

p(\a\)=p(a) (10.2.40) 
a npou36odsim,ue tfiyHKUuu ydoeAemeopsimm Hepaeencmey: 

| Gen„(a:)| < Gen H (|x|) (10.2.41) 
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Tjiasa 10. CTEIIEHHblE PH£H H AHAJIHTMHECKHE QyHKIJHH 



/JoKa3ameMbcmeo. IlepBbie pp& CBOftcTBa mm cuuraeM o^eBiiflHbiMH, h nepeiifleM cpa3y k 3°. B HeM 
HepaBeHCTBO (|10.2.4ip toxk OHeBii^HO 



Gen Q (x) 



< K| • M" = Gen |a|(M 



n=0 



A paBeHCTBO (|10.2.40|) ^,OKa3biBaeTCH flByxpaTHbiM npHMCHeuHCM jioriiuecKoii nenouKH A6ejia (cm. c I397I) 

C O/UIOH CTOpOHBI, 

< r < p(a) 

oo 

hhcjioboh a n ■ r" cxo^htch 

n=o 

o6ihhh HjieH CTpeMiiTCH k nyjiio: a n ■ r" — > 

71— ^OO 



nocjieflOBaTejibHOCTb a n ■ r™ orpaiuiueHa: sup \a n ■ r"| = M < oo 



Vo-e (0,r) 



On • o = a n ■ r 



a 


n 


a 




a 






< M • 




" ( 






r 




r 




r 





fljia BcaKoro <r G (0, r) uhcjioboh pa/i, |a n | • er™ cxo^htch 



pa/niyc cxoflHMOCTH pafla | a n \ ■ x n He MeHbine 



A c flpyroft CTopoHbi, 



71=0 



a- 

p(\a\) ^ r <— BepHO pjin jiio6oro r £ (0,p(a)) 

p(\a\) > p(a) 

< r < |o(|o|) 
4 



hhcjioboh pa/i, | <!„ | • r™ cxo^HTca 

n=0 

o6iii,hh HjieH CTpeMHTCH k Hyjno: \a n \ • r n — ^ 

n—>oc 

nocjieflOBaTejibHOCTb \a n \ ■ r" orpaHiiueira: sup |a„| • r™ = Af < oo 

nGZ + 



Vae (0,r) 



a„ • a = a„ ■ r 



(7 


n 


a 




O" 






< M ■ 




" ( 






r 




r 




r 





flJIH BCHKOrO CT € (0,7") UHCJIOBOH pa/i, a n ■ <t" cxo^uitch 
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!$■ 

oo 

paflnyc cxoflHMOCTH pa^a a„ • x n He MeHbine r 

n=Q 

p(o) ^ r -s— BepHO ,hjih jiio6oro r G (0,p(|a|)) 
p(a)>p(|o|) 

□ 

(g) CTeneHb aHajiHTHHecKoft nocjie/jOBaTejiBHOCTii 

• Cmenewb b k aHajiHTHnecKoii nocjieflOBaTejibHOCTH b € A onpe^ejiaeTCH hh^ykthbho npaBHjia- 

MH 

b° = l, 6 fc+1 = b k * 6, fc e Z+ 
(3,i];ecb 1 - efliHiiHaa nocjieflOBaTejibHOCTb, onpe/jejieHHaa paBeHCTBOM (|10.2.29p \ 

CBoiicTBa CTeneHH: 

1°. ModyMo cmenenu ne npeeocxodum cmenenu ModyAH: 

\b k \ < \b\ k (10.2.42) 
2°. Tlpou3eods\,mfl,s\, (pyHK'nuM cmenenu paena cmenenu npouseodjiu^eu cjjynKuuu: 

Gen bk (x) = ( Gen b {x)) k (10.2.43) 



3°. IIopsidoK u cmenewb anaAumunecKou nocAedoeameA&nocmu cejiaanu nepaeencmeoM: 

VfceZ+ u(b k ) ^ k ■ uj(b) (10.2.44) 
fioKaaameAbcmeo. Cbohctbo 1° cjie/ryeT H3 (I10.2.39|) . 2° - 113 (j!0.2.32|) . a 3° - 113 (|10.2.34p . □ 

(h) KoMno3Hu,Ha aHajiHTHnecKHx nocjie^OBaTejifaHOCTeft 

• IlycTb nopa/jOK aHajiHTH^iecKoii nocjieflOBaTejibHOCTii e i otjihhch ot Hyjia, to ecTb He 
MeHBine e^HHHn;bi: 

tj(b) > 1. 

Tor^a no (popivryjie (|10.2.44|) , nopsmoK ee CTeneHH He MeHbine noKa3aTejia CTeneHH: 

Lj{b k )^k, kez + . 

To ecTb 

Vn < k (b k ) n = 

H 3TO M03KHO HHTepnpeTHpOBaTB TaK, HTO npH (pHKCHpOBaHHOM HOMepe nOHTH BCe HHCJia 

(b k ) n ; k G Z + paBHbi Hyjuo: 

VneZ+ Vfc>n (6 fe )„ = (10.2.45) 

OTCio^a cjieflyeT, hto fljia jho6oh nocjieflOBaTejibHOCTH a 6 ^4 h jno6oro rt G Z + b pa,n,e 
Sfclo flfe ' (^ fe )" tojibko nepBbie n sjieMeHTOB (c HH^eKcaMH k = 1, n) MoryT 6bitb otjihhhbi 
ot Hyjia, noaTOMy oh cxo^htch. Ero cyMMa o6o3HaHaeTCH (a o b) n : 

oo n 

(a oi)„^a r (b k ) n =J2 a k- ( bk )n (10.2.46) 
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3t& (JsopMyjia onpeflejiaeT HeKyio nocneflOBaTejibHOCTt 

a o 6 = |(a o &)„; nGZ + |, 

Ha3MBaeMyio KOMno3uu,ueu nocAedoeamejitHocmeu a h b. Banee kopotko ee onpeflejiemie mojk- 
ho 3anHcaTb cpopMynoii: 

oo n 

aob = J2a k -b k = J2 a k-b k - (10.2.47) 

fc=0 fe=0 

TeopeMa 10.2.2. KoMno3Wj,usi aHcuiumuHecKux nocJiedoeameAbHOcmeu mowce sieAsiemcsi anajiumuue- 
ckou nocJiedoeameji'bHocm'b'w: 

a,b€A k w(b) ^ 1 => aobeA (10.2.48) 
/JoKa3ameA"bcmeo. IlycTb a, b G A h uj(b) ^ 1. Bbi6epeM e £ (0, p(|a|)), to ecTb e > TaKoe, hto 

oo 

Gen |a|(£) = J! K| ' S m < OO 

n=0 

YcjiOBiie 1 03HanaeT, hto &o — 0, nosTOMy npoH3BOflsin,aa cpyHKii,HH nocjieflOBaTejitHOCTii |6| iiMeeT 

BHfl 

OO OO 

Gen| 6 |(a:) = £ \b m \-x m =J2 K\-x m 

m— m— 1 

OTCian,a b cboio onepeflb cjie^yeT, hto 

Gen|n(0) =0 

h, nocKOJiBKy Geri|b| - HenpeptiBHaa (pyHKijiia, cynjecTByeT 5 > TaKoe, hto 

I Gen| b |((5)| < e 

Tenept nojiynaeM: 

Vfc G 1+ \b k \ SC |&| fc \ W.2A2 \ 

4J- 110.2.351 

Vfc G Z+ Geri| 6fc |(<5) < ( Gen {b{ ($)) < e fc 
4 



JV 



n=0 

if AT 



k=0 n=0 



K ^ N 








N 


K 


JV K 


if N 


= E 




•^EEk 


■I(6*)n|-« B = EEN-I( 6fc )"|-* B = 


n=0 


fc=0 


n=0 fc=0 






if oo 


if 


if oo 


fc=0 n=0 fe=0 


«fc| ■ Gen [6fc | W < ^ |a fe | • e k ^ ^ M ' ^ 

fe=0 fe=0 



Ger vl(,5) 

= Gen H (e) < oo 

OO 

Geri| aob |(<5) = ^ l( ao ' §n < Gen |a|(^) < oo 

n=0 

3to 03HanaeT, hto |a o 6| G .4, h no CBOHCTBy (|10.2.37p . a o b E A. □ 

CBOHCTBa KOMn03HIl,HH: 

1°. Mody/ib KOMno3uv,uu anaAumuHecKux nocjiedoeameAbHocmeu ne npeeocxodum KOM,no3uu > uu 
Modyjieu: 

\aob\ < \a\ o |6| (10.2.49) 
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2°. BhinojiHRemcn cjiedymuifie npaeuAO ducmpu6ymueHocmu: 

(a + b) o c = a o c + b o c 



(10.2.50) 



3°. npou36odMiu,aM <fiyHKV i UM KOMno3uv,uu anaAumuHecKux nocJiedoeameA'bHocmeu paena komho- 
3WHUU npouseodsni^ux (fjyHKV,uu e neKomopou OKpecmHocmu nyjin: 



35 > Vx E (—5,6) Gen Q o6(ir) = (Gen a o Gen&)(a;) 
floK03amejvbcmeo. Cbohctbo 1° ,zi;oKa3biBaeTCH HenoHKOii: 



(10.2.51) 



b\ n = (110.2.361) = |(oo6) n | = (110.2.461) = 



II 



€. V \ a ,\-\(h k ^\ = ptnnm 

k=0 



a k ■ ( bk )n 

k=Q 

n 

fc=0 k=0 

Cbohctbo 2°: 

n n 

((a + b) o c)„ = (fTUXTOD - ^(a + 6) fc ■ (c% = ^(a fe + &*) ■ (c fe )„ = 

n n 

= Y ak ' ^ k "> n + J2 bk ' ( cfe )« = H10-2.4fi|l = (a o c)„ + (6 o c )„ = (a o c + 6 o c) r 



fc=0 



fc=0 



Cbohctbo 3° Mbi CHaiajra ^OKajKCM pjw cjiynaa:, scoria a - cpHHHTHaH nocjie-flOBaTejibHOCTb, to ecTt 
TaKaa, y KOTopoft no^TH Bee sjieMeHTbi paBHbi Hyjiio: 



sup{fc G Z + : 7^ 0} = X < oo 
B 3tom cjiynae fljia bchkoto x G (—p(b),p(b)) mh nojiy^HM: 



(10.2.52) 



oo oo 



A' 



Gen Qob (x) ^(flo^./^^a,. (6 fe )„ . a;" = (fT?T232l =^^a fc - (6 fe )„ • x n 

n=0 n=0k=0 n=0 fc=0 

A oo A A 

= E a fc • E (& fc )„ • a;" - E flfe ■ Gen 6 * (a) = (|10.2.43l) =^a r ( Gen 6 (a:) 



k=Q 



k=0 



Gen. fe (x) 



oo , 

Y ak ' { Gen b (x)^J = Gen a ( Gen b (a;) 



fe=0 



Ilocjie SToro paccMaTpHBaeTCH o6ihhh cjiynaii. JIflsi jiio6oh nocjie/i,OBaTejibHOCTH a £ »4 h pjin bchkoto 
N G Z + oGosHa^HM nepe3 JVa nocjieflOBaTejibHOCTb, onpeflejienHyio (popMyjioii 



(P K a)k = 



a k , k ^ K 



0, k > K 

3to 6yn,eT cpHHHTHaa nocjieflOBaTejibHOCTb, nosTOMy no ysce flOKa3aHHOMy, 

Genp A - QOb (x) = Gen Pjf0 f Gen b (a;)J, x E {-p{b),p(b)) (10.2.53) 

3a<pHKcnpyeM e > TaKoe, hto Geri| a |(e) < oo, h nofl6epeM 5 > Taicoe, hto | Geni^i (<5) | < e. HoKajKCM, 
hto npn x G (—5,6) h K — > oo paBC-HCTBO (|10.2.53p npeBpamaeTCH b (|10.2.5ip : 



Genp A . a0 f,(a;) = Genp A . a ( Gen 6 (x) J , x E (-<5, (5) 



(A — > oo) 4. 

Gen 00 b(a;) 



(10.2.54) 



4. (A -> oo) 
Gen aoi ,(:c) 



3to h 6y,u,eT flOKasaTejibCTBOM ^jih (110.2. 51[) b o6in,eM cjiynae. 
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IIpeflejibHbiH nepexo/i, cnpaBa b (110.2. 54p ohcbh^gh: 



A" 



Gen Pifa (y) = VV • y k — -> V a k ■ y k = Gen a (y), y e (s,e) 

* — ' K— s-oo * — ' 
k=0 k=Q 

Genp A . a ( Gen b (ir)) — i Gen a ( Gen b (x)j , x e (-5, 5) 
^OKajKeM jieBbiii npeflejitHtiii nepexofl. ^Jia SToro 3rmgthm npejKfle Bcero, ito 

{0 k < K 
' , " r ^ (10.2.55) 
ak, k > K 

Tor^a jxjlsi BCHKOro x € (—5, 5) mm nojiyniiM: 

|Gen aob (:r) - Genp A . aob (a;)| = (110.2.3111 = |Gen aob _p A . aob (x)| = (110.2.5011 = | Gen (a _p Aa)ob (:r) | < 110.2.411 < 

OO OO OO 

s$ Gen| (a _p Ka)ofe |0|) < Gen| a _p K0 | | 6 |(|a;|) = ^2(\a-P K a\o\b\) n -\x\ n = ^ ^ \a-P K a\ k -{\b\ k ) n -\x\ n = 



OO OO OO OO 



= E E l a * - ( p ^l • (I 6 '")" • M n = = ^ E M-(WVM n = 

OO OO OO OO t 

= E H • Ed & | fc )« • N" = E kl • Gen| b | fe (|x|) < kh(Gen| fe |(H)) < 

OO . OO 

*S £ - (Gen, 6 ,(5)) < £ |a fe | • e fe ^ 0, 

fc=A"+l fc=A"+l 

noTOMy hto X)fc°=o I ' 1 ! ' £fe = Genu|(e) < oo. OTcro^a ysce cjie,nyeT Hy*;Hoe Hail cooTHOineHHe 

Genp A . aob (a;) — > Gen aob (a;), xe(—S,S) 

K— ►oo 



□ 



§ 3 P^A TefiJiopa h airajiHTHHecKHe (J>yHKi],HH 

(a) OopMyjiw Tefijiopa 
TeopeMa 06 ocTaTKe. 

• OyHKipiH fix) Ha3biBaeTCH 

du(fxfepeHuupyeMou nopsidKa n Ha iiirrepBajie (a,b), ecjiii Ha (a, 6) OHa HMeeT npo- 
H3BO/i,Hbie flo nopHflKa n ekjuothtcjibho, to ecTb cymecTByeT KOHenHaa nocjie^OBa- 
TejibHOCTb (pyHKHiiii fa, fx, f m Ha ( a , b) TaKnx, ito 

fo = /) 

h fljisi Bcaxoro k — 0, m — 1 (pyHKiniH fj~ /nicpepepeHinipyeMa Ha (a, 6) h ee npo- 
H3BOflHaa paBHa fk+x- 

fk = fk+U k<m. 

TeopeMa 10.3.1. Ilycmb naM danu: 

1) cfjyHKi^wi f, dutfxfepem^upyeMafi nopsidKa n + 1 na ompe3Ke [a,b], u 

2) (fyHK'nusi g, nenpepuenasi na ompe3Ke [a,b], u uMemuiflsi enympu smozo ompe3Ka HenyAeeyw 
npou3eodHyw: 

Vte(a,b) g'(t)^0 

Tozda naudymcn: 



§ 3. Puff Teitjiopa 11 ansumTvnecKae tpymcajm 
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moHKa C £ (a; b), 3am Komopoil 6ydem cnpaeedjiueo paeencmeo: 

f( b ) = E ^ ' ( 6 " + g( lT • / ( " +1) (C) • (6 - 0" (10-3.56) 
^ fc! 5'(C)-«! 

moHKa T] € (a; 6), <?<A» Komopoil 6ydem cnpaeedAueo paeencmeo: 

/<■) - E ^ffl ■(.-«* + ■ /<""<•» ■ (. - . f )" dO.3.57) 



fc=0 

! 10.3.1. OopMyjiBi (|10.3.56p h p0.3.57p mojkho o6 r be r zniHiiTb b o^Hy, ycjicxsafflB cpopMyniipoBKy Teo- 
peMbi cjie/jyionniM o6pa30M: nycmt, xq u x o6o3nauawm Komjfii ompe3Ka [a,b], npuueM eo3MODK.HU o6a 

eapuanma, kclk man u bj ' moe ^ a Haudemcn mouna £ € (a; 6) maxasi, umo 

M=t ^ ' o) fe + g(a ?" g( ? } • (0 ■ (* - 0" (10-3.58) 

fc=0 ' 5 ^ ' n ' 

B TaKoii cpopMyjiiipoBKe cnynaii < X ° , > npeBpamaeT cpopMyjiy (|10.3.58p b (|10.3.56|) , a npn < ^ , 

I «3j — I I — 

(popMyjia (|10.3.58|) npeBpamaeTCH b (|10.3.57p . 

JJ t oKa3ameA'bcmeo. 1. fljis ^0Ka3aTejiBCTBa (|10.3.56p paccMOTpnM BcnoMoraTejibHyio cpyHKirmo 

F{t) = f{b)-Y J f -^--{b-tf 

k=0 

IIpHMeHHM k nape tpymtmrffi Fug TeopeMy Koihii 06 OTHOineHiiH npHpameHHfi 14.2.41 flOjEKHa cymecTBO- 
BaTb TOHKa C G (a; 6) Tanas, hto 

F(b)-F(a) _F'(Q 
g(b) - g(a) g>{£) 

Hjih, HHane 

F(6) _ F(o) = 9(b) -g(a) p 

g'(0 

Bbipa3HM b 3Toii cpopMyjie F nepe3 /. Bo-nepBbix, 

'o, npn fc > o II 
0, npn fc = ^ 1 

Bo-BTOpBIX, 

n«) = /(«)-E^^-(&-«) fe 

fc=0 

H, B-TpeTBIIX, 



fc=i 



fc=i 



fc=i 



dt V k\ J y ' fc! dt 
\ fc! fc! 
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k=l k 



. _ I'j 3aMeHH6M k — 1 Ha i 



oSte^HHaeM b o,n;Hy cyMMy 

n-l 



I 

k=0 2=0 



OTiuciuisieM nocjieflHee cjiaraejuoe 



f(n+l)( t ) "Z^ f(k+l)( t ) , ^ f(i+l)m f(™ +1 )f^ 

= - f -^-(b-tr-j:L^. ib _ t)k + j : L^. ib _ tT = _L^. {b _ tr 

k=0 i=0 

" v ' 

coKpamaeM 

IIoflCTaBjiHH £ BMecTO i nojiyHHM: 



no=- z — r^-( 6 -0 



Tenept iio^ctrbhm nojiyneHHbie BtipajKCHiia b (|10,3.59|l : 

° - (/(«) - E ^ ■ (» - «)') - ^ ■ (" ™ ■ " " «' 

Y6paB MHHyc b o6eHx lacTHX, nojiyniiM prbghctbo , SKBHBajieHTHoe (|10.3.56p : 

/(.)-t£5M.(.-.)>-M.^.(»-o- 

fc=o ' y vsj 

2. fljia ^OKa3aTejibCTBa (|10.3.57(l HystHO paccMOTpeTt ^pyryio BcnoMoraTejitHyio cpyHKrpiio: 

F(t)=f(a)-f2^r--("-t) k 

k=0 

Toiyja 

fc=0 

F(a)=/(a)-f:^r^-(a-a) fc = 

fc=0 

F'(t) = • (a-t) n 

H npn noflCTaHOBKe b (j!0.3.59p nojiynaeTCH paBeHCTBO, SKBHBajieHTHoe (|10.3.57p : 

/<«)-g^-(«-)"--^-(-^-(«-cr 



□ 



Oopivryjia Tefijiopa c ocTa-roHHtiM MJieHOM b cpopivre JIarpaHJKa. 

TeopeMa 10.3.2 (TeHJiop-JIarparoK). Ilycmb <fiyHKV ) UM f onpedeAena u dutfitfiepeHi^upyeMa n + 1 pa3 
na unmepeaAe (a, b). Tozda 3am aw6ux dyx mouets xo,x € (a, b) naudemcH montta Aecncaui,aM Memcdy 
humu (mo ecmb £ G (0:0,2;), ec/iu xo < x, u £ € (a;, xq), ecAu x < xq) mancui, umo eunoAHsiemcn 
paeencmeo 




(10.3.60) 



§ 3. Puff Teitjiopa 11 anajniTHiecKHe (pyHKu^m 
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• PaBeHCTBO (110.3. 60|) Ha3biBaeTca (popMyAoii TeilAopa c ocmamounuM hachom e tfoopMe Jlazpan- 
jtca nopsidna n fljia cpyHKHiin / b tohkg xq. 



/JoKasameAbcmeo. 3tot dpaKT cjie^yeT H3 TeopeMbi ll0.3.1[ ecjiH b Heft Bti6paTt b KanecTBe g dpyHKHino 

g(t) = {x- t) n+1 

□ 



OopMyjia Teiijiopa c ocTaTOHH&iM hjighom b dpopMe Koiiih. 

TeopeMa 10.3.3 (TeHJiopa-Konm). Ylycmb cfiyHK'nuM f onpedeAena u ducficfiepeHi^upyeMa n + 1 pa3 
Ha uwmepeajie (a,b). Tozda 3am ak>6ux dyx moueK xq,x € (a, b) Haudemcn mourn £ 7 Aecncaui,aH Meotcdy 
humu (mo ecmb £ 6 (xo,s), ec/iu xo < x, u £ G (a;, xq), ecAu x < xq) manan, umo eunoAHsiemcti 
paeencmeo 



fc=0 



fc! 



(a: - x ) k + J - -^Z . (a: _ f )» . ( x _ 



(10.3.61) 



• PaBeHCTBO (110.3. 6ip Ha3biBaeTca cfiopMyAou TeilAopa c ocmamoHHUM hachom e cfjopMe Komu 
nopndKa n /rjia cpyHKiniH / b TO^Ke Xq: 



/(oKaaameAbcmeo. 3to cjie^yeT H3 TeopeMbi 110.3.11 ecjiH b Heii Bti6paTt b KanecTBe g dpyHKHino 

g(t) = x - t 

(b) ^HcbcbepeHu,Haji cbyHKiiHH h ero BbinncjieHHe 
,H,HcpcpepeHLi,Haji dpyHKipiH h 3anHct dpopMyjibi Tefbiopa c ero noMOiiriio 

• JJucfxpepenifiiaAOM 0-ao nopsidna dpyHKHHH / b tohkb x Ha3tiBaeTca dpyHKinia p i — > d f(x)[p] ot 
HOBoro nepeMeHHoro KOTopaa b Ka^K^ofi tohke pgR onpe^ejiaeTca paBencTBOM: 



□ 



d°f(x)[p] = f(x) 



(10.3.62) 



/JwfiifiepeHi^uaAOM (l-zo nopsidna) dpyHKHHH / b TOHKe x Ha3tiBaeTca dpyHKHiia p t— > df(x)[p] 
ot HOBoro nepeMeHHoro pel, KOTopaa b Ka»c^,oii tohkc p e R onpeflejraeTca paBeHCTBOM: 



df(x)[p] = lim 



f(x + tp) - f(x) 



t 



dt 



f(x + tp) 



(10.3.63) 



fluaiQiepentjiAiaAOM k-zo nopjidna dpyHKHHH / b TOHKe x Ha3biBaeTca dpyHKHiia p t— > d f(x)[p] ot 
HOBoro nepeMeHHoro pel. KOTopaa b Kaac/ipft tohkc p £E R onpeflejiaeTca paBencTBOM: 



d k f(x){p}=\^:f(x + tp)j 

TeopeMa 10.3.4. CnpaeedAuea cfiopMyAa 

d k f(x)[p]^f^(x)-p k 
U3 KOmopou CAedyem ModucfjuKavtAiH cfjopMyAU TeuAopa-JIagpanotca: 



(10.3.64) 



t=o 



m 

/(x+p) = ^-.d fc /(x)[p] + ^ TT y r d m+1 /^ + ^p)W, 6 [0,1] (10-3.65) 



fc=0 
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,HH(J)4)epeHLi;HajiBHbie BBipa>KeHiiH. 

• / I(u(fi(fiepeH'u ) uaA'bHUM eupaotcenueM (hjih ducfi- 
(fiepeHV,uaJibHUM mhozohachom) Ha3biBaeTcn 
o6o6iu,eHHe noHHTnii nHCjiOBoro BbipajKeHHH 
(BBe^,eHHoro Ha c. 11901) n o/niopo/nroro AHcp- 
(pepeHiniajibnoro BbipajKemis: CTeneHH 1 (bbc- 
/jCHHoro Ha c !243[) . onncbiBaeMoe cjie/ryroinnMH 
npaBHjiaMH: 

0) BCHKoe HHCjiOBoe BbipajKeHHe V CHHTaeTcn 

TaKJKe flH(p(pepCHH;HajIbHbIM Bbipa^KCHHCM 

(TaKne BbipajKCHHH Ha3BiBaiOTCH odnopod- 
humu 3u(p'(p'epeHii t uaji'bHUMu MHozoHAena- 
mu cmenenu 0); 

1) ecjrn hi h V — flBa flH(p(pepeHn;HajibHbix 
BbipajKeHHH, to 3anncH 

hi + V, U-V, U-V 

TO>Ke CHHTaiOTCH flHCpCpepeHHHajIbHblMH 
BbipajKeHHHMH; 

2) ecjiH V - HHCjiOBoe BbipajKeHHe, & U - 
jxHcpcbepeHHiiajibHoe BBipa>KeHHe, to 3a- 
nHCb 

U_ 

V 

TOJKe CHHTaeTCH ,HHCp(pepCHH;HajIbHbIM Bbl- 

pajKeHneM; 

3) ecjiH U — jTHdpcpepeHiniajibHoe BbipajKe- 
Hne, to 3anHCb 

dU, 

TaKJKe CHHTaeTCH flH(p(pepeHn,HajH>HbiM 
BbipajKeHHeM, Ha3biBaeMbiM dutfiqiepent^u- 
ajiOM BbipasKeHHH U; 

PaBeHCTBO ^HCpcpepeHri,HajiBHBix BBipa»ce- 

HHH. 

• flfia jrncpcpepeHHHajibHbrx BbipajKCHna hi h V 
CHHTaiOTCH paenuMU Ha MHOJtcecmee x € X, h 
H3o6pa>KaeTCH sto (popMyjioii 

U = V, 

xex 

hjih, b cjiynae, ecjiH X = D(U)DD(V), to cpop- 
Myjioft 

U = V, 

h, HaKOHeu;, b cjrynae, ecjiH X = D(U) = D(V), 
to (popMyjioii 

U = V, 

eCJIH HX MOJKHO OTOJKJTeCTBHTb C nOMOinblO cjie- 

/ryioinHX HHflyKTHBHbix npaBHji: 

(a) yMHOJKeHne jTHcpdpepeHHHajibHbrx Bbipa- 
jKeHHii nofl^HHeHO npaBHjiaM (3jj,ecb V - 
HHCjiOBoe BbipajKeHne, a hi, V h W - /nidp - 
(pepeHH,HajH>Hbic) : 



-■U=-=U- — (10.3.67) 

•p -p -p y ' 

U ■ (V-W) = (hi -v)-W (10.3.68) 

(hi + v) • W =hi • W + V • W (10.3.69) 
1-U=U (10.3.70) 

(b) ecjiH x - nepeMeHHaa:, PiQ - nncjiOBbie 
BbipajKeHHH, ai/iV - ,n,H<p(pepeHHHajib- 
Hbie BbipajKeHHH, to 



V+Udx = Q + Vdx 




(10.3.71) 



(c) jijih sjieMeHTapHbix hhcjiobbix Bbipa>Ke- 
hhh jTHcbcpepeHnnajibi 3ajj,aiOTCfl Ta6jniHeii 
jTHcpcbepeHHiiajiOB Ha c !2441 

(d) ^HcpcbepeHin-iaji ot cyMMbi, pa3HOCTH, 
npoH3Be,n;CHHa h nacTHOro JiHcbcpepcHnH- 
ajibHbix BbipajKCHHfl noflHHHHCTca npaBH- 
jiaM (3jj,ecb Q - HHCjiOBoe, aWnV - fl^dp- 
(pepeHHHajibHbie BbipajKeHHn) : 



d [hi ±Vj =dU±dV (10.3.72) 
d (u- V) = (dwV V+U- (dv) (10.3.73) 



u ^_(dU)-Q-U-(dQ) 



Q 



(10.3.74) 



(e) ecjiH V — oflHOMecTHoe HHCjiOBoe BbipajKe- 
Hne ot nepeMeHHOii x, & Q — oflHOMecTHoe 
HHCjiOBoe Bbipa>KeHHe ot nepeMeHHOii y, 
to jj,jih BbipajKeHHH, nojiyneHHoro noflCTa- 

HOBKOH, BbinOJIHHCTCH paBeHCTBO (|5.1.30l) \ 



d Q 



y=V 



dy 



y =v 



dV 



(f) BTopoii flH(pdpepeHH;Haji ot jiio6oh nepe- 
MeHHOii x yn,OBjieTBops:eT paBeHCTBy: 



d(dx) = • (da;) 2 



(10.3.75) 



HyjieBoe ^HCpdpepeHii,HajiBHoe BBipa»ceHHe. 

Teopeivra 10.3.5. JJaji ecsiKou nepeMewHoux cnpa- 
eedAueu paeencmea: 



= 0-da; 



0- (dx)' 



(10.3.76) 



U ■ V = V -hi 



(10.3.66) 



• ^HcpcbepeHiniajibHoe BbipajKeHHe b dpopMy- 
jie (|10.3.76[) Ha3HBaeTCH nyAeeuM ducficfjepeH- 
t^uaAtHUM eupaatcenueM ot nepeMeHHOii x h 
o6o3HanaeTCH chmbojiom 0: 

:=0 = 0-dx= ... = 0- (dx] k = ... 



§ 3. Puff Teitjiopa 11 anajiHTHiecKHe dpyHKu^m 
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/JoKa3ameAt>cmeo. Pa3Jio»ceHHe ,n,H(pcpepeHn,HajibHoro Bbipa»ce- 

hhh no CTeneHHM ajieMeHTapHoro ^ncpcpe- 

nepenocHM peHUHajia. 



I;. : i0i;o 



0-dx = +0-d; 



IIGpCHOCHM 

BnpaBO 



Bi>ipajKeHHa BHfla 

(dx) 2 =dx-dx, (da;) 3 = (da;) 2 -dx, ... 



Ha3biBaK)TCH cmeneujiMU SAeMenmapnux 
ft duaicpepeni^uaAoe {dx, d y h t.,h,.). 

H3 (|10.3.75p h (|5.1.28p cjie^yeT, hto fliidpdpepeH- 
= v — _ ~ _ — x - nnaji ot jno6oro TaKoro BbipajKeHna paBeH Hyjiio: 

III III 

o (o-o). dx d ((dx) k ) = 

• da; 

OTCK3,n,a, b cbok) OHepe/i,b, /tjih BCHKoro /rndpdpepeH- 
-jj- in-iajibHoro (hjih nncjiOBoro) BbipajKeHHii T> nojiy- 

iaeM dpopMyjiy: 



= 0-d 



X 



d (£> • (d xfj = [^dV) -(dx)* (10.3.82) 
3to nepBoe TOJK^ecTBO b (|10.3.76p . H3 Hero no nn- 

AyKinm cjie^yiOT Bee ocTajn»Hbie. HanpHMep, yMHO- TeopeMa 10.3.6 (o CTpoeHHH ,a,HcpcpepeHU,H- 
jKaa Ha dx, nojiynaeM: ajibHbix BbipaxceHnii) . BcnKoe duqiqiepenv i uaA'b- 

noe eupaotcenue IA om nepeMeuHou x paCKJiaduea- 
0-dx = 0- dx-dx = 0- (dx) 2 emcsi no cmenenjiM aAeMenmapnozo ducfjcfjepewnua- 

jia d x, 

H Tax ^ajiee. □ 



U = J2 V k- (dx) k , (10.3.83) 

k=0 



CBoficTBa HyjieBoro zde Kosq^aiuvxienmu Vu ~ nucAoeue eupaDtcenusi, 

flH(pcpepeHn,HajibHoro BbipajKeHHH: npuueM matcoe pa3AootceHue eduncmeenno c moH- 

Hocmbw do paeencmea Kosc/ycfiui^uenmoe Vu- ecAu 
YMHoatceHue na nyAeeoe du^epenuuaAbnoe Qk _ KaKue _ mo dpygue HUCAOeue eupaotcenwi c 
eupaotceuue ecezda daem nyAeeoe du$$epen- meM ^ ceoticm60M} 
v i uaA'bnoe eupacncenue: 

n n 

U-0 = = 0-U (10.3.77) U = Y J 'P k -{dx) k =Y J Qk-{dx)\ 

YIpu6a,GAenue nyAeeozo dutfitfiepeni^uaAbnoeo 
eupaofcenuji ne Mensiem duqjqjepeHv i uaAbHoe 
eupaofcenue: 

U + = U = + U (10.3.78) 

/ I(u(fi(fiepen'u ) uaA om npou3eoAbnozo napaMem- 
pa paeen nyAw: 



k=0 k=0 

mo aemoMamuuecKu 

Vfc = 0,...,n V k = Qk 

Upu smoM 



D(W) = f| D(Vt) (10.3.84) 



d(j = (103 79) C BH3b Meyupy /jHcpcpepeHijiiajioM dpyHKipiH h 

^HCpcpepeHipiajioM Bbipa>KeHHH. 

fl,u<$t$epenuxia,A om nepeMennou nao6opom, ne • /],HdpdpepeHii,HajibHoe Bt>ipa>KeHHe T> Ha3biBaeT- 
Mootcem 6umb paeen nyAw: ch odnopodnuM, ecjin b ero KaHOHH^ecKOM pa3- 

jiojkchhh (110.3. 83p tojibko o/],ho cjiaraeMoe ot- 
d x 7^ (10.3.80) jihhho ot Hyjia, to ecTb ecjin T> mojkho npefl- 

CTaBHTb B BHfle 



floK,a,3ameAbcmeo. □ 



V = V-(dx) k (10.3.85) 



Cjie^CTBHe 10.3.1. Bckkuu napaMemp Momcno rfle <p _ HeKOTOpoe ^HCjiOBoe BbipajKCHne. 

euHOCumb 3a 3hcik du00epeHV,uaAa: Hhcjio k e Z + npn stom Ha3biBaeTca cmene- 

nbw onHoponHoro nH(hcbcpcHri,HajibHoro Bbipa- 

d(C-V)=C-dV (10.3.81) 
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TeopeMa 10.3.7 (o CBH3H Meac^y ,n;HcpcpepeH- 
ijHajioM cpyHKHHH h ,a;iicpcpepeHii,HajioM bm- 
paaceHHfl). Ecjiu cmaHdaprrmaji (f>yHKV,uji f 3ada- 
emcH eupaotcenueM V 

f{x) = V 

mo ee ducf}(f>epeHV,uaji d k f eupajtcaemcsi uepe3 
dutficfiepeHi^uaji eupacHcenuji V no cfiopMyAe: 



d k f(x){p] = (d k v) 



(10.3.86) 



d x—p 



noKa»ceM, KaK oniicaHHbie onepariHH nafl 
/jHdpdpepeHiniajibHbiMH BbipajKeHiiHMii no3BOjisiOT 
ynpocTHTB HaxojKflCHHe (popMyji Teiijiopa. 



o 10.3.1. B npiiMepe 112.2.11 mm BbinncbiBajiH dpop- 
Myjiy Teiijiopa nopaflxa 2 fljia cpyHKi^iin 

/(x) = sin a: 

B TOHKe X — j. C nOMOII),LK) HCHHCJieHHH Bbipa- 

jKeHHii 3to flejiaeTCH Tax. CHanajia Haxoflm-i flndp- 
cpepeHnriajibi. IlepBbiH ,i];H(pepepeHD;Ha.n onpe^ejiaro- 
m,ero 3Ty cpyHKirnio BbipajKEHHH BbinncbiBaeTCH H3 
Ta6jiim>i flH(p(pepeHii,HajiOB: 

d sin x — cos x ■ dx 

BTopoii nojiynaeTCH npHMeHenneM npaBHji Bbiiiic- 
jienHa: 



d 2 sinx = d (cosx • dx) = (|10.3.82p = 



= d (cos x) ■ d x 
TpeTHii: 



sinx-d x-dx 



sin a; - (d x)" 



d 3 sinx = d (-sinx- (da;) 2 ) = (|10.3.82p = 
= — d (sin a;) • (d i) 2 = - cos x ■ dx ■ (d x) 2 = 

— — cos a; • (d a:) 3 

Tenepb mojkho BbiniicaTb fliicpdpcpeHiniajibi cpyHK- 
in™ /: 



d° f( x )\p] = f( x ) = s ^ x 
cos x-dx 

d x—p 



d f(x) [p] = cos x-dx 
d 2 f(x)[p_ 



cos x ■ p 
— sin a; • (d a;) 

2 



d 3 f(x)[ P ] 



■ sin x ■ p 

■ cos a; ■ (d a;) 3 
= — cos x ■ p 3 



d x—p 



d x—p 



OopMyjia Teftjiopa-JIarpamKa (nopa/pca 2) /ijih 

3TOH CpyHKITHH HMCGT BHfl: 



• / \ 1 • 2 

sm(i + p) = sin x + cos x ■ p — — sin x ■ p — 

-^cos(x + 9p)-p 3 , 6 6 [0, 1] 

B TOHKe x — j nojiynaeM: 

/7T \ V2 V2 V2 2 
sm[-+p) = — + — -p- — -p- 

-I C os(J+0p) -p 3 , 6 [0,1] 



o 10.3.2. HaiiAeM flHcpdpepeHirnajibi flo 3 nopa/pca 

BKJUOHHTejIBHO OT (pyHKITMH 

/(a;) = arctg x 

IlepBbiH /nidpcpepeHirnaji onpe,i];ejiaiom,ero ee Bbipa- 
»ceHHH BbinncbiBaeTCH H3 Ta6jiHiibi .iriidpcpepeHniia- 
jiob: 



d arctg x 



1 



■d. 



1 + x 2 

BTopoii nojiynaeTca npiiMeneHHeM npaBHji bmihc- 
jichhh: 



d arctg x = d 
1 



1 



= d 



1 + x 2 
■ d x = — 



dxj = 

2x 
(1 + x 2 ) 2 
2a; 



TpeTHii: 

d 3 arctg x = d 

= d(- 



2a; 



(1 + a; 2 ) 2 
2a; 



• d x ■ d x — 

(dx) 2 



(1 + a; 2 ) 2 

(da;) 2 
(dx) 2 



(1 + a; 2 ) 2 
-2(1 + a; 2 ) 2 + 2a; • 2(1 + x 2 ) ■ 2x 
(1 + a; 2 ) 4 
-2(l + x 2 )+2x-2-2x 



■ dx ■ (dx) 



(1 + x 2 ) 3 
-2 - 2a; 2 + 8a; 2 
(1 + a; 2 ) 3 

= 2 • 



(dxf 



(dx) 3 = 

3x 2 -l 
(1 + x 2 ) 3 



(dx) 



Tenepb mojkho BbinncaTb /nidpcpepeHirnajibi cpyHK- 
hhh /: 

d ° f( x )[p] =/(«) = arctg x 
1 



d 2 f(x)\p] 



d 3 f(x)[p] 



1 + x 2 
1 

2 



d x 



1 + x 2 



2a: 



(1 + x 2 ) 5 



2a: 



(1 + x 2 ) 2 
3x 2 - 1 
' (1 + x 2 ) 3 



d x—p 



(dxf 



(dx) 



d x—p 



d a;— p 



§ 3. Puff Teitjiopa 11 a,H8uiHTHHecKae cpyHiaiim 
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3x 2 — 1 3 Mojkho BbiniicaTb ee b KOHKpeTHoft tohkc, Hanpn- 

(1 + a; 2 ) 3 Mep, b x = 1: 



OopMyjia Teftjiopa- Jlarparoica (nopaflKa 2) fljia ^ ^ 

3toh (pyHKipiH HMe6T bhjj,: arcte(l + p) = — I — ■ v • p 2 + 

4 2 4 

arctg(x+p) = arctgx+- o-p-~ T , — ^rP 2 + + - • 3 ( x + P) 2 ~ 1 . 3 

1 + x 2 ^ 2(l + x 2 Y F + 3 (1 + (1 + ^)2)3 P 

1 3(25 + dp) 2 - 1 3 



3 (l + {x + 0p) 2 ) 3 



■ P 



(c) P»a Teftjiopa 

OopMyjiBi Teftjiopa (|10.3.60p - (|10.3.6Tj) - (|12.2.27p nojj,CKa3BiBaiOT cjie^yromyio KOHCTpyKiniio. 

• Ecjih / - rjiajxKaH cpyHKiniH Ha HHTepBajie (a, b), to jik>6oh tohkc xq € (a, b) mckkho nocTaBHTb 
b cooTBeTCTBHe CTeneHHOii phjj, 



f^H^M .( x - Xo) n (iQ.3.87) 



n=0 

3tot pajj, Ha3tiBaeTca pjidoM TeuAopa tfiyHKi^uu f e mouKe Xq. 
• B nacTHOM cjrynae, KOiyja Xo = pH/i Teftjiopa Ha3BiBaeTCH psidoM MaKAopena: 

^^-fi-x" (10.3.88) 

Ot ps;j,a Teftjiopa ecTecTBeHHO oacHjiaTB, hto oh 6yneT cxojxhtbch k nopojKjiaiomeft ero (pyHKHiin 
/ xoth 6bi b HeKOTopoft OKpecTHOCTH {xq — 5] xq + S) tohkh xq, to ecTB hto BbinojiHaeTCH cjiejxyioiHee 
tojkjjbctbo, Ha3biBaeMoe pa3AoatceHueM TeilAopa (pyHKiniH / b OKpecTHOCTH (xo — 5; xq + 5): 

f(x) = Y i ^-^-(x-x ) n , xe(xo~S;x + 5) (10.3.89) 

TV. 

B nacTHOM cjrynae, Korjia xo = 0, oho Ha3BiBaeTCH pa3AocnceHueM MaKAopena (b OKpecTHOCTH (—6; 6)): 

f( x ) = y^l — U-. x n , xG(-5;5) (10.3.90) 

HacTO TaK h 6faiBaeT (mbi npHBe/jfiM npHMepbi TaKoro pojia Ha c !425p . Ho He Bcerjia. B cjie/ryioiHHx 
npHMepax mbi yBH/xiiM, hto pajj; Teftjiopa cpyHKiniH / Heo6a3aTejiBHO cxojxhtcsi, a ecjin cxojjhtch, to ero 
cyMMa Heo6a3aTejiBHO coBnajjaeT c (pyHKHiieft /. 



KoHTpnpHMep&i. 

o 10.3.3. Ph/i, MaKJiopeHa, pacxo,a,HiHHHC5i 
Be3/i,e, Kpoivre tohkh 0. PaccMOTpHM nocjieflOBa- 

TejIBHOCTB 

a n = (nl) 2 

Ilo TeopeMe Bopejia 19.3.61 cymecTByeT rjiajxKaa 
cpyHKinia / Hal TaKaa, hto 

VneZ+ f^{0) = a n = (n\) 2 



Ee phjj; MaKjiopena HMeeT bhjj, 



E 



/ W (0) x n x n 



E 

n=0 



n\-x n 



B npHMepe 110.1. II mbi y»ce paccMaTpHBajin Taxoft 
CTeneHHOii phji, h noHHjin, hto oh cxojxhtch tojibko 

B TOHKe 0. 

o 10.3.4. Vsip, MaKJiopeHa cxo^hlu,hhch bck>- 
py, ho He k nopo>K,a;aioiHeH ero cpyHKirnH. 

PaccMOTpHM (pyHKn;Hio H3 npHMepa 19.3.11 to ecTB 
rjia^Kyio Ha R (pyHKi^ino / co CBOftcTBaMH: 

f/(x)=0, x^0 
\f(x)>0, x>0 

IlocKOjiBKy Ha jieBOft nojiynpHMOft 3Ta cpyHKi^Ha Hy- 
jieBaa, b TOHKe Bee ee nponsBOj^HBie paBHBi nyjno, 
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Tjiasa 10. CTEIIEHHblE PH£H II AHAJIHTMHECKHE QyHKIJHH 



nosTOMy pjm MaKjiopeHa 6yp£T HyjieBoii: h nosTOMy OHa He mojkct coBnaflaTb c / hi Ha Ka- 

kom HHTepBajie (—(5, +8): TOJK^ecTBO 



oc 



y :L -r 1 -x n =yo-x n ~ f (n) (0) 

£o nl J2— { r l -x n = o = f(x), xe(-5,+S), 

CyMMa TaKoro ps,n,a, noHHTHoe ,n,ejio, Tcsce 6yfleT 
HyjieBoft, 

„, f( n ) (Q) x n _ q HeB03MOJKHO noTOMy hto npn X > CpyHKHHH / 

~1 n! OTjiHHHa ot hvjih. 

n=0 J 



Bchkhh cxo,o,hiii,hhch CTeneHHoii pH,a, ecTt pHfl Teftjiopa CBoeft cyMMbi. HecMOTpa Ha OTMe- 
neHHoe HaMH HeperyjiHpHoe noBefleHne pa/ja Teftjiopa, 3Ta KOHCTpyKiniH OKa3biBaeTCH ueHTpajibHbiM 
npHMepoM b TeopHH CTeneHHbix phjj;ob H3-3a cjie/ryKJiHeft TeopeMbi: 

TeopeMa 10.3.8. Ecau cfjyHKV i UM f MeAJiemcM cyMMOu KaKoao-mo cmenenHozo psida e HeKomopoti OKpecm- 
Hocmu ezo vfiwmpa 

oo 

f{x) = Y, Cn ■ {x - x ) n , x£{x -S,x + S), (10.3.91) 

mo smom cmenetiHou pjid siejifiemcsi psidoM TeuAopa tfiyHKV,uu f e mouite Xq : 

_ f {n) (x ) 
n ! 

/JoKasameAbcmeo. B cnjiy c jiejCTBHg 1 1 . 1 . II cpyHKHira / HBjiaeTCH rjiajjicoft Ha HHTepBajie (xq — 8, xq + 8), 
h no (popMyjie (|10.1.18p . 

n=k y 1 

fc! _ t _ _ , , (fc + 1)! . u , (fc + 2)! 



c fc ■ (x - x )° + j-. — — ttt • Cfe+i • (a; - xq) 1 + — ■ c k+2 ■ [x - x ) 2 + 



{k-k)\ y (fc + l-fc)! v u/ (fc + 2-fc)! 

(fc + 1)! , , (fc + 2)! , 
= fc!-oH c k+ i ■ [x - xq) H c fc+2 -(x-x ) + x G (x - it, xo + R) 

IIoflCTaBHB ciofla a; = xq, nojiy^HM 

/«(x ) = fc! • c k + • c fc+1 • + ■ c k+2 ■ + ... = fc! ■ c k 

To ecTb, c k = i^pi □ 

! 10.3.2. H3 3toh TeopeMbi cjiejjyeT, hto ecjin CTenemioft pajj, X)^°=o c ™ ' — ^o)" cxo^htch xoth 6bi b 
o/nioii TOHKe x, otjihhhoh ot ero n,eHTpa xq, to aBTOMaTHnecKH oh aBjiHeTca paflOM Teftjiopa fljia HeKO- 
Topoii <pyHKn;HH /, a hmghho, j\tisi CBoefi cyMMbi f(x) = X^^Lo c ™ ' i x ~ x o) n (KOTopaa 6y^eT onpe/i,ejieHa 

KaK MHHHMyM B OKpeCTHOCTH TOHKH Xq paflHyCa 8 = \x — Xq\). 

CxoflHMOCTb P«A a Teftjiopa. 06cyflHM Tenepb, Kor,a,a Bce-TaKH pafl Teftjiopa cxoahtch k nopo>K,n,a- 
lomeii ero (pyHKn;HH. Ypp6noe floCTaTOHHoe ycjiOBHe pjia SToro BbirjiHflHT Tax: 

IIpe/i;jio»ceHHe 10.3.1. Ylycmb cfjyHK'nuM f onpedejiena e S-OKpecmnocmu HeKomopoti uiohku Xq, 6ec- 
KOHeuno BAaditcui na (xo — 8;xq + 8), u UMeem ozpanuueHHue e coeoKynnocmu npouseodnue: 

sup sup \f (n) {x)\ = M < oo (10.3.92) 

Tozda na unmepeaAe (xq — 8; xq + 8) cfiyHKi^uji f ydoeAemeopsiem mootcdecmey: 

oo f(n)( \ 

f{x) = Y j T —^--{x-x Q ) n (10.3.93) 
^— ' n! 

n=0 



§ 3. Puff Teitjiopa 11 a,HajiHTHHecKae ^pymuxym 
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/JoKa3ameMbcmeo. Bmiihihcm (popMyjiy Teiijiopa-JIarpaHJKa (|10.3.60p pjisi /: fljia jik>6oh totkh x G 
(xq — 5; xq + S) HaiifleTCH TOHKa £, jiejKamaH MejK/ry h x, TaicaH hto BtmojiHHeTCH paBGHCTBO 



k=0 



f(n+l)(f\ 



(x - x ) r 



H3 Hero mm nojiynaeM: 



k=0 



fW-ls — n—'( x - x o) 



k=0 



(x - x a ) k 

f {n+1) (0 



/ (n+1) (g) 

(n + 1)! 



(x - X ) 



n+1 



(X - X ) 



n+1 



(n + 1)! 

V 71 fa ~ »0j > /fa) 



^ M ■ 



(n + 1)! 



fe=0 



□ 



Tenepb mm MoaceM paccMOTpeTt npHMepti. 



CTaH^apTHtie pa3Jio>KeHHH MaKJiopeHa. \ x n 

= 1 + / y a (a - — n + 1) • — 

n=l n ' 

(10.3.99) 

oo 10.3.1. CjicflyioiHHe pa3jio?KeHHH MaKJiopeHa 

cnpaBefljiHBbi b HHTepBajie \x\ < 1: ffoKasamejitcmeo. To>K^,ecTBa (|10.3.94p - (|10.3.98p 

Mbi yace flOKa3ajin Ha c !405[ nosTOMy hx flOKa3M- 

I BaTb HeT HeoGxOflHMOCTH, HyjKHO TOJIBKO 3aMeTHTb. 

= 1 + x + x 2 + ... + x k + ... = ^to b CHjiy TeopeMBi 110.3.81 ohh 6yzryT pa3jio»ceHH- 



1 -x 



hmh MaKjiopena (nocKOjibKy neHTpoM psma 3ppci, 
Yx n , (10.3.94) 6yfleT TO HKaO) 



ra=0 

1 



TaKHM o6pa30M, HHTepec b stom cnHCKe npefl- 
CTaBjiaeT jihihb cpopMyna (|10.3.99|) . J\nsi ee A0Ka3a- 
I 1 — a; + + ... + (— l) fc ■ x k + ... = TejiBCTBa 3aMeTHM, hto (pyHKinia f(x) = (1 + x) a 

HMeeT npoH3BO/i,Hbie 

= ]T(-l) n -x" (10.3.95) f^\x)=a(a-l)...{a-n+l)-{l + x) a - n 

n=0 

90 , IIpHMCHHM K 3TOH CpyHKHHH TeOpeMy TefijIOpa- 
lC X X 

ln(l + a;) = x h - — h ... + (— l) fe ■ h ... = Koihh 110.3.31 riik jno6oro x G (—1, 1) h jno6oro 



2 3 k 



n G N HafifleTca TOHKa £, jiejKamaa Meayry Ohi 



(10.3.96) 



r i_ = l_ a >+^ + ... + (-l)* •,- + ...= /W ^ ft! 

oo j(n+l)(VA 
= X>l)"-x 2 " (10.3.97) + (10.3.100) 

n=0 

jaMeTHM ^,Be Bemii: BO-nepBMx, 

37 X X 

arctgx = x- _ + _- ...+ (-l) fe . 1 - |a;| < 1 - |f| < |1 + f| < 1 + |^| < 1 + |z| 

00 x 2n+1 4 

+ - = E(- 1 )"-^n ( 10 - 3 - 98 ) ii+^-^maxja-Hr-^a+Hr- 1 } 

"~° 2 (10.3.101) 

(1 + x) a = 1 + a ■ x + a(a - 1) • ^ + ... H, BO-BTopbix, 



+ a(a - I). ..{a - k + 1) • — 



N-^i H-iei i-|e|-(i-N) 



fc[ + — li + ei " l-ici i-iei 
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i_i_M<i 1 ~ ]xl 



i-ici 



1 - 



\x\ (10.3.102) 



oo 10.3.2. Cjie/iyioiHHe pa3jio:steHHH MaxjiopcHa 
cnpaBefljiHBbi Ha Been hhcjioboh npHMOft x G M: 



Tenept ocTaTOK pa^a MaKjiopena mojkho oueHHTb 
Tax: 



- ' 1 • x 



21 



x 



k=0 



/ (fc) (Q) 

kl ' x 

/("+!)(£) 



(lio.3.iooh 



E 



o(ot -!)...(« -n) •(!+£)< 



n=0 

sin a; = x — 

oo 



(10.3.103) 

-2A+1 



1 +(-l)"-— 

3! 5! y ' (2k + l)\ 



^ J (2n + l) 

n=0 V ; 



(10.3.104) 



' ,,1 -2)-( 1 -n 



„2A' 



COS ^ 1 -2! + 4!-- + ( - 1)fe -(2 fc) ! 



|i + ei 



a — n — 1 



-f)-(-j) 



n=0 



(2n) 



(10.3.105) 



< (110.3.10lUl0.3.102l) £ 



/JoKa3ameJit>cm60. 1. Ife dpopMyjiti ^jih npoH3BO,i];- 

HblX CpyHKHHH 

d n 



(dx) 



1 

{(l-Hr-^a+Hr- 1 }-!^ 1 



06o3Ha x inM nocjiejjHioio BejiHHHHy M„ 

M «=h( 1 -f)-( 1 -3 • 

•max{(l~ |x|) q - 1 ;(1 + |.t|) q - 1 } • \x\ n+1 . 

HaM HyjKHO noKa3aTb, hto M n ctpcmhtch k nyjuo 
npii n — > 00. 3adpiiKCHpyeM KaKoe-HH6ya,i> hhcjio q 
Taxoe, hto 

\x\ < q < 1 

(Taxoe q HanjreTca, nocKOJitKy |x| < 1). Tenept mm 
nojiynaeM: 

a 



bh,h;ho, hto OHa y^OBjieTBopaeT ycjiOBHio (I10.3.92[ ) 
Ha jho6om HHTepBajie (-R, R), R > 0: 

sup sup |/( n )(x)| = 
nei+ xe(-R,R) 

= sup sup \e x \ — e R < 00 

neZ + xe(-R,R) 



B cnjiy npefljiojKeHHa 110.3. 11 sto 03HanaeT, hto 
dpyHKiniio f(x) = e 31 npeflCTaBHTt cxo,i];hihhmch H & 
HHTepBajie (— i?, i?) pa^OM (|10.3.103p . IIocKOjibKy 
3to BepHO fljisi jno6oro R > 0, Mbi nojiynaeM. hto 
f(x) = e 21 dpopMyjia (|10.3.103|) BepHa npn jihd6om 

x e R. 

2. IlpoH3BOjTHbie dpyHKiniH sin 



1 - 



M n+ i 
M„ 



n+ 1 



1 



d" 



(d a;) n 



71+ 1 
4 



sin a;, n = 4fc, fc G Z + 

cosa;, n = 4fc+l, fc G Z_| 

■sinx, 71 = 4fc + 2, fc G Z4 

— cos a;, n = 4fc + 3, fc G Z_i 



Fl — ► PI < 1 

n—too 



3N G N Vn ^ AT -^±1 < q 



orpaHH^eHbi b coBOKynHOCTH Ha K (h KaK cjie^- 
CTBHe, Ha jho6om HHTepBajie (— R, R)): 

sup sup |siir n ^(:r)| < 1 < 00 
nez + xe(-R,R) 



Vfc G Z + M N+k < M N ■ q k 

OO OO 

M N+k < XI Mw • < OO 

fc=0 fc=0 

Af„ — > 



B cnjiy npefljiojKeHHH 110.3.11 sto 03HanaeT, dpyHK- 
n,HK> sin mojkho npeflCTaBHTb cxoflam,HMCH Ha HH- 
TepBajie (— R, R) pa,a,OM (|10.3.104p . IIocKOjibKy sto 
BepHO ,hjih jnoSoro R > 0, Mbi nojiynaeM, hto dpop- 
Myjia (|10.3.104p BepHa npH jiio6om i£i 

3. IIpOH3BO,II,Hbie (pyHKHHH cos 



cos^™^ X = 



□ 



cosx, n — 4k, k G Z + 

— sin a;, rt = 4fc + l, k G 

— cosx, n = Ak + 2, k G 
sin a;, rt = 4fc + 3, fcG 



§ 3. Puff Teitjiopa 11 ansumTvnecKae tpyHKOjm 
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orpamiHeHbi b coBOKyiraocTH Ha R. HosTOMy cpyHK- 
hhh cos y^OBjieTBopaeT ycjiOBHio (|10.3.92p Ha jik>- 
6om HHTepBajie (— R, R), R > 0: 

sup sup | sin (a;) | ^ 1 < oo 

n£Z + x£(-R,R) 



B cujiy npefljiojKCHHH 110.3. 11 cos mojkho npeflCTa- 

BHTb CXOJXHIUHMCH Ha HHTCpBajTC (— R, R) pH,H,OM 

(|10.3.105p . IIocKOjibKy sto BepHO fljia juo6oro R > 
0, paBCHCTBO (|10.3.105p 6yn,eT BbinojiHHTbCH jijih 
jiio6oro i£i 

□ 



(d) AHajiHTHHecKHe 4>yHKu,HH 

• OyHKiniH / Ha3biBaercfl anajiumuuecKou na unmepeaAe (a, b), ecjiH OHa onpeflejiena na (a,b) 
h yflOBjieTBopaeT cjiejiyioiHHM paBHOCHjibHbiM ycjiOBHHM: 

(i) y jho6oh tohkh xq € (a, b) HaftjreTCH OKpecTHOCTb (xq—S; xq+8), b KOTopoii cpyHKiniH 
/ npe,u;cTaBHMa b Bnpfi cyMMbi CTeneHHoro pHii,a: 

oo 

fix) = Cn • (x - x ) n , xe(x -5;x + 6) (10.3.106) 

n=Q 

HHblMH CJIOBaMH, B OKpCCTHOCTH (xq — 8] Xq + 8) (pyHKHHH / flOJBKHa 6bITb CJTBHrOM 
npOH3BO,H,HIHeH (pyHKHHH HCKOTOpOH aHajIHTHHCCKOft nOCJie^OBaTejIbHOCTH c n : 

f(x) — Gen c (a: — xq), x £ (x — 8; x + 8) (10.3.107) 

(ii) y jho6oh tohkh xq € (a, b) Haftii,eTCH OKpecTHOCTb (xq — 8; xq+8), b KOTopoii cpyHKiniH 
/ (hbjihctch rjia^Kofi h) npe^CTaBHMa b BH^e cyMMbi CBoero pH,zi,a Teftjiopa: 

f{x) = f2 fn ^ ■ (s - xo) n , xeix -8;x + 8) (10.3.108) 

n=0 

HHblMH CJIOBaMH, B OKpeCTHOCTH (xo — 8] Xq + 8) (pyHKHHH / flOJIJKHa 6bITb CJTBHrOM 

nporoBOjiHiiTeft (pyHKinin nocjieflOBaTejibHOCTH cbohx KOsapcpHiureHTOB Teftjiopa: 

/(")(x ) 

f(x) = Gen c (x- x ), c„ = ; — , x G (x - 8; x a + 8) (10.3.109) 

• OyHKHHH / Ha3biBaeTCH v,eAou, ecjin ona onpejjejieHa BCKyiy Ha R h yjrpBjieTBopHeT cjiejryioiHHM 

paBHOCHjibHbiM yCJIOBHHM! 

(i) * / npeflCTaBHMa b BHjre cyMMbi Bcrojry cxojTHiuerocH ua R CTeneHHoro pnjia: 

oo 

f( x ) = ^ cn • x n , xeR (10.3.110) 

HHbiMH cjiOBaMH, (pyHKHHs / BCio/iy Ha R flOJBKHa coBnaflaTb c npoH3BOjTHUTeft (pyHK- 
HHH HeKOTopoft aHajiHTHuecKoft nocjie^OBaTejibHOCTH c n : 

f(x) = Gen c {x), ieR (10.3.111) 

(ii) * / hbjihctch rjiajTKOft h BCiofly Ha R coBnajiaeT c cyMMoft CBoero pnjia MaKjiopeHa: 



/(ar) = - — r-t-x 71 , xeR (10.3.112) 



n! 

n=0 



HHblMH CJIOBaMH, (pyHKHHH / BCIO/iy Ha R JTOJUKHa COBnajiaTb C npOH3BOiXHIUeft (pyHK- 
HHH HCKOTopoft nocjieflOBaTejibHOCTH cbohx KOsapcpHinieHTOB MaKjiopeHa: 

fix) = Gen c (a;), c„ = i£R (10.3.113) 



J^oKa3ameAbcmeo. PaBHOCHjibHOCTb ycjiOBHft (i) h (ii) (a TaK»ce (i)* h (ii)*) cjie,ziyeT H3 TeopeMbi 110.3.81 

□ 
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fjiaBa 10. CTEIIEHHblE PH£H II AHAJIHTHHECKHE QyHKIJHH 



IIpHBefleM cpa3y ,n,Ba Tiinii^mbix npnMepa. 
o 10.3.5. AHajiHTHHecicaH, ho He ijejian cpyHK- 

H.HH. IIOKa>KeM, HTO (pyHKHHH 

fix) = - 

X 

HBjiaeTCH aHajiHTHHecKoii (Ha o6jiacTii CBoero onpc- 
,n,ejieHHH \ {0})- 3acpHKcnpyeM TO^iKy xq =/= 0. 

Toiyja npn |x — ;co| < \xq\ cnpaBefljiHBO pa3jio»ceHHe 
b CTeneHHOii pa^: 

1 _ 1 1 1 

X x + (x — Xq) Xq 



fix) 



1 



x 



Xq 



no MOAyjiio 
MeHbiue 

e^HHHUM 



(110.3.951) 



1 

x 



E 

n=0 



(-iy 

oo 



Xq 



Xq 



ix-x ) n 



TaKHM o6pa30M, (pyHKinia / aHajiHTinecKaa. Ee, 
o^Haxo, Hejib3a CHHTaTb Hejioii xoth 6bi noTOMy hto 
OHa onpe^ejieHa He Ha Been npaMoii R. Bojiee to- 
ro, ee Hejib3H npo^ojBKHTb ,n,o nejioii cpyHKHHH Ha 
R. noTOMy hto no TeopeMe 110.1.41 nejiaa cpyHKHHH 
ppiDKHEL 6biTb HenpepbiBHa Ha R, a / He npofloji- 
»caeTca ,n,o HenpepbiBHOii cpyHKHHH Ha R H3-3a co- 

OTHOHieHHH 



Km f(x) 

x— >0 



o 10.3.6. B npHMepe 110.1.21 mm yGe/nijincb, hto 
pafl S^Li TIT cxoflHTCs BCK)/i,y Ha ]R. B cooTBeT- 
ctbhh c HaniHM onpeflejieHHeM, sto 03HanaeT, hto 
nopojKflaeMaa hm cpyHKHHH 



/(*) = Ei 



n=0 ^0 



HBjiaeTCH nejion. 



OnepainiH Ha/j, aHanHTHiecKHMH cpyHKirHHMH. B § 2j[c) raaBbi [2] mm noKa3MBajiH, hto 



cyMMa, 



pa3HOCTb, npoH3Be,n;cHHe, nacTHoe h komho3hhhh HenpepbiBHbix cpyHKHHH CHOBa HBjiaeTCH HenpepbiBHOii 
cpyHKinieH. Te »ce caMbie CBOftcTBa pjlk flHcpcpepeHinipyeMbix cpyHKHHii flOKastiBajiHCb h^mh b |§ ]|[c 



rjiaBbiU) cyMMa, pa3HOCTb, npoH3BefleHHe, nacTHoe h komho3hhhh .znicpcpepcHinipyeMbix cpyHKiniii CHOBa 
HBjiaeTCH flH(p<pepeHH,HpyeMofl cpyHKHHCH . 0Ka3biBaeTca, hto to xe caMoe Bepno h fljia aHajiHTHnecKHx 

CpyHKHHH. 

TeopeMa 10.3.9 (o komho3hh,hh aHajiHTHHecKHX cpyHKH,Hii). Ecjiu f anajiumuHecKasi i^ywKv^un 
Hd MHOMcecmee U, a g - anaAumuHecKaji (f>yHKV,uji na MHoatcecmee V 2 fiU), mo ux KOMno3Uy,usi 
h(x) = g(f(x)) - ananumuHecKasi cfjyHKii,ufi na MHootcecmee U . 

JJoKasameAbcmeo. 3acpHKCHpyeM TOHKy xq G U h nojiojKHM 

F(x) = fix) - f(x ), G(y) = g(y + /(*„)) 
KoMno3HH,HH 3thx cpyHKHHH TOJKe paBHa h: 

G(F(x)) = g(f(x) ~ f(x ) + fix )) = g(f(x)) = h(x), xeU 
C ,n,pyroH CTopoHbi, sth cpyHKH,HH TO»ce aHajiHTHnecKne, nosTOMy 

F(x) = Gen b (x - x ), G{y) = Gen a (y), x G Us(xo), y € U e (0) 
,h,jih HeKOToptix aHajiHTHHecKHX nocjieflOBaTejibHOCTefl: a h b. IlpH stom 

b = Gen fc (0) = F(x ) = f(x ) - f(x ) = 0, 
to ecTb nopaflOK aHajiHTHHecKoft nocjieflOBaTejibHOCTH b € A otjihhbh ot Hyjia: 

ui(b) ^ 1. 

SHa^iHT, onpe^ejieHa komho3hh,hji nocjie^OBaTejibHOCTeii aob, KOTopaa no TeopeMe 110.2.21 TO>Ke HBjiaeTCH 
aHajiHTHHecKoii: a o b G A. A npoH3BOflam,He cpyHKUHH sthx nocjieflOBaTejibHOCTeft CBa3aHbi (popMyjioii 
(|10.2.5ip . H3 kotopoh nojiynaeM: 

h(x) = (Go F)(x) = G(F[x)) = Gen a ( Gen b (a; - x )) = (110.2.511) = Gen aob (x - x ), x G U s (x ) 

TaKHM o6pa30M, B HeKOTOpOft OKpeCTHOCTH Us(xq) TOHKH Xq (pyHKH,HH h COBna/I,aeT C npOH3BO,H,HHTCH 

<pyHKH,Heii HeKOTopofi aHajiHTHHecKoii nocjie^OBaTejibHOCTH (a o b). IlocKOjibKy sto BepHO pjisi npoH3- 

BOJIbHOH TO'IKH Xq G U , (pyHKH,Ha II HBJIHeTCH aHajIHTHHeCKOH Ha MHOJKeCTBe U. □ 
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TeopeMa 10.3.10 (06 apHcpMeTHHecKHX onepau;HHX c aHajiHTHHecKHMH cpyHKiniHMH) . Ecau f 
u g - aHaAumuuecKue aiywKVALU na MHoatcecmee U , mo CAedytmu,ue cfjyHKV i uu - moatce anaAumuHecKue 
na MHootcecmee U : 

f + g, f-g, C-f, f-g, 
(C - npouseoAbnasi KOHcmaHma). A giynK'nuM 

9 
f 

- aHaAumuuecnasi na MHoatcecmee U \ {x : f{x) = 0}. 

/foKaaameAbcmeo. B nepBbix leTbipex cjiynaax yTBepjKfleHHe cjiepyei H3 (popMyji (|10.2.3ip - (|10.2.32D : 
fljia npoH3BOjibHoii tohkh xq G U Bbi6epeM OKpecTHOCTb (xq — 8, xq + 8) ii aHajiHTHnecKiie nocjie^OBa- 

TejIBHOCTII a II b TSLK, HT06bI 

f(x) — Gen a (a; - x ), g(x) = Gen b (x - x ), x e (x Q - 8, x Q + 8) 

Torfla 

(f+g)(x) = f(x)+g(x) = Gen a (x-x )+Gen b (x-xo) = (|10.2.31|) = Gen a+b (x-x ), x € (x -8, x +S) 

To ecTb b HeKOTopoft OKpecTHOCTii (xq — 8, Xq + 8) tohkh xq (pyHKinis f + g coBna,n,aeT c npoii3BOflain,cii 
cpyHKinieft HeKOTopoii anajiHTHHecKoft nocjie/jOBaTejibHOCTH (a + b). IiocKOjibKy sto BepHO fljia npoH3- 

BOJIbHOH TOHKH Xq £ U, (pyHKHIIH f + g HBJIHeTCH aHajIIITIIHeCKOH Ha MHOJKGCTBG U. To JKB CaMOe BCpHO 

fljiH / — g, C-f, f-g (b nocjie^HeM cjiynae iicnojib3yeTCH (popMyjia (|10.2.32[) ). 

Tenepb pjin flOKa3aTejii>CTBa aiiajiiiTiiHHOCTii ^ flocTaTOHHO ,noKa3aTb aHajniTHHHOCTb o6paTHoft cpyHK- 

11,1111 j. 3to ^ejiaeTca c noMOinbio TeopeMBi 110.3.91 nocKOjibKy (pyHKniiH G(y) — ~ aiiajiHTiiHiia b cnjiy 
npHMepa 110.3.51 ee komho3iihiih c / 

G(f(x)) 



/(*) 

TO»ce aiiajiiiTii^iHa. □ 



o 10.3.7. Bcio/i,y onpe^ejieHHaa aHajiHTHne- 19.3.11 to ecTb rjia/jKyio Ha M (pyHKiniio / co cboii- 
CKaa, ho He H,ejiaH cpyHKiniH. OyHKinis CTBaMH: 

(f(x)=0, x^0 

f( x ) = T-r^ !/(»)> o, x>o 

1 + x z v 

B npHMepe 110.3.41 mm OTMenajiH, hto pa/i, MaKjio- 
HBjiaeTCH aHajiHTHnecKHH no Teopeivre 110.3.101 KaK p 6Ha 3TOH (pynKinin 
OTHomeHHe flByx aHajiHTH^iecKHx (py hkihiii . Ho OHa 

He aBjiHeTCH uejioft, noTOMy hto ee psifl MaKjiopeHa 

n=0 n=0 
CXOflHTCH TOJIbKO npH III < 1. He CXOflHTCS K Heft HH B KaKOft OKpeCTHOCTH HyjIH 

(—8, +8), noTOMy hto npn x > Hania cpyHKiniH ot- 
o 10.3.8. Tjia^KaH, ho He aHajiHTHHecKasc jiHHHa ot Hyjia. OTCiofla cjie^yeT, hto f He mojkct 
cpyHKii;HH. PaccMOTpHM (pyHKH;nio ii3 npHMepa 6biTb aHajiHTHHecKoft b tohkc x = 0. 



§ 4 IlpHJioxceHHH CTeneHHbix pa^oB 

(a) ^OKa3aTejii>CTBO h36i>itohhocth Akchomh CTeneHeii. 

HiiTaTejib noMHHT, HaBepnoe, hto CTeneHHoe OTo6pajKeHHC 

(a, b) i — ^ a b , 
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Tjiasa 10. CTEIIEHHblE PH£H H AHAJIHTMHECKHE QyHKIJHH 



BBO,n,iijiocb Ha.Mii b o6m,eM cjiynae (to ecTb pjisi Heo6s3aTejibHO uejibix noKa3aTejien b) b § 1 raaBbi [3] 
c noMOiHbio Akchomm CTeneHefi Bl Ha c !168[ H36biTonHOCTb KOTopoii mm noo6einajin flOKaaaTb no3?Ke. 
Tenepb, HaKoneii, mm mojkcm BbinojiHHTb ,n;aHHoe Toiyja o6emaHHe. Co6ctbchho flOKasaTejibCTBy stovl 
aKCHOMbi (Ha c l435l) . mm npe/HiomjieM 16 BcnoMoraTejibHbix yTBepjK,n;eHHH (jieMMbi 110.4. HflO.4. 16p . Bee 
3to BpeMH HHTaTejuo npefljiaraeTCH ppji&ib bh,h, hto ,n,o chx nop oh He rjiimeji Ha tckct b /myx KOjiOHKax 
h, Kax cjieflCTBne He 3HaeT minero 06 OTo6pa»ceHHH (a, 6) H ► a 6 , no KpanHeii Mepe, ^jih cjiynaa Heuejioro 
b (cjiynafi nejibix CTeneneii mojkho CHHTaTb H3BecTHMM, nocKOjibKy fljia: Hero Bee Heo6xo,zniMbie cpaKTM 
6mjih aKKypaTHO ,n,OKa3aHM HciMH eme b rjiaBe [D] b TeopeMe o CTeneHHOM OTo6pa»ceHHH I0.4.4[) . TojibKO 
nocjie npHBe/i,eHHoro 3^ecb flOKa3aTejibCTBa Akchomm CTeneHefl: Bee CKBaaHHoe humh paHee Ha 3tot cneT 
BCTynHT b 3aKOHHyio cnjiy, h stoh nejiH nocBHineH HacToanniH pa3,a,eji. 



OymcijiiH exp. 

JleMMa 10.4.1. 0opMyAa 



exp x — 



(10.4.114) 



n=0 



onpedeAsiem cfjyHKV t UK) exp ecwdy na npsuviou R. 

/l ] oKa3ameA'bC'meo. Pa^Hyc cxo^hmocth 3Toro CTe- 
neHHoro pa^a paBeH 6ecKoneHHOCTH: 



R = lim 



= lim 



(n + 1)! 



lim (n + 1) = oo 



nosTOMy pa/i, cxo/hitch BCio/ry na K. 

JleMMa 10.4.2. OymznALSi exp, onpedeAennaM 
3om (|10.4.114p . ujueem npouseodnyKi: 



□ 



d x 



exp x = exp x 



/foKa3ameAbcmeo. npo/jncpcpepeHirnpyeM 
(110.4. 114p c noMombio TeopeMbi ??: 



(10.4.115) 



d 

i 

d x 



d a: ' n! 

n=0 



E 



-n— 1 



l(n-l)! 



-f 






n! 


OO 


x fe 


= E 

fc=0 


IT 



exp x 



□ 



JleMMa 10.4.3. OyHKVALSi exp, onpedeAennaM pa- 
doM (|10.4.114p . ydoeAemeopsiem CAedyiomfiMy pa- 
eeHcmey u deyM moatcdecmeaM: 



1 



exp = 1, 

exp(— x) = 

expx 

exp(x + y) — expx • expy, 



(10.4.116) 
(10.4.117) 
(10.4.118) 



/JoKaaameJibcmeo. 1. IlepBoe paBCHCTBO ,n,OKa3M- 
BaeTCH npocTMM BMHHCjieHHeM: 



exp = ^ 



0" 



n=0 



0° 


o 1 


o 2 


^> 






1 









1 



2. ^OKajKeM 3aTeM nocjieflHee paBeHCTBO. H3 
jieMMM 110.4.11 cjiepyei, hto dpyHKiniH exp HBjiaeT- 
ch Hejioii. IIosTOMy no cjieflCTBHio ??, OHa HBjiaeTCH 
cyMMOii CBoero pa/ia Teiijiopa b npoH3BOjibHon toh- 
Keael: 

00 (n) 

exp(a + y) = ^^ r ^. 2/ ™ (10.4.119) 



71=0 



n 



ITo jieMMe [T0.4.2l npoH3BO^,Haa dpyHKiniH exp paBHa 

CaMOH 3TOH CpyHKHHH, nosTOMy BTopaa, TpeTbH, H 

Bee ocTajibHbie npoH3BO,n;HMe exp tojkb coBna^aiOT 
c exp: 

exp*-"-* = exp 
HoflCTaBHB 3to b (|10.4.119p , MM nojiyHHM: 



exp(a + y) = ^2 



exp(") a 



■y 



E 



exp a 



■y 



= exp a ■ y — - ■ y n — exp a • exp y 

^ 77 I 



n=0 



Ot (|10.4.118p 3to OTjinnaeTCH TojibKO 3aMeHoii a Ha 
x. 

3. BTopoe TO>KflecTBO OKa3MBaeTCH cjieflCTBHeM 
nepBoro n TpeTbero: 

1 = expO — exp(x — x) — expx • exp(— x) 

*$■ 

exp(— x) 



1 



expx 



□ 



JleMMa 10.4.4. OyuKi^usi exp, onpedeAeHHaji psi- 
3om (|10.4.114p . ecwdy noAoatcumeAt>Ha, a e wyyie 
paena edunuup: 

expx>0 (10.4.120) 

/J,oKa3ameAt>cmeo. IlpeflnojiojKHM, hto b KaKoii-TO 
TOHKe a dpyHKn;HH exp paBHseTCH Hyjno: 

exp a = 0. 

Toiyja: 

1 = exp = exp(a - a) = (|10.4.118p = 



§ 4. IIpHjioxeHHa CTeneHHbix pxgOB 
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= exp a ■ exp(— a) = 0, 
o 

hto, KOHe^HO, HeB03MCBKHO. TaKHM o6pa30M, exp 
- HenpepbiBHaa dpyHKHHH, onpeflejiennaa BCio/ry Ha 
npHMOft R, BMTflfi He o6pamaiomaHCfl B B y jlh -i a B 
tohkc paBHaa c^EEEi^e. Taxoe bo3mojkho tojibko 
ecjiH exp BCiofly nojiojKHTejibHa. □ 

JleMMa 10.4.5. <PyHKV,UM exp, onpedeAennaji pji- 
3om (|10.4.114p . eospacmaem na R: 



x < y 



expcc<expj/ (10.4.121) 



/^OKasameAbcmeo. IlpoH3BOflHaa stoh (pyHKHHH 
BCiofly nojiojKHTejibHa 



d x 



exp a; = p0.4.115p = expx > (|10.4.120p > 0, 



nosTOMy no TeopeMe 14.3.21 o CTporoii mohotohho- 

CTH, 3Ta (pyHKHHfl flOJXHCHa B03paCTaTb. □ 

JleMMa 10.4.6. OynKi^uJi exp, onpedeAennaji pji- 
3om (|10.4.114p . ujueem CAedywwxie npedeAU na 6ec- 
KOHeHHOcmu: 

lim expa; = lim expir = +oo (10.4.122) 

x— >- — oo x— >-+oo 

/JoKasameJibcmeo. BTopoii npe^eji cjie/ryeT H3 one- 
BH/nroro HepaBeHCTBa: 



/JoKasameA&cmeo. 1. Ilpe>K/i,e Bcero, HepaBencTBO 
(|10.4.120p 03HanaeT, hto OTo6pa>KeHHe exp ^eii- 
CTBHTejibHO nepeBO/i,HT R b (0; +oo). 

2. ^ajiee H3 yciiOBHH B03pacTaHHH (|10.4.122p 
cjie^yeT, nTO OTo6pa>KeHHe exp hhtjCkthbho . 

3. IIoKa»ceM, ^ito exp cropteKTHBHO OTo6pa- 
»caeT R Ha (0;+oo). HycTb C € (0;+oo). Ilo- 
CKOjibKy lim^-^-oo expx = (nepBoe paBeHCTBO b 
(j!0.4.122[l ). HaiifleTca i£l Taxoe, hto exp a; < C. 
C flpyroit CTopoHbi, lirn E _ i . +00 exp x — +oo (BTopoe 
paBeHCTBO b (|10.4.122p ). nosTOMy Han^eTCH y G R 
Taxoe, hto exp y > C . Mm nojiynaeM, hto 

exp x < C < exp y 

npsneM exp - HenpepbiBHaa cpyHKiniH no TeopeMe 
110.1.41 3HanHT, no TeopeMe Koihh o cpe^HeM 3Ha- 
qeHHH 1^.3.21 HafmcTCH TOHKa c € R Tanas, hto 

exp c = C 

Mbi nojiynnjiH, hto KaKoe hh B03bMn C G (0; +oo), 
fljia Hero HaitfleTCH TOHKa eel, b KOTopoii cpyHK- 
n,H2 exp npHHHMaeT 3HaneHHe C. 3to h 03HaHa- 

eT dOpteKTHBHOCTB CXp KaK 0T06pa»CeHHH H3 R B 

(0;+oo). 

4. HHteKTHBHOCTB H CIOpteKTHBHOCTB BMeCTe 

03HanaiOT 6neKTHBHOCTb exp : R — > (0; +oo). □ 



Vx > 



exp x = 1 + x - 



x 

T 



> l 



Ilocjie Toro, Kax oh flOKasaH, nepBbiii npe^eji nojiy- 
naeTCH 3aMeHoft nepeMeHHbix: 



lim exp x 



y = -x 
y — > +oo 



= (I10.4.117P = lim 



1 



y->+oo exp?/ 



lim exp(— y) 

y— >+oo 



lim exp y 



□ 



$yHKi(HH In. 



JleMMa 10.4.7. OynKi^uji exp, onpedejietiHasi pji- 
3om (|10.4.114p . 6ueKmu6HO omo6paofcaem npsiMyw 
R wa unmepeaA (0; +oo) 

exp : R -> (0; +oo) (10.4.123) 

tt nosmoMy npaeuAO 

t = \nx expt = x (10.4.124) 

KoppeKmno onpedeAJiem cfiyHKUALio In, o6pamHyw k 
exp; 

In : (0; +oo) ->• R (10.4.125) 



JleMMa 10.4.8. OynntiAiJi In, onpedeAennaji npa- 
euAOM (|10.4.124p . eospacmaem: 



< x < y 



\nx<lny (10.4.126) 



/JoKasameAbcmeo. Ecjih 6bi OKa3ajiocb, hto In a; ^ 
lny, to, b cnjiy B03pacTaHHH exp, mbi nojiy^Hjin 6bi 




□ 



JleMMa 10.4.9. QywKtiAifi In, onpedeAennaji npa- 
euAOM (|10.4.124p . ydoeAemeopnem CAedywmfiMy 
paeencmey u deyM moatcdecmeaM: 



In 1 = 0, (10.4.127) 

lni = -lnir (10.4.128) 

x 

\n(x-y)=\nx + \ny, (10.4.129) 
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Diam 10. CTEIIEHHblE PH£H II AHAJIHTMHECKHE QyHKIJHH 



/JoKa3ameJit>cmeo. IlepBoe paBeHCTBO cjiepyei 
Hcnocpe/i,CTBeHHO H3 onpe,n,ejieHHH (|10.4.124[) : 



expO = (|10.4.116p = 1 



= lnl 



HT06bI ,Zi;0K:a3aTb BTOpOe, ,H,OCTaTOHHO BbnHC- 

jiHTb 3HaHeHHa (pyHKiniH exp b o6enx ero nacTHx: 

exp ( In - ] = - = T = 

\ x J x exp(lna;) 

= P0.4.117P = exp(- In x) 

IIocKOjibKy exp - HHteKTiiBHoe OTo6pa:sceHHe, pa- 
BeHCTBO exp (in —J = exp(— In a;) 03HanaeT, hto ap- 
ryMeHTbi y exp jjpjiJKHbi 6biTb paBHbi: In — = — In x. 

Tohho Tax xe ,i];0Ka3biBaeTca: nocjie/iTiee paBeH- 
ctbo: 

exp (ln(a; • y)) = x ■ y = exp(lnx) • exp(lny) = 
= (|10.4.118|) = exp(lnx + Iny) 

OnaTb. nocKOjibKy exp - HHteKTHBHoe OTo6pa»ce- 
Hiie, paBeHCTBO exp (ln(x • y)) = exp(lnx + lny) 
bo3mo>kho tojibko ecjra apryMeHTbi y exp paBHbi: 
ln(a; ■ y) =hxx + In y. □ 

Onpe^ejieHHe CTeneHefi a b h ,o,OKa3aTejii>CTBO 
Akchomm CTeneHefi. Tenepb mm mojkcm onpc- 
,n,ejiHTb CTeneHHoe OTo6pa>KCHHe (a.b) i— > a b . B 
ero onpe^ejieHHH y^acTByeT OTo6pa>KeHHe sgn 2 : 
2W Z _ 1 — > {—1; +1}, KOTopoe mm Korfla-TO /i,aBHO 3a- 
flaBajin cpopMyjioii (|0.4.220p : 

'exp(o • In a), a > 

0, a = 0, b > 

1, a = 0, b = 
i sgn 2 6-exp(6-ln|a|), a<0,k^j 

(10.4.130) 

HanoMHHM, hto eme b rjiaBe [U] (cpopMyna 
(I0.2.68p ) mm ycjiOBHjincb chmbojiom a V b o6o3Ha- 
naTb onepanino, coBna,a,aioiHyio c onepainieffl B3H- 
thh MaxciiMyMa A B y x HHceji: 

a V b = max{o, b} 

Taxaa 3aniicb no3BOjiHeT c^ejiaTb 6ojiee HarjiaflHbi- 
mi (hjih 6ojiee "ajire6paHHecKHMH") BbiKjia^,KH, ko- 
topmmh mm 3aiiMeMca b stom nyHKTe. 

JTeMMa 10.4.10. JJpu a ^ u b e 2 n-i cn P aee ^~ 
jiueo mocHcdecmeo: 

a b = (sgn 2 oVsgna) • exp(6 • In |a|) (10.4.131) 
/(oKaaameAbcmeo. Ecjih a > 0, to mh nojiy^aeM: 
a b = (|10.4.130p = cxp(6 • In a) = 



a b := 



sgn 2 b V sgn a J ■ exp(6 - In |a| 



Ecjih »ce a < 0, to 

a b = P0.4.130P = sgn 2 b ■ exp(6 • In \a\) = 

-l 

= ^sgn 2 b V sgna^ • exp(& • In |a|) 



□ 

JleMMa 10.4.11. Omo6pawcenue. (a,b) H > a b , 
onpedeAetmoe (fiopMyAoii (|10.4.130p . ydoe/iemeopji- 
em noKCL3amejvbnuM 3aKonaM (|3.1.1|) - (|3.1.3|l : 

a° = 1, (10.4.132) 

a~ x = \, (10.4.133) 

a x+y = a x -a y (10.4.134) 

( Kacncdoe U3 smux paeencme eepno bcsikuu pa3, ko- 
zda o6e ezo nacmu onpedeAenu). 

/JoKa3ameJit>cmeo. 3/jecb Hy>KHO paccMOTpeTb 
HecKOjibKO cjiynaeB. 

1. IlpoBepHM CHanajia 3th paBeHCTBa b cjiynae, 
Kor/i,a a > 0. Tor,na, BO-nepBbix, 

a = (|10.4.130P = exp(O-lna) = expO = ()l0.4.116P = 1 

Bo-BTOpbIX, 



aT x = (|10.4.130p = exp(-a; ■ In a 
1 



= (I10.4.117P = 

H, B-TpeTbHX, 



, t- = (110.4.1301) = — 

exp(a; • ma) a x 



,x+y 



P0.4.130P = cxp((a; + y) ■ In a) 



= exp(x • In a + y ■ In a) = (|10.4.118p = 
= exp(ir • In a) • exp(y • In a) = p0.4.130p =a x -a y 

2. Ilocjie 3Toro nepeiifleM k cjiynaio a = 0. To- 
r,a,a, BO-nepBbix, 

a° = 0° = (I10.4.130P = 1 

Bo-BTopbix, b cooTBeTCTBHH c onpe^ejieHHeM 
(I10.4.130p . BbipajKeHne 0~ x HMeeT cmbicji TOjibKO 
npn i ^ 0, a h 1 - TOjibKO npn x ^ 0. 3HanHT, or- 
HOBpeMenHO to h flpyroe HMeeT cmmcji TOjibKO npn 
x = 0. Mbi nojiynaeM, hto paBeHCTBO 0~ x = 
HyjKHO npoBepHTb jininb ^jiH cjiynaa x = 0, ho to- 
r/i,a oho CTaHOBHTca cjie^CTBHeM y>Ke OTMe^eHHoro 
paBCHCTBa 0° = 1: 







-0 _ nO 



o« = i = i = l 
1 o° 



B-TpeTbHX, BbipajKeHHH x+ y \ X , y HMdOT CMblCJI 

npn x ^ h y 0. rioaTOMy fljia /];0Ka3aTejibCTBa 
paBCHCTBa x+ y = X ■ oy npn^eTCH paccMOTpeTb 
,n;onojiHHTejibHO neTbipe cjiynaa: 
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— ecjiH x = y — 0, to 

QX+y _ q0+0 = 0° = 1 = 

= 1 • 1 = 0° ■ 0° = o x ■ o y 

— ecjiH x = 0, y > 0, to 

x+y = Q 0+y = Q V = (|1().4,13()|) = = 

= 1 • = (110.4.1301) = 0° • y = X ■ Q y 

— ecjiH x > 0, y = 0, to 

x+y = QX+0 = Q x = (| lo4 yM =Q = 

= • 1 = (110.4.1301) O' -o' ()' •()•' 

— ecjiH x > 0, y > 0, to 

x+y = (|10.4.130l) = = 

= • = (110.4.1301) = X -Q y 

3. OcTaeTCH cjiynail a < 0. Bo-nepBbix, 
a° = (|10.4.130p = sgn 2 • exp(0 • In |a|) = 



/JoKa3ameJit>cmeo. 1. IlepBoe prbghctbo HMeeT 
cmhcji npH jiio6om b £ K, h Mbi nojiy^aeM: 

l 6 = (110.4.1301) = exp(o ■ In 1) = (llQ.4.1271) = 

= cxp(b • 0) = cxp = P0.4.116P = 1 

2. JIjir ,n,OKa3aTejibCTBa BToporo TOJK^ecTBa 
HyjKHO paccMOTpeTb TpH cjiynaa: 

— ecjin x > 0, to b £ K, h 



1 



(110.4.1301) = exp [b ■ In - 



1 

X J \ X / 

(110.4.1281) = cxp(-o • Inx) = (110.4.1171) = 



1 



exp(6 • In x) 



= (110.4.1301) = 



1 



ecjin x = 0, to Bbipa>KeHHe i He HMeeT CMbicji, 
nosTOMy npoBepaTb Henero; 

ecjin a; < 0, to b £ owzn ; 11 



= exp(0) = (110.4.1161) = 1 

Bo-BTopbix, b cooTBeTCTBHH c onpeflejieinieM 
(jl0.4.130j) , BbipajKeHHH a~ x h a x HMeiOT cmbicji pjisl 
x £ 2W Z _ 1 . B 3tom cjrynae nojryiaeTCfl: 



= (110.4.1301) = 

= sgn 2 6 • exp [ b ■ In 



a-' x = P0.4.130P = sgn 2 (-a;) • cxp(-a; • In |o|) 

1 



sgn 2 b ■ exp [b ■ In — = (110.4.128P 



(|0.4.222p . (110.4.117P = sgn 2 x ■ 
1 



= (I0.4.221P = 



sgn 2 x ■ exp(x • In \a\) 



exp(x • In \a\) 
= (I10.4.130P = 



= sgn 2 b ■ exp(-fe • In |x|) = (|10.4.117|1 = 
1 



= sgn 2 b • 



exp(fe • In |x|) 



= (I0.4.221P = 



1 



B-TpeTbHX, BbipajKfiHHH CL X+y , a X , a y HMeiOT CMblCJI 

npn x,y £ 2 n-i > 11 MbI no-^y^aeM: 



sgn 2 b ■ exp(& • In |x|) 



= (110.4.1301) = -i 



a^+y = (110.4.1301) = 

= sgn 2 (a; + y) • cxp((a; + y) ■ In |a|) = 
= sgn 2 (a; + y) • exp(x • In \a\ + y ■ In |a|) = 
= (I0.4.223P . (I10.4.118P = 
= sgn 2 x • sgn 2 y ■ exp(x ■ In |a|) ■ exp(y ■ In \a\) = 
= sgn 2 a; • exp(x • In \a\) ■ sgn 2 y ■ exp(y • In \a\) = 

v ' " v ' 

= (110.4.1301) =a x -a y 

□ 

JleMMa 10.4.12. Omo6pacHceHue (a,b) 1— > a b , 
onpedeneHHoe (popMyAou (|10.4. 130|) . ydoeAemeopsi- 
em cmeneHHUM 3aKonaM (j3.1.4p - (j3.1.6D : 

6 



1* = 1, 



1 (x • y) b = x b • y b 



(10.4.135) 



( Kaotcdoe U3 smux paeencme eepno bchkuu pas, ko- 
zda o6e ego uacmu onpedeAenu). 



3. Jinn ,n,OKa3aTejibCTBa TpeTbero TOJKflecTBa 
npuxo^HTca paccMaTpiiBaTb 6 cjiynaeB. Bo-nepBbix, 
HyjKHO OT/i,ejibHO norjiH^eTb, hto nojiynaeTCH, ko- 
r^a x hjih y paBHO Hyjiro: 

eCJIH X — 0, TO HT06bI X b HMejIO CMblCJI, HyjKHO 

HTo6bi b ^ 0, n npn stom CTaHOBHTCH HeBa>KHO, 
KfiKEM 6yn,eT y: 

1) npii fc = nojiynaeM: 

{x-y) b = (0-y)° = 0° = (I10.4.130P = 1 = 
= 1 • 1 = (I10.4.130P = 0° • y° = x b ■ y b 

2) npn b > nojiynaeM: 



(x-yf = (0-y) b = Q b = (110.4.1301) = = 
= • y b = (I10.4.130P = fc • y b = x b ■ y b 

no TeM see npiiHimaM npn y = Hyamo hto6bi 

b ^ 0, npH 3TOM CTaHOBHTCH HeBajKHO KaKIIM 

6ya,eT 11 TOJK/jecTBO Taitace BbinojinaeTCH. 
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Ilocjie SToro ocTaeTCH paccMOTpeTb 4 cjiy^iaa:, 
Kor/i,a ihj npimiiMaiOT pa3Hbie 3HaKH: 

ccjih x > 0, y > 0, to b £ R, n 

(a; ■ y) b = (|10.4.130p = exp(6 • In(x • y)) = 
= (|10.4.129p =exp(fo- (Inx + lny)) = 
= exp(fe -hix + b- Iny) = (jl0.4.118p = 
= exp(&-lnx)-exp(b-ln2/) = (|10.4.130|) = x b -y b 

ecjm x < 0, y > 0, to 6 <G grrr » 11 

(x-y) fc = (|10.4.130p = sgn 2 6-exp(6-ln \x-y\) = 
= sgn 2 b ■ exp(6 • ln(|ir| • y)) = qi0.4.129|) = 
= sgn 2 b ■ cxp(6 ■ In |x| + b ■ In y) = p0.4.118p = 
= sgn 2 b ■ exp(6 • In \x\) ■ exp(6 -lny) = x b -y b 



to »ce caMoe, c tohhoctbio flo oneBHflntix nepe- 
CTaHOBOK, nojiynaeTCH npn x > 0, y < (TOiyja 
onflTb b € 2Wtl)i 

HaKOHen;, ecjin x < 0, y < 0, to b £ 



2N-1 ' 



o 

A 

(x^y) b = (|10.4.130|) = exp(6 • ln(x ■ y)) = 
i x-y 

= (sgn 2 &) 2 • exp(b ■ \n(\x\ ■ \y\)) = 
= (|10.4.129p = (sgn 2 6) 2 -exp(6-ln \x\+b-ln \y\) 

= (|10.4.118p = 
= sgn 2 b ■ exp(6 • In \x\) ■ sgn 2 b ■ exp(& • In \y\) - 



x b -y b 



□ 

JleMMa 10.4.13. OmoSpaotceHue (a,b) a b , 

onpedeneHHoe cfjopMyAou (|10.4. 130|) . ydoeAemeopsi- 
em HaKonumeJi'bHOMy 3aKony (|3.1.7p : 

(a x )y = a x - y (a ^ 0) (10.4.136) 

e cjiedymwALX cnyuasix: 
npu a > mi,j/£R, 
npw a=0ui^0, i;)0, 
npu a < u x,y £ 2W Z _ 1 . 

/JoKaaameJibcmeo. 1. IlycTb a > n a;, y € R. To- 



(a K ) a = (I10.4.130P = exp(y-W) - (I10.4.130P = 
= cxp I u • In ( exp(x • In a)) ) = exp(y ■ x ■ In a) = 



a: -In a 



- (110.4.1301) = a*'*' 
2. IlycTb o = 0hi)0j^0. Tor^a: 



ecjin x = 0, to 

(a*)" = ( 0° )» = 1* = (110.4.135P = 
i 

= 1 = (|1().4.13()P = 0° = 0y = a x ' v 

ecjin x > n y = 0, to 

(o 1 ) 9 = ( Q a )° = 0° = x Q = a x - y 
o 1 

ecjin x > n y > 0, to 

(a*)* = ( 0' )v = 0" = ()'-' = 



3. IlycTb a < n x,y £ 2 n-i • Tor^a HyjKHO boc- 
nojib30BaTBCH cpopMyjiaMH (|10.4.13ip h (10.4.224p : 



{ a x ) y = (I10.4.130P = 

A 


= (sgn 2 x ■ exp(x • In \a\)j V = p0.4.13ip 
o 

= ( sgn 2 1/ V sgn| sgn 2 x ■ exp(> • In \a\) 



exp ( y ■ In 



sgn 2 x 

sgn 2 x • exp(a; • In \a\ 



cxp(a:-lii |a|) 

sgn 2 y V sgn 2 x) 



II 



10.4.2241 

II 



sgn 2 (jf • x) 

exp ( y ■ In I exp(x ■ In \a\ 



x ■ In |a| 

= sgn 2 (y • x) ■ exp (y ■ x ■ In |a|) = a v " x = a x ' y 

□ 

JleMMa 10.4.14. Omo6pawcenue (a,b) H > a & , 
onpedejieunoe (fiopMyAou (|10.4.130D . ydoeAemeopn- 
em ycAoeuw coxpanenuR 3HaKa (|0.4.15ip : 

a>0 ^ a™>0 (nGZ) (10.4.137) 

^ojcaaameyibcmeo. 



„ il().4.130t . , |10-4.120> 

a > a™ = exp(6 ■ In a) > 



□ 
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JleMMa 10.4.15. Omo6paotcenue (a,b) H- a b , 
onpedeAennoe cfiopMyAou (110.4.1301) . ydoe-Aemeopsi- 
em ycjioeusiM MOHomoHHocmu (|3.1.10|) - (|3.1.11|) : 



b>0 & <x <y 
b<0 & <x <y 



< x b < y b 



(10.4.138) 
x b > y b > 
(10.4.139) 



J^OKa3ameAt>cmeo. Ilpn b > nojiy^iaeM: 
< x < y 

a. 

In x < In y 
b ■ In x < b ■ In y 
exp(6 • In a;) < exp(6 • lay) 

x b yb 

A npn b < 0: 

< x < y 
In a; < lny 
b ■ In a; > b ■ In y 
exp(& • In a;) > exp(6 ■ In y) 



□ 



JleMMa 10.4.16. Omo6paotcenue (a,b) n- a , 
onpedeAennoe cfiopMyAou (110.4. 130p . ydoe-Aemeopsi- 
em ycjioeusiM Monomonnocmu (|3.1.12|) - (|3.1.13|) : 



a 1 < a y (10.4.140) 



> 1 & x < y 
(o < a < 1 & a:<2/ 



(10.4.141) 



/(oKasameJi'bcmeo. Ecjih a > 1, to In a > In 1 = 
(nocKOjiBKy (pyHKixHfl In B03pacTaeT), nosTOMy npn 
yMHOJKeHHH Ha In a 3HaK HepaBeHCTBa He MeHHeTca: 

x <y 

x ■ In a < y • In a 

exp(a; • In a) < exp(y • In a) 

Ecjih »ce 0<a< 1 , to In a < In 1 = (nocKOJib- 
Ky cpyHKinis In B03pacTaeT) , nosTOMy npn yMHOJKe- 
hhh Ha In a 3HaK HepaBeHCTBa MemieTCs:: 

x <y 

x ■ In a > y ■ In a 

!$■ 

exp(x • In a) > exp(y • In a) 



□ 



JJoKa3ameAt>cmeo U36umounocmu Akcuomu Bl. 
OopMyjia (110.4. 130p onpe^ejiaeT OTo6pa*;eHHe 

(a, 6) h- > ffl B TOHHOCTH fljlfl Tex CHTyaiH-IH, HTO 

nepeHHCjieHbi b ycjiOBHH Pq Akchomm CTeneHeii. 
IIo jieMMaM 110.4.111 h 110.4.121 sto OTo6pa*;eHHe 
yapBjieTBopfleT noKa3aTejH>HBiM h CTeneHHMM 3a- 
KOHaM, to ecTb ycjiOBHio Pi. Ilo jieMMe 110.4.131 

OHO y^,OBJieTBOpH6T HaKOnHTejIBHOMy 3aKOHy, TO 

ecTb ycjiOBHK) Pi. IIo jieMMe 110.4.141 3aKOH co- 
xpaHenHH 3Haxa (|3.1.9|> tojkc BbinojiHseTCH, a b 
CHjiy 3aMenaHHH 13.1.31 (popMyjia (|3.1.8p bmhojihh- 
eTCH aBTOMaTHnecKH, nosTOMy ee flOKa3MBaTt He 
HyjKHO. HaKOHeu,, no JieMMaM 110.4. 15l n 110.4. IBI qhq 

yflOBJieTBOpHeT yCJIOBHHM MOHOTOHHOCTH P3. □ 



(b) ^OKa3aTejII>CTBO H36faITOHHOCTH Akchomh TpHrOHOMeTpHH. 

HacTynnji MOMem bchomhhtb eme 06 o,hhom biwkhom pe3yjn>TaTe, jj,OKa3aTejii>CTBO KOToporo (xax b cjiy- 
nae c Akchomoh CTeneHeii Bl Ha c !168p 6mjio OTjiojKeHO Ham Ha 6yziyiHee. 3to AxcHOMa TpnroHOMeTpHH 
B2 Ha c ll811 c noMOHTbio KOTopoii mbi bbojthjih cpyHKinin ciiHyc h KOCHHyc b rjiaBe[3] Tenept mm mojkcm 
flOKa3aTb h ee. Mm npeflnonuieM jj,OKa3aTejibCTBy 11 BcnoMoraTejibHMx yTBepjKfleHHfi (jieMMu 110.4.171 
I10.4.27p . 3jo;eci> (xaK b cjiy^ae c Akchomoh CTeneHeii Bl Ha c ll68p mm onHTb npefljiaraeM HHTaTejuo 
c/i,ejiaTb bhjj;, hto j\o HacTOHinero BpeMeHH oh He rjiH/i,eji Ha tckct b JXByx KOjiOHKax h He 3HaeT HHnero 
H3 Toro, hto nncajiocb o CHHycc h KOCHHyce BnjiOTb jj,o MOMeHTa, Kor^a mbi co6ctb6hho npHMeMca 3a 
,n;oKa3aTejii>CTBO Akchombi TpnroHOMeTpHH (Ha c !440p . Tojibko b caMOM jj,OKa3aTejiBCTBe mbi bchomhhm, 
^ito cjiejj,CTBHH H3 Akchombi TpHroHOMeTpHH yjKe paccMaTpHBajiHCB paHee humh b HjijHOCTpan;HHx (h H3 
SToro 6y^eT bbibojj,hti>ch cjxhhctbchhocti> cpyHKi^HH sin h cos). 
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JleMMa 10.4.17. OopMyAu 



SIM 



cosx 



r 2n+l 



n=0 



£(-!)' 



(2n + l)! 



,.2)i 



n=0 



(2n)! 



(10.4.142) 
(10.4.143) 



onpedeAMtom cjjyHKV,uu sin w cos ecwdy na npsiMou 
R. 

/JoKaaameAbcmeo. 1. nepBbiii pafl nepenHineM b 
BH,u;e 



E(-!) n - 



„2n+l 



n=0 



(2n + l)! 



V(-l)"- 1 J 
^ ; (2n + l 



(2n + l)! 



h bmhhcjihm pa/niyc cxoflHMOCTH y nocjieflHero CTe- 
nenHoro pa^a (ot nepeMeHHOii y) no (popiviyjie J\&- 
jiaM6epa: 



(-1)" • (2n + 3)! 



R = lim 




= lim 




Cti+1 


n— >oo 



(_l)»+i . (2n+l)! 
lim (2n + 2)(2n + 3) = oo 



To ecTb pafl 



EC- 1 )' 



n=0 



(2n+ 1)! 



cxo^,htch npn jiio6om y. 3HaHHT npn noflCTaHOBKe 



y = x nojiy^iaiomnnca pa,n; 



E(-D r 



(x 2 y 



n=0 



(2n + l)! 



TO»ce cxoflHTCH He3aBHCHM0 ot Toro, KaKoe 3Hane- 
Hne npnHHMaeT x. Ilocjie yMHOJKeHHH Ha x nojiyna- 
khihihch psm 



E(-!) r 



r 2n+l 



(2n + l)! 



TOJKe flOJCKfiH CXO/H1TBCH B CHJiy CBOHCTBa 1° Ha 

c l330l KaKHM 6bi hi 6biji x. Bee sto 03HanaeT, hto 
cpopMyjia (|10.4.142p onpejrejraeT cpyHKirnio sin bckd- 
py Ha npHMofi R. 

2. BTopoii pa/i, mojkho nepenncaTb Tax: 

V(-D" • — — = V(-D" ■ = 



n=0 



n=0 



(2n)! 

OO 

E(- 1W v 



71=0 



(2n)! 



Pa/niyc cxo^hmocth nocjieflHero CTeneHHoro pajia 
6ya,eT TaKHM: 



(-1)™ ■ (2n + 2)! 



= lim 




= lim 


n—^oo 


C n +1 


71— fOO 



(_l)n+i . (2n)! 
lim (2n + l)(2n+ 2) = oo 



Sna^iHT pafl 



E(-!) r 



(2n) 



cxo^,htch npn jho6om y. KaK cjie^CTBHe, npn no,n- 
CTaHOBKC y — x 2 nojiynaioniHHCa pafl 

„2\n 



^ ; {2n)\ 



n=0 

TO»ce flOjixceH cxo^HTbca, He3aBHCHM0 ot Toro, xa- 
Koe 3HaneHHe npnHHMaeT x. Mbi nojiynaeM, hto 
cpopMyjia (|10.4.143p onpe^ejiaeT cpyHKnino cos bck>- 
fly Ha npsMofi R. □ 

JleMMa 10.4.18. (PynKVALU sin u cos, onpedejien- 
Hue pndaMu (|10.4. 142|) - f|10.4. 143[) . ydoe/iemeopji- 
wm mocifcdecmeaM: 

sin(— x) = — sin a; cos(— x) — cosx (10.4.144) 

/J,OKa3ameAbcmeo. 



sin(-x) = cnns = EM)" • grw 

n=0 V 



^„ ; (2n + l)! 



EH)" 



r 2n+l 



n=0 



(2n + l)! 



(110.4.142P = -sin a; 



cos(-x) = (|10.4.143|) = E( _1 ) 



n=0 



{-xf 
(2n)! 



x 2 ™ 



= E(-!)" • Tb^T = Anna - cosx 

n=0 ^ 

□ 

JleMMa 10.4.19. (PyHKVAiu sin u cos, onpedeAen- 
nue pndaMu (|10.4.142p - (110.4. 143p . ydoeAemeopn- 
wm paeencmeaM: 

sinO = cosO = l (10.4.145) 

/JoKa3ameAt>cmeo. 

Q2n+1 



sinO = (110.4. 1421) = Vf-l 



(2n + l)! 

OO 

= ^(-l)"-0 = 



n=0 
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cosO = (110.4.1431) = E(-l) 



n=0 



(2n)! 



E(- 1 ) n -7^TT = (-l)° 



n=0 



(2n)! 



(2-0)! 



n— i v , 



□ 



JleMMa 10.4.20. <PyHKU,uu sin u cos, onpedeAen- 
nue pndaMU (|10.4.142|) - ()10.4. 143p . UMewm cuedy- 
wiijuc npou36odnue: 

d d 

— sinx = cosx — cosx = — sinx (10.4.146) 
d x ax 



/JoKa3ameAt>cmeo. 

— sin a; = (|10.4.142D = 



Et- 1 )" 



„2n+l 



dx^ v ' (2n+l)\ 

n—0 K ' 



n=0 
oc 



d x 2n+1 
~dx~ (2n+ 1)! 



^ (2n+l)-x 2 " 
^ [ ' (27i + l)! 

n=0 v ; 



(2/ 

= E(- 1 )" 



r .2n 



(2n) 



cosx 



d x 



cosx = (|10.4.143|) = 

. OO 



r ,2» 



dx^ v ' (2n)! 

n=0 v ; 



E(- 1 )" 



d a; 



2n 



dx (2n) 



.l)«. + g(_l) 



„ i^)-x 2 



(2n) 



E(-D f 



n=l 

„2n— 1 / 3aMeHa: 

= I k = n - 1 I = 



X 



(2n — 1)! \« = fc + 1 



E(-!) fc+1 • 

OO 

E(-D fe 



.2k+l 



fc=l 



fe=l 



(2ft + 1)! 

_x> 

' (2ft + 1)! 



cos(x + y) = cos a; • cosy — sin a; • siny (10.4.148) 

/J,oKa3ameAt>cmeo. 3a<piiKCiipyeM KaKoe-Hn6yflb 
hhcjio a € R H paCCMOTpHM Tpn dpyHKn,HH: 

F(x) = sin(x + a) — sin a; • cos a — cos x ■ sin a 
G(x) = cos(x + a) — cos x ■ cos a + sin x ■ sin a 
#(x) = F(x) 2 + G(x) 2 

3aMeTHM ppe Bemii: BO-nepBbix, 

{F(0) = sin a — sin • cos a — cos • sin a = 
G(0) = cos a — cos • cos a + sin • sin a = 

ff(0) = ^(O) 2 + G(0) 2 =0 

H, BO-BTOpbIX, 

' F' (x) = cos(x + a) — cos x ■ cos a+ 

+ sin x ■ sin a = G(x) 
G'(x) = — sin(x + a) + sin a; • cosa+ 
+ cos x ■ sin a = — -F(x) 

iJ'(x) = 2 ■ F(x) ■ F'(x) + 2 ■ G(x) ■ G'(x) = 

= 2 • F{x) ■ G{x) - 2 • G{x) ■ F(x) = 

BMecTe 3to osna^iaeT, hto cpynKinia H flOjiJKHa 
6bitb TOJK,n,ecTBeHHO paBHa Hyjim, a 3HanHT F n G 

TOJKfi TOJKfleCTBeHHO paBHti Hynio: 

H(x) = F(x) 2 + G(x) 2 = 

(F(x) = 
\G(x) = 

3aMeHHH a Ha y, mbi h3 nocjie^Hnx TOJKflecTB no- 
jiy-iaeM (|10.4.147p - (|10.4.148p . □ 

JleMMa 10.4.22. 0yHKV,uu sin u cos, onpedeAen- 
nue pndaMU (|10.4.142[) - (110.4. 143[) . ydoe/iemeopji- 
wm mociHzdecmey: 



sin 2 x + cos 2 x = 1 



floKa3ameM>cmeo. IIo^CTaBHB ?/ 
P0.4.148p . mu nojiyHHM: 



(10.4.149) 

— X B 



1 = (|10.4.145p = cosO = cos(x - x) = 

= cosx ■ cos(-x) — sin a; • sin(— x) — 

= (|10.4.144p = cos 2 x + sin 2 x 



□ 



□ 



JleMMa 10.4.21. <PyHKV,uu sin u cos, onpedeAen- 
nue pndaMU (|10.4.142p - (|10.4.143p . ydoeAemeopn- 
wm mocHcdecmeaM: 

s'm(x + y) — sin a; • cosy + cosx • siny (10.4.147) 



JleMMa 10.4.23. OynKi^usi sin, onpedeJieHnan pn- 
3om p0.4.142p . cmpozo noAootcumeAwa na unmep- 
eaAe (0, 2): 



Vx £ (0, 2) 



sinx > 
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/JoKa3ameJit>cmeo. IlepenHineM psifl,, onpe,n,e.jiino- 
ih,hh sin TaKHM o6pa30M: 



sin x 



= EH) 



r 2n+l 



n=0 



(2/1+1)! 

3 ^ 7 

X X X 

3f + 5f ~ 7\ 



°° 2;4fc + l 



EX 
. (4fc+ 1)! 



fc=0 



(4k + 3) • (4fe + 4) 



cjiaraeMbie b stom psjxy HeoTpHHaTejibHbi. 3naHwr, 
cos Ha OTpe3Ke x G [0,2] momo ohchhtb CBepxy, 
o6opBaB nocjieflHHH pafl nocjie nepBoro cjiaraeMO- 
ro: 



(4fc + 2)! 



1 - 



(4k + 3) • (4k + 4) 



00 „4/c+2 

E ' 

fe=0 

x ik+2 

^ E (4fc + 2)! ' [} (4/, - :■{)■( U- + 4 ) 



x 2 / a; 2 
2T ' I 1 " 3~4 



H 3aMeTHM, hto npii x G [0, 2] mhojkhtcjib b cko6- 
Kax b nocjieflHeM pfl,n,e nojiojKHTejieH: 



i e [o, 2] 



x 2 < 4 < (4fc + 3) • (4k + 4) (fceZ+) 



(4fc + 3) • (4k + 4) 



< l (k e z 4 



l 



> (fee Z+) 



(4fc + 3) • (4/c + 4) 

(10.4.150) 

OTCio/ja cjie^yeT, hto npn x G (0,2) b nojiy^eHHOM 
pH,o,e Bee cjiaraeMbie tojkb nojio>KHTejibHbi, h 3Ha- 

HHT 



SIM 



E 

fe=0 



r 4fe+l 



(4fc+ 1)! V (4fe + 3) • (4fc + 4) 



> 



□ 



JleMMa 10.4.24. <PyHKv,uji cos, onpedejieunasi psi- 
3om (|10.4.143p . uMeem na npoMeatcyrriKe (0, 2) poe- 
ho odun Hyjit: 

3! a € (0,2) cosa = (10.4.151) 

/JoKa3ameJit>cmeo. IlcpenHnieM psifl,, onpe^ejiHro- 
nnifi cos, HHanc: 



cosx = ^(-l) n 



n=0 



•2n 



(2n)\ 



x 2 X 4 X 6 X 8 

= 1 ~2^ + 4^~6^ + 8^~■•■ 

x 2 ( x 2 \ x 6 ( x 2 
= 1 ~ 21 ' I 1 ~ 3~4J ~ 61 ' I 1 ~ 7~8 



i-E 



x 4k+2 



fe=0 



(4fc + 2)! 



• 1- 



(4k + 3) • (4k + 4) 



B CHjiy (|10.4.150p . npn x G [0,2] MHOJKHTejib b 
CKo6Kax b nocjie^HeM psipp nojiojKHTejieH, nosTOMy 



cos a; = 1— 

22. x 4/c+2 



E 



f (4k + 2)! 



1 - 



(4k + 3) • (4k + 4) 



x 2 ( x 2 



B ^iacTHOCTH, npn x = 2 nojiynaeM: 



2 2 / 2 2 



C flpyroii CTopoHbi, b cnjiy (|10.4.145[) . 

cos = 1 

Mbi nojiy^aeM, hto Ha OTpe3Ke [0, 2] cpyHKHHH cos 
MeHHeT 3HaK. 3HanHT, no TeopeMe Koihh o npoMe- 
jKyTOHHOM 3HaHCHHH 12.3.21 OHa o6pam,aeTCH b Hyjib 
b HeKOTopoii TOHKe a € (0, 2). 

OcTaercH noxasaTb, hto sto eflHHCTBeHHbiii 
Hyjn> Ha (0,2). ^eftcTBHTejibHO, no jieMMe [10.4.231 
npoH3BOflHaa stoh dpyHKiniH OTpnuaTejibHa Ha hh- 
TepBajie (0, 2): 



- — cos x = — sin x < 
d x 



SHa^iHT, no Teopeivie 14.3.21 cos mohotohho y6biBaeT 
Ha HHTepBajie (0, 2), n noaTOMy He mohcct flBajK^bi 
o6pam,aTbca b Hyjib na hcm. □ 

JleMMa 10.4.25. TouKa a G (0,2), onpedeAennaji 
ycAoeueM (|10.4.15ip , o6Aadaem CAedyww^uMU ceou- 
cmeaMu: 

cosa = sina = l (10.4.152) 

cos2a = -l sin2a = (10.4.153) 

cos4a = l sin4a = (10.4.154) 
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/JoKa3ameAt>cmeo. IlepBaa CTpo^Ka: 
cos a — 

sin 2 a = 1 — cos 2 a = 1 

sin a = 1 

Sill O, = — 1 <— HCB03M05KBO, B CHJiy JieMMbI 1 10 .4 . 23" 



a- 

sin a = 1 

BTopaa CTpoHKa: 

cos 2a = cos 2 a — sin 2 a = 0— 1 = — 1, 

sin 2a = 2 • sin a • cos a = 2 • 1 ■ = 
Tperba CTpoHKa: 



cos 4a = cos 2 2a — sin 2 2a = 0— 1 = — 1, 



sin 2a = 2 • sin a • cos a = 2 • 1 ■ = 



□ 



JleMMa 10.4.26. Hucao 4a, ede a e (0, 2) onpe- 
deAeno ycAoeueM (|10.4.15ip . sieAfiemcsi nepuodoM 
3am QiyHKtiAiu sin u cos, onpedejienHux psidaMU 
p().4.142j) - (|l().4.143)> : 

sin(a; + 4a) = sinx, cos(x + 4a) = cosx 

/JoKa3ameA'bcmeo. 3/i,eci> npocTO npHMeHHercfl 
(110.4.1541) : 

sin(x + 4a) = sin x ■ cos^a + cos x ■ sin4a = sin x 
1 o 

cos(x + 4a) = cos x ■ cos^4a — sin x ■ sin4a = cos x 
1 o 

□ 



= x ■ 1 - 



4! 



= x- 1- 



1 - 



5-6 



+E 

fc=i 



E2_ x 4fc+i 



(4fc)! 



npH a; £ (0, 1) 



1 - 



(4fe + 1) • (4fc + 2) 



> 



npn x £ (0, 1) 



2. BTopoe HepaBeHCTBo: 



sin x — x ■ cos a; 



„2n+l 



E(-!) n 



n=0 



(2n + l)! ^ ' (2n)! 

„2n+l 



n=0 

„2n+l 



Y7-iy» ■ — V(-D" 

^ j (2n + l)! ^ ! {2n)\ 



n=0 



ra=0 
oo 



(2n + l)! (2n)! 



P 2n+1 



(2n + l)! 



1 - (2n + T 



E(-!) n+1 



-2n+l 



(2n+l) 



• 2n 



^° + 3!- 2 -5!- 4+ 7!- 6 -9!- 8 + -^ 
x 3 / x 2 \ x 7 / x 2 

= ¥" 2 "Y + tT 6 "T- 



°° a;4fe+3 



E 

fe=0 



(4fe + 3)! 



(4fc + 2) 



4fc + 5 



npn a: £ (0, 1) 



> o 



JleMMa 10.4.27. IIpu x G (0; 1) 3am <fiyHKii ) uu sin 
u cos, onpedeAeHHux psidaMU (|10. 4. 142p - (|10. 4.143ft 

eunoAHJiemcji CAedywuifie mpounoe Hepaeencmeo: 



< x cos a; < sin a; < x. 



(10.4.155) 



/JoKa3ameAt>cmeo. 3/jecb BCio^y ncnojib3yeTCH 
npneM, KOToptiii mm npiiMeHHjin npn flOKa3aTe.n1>- 
CTBe jieMMM 110.4.231 - HyjKHO npeflCTaBiiTb pafl, 
KOToptiM 3anHCbiBaeTCH cpyHKiiiiH, b yn,o6HOM p/in 

OUCHOK BHfle. 

1. IlepBoe HepaBCHCTBO : 



x ■ cosx — x ■ y^(— l) r 



n=0 



a; 3 x 5 
21 + ¥ 



x 2n 
{2n)\ 

x]_ 
6! 



3. TpeTbe HepaBeHCTBo: 



x — sin x = x 



E^r 



r 2n+l 



n=0 



X 



3! ' [} 4-5 



E 

fc=0 



(4fc + 3)! 



(2n + l)! 



X X X X 

31 ~ 51 + 71 ~ 9! 



X 7 ( x 2 
71 ' V ~ 8~9 



(4fc + 4) • (4fc + 5) 



npn a; G (0, 1) 



> o 



□ 
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/JoKa3ameAt>cmeo u36umoHHOcmu Akcuomu B2. 
1. JleMMa 110.4.171 onpe^ejiaeT cpyHKUHH sin ii cos 
BCK)/i,y Ha hhcjioboh npHMOii R, a no jieMMe 110.4.261 
3th (pyHKiniH sbjihiotch nepHO^HHecKHMH. 3to flfl- 
Ka3BiBaeT ycjiOBne To Akchombi TpHroHOMeTpnn. 

2. YcjiOBne T\ flOKa3biBaeTca jieMMaME 110.4.211 
n llO.4.221 

3. YcjiOBne T\ /i,OKa3biBaeTCH jieMMon 110.4.271 

4. OcTaeTCH 3aMeTHTb, HTO e,JXHHCTBeHHOCTb 



cpyHKn,HH sin h cos, yn,OBjieTBOpaK>m,HX ycjiOBH- 
sm Tq-Ti Akchombi TpHroHOMCTpnn, yace flOKa- 
3aHa: b HjijnocTpaTHBHOM TeKCTe mm, nocjieflOBa- 

TejIBHO BMBO/IH CJieflCTBHH H3 Akchomm B2, no- 

jiynnjiH, hto ecjin KaKiie-TO cpyHKHHH sin h cos 

yflOBJieTBOpHKDT yCJIOBHHM TQ-T2 AKCHOMbI B2, TO 
OHH aBTOMaTHHeCKH flOJBKHM OnHCMBaTbCH pflfla- 

mh (|10.3.104p n (|10.3.105p . hjih, hto to »ce caMoe, 
pH^aMH (|10.4.142p - p0.4.143p . □ 



(c) 3HaneHHe HHCJia it 

B saKjiiOHeHne pa3roBopa o CTeneHHbix pa^ax h aHajiHTHnecKHx cpyHKiniflx otmcthm eru,e ojxho npnjiojKe- 
hh6 3toh Teopnn - qbopMyjry fljia: HaxojKfleHHH HHCJia 7r, KOTopyro Mbi o6einajiH HHTaTejno em,e Ha c ll81l 
Kor/i,a onpeflejiajiH sto hhcjio. 



IIpe^jio^KeHHe 10.4.1. Hucjio tt npedcmaeuMO e 
eude cyMMU hucjiobozo pjida tfiopMyjiou 



n=0 



(-1)™ -4 

2n+l ' 



(10.4.156) 



u djisi ectiKozo TV € N ydoe/iemeopjiem ovtfiWKe 
N 



-E 



-1)™ • 4 



n=0 



2n + l 



27V + 3 



(10.4.157) 



imo mo o/ce caMoe, ovfimze 

N 



E 

n=0 



(-1)™ • 4 



2n + l 



< 



N 

E 

n=0 



27V + 3 

(-!)"•< 
2n+ 1 



< 7T < 



27V + 3 



(10.4.158) 



/(oKaaameAbcmeo. PaccMOTpnM (pyHKirHOHajibHMH 
P«A 



£(-D r 



r 2n+l 



2n + 1 



€[0,1] (10.4.159) 



Ecjih o6o3HaHHTb 6„(a;) = 2 K +i , to npn x € [0, 1] 
3to 6y^,eT HeoTpnn;aTejn>Haa: HCB03pacTaionj,a5[ no- 
cjieflOBaTejibHOCTb 

b {x) ^ b^x) > b 2 {x) ^ ... ^ 

CTpeManj,aaca k Hyjno paBHOMepHO Ha [0, 1]: 

1 



IIMI[o,i] 



2n + 1 n->oo 







To ecTb pH/i, (110.4. 159|) ynpBjieTBopaeT ycjiOBHHM 
TeopeMbi 19.2.61 (npn3HaK JIcfi6HHHa paBHOMcpHon 

CXOflHMOCTn) , H SHa^HT, OH paBHOMepHO CXOflHTCH 

Ha OTpe3Ke [0, 1]. 06o3HanHM ero cyMMy SyKBOft /: 



fix) = J2(-iy 



„2n+l 



2n + l' 



x e [o, l] 



KaK cyMMa paBHOMepHO cxo/ynn;erocH pa^a H3 

HCnpepblBHblX CpyHKHHH , CpyHKITHH / /KJJBKHa 6bITb 

HenpepbiBHa Ha OTpe3Ke [0,1]. C ^pyroft ctopohm, 
b CHjiy TO>K/i,ecTBa (|10.1.23p , cpyHKnrra / coBna,a,aeT 
c cpyHKH,Heii arctg Ha nojiyHHTepBajie [0, 1): 



Vase [0,1) arctg a; = 



r 2n+l 



2n + l 



Ilpn stom, KaK mbi 3HaeM, cpyHKirnH arctg Henpc- 
pbiBHa Ha R (h 3HanHT Ha [0, 1]) b cnjiy npefljio- 
jKeHHH 13.1.391 OTCio^,a cjieflyeT, hto cpyHKH,HH / h 
arctg coBnaflaiOT b tohkc 1: 



arctg 1 = lim arctg x = lim f(x) — /(l) 

x— >1 — x— >1— 



Tenepb mm nojiy^iaeM: 



arctg 1 



no onpcflcjieHHio 
apKTaHreHca 13.1.12H 



/(I) 



E(-!) n 



r 2n+l 



n=0 



2n+ 1 



i 



n=0 



2n+l 



YMHOJKaH sto Ha 4. mm nojiyniiM cpopMy- 
jiy (I10.4.156p . a H3 ou,eHKH ocTaTKa SHaKone- 
pe/i,yioin;eroca pafla (|8.2.22p nojiynacM on,eHKy 
(I10.4.157P . □ 



! 10.4.1. KaK h b cjiynae c hhcjiom Henepa e, 3Ha- 
neHHe KOToporo, KaK mm iiomhhm on;eHHBajiHCb c 
noMombio HepaBencTBa (jl.3.64p , 3HaneHHa tt TaK»ce 
mo5kho on,eHHBaTb, Hcnojib3yH Tenepb HepaBeHCTBO 
(|10.4.158p . o,n,HaKO Ka^iecTBeHHoe pa3jiHHHe MejK^y 
sthmh flByMa cjiynaHMH 6y^eT B TOM, HTO HyjKHaH 
TOHHOCTb fljia 7r floCTHraeTCH ropasflo MefljieHHee, 
neM rjisi e. HanpnMep, ^jih Bbi^ncjieHHH nepBbix 
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^Byx 3HaK0B nocjie 3anHToii pjm tt HyjKHO 6paTB 
cyMMy 1000 cjiaraeMBix: BO-nepBBix, 

= 0,0019970... 



2-1000+3 



0,001 < 



2-1000+3 

4 



< 0,002 



-0,002 < -2O056+3 < -°' 001 



BO-BTOpbIX, 



EH ^= 3, 14259165... 

3, 142 < EH ^< 3, 143 
h BMecTe 3to ,n;aeT 



3,140 = 3,142- 0,002 < 

1000 

< yy_lL_ 

2n+ 1 



n=0 



(-1)" -4 

~2 

1000 



2 • 1000 + 3 



< 7T < 



< 



V (-!)"• 4 
^ 2n+ 1 



< 



n=0 



2 • 1000 + 3 
< 3, 142 + 0,002 = 3, 144 



3,14 < 7T < 3,15 



7T = 3,14. 



(10.4.160) 
(10.4.161) 



(d) Hncjia OnSoHaH^H 

IlpHMcp npHjiojKCHHH TeopHH CTeneHHBix paflOB, He ynoMHHyTb KOTopbiii Hejib3a, - cnoco6 HaxojK,zi,e- 
hhh hbhbix (popMyji fljiH nocjieflOBaTejibHOCTeft, 3a,n;aHHbix pcKyppeHTHO. Mbi nponjunocTpHpyeM ero Ha 
nocjieflOBaTejibHOCTH <J>H6oHaH T iH, onncaHHOfi humh b npHMepe 11.1.21 



HanoMHHM, hto HHCjia <J>H6oHaHHH onpeflejifl- 

HDTCH peKyppeHTHBIMH COOTHOHieHHSMH (|1.1.2|l : 

xi = x 2 = 1, x n+2 = x n+ i + x n , n€N 

IIpe/i;jio>KeHHe 10.4.2. Hucacl <Pu6ona,HHu onu- 
cueammcH neno (f>opMyAou 



1 

Xn ~7E 



1 + V5 



1 - y/E 



(10.4.162) 



/toKa3amejibcmeo. PaccMOTpHM npoH3BO^HiHyio 
(pyHKii,Hio 3toh nocjieflOBaTejibHOCTH: 

oo 

F(s) = J2 X *- s " 

71=1 

(cyMMHpoBaHne HanHHaeTCH c HOMepa n = 1; sto 
mo5kho oSmchhtb, HanpiiMep, Tax: mbi 6yfleM chh- 

TaTB, HTO Xq — 0). IIOMHOJKHB -F(s) Ha MHOTOHJieH 

s + s 2 , mbi nojiyHHM nenoHKy: 

oo 

( S + S 2 ) • F( S ) = (S + S 2 ) -J2 X n' S n = 

n=l 

oo oo 



s 2 + V" (xfc_i + x k - 2 ) -s fe 
r— ' 



fe=3 



= -s + s + s 2 + x k ■ s k = 



H 



k=Z 

X\ ■ S 1 + £2 ' S 2 

OO 

= s + ^ Xfc • s k 
k=l 



■8 + F(s) 



4 

(s + s 2 ) -F(s) = -s + F(s) 
s = (1 - s - s 2 ) ■ F(s) 



a- 



F(s) = 



1 — s — s 2 

Pa3jiojKHM 3HaMeHaTejiB Ha mho^khtgjih 



(10.4.163) 



1- s- s z 



-(s — a)(s — b) 



rfle 



ri+2 



-1-V5 , -1 + V5 
— , b = 



3aMena: n + 1 = k 3aMeHa: n + 2 — k 
oo oo 



k=Z 



k=2 



X X S 2 + ^2 X k-1 ■ ^ + X k-2 ■ S k 



fc=3 



fe=3 



3aMeTHM nonyTHO, hto 

-1+V5 1 + V5 



b — a = 



= V5 (10.4.164) 



2 ■ (1 - V5) 



i + \/5 (i + V§) • (i - VF) 
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2 • (1 - s/5) _ 1 - s/5 



1 - 5 



(10.4.165) = 



2 • (1 + V§) 



1 - a/5 (1 - V5) • (1 + \/5) 
2 ■ (1 + %/5) 1 + v/5 



1 - 5 



(10.4.166) 



Tenept nojiynaeM: 
F(s) 



1 — s — s 2 



l l 

1—6 , b— c 



(s-a)(s-b) 



pacKjiafltiBaeM 
Ha npocTeftuiHe flpo6H 
no npaBHjiaM Ha c. 12561 



s — a s — b b — a V s — b s — a 



1 



1 



1111 



b-a \a 1- £ b 1- s. 

a a 
oo 



= (110.3.941) 



b — a \ a 



' ( a W ~ 6 ' ^ (b 



n=0 
oo 



n=0 



b — a 



b — a 



n=0 



■s n+1 = \n + l = k\ 



b- 



1 OO 

— £ 



fc=l 



1 1 



s k = 



(Il0.4.164l) . (ll0.4.l65ll . (ll0.4.l66|l 



1 OO 

Tf'E 



fc=l 



l + v / 5\ /l-\/5 N 



b — a 



b-. 



BbiflejiHH KcracpepimiieHTbi nepefl s fc , mm Tenepb no- 
jiyHHM (|10.4.162|) . □ 



rjiaBa 11 

TPHrOHOMETPHHECKHE PKRbl 



• TpmoHOMempuHecKUM psidoM Ha3biBaeTCH (pyHKnHOHajibHbiii pafl Bii^a 

ao f mix nnx ] 

Y + 2^{ a n- c °s— + b n-sm—j (11.0.1) 

n=l 

Hhcjio T Ha3BiBaeTca nonynepuodoM SToro TpiiroHOMeTpHHecKoro psfla, a HHWia a n h b n - ero 
K03cp'cp'u'u ) ueHmaMU. 

• MacTHbiM cnynaeM TpnroHOMeTpHHecKoro pa^a Sy^er psm, b kotopom KOScpcpHHiieHTbi a„ h &„ 
HaiifleHbi no (popiviyjiaM 



i r 

ao = t J dx 



T 
T 

7TTLX 

"" = T I T f ^ C0S ~ dx ' (H-0.2) 

r-T 



6,1 = f J T ^ X ' Sm ~ 



r fl e / ~ HeKOTopaa HHTerpnpyeMaH Ha OTpe3Ke [— T, T] (pyHKuiia. TaKoii TpuroHOMCTpii^ecKHH 
pafl Ha3biBaeTca psidoM Oypt>e (pyHKnrin / c nojiynepiioflOM T. Ero KOScpepiiniieHTBi (|11.0.2I) 
Ha3biBaiOTCH Koacpc/jwuueHmaMu <Pypbe (pyHKuiiii /, a nacTHHHbie cyMMH 

N 

<SW(x) = — + |a« • cos -— + K ■ sin -^p j (11.0.3) 

n=l 

- MuozoHAetiaMU Oypt>e (pyHKUHH /. 

B 3toh rjiaBe Hac 6y^eT HHTepecoBaTb Bonpoc, KaKoii /i,ojiJKHa 6biTb (pyHKUHH /, HTo6bi 6biTb cyMMoit 
CBoero pafla Oypbe: 

oo 

„, s ao ( Knx , . nnx) ... . ., 

/(*) = y + 22 \ a « ' cos — + 6„ • sin— J (11.0.4) 

n=l 

IIohhtho, hto nepBbiM Heo6xo/prMHM ycjiOBiieM ^jih 3Toro ^ojoKHa 6biTb HHTerpiipyeMOCTb (pyHKirnn / 
Ha 0Tpe3Ke [-T, T] (noTOMy hto HHane 6yneT HenoHHTHO, hto Taxoe pafl Oypbe pjm Hee, to ecTb KaK 
noHHMaTb HHTerpajibi (111.0.21) ). C flpyroft ctopohh, cpyHKHHH x i— > cos h a; i— > sin b TpnroHOMCT- 
pHnecKOM psfle (|11.0.1|) hmeiot nepno/i, 2T: 

nn(x + 2T) /nnx \ nnx nn(x + 2T) (imx \ nnx 
cos = cos h 2nn — cos , sin = sin h 2nn = sin 

nosTOMy, ecjiH cpyHKHHH / hbjihctch cyMMoit CBoero pa,n,a Oypbe (|11.0.4p . to OHa TO»ce ^ojcKHa hmctl 
ncpnofl 2T: 

f(x + 2T) = f(x) 

OTCio/ja CTanoBHTCH noHHTHO, hto npe/i,MeTOM royHeHHa pjia Hac flOjrscHbi 6biTb nepnoflnnecKne (pyHKHiin 
/, HHTcrpnpyeMbie Ha OTpe3KC [— T, T], r^e T - nepnofl. BcaKaa Taxaa cpyHKH,HH 6yfleT HHTcrpnpyeMa 
He TOjibKO na OTpe3Ke [— T, T], ho h BOo6me Ha jho6om OTpe3Ke [a, b] C K, nosTOMy hem 6yn,eT ypp6no 
ynoTpe6jiHTb fljia Taxnx (pyHKUHH cjie/iyiomHH TepMHH: 
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• OyHKnira / : R — > R Ha3biBaeTCH jiokolm>ho unmespupyeMou, ecjin OHa HHTerpnpyeMa Ha 
Ka»cflOM OTpe3Ke [a, 6] C R. 

§ 1 Cxo^hmocti> pa^a <Pypt>e b cpe^HeM KBa^paTHHHOM 

H3yneHHe pa^OB Qypbe y^o6HO npoBO/niTb pjin cjiynaa, Kor^a b Ka^ecTBe nojiynepno^a T BBi6paHO 
hhcjio 7r, noTOMy hto Tor/ja cpopMyjibi (|11.0.ip n (|11.0.2[) ynpomaiOTCH: TpHroHOMCTpnHecKnn phjj, (|11.0.1[) 

npHHHMaCT Bllfl 

ao 
2 



|g„ cos ru; + b w sin nx^ , (11.1.5) 

n=l 

KOScpcpiiuiieHTbi Qypbe (|11.0.2[) BbrancjiaiOTCH no cpopMyjiaM: 

7T 7T 7T 

ao = — / /(i) d i, a n = — [ f (x) cos nx d x , b n = — [ f(x)smnxdx (11.1.6) 

TT J TT J TT J 

— n —n —n 

a MHoroHjieHbi Oypbe 3anncbiBaiOTCH b BHjre 

N 

Sn{x) := + |a„ cos na; + b„ sinna;| (11.1.7) 

n=l 

(3flecb a„ m i„ - KOScpcpiiniieHTbi Oypbe (|11.1.6|l ). 

B cooTBeTCTBHH c 3THM mh 6yfleM BCKyry flajiee ,no TeopeMbi 111.3.11 paccMaTpHBaTb jiOKajibHO hhtc- 
rpnpyeMbie 27r-ncpno [ i];H i iecKHe cpyHKrpiH (h hx pa^bi Oypte c nojiynepHO,n,OM tt) . Mhojkcctbo Bcex TaKHx 
(pyHKn,Hfl ynpfeo o6o3Ha x iHTb KaKHM-Hii6yflb chmbojiom: 

• Chmbojiom TZ(tt) mm o6o3HanaeM mhtokcctbo Bcex jioicajibHO HHTerpnpyeMbix cpyHKnnn c no- 
jiynepnoflOM tt Ha K. 

(a) OcHOBHaa Teopeivia 

• IlycTb / G 72.(tt), to ecTb / - jioxajibHO HHTerpnpyeMaji cpyHKHHH c nojiynepnojTpM tt na R. 
IlocKOjibKy / HHTcrpiipyeMa Ha OTpe3Ke [—tt, tt], no CBOiiCTBy 8° Ha c !281l ee KBa^paT f 2 = \ f\ 
TOJKe HHTerpnpyeM Ha OTpe3Ke [— 7r,7r]. 3HanHT, onpeflejieHO hhcjio 



ii/ii = /j /(x)|2 dx (1LL8) 

Oho Ha3biBaeTCH cpedneKeadpamuHHOu nopMou (pyHKnnn / b npocTpaHCTBe 1Z(tt). Cjiobo "Hop- 
Ma" ynoTpe6jiHeTCH npHMeHHTejibHO k stoh bcjihhhhc noTOMy, ^to, KaK Mbi y6e^HMCH hhjkc 
Ha c !446l OTo6pa»ceHHe / t— > \\f\\ o6jiajj,aeT CBOHCTBaMH l°-3° paBHOMepHoii HopMbi, ynoMHHaB- 
innMHCH Ha c 13551 (npaBiia. 6e3 ycjiOBHH ||/|| = / = 0). 

Becb 3tot naparpaep nocBHineH AOKasaTejibCTBy cnejryioinero (pyHflaMeHTajibHoro (paKTa: 

TeopeMa 11.1.1 (o cxo,hhmocth P*ma <3>ypte b cpe^eM KBa^paraHHOM). Bcmkclm Aonajibno 
UHmespupyeMaji 2tt -nepuoduuecrzasi ifiyHKi^uji f na npsiMoil R eduncmeeHHUM o6pa30M npedcmaeuMa e 
eude cyMMU e cpedneM KeadpamuuHOM mpmoHOMempuuecKoao pjida c ncuiynepuodoM tt 

oo 

f{x) = -y- + |a„ cosnx + b n sinna:|, (11.1.9) 
n=l 

u maKUM psidoM 6ydem pud (Pypte c noAynepuodoM tt (fiyHKi^uu f . 

! 11.1.1. 3th cjiOBa cjieflyeT noHiMaTb, xax BbinojiHeHne flByx yTBepjKfleHnil: 

(i) ecjin d n n b n — K03(p(pHii;HeHTbi Oypbe (|11.1.6[) cpyHKn^nn /, a Sn - ee MHoronjieHbi Oypbe 
(|11. 1.711 . to cnpaBeftjiHBO cooTHonieHne 



\\f-S N \\ = J- f \f{x)-S N (x)\* dx — > (11.1.10) 
(iMeHHO Tax HHTepnpcTHpyeTCH b TeopeMe 111. 1.11 paBCHCTBO (|11. 1.911 ) , n 
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(ii) ecjiii a n h b n - ppe nocjieflOBaTejibHOCTH HHceji, a Sn - nacTHHHbie cyMMbi cooTBeTCTByiomero 
hm TpiiroHOMeTpinecKoro psfla f| 11 . 1 .5[) , to h3 coothoiiighhh (jll.l.lOp cjie^yeT, hto Hncjia a n h 
b n sbjihiotch K03(p(pHLi,HeHTaMH Oypte (111.1. 6p cpyHKn,HH / (a Sn - ee MHoronjieHaMH Oypbe 

emu ). 

Heno/i,roTOBjieHHOMy HHTaTejno (popMyjinpoBKa TeopeMbi 111.1. 11 hccomhchho, noKa»ceTCH o6ecKypa- 
acHBaiomeH, noTOMy hto H3 CKa3aHHoro pp chx nop aojijkho 6mtb peniHTejibHO hgiiohhtho , OTnero pa3- 
jiojKeHHe dpyHKHHH / b pa/i, Oypbe (jll.l.9p cjie^eT noHiMaTb b TaKOM 3K30THnecKOM CMbicjie (a He, 
HanpHMep, KaK noToneHHyio hjih paBHOMepHyio cxo/niMOCTb, k kotopmm mh npiiBbiKjiii b rjiaBe[§]). 06t>- 
HCHeHHe 3aKjiiOTaeTCH b tom, hto TeopeMa 111. 1.11 sbjihctch oahhm h3 pe3yjibTaTOB BecbMa rjiy6oKofi h 
HMeiomeH flojiryio HCTopmo MaTeMaTHnecKoii flHCHiinjiHHbi, c KOTopoii mh CTOjiKHyjiHCb TOJibKO ceftnac, 
- gapMOHuuecKogo anajiu3a. To, hto cdpopMHpoBajiocb b stoh HayKe, KaK pe3yjibTaT fljiHTejibHoro ocmhc- 
jieHHa h npuBbiKaHHH, BCTpeTHjiocb HaM cpa3y b BH/i,e roTOBoro pe3yjibTaTa, h nosTOMy Bbirjia^HT tskhm 

CTpaHHbIM H HCOJKHflaHHblM. IIpH 3T0M, eCJIH B rapMOHHHeCKOM aHajIH3e H eCTb pe3yjIbTaT, KOTOpblft 

mojkho npH3naTb D,eHTpajibHbiM, to hm, KOHenHO, 6yn,eT TeopeMa o pa3jio»ceHHH (py HKn , HH B P a fl Oypbe 
b CMbicjie cpe/niero KBa^paTHHHoro (a He noToneHHO hjih b KaK0M-HH6ynb /i,pyroM CMbicjie), h hmchho 
nosTOMy mm HanHHaeM H3jiojKeHHe TeopHH paflOB Oypbe c TeopeMbi 111.1.11 OcTaBHiaacH nacTb stoto 
naparpadpa nocBHineHa ee flOKa3aTejibCTBy. 

CKajinpHoe npoH3Be^,eHHe dpymcipiH. OpHrHHajibnaa Hflca, npHBCflHiaa k TeopeMe lll.1.11 3aKjno- 

HaeTCH B TOM, HT06bI nOCMOTpeTb Ha (py HKn , HH H3 72.( 7r ) C HeCKOJIbKO HeOJKHflaHHOH TOHKH 3peHHs: KaK 

Ha BeKTopbi b npocTpancTBe co CKajispHbiM npoH3Be,n,eHHeM. 

• IlycTb f.g G 1Z(tt), to ecTb fug- ppe jiOKajibHO HHTerpnpyeMbie 27r-nepHOflHHCCKHe cpyHK- 
hhh. IlocKOjibKy ohh HHTerpnpyeMbi Ha 0Tpe3Ke [— tt, tt], hx npoH3Be,n,eHHe / • g TOJKe 6ya,eT 
HHTerpnpyeMO Ha [—tt, tt] b cnjiy CBOiicTBa 8° Ha c !281l HosTOMy momo paccMOTpeTb BejiHHHHy 

(f,g) = - T f(x)-g(x)dx (ll.l.ll) 

OHa Ha3biBaeTCH ckcuihphum npou3eedeuueM dpyHKHHH fug. IlepeHHCjiHM HeKOTopbic 

CBOHCTBa CKajinpHoro npOH3Be/l,eHHH 

1°. noAoofcumeAtHaM noAyonpedeAeHHOcmb: 

(f,f)>Q 
(f,g) = (gJ) 

(a - f + p > g,h) = a> (f,h) + p ■ {g,h) 



2° . CuMMempuHHOcmb: 
3°. BuAuneuHocmb: 



/J,oKa3ameAt>cmeo. 3th CBOHCTBa OHeBH^Hti, HanpHMep, TpeTbe cjie^yeT H3 jihh6hhocth HHTerpajia 

i r r i , , , , i r 



(a-f + P-g,h) = - / {a-f(x)+P>g(x)}>h(x)dx=- / {a ■ f(x) ■ h(x) +/3 • g{x) ■ h(x)} 



d x = 



= a-- [ f(x)-h(x) dx + P- - [ g(x) ■ h(x) dx = a- (f,h) +P- (g,h) 

□ 

Em;e oflHO cbohctbo CKajiapHoro npoH3Be/i,eHHH - cpopMyjia, CBH3biBaiOHi,aH ero co cpeflHeKBaflpaTHH- 
hoh HopMofl (111.1. 8p : 

11/11 = ^ f l/WI 2 *x = VUT) (n.i.12) 
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TeopeMa 11.1.2 (HepaBeHCTBO KoiiiH-IIlBapija ^jih cpyHKii,Hii). J^ar aw6ux gjyHKv,uu ^-(tt) 
cnpaeedAueo CAedymmfie Hepaeencmeo, naaueaeMoe HepaeencmeoM Komu-IIIeapiJ i a: 

K/,s)|< 11/11 -Nl (H-l-13) 

JJoKasameAbcmeo. 3acpHKCHpyeM /iijh paccMOTpHM MHoronjieH BTopoii CTeneim: 

p(t) = (f + t g,f + tg) = (/, /) + 2t(f,g) + t 2 (g, g) = ||/|| 2 + 2t(f,g) + t 2 \\g\\ 2 

IIocKOjibKy (/ + tg, f + tg) ^ 0, stot MHoro^jieH flOjuKeH npn jik>6om shcI^ighhh t 6tiTb HeoTpHnaTejieH: 

p(t) = \\f\\ 2 + 2t(f,g)+t 2 \\g\\ 2 ^0, Viel 

Shr^iht, oh He MoareT HMeTb flByx BemecTBeHHtix KopHeii, h nosTOMy ero flHCKpiiMHHaHT pfljimen 6bitb 
HenojiojKHTejiBHBiM: 

£ = 4(/,a) 2 -4||/|| 2 .||a|| 2 ^0 

(/,5) 2 ^ii/ii 2 -n.9ir 

</,s><|</,ff>|< 11/11 -Nl 

□ 

CBoiicTBa cpe^HeKBa^paTHHHofi HopMbi: 

1°. HeompwuameAbHocmb: 

||/||>0. (11.1.14) 

2° . OdHopodnocmb: 

||A-/|| =|A|- ll/H, AeK (11.1.15) 

3°. Hepaeencmeo mpeyeoAbHUKa: 

11/ + <?K 11/11 + 11.911 • (11.1.16) 

4°. Tomcdecmeo napaAAeAozpaMMa: 

ll/ + - 9l|2 ; ll/ ' g||2 -ll/ll 2 + NI 2 . (11.1.17) 

/JoKa3ameAt>cmeo. IlepBbie /i,Ba CBoiicTBa ohgbh^hbi , ^oxajKeM HepaBeHCTBO TpeyrojibHHKa (|11.1.16[1 : 

11/ + aIK 11/11 + NI <=► H£+5j^ < (ll/ll + NI) 2 q.9X 1 1/11 -l|g|| 

U + 9-J + 9) Il/H 2 + 2 ■ ll/H ■ \\g\\ + ||c/|| 2 HepaBeHCT BO 

KoiiiH-IIlBapi^a Ull. 1.1311 

(f,f)+2(f,g) + (g,g) </,/) + 2- ||/|| • \\g\\ + {g,g) 
TojKflecTBO napajijiejiorpaMMa flll.l.lTj) ,i];0Ka3biBaeTca npaMbiM bbihhc jieHHeM : 

1I/ + .9|| 2 + II/-.9|| 2 = ||/|| 2 + 2(/ ; , 9 ) + l|, 9 || 2 + ||/|| 2 -2(/ ;g ) + l|.gl| 2 = 2||/|| 2 + 2||g|| 2 = 2 2 
2 2 2 " " " " 

□ 

TeopeMa 11.1.3 (o HenpeptiBHOCTH CKajinpHoro npoH3Be,a,eHHa). Ecau gjyHKv,uu f n £ 7\L(7r) 
cmpeMMmcM k aiynKVALU f £ 7l(jr) e CMUcjie cpedneKeadpamuuHou HopMU, 

11/ -/n|| — ► 0, 

n— >oo 

mo d«i ak)6ou <fiyHKv ) uu g £ 72.(7r) 

(/n,.9> ► (/,.9> 

n— >-oo 

| (/, .9) ~ (fn, g) I = I (/ - /n,ff) | < Gffl3) < 11/ - /nil ' ||g|| — ► 

□ 
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OpTOrOHajIfeHOCTfe TpHrOHOMeTpHHeCKOH CHCTeMbI H CBH3b CKajiHpHoro npOH3BefleHH3 C KO- 

3(p(pHii;HeHTaMH Oypte. 

• ToBopHT, Tito 4>yHKii,HH / h g H3 TZ(tt) opmozcmaAbHu, ecjiH hx CKajiapHoe npoH3Be/i,eHHe paBHO 
Hyjiio: 

(f,g) =0 

• nocjieflOBaTejibHOCTb (pyHKnaK /„ <E 72.(7r) Ha3biBaeTca opmozoHaAbHou cucmeMou, ecim b Heft 
jiK)6bie flBe dpyHKiniH opToroHajibHbi: 

Vi^j (fi,fj)=0 

• 06o3HanHM CHMBOjiaMH cos„ h sin„ (pyHKipiH 

cos n (x) = cosnx, sin n (x) = sinnx (11.1.18) 

H yCJIOBHMCH CHMBOJIOM 1 o6o3HaHaTb He TOJIbKO HHCJIO 1 , HO H (py HKIHIIO , TOJKfleCTBCHHO 

paBHyio c/niHHnc: 

l(x) = l, lei (11.1.19) 

OyHKiniH 1, cos n , sin„ Ha3biBaiOTCH mpugoHOMempuuecKou cucmeMou. 

JleMMa 11.1.1. CnpaeedAueu CAedymuiAie ifiopMyAU, 03HaHawiu,ue, umo mpmoHOMempuuecKasi cucme- 
Ma (pyHKUjUU opmozoHaAwa: 

(1,1) =2, (l,cos n ) = 0, (l,sin„)=0, (11.1.20) 

(cos„,sm TO ) = 0, (cos n ,cos m ) = <^ ^, sm n ,sin TO = ^ (11.1.21) 

[ 1, n = m J I 1, n = m J 

/JoKa3ameAt>cmeo. 3to npoBepaeTCH npHMbiM BbrancjieHHeM c noMombio TpnroHOMeTpHHecKHx cpopMyji, 
KOToptie mm bmbo/hijih b |§ l| rjmBbi[51 HanpHMep, ^jih npoH3Be/i,eHHH CHHycoB npn u^m mm nojiyHHM: 

i r 1 r 

(sin n , sin m ) = — / sinnx ■ sinmx d x — (|3.1.80p = — / {cos(n — m)a; — cos(n + m)x} d x = 

sin(n — m)a: x=7r sin(n + m)x 



2n(n — m) x=-tt 2ir(n + m) 

A npH n = m nojiynaeM 



X— 7T 

= 

a:— — -7T 



1 1 /"^ 27T 

— / sin nx ■ sin nx dx — (|3.1.69p = — / { 1 + cos 2nx} dx = — = 1 
7T J_ 7T 2tt J_ v 2tt 



□ 



JleMMa 11.1.2. Ko3<p'(p'u'u > ueHmu pjida Qypbe npou3eoAt>nou cfjyHKv t uu f £ 72(7r) censanu co cKaAsipnuM 
npou3eedenueM CAedyKnu/UMU (popMyAaMu: 



a = (f, lj, a n = (/,cos„ j, b n = ^/,sin„ ) (11.1.22) 

JJoKa3ameAt>cmeo. 3th dpopMyjibi npoBepaiOTCH npocTbiM BbiincjieHHeM. HanpHMep, 

If* 1 r 

(/, cos„) = pi. 1. lip = — f(x) ■ cos n (x) dx = — / f(x) ■ cosnx dx = a„ 
n J-* * J-* 



□ 



JleMMa 11.1.3. Mhozohachu Oypt>e npou3eoAt>Hou ifiyHKi^uu f G 72. (7r) 



N 

Sn = y • 1 + ^ jflfe ■ cos fe +6 fc ■ sin fc j (11.1.23) 
fc=l 

UMewm me otce Kostfifiui^ueHmu Oyp-be nopndna ne BoAtme N , umo u (fiyHKiiAifi f: 

(s Ar ,l) = a = (/,l} J 

^5jv,cos„ ^ = a„ = (f, cos„ ^, ns^N (11.1.24) 

S N , sin„ ) = b„ = (/, sin„ ), n < iV 
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/JoKa3ameAt>cmeo. ^eifcTBHTejiBHO, 

(S N , 1) = I y • 1 + ^2 [ a kCos k +b k sm k }, 1 J = y-(l,l)+S { afc ' ( cos ki l) + ' (sin fe , l^j 



JV \ JV 



fc=l / fe=l 

JV 

(/,] 

fc=l 



= (111.1.201) = y • 2 + ^ {a fc • + b k • O} 

AHajiorHHHO, ecjiH n N, to 



(5jv,cos„)= ( y ■ 1 + ^ |a fc cosfc +b k s'm k } , cos n j = 

JV 

= y • (l, cos„ ) + y^ |afc • ^ cos fe , cos„ j + b k ■ ^ sin fe , cos„ ^ j = 
fe=l 

JV f N 

-onai,oin»-f-o + E{«.-{S Z^; +<-»} = «•■ 



fe=i 

Tohho TaKJKe flOKa3biBaeTCH nocjieflHHH (popMyna H3 (jll.l.24p . □ 

MuHHMajibHoe cbohctbo MHoroMJieHOB Oypte. 

• Ecjih f,g£ to paccmcumueM ot f pp g Ha3biBaeTCH BCjiimiiHa 

JleMMa 11.1.4. Cpedu eceeo3MODtcHux mpmoHOMempuuecKux MHosoHJienoe P cmenenu N cclmum 
6jiu3kum K cfjyHKi^uu / € 72. (tt) no cpedneKeadpamuunou nopjvie RBASiemcsi ee Muozoujien Oypt>e Sn 
cmenenu N, paccmoanue do nomopozo paeno (/, /) — Tp- — Yln=l { a « ^~ 



mm 

p 



2 N 

\.f P\\ = ||/ - S N \\ = (/, /} - y - {< + bl} (H.1.25) 



(a n ub n - Koacfjcfiui^uenmu <Pypbe (|11.1.22p ). 
/JoKasameJibcmeo. 3a<piiKCupyeM / h o6o3HaHHM 

JV JV 

P = y + |q„ cos„ +/3„ sin„ | , SW = y + ^ |a„ cos„ +6„ sin„ | 

n— 1 n— 1 

- 3,a,ecb HHCJia a„ h 6„ bbihhcjihiotch no cpopiviyjiaM (|11.1.22p , nosTOMy nx mm CHHTaeM cpHKCiipoBaHHBiMH, 
a HHCJia a„ h /)„, Hao6opoT, MoryT mchhtbch. Torjj,a: 



11/ - p\\ 2 = (f-P, f-P) = ( / - y - £ { a » cos « sin « }'/- { a ™ cos « sin « } ) = 

\ n=l n=l / 

JV 2 TV 

(/, f)-oio'(f, l)-2-^ j a n -{f, cos„) +/?„■(/, sin„) j+y-(l, 1}+^ |a^-(cos n ,cos„)+/3^(sin n ,sin„)| 

n— 1 n— 1 

JV 2 W 

= (/, /> - «o • «o - 2 • ^ {a„ • a n + f3 n ■ fe„} + ^ + ^ {o£ + = 

n— 1 n— 1 

/ _ ^2 ^ 2 ^ 

+ 2 flo) +E{K-« n ) 2 + (^-Mff^EK+^} 



flocTHraeT m h h hm y m a npn a n — a n , (5 n — 6 T , 
to ecTt> npn P — Sn 



□ 
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IIojIHOTa TpHrOHOMeTpHHeCKOH CHCTeMM. 

JleMMa 11.1.5. /Jaji bcmkou <p"ynKuuu f £ 72.(7r) u aw6ozo e > naudemcji mpuzotiOMempuuecKuu 
MHozoHAen P , paccmojmue om Komopozo do f Memuie e: 

\\f-P\\ <£ (11.1.26) 

/JoKa3ameAbcmeo. 06o3hrmhm 

M= sup |/(a;)| 

[ — 7r 5 7r] 

Bocnojib3yeMCH CHanajia TeopeMoft 19.4.21 h no^6epeM HenpeptiBHyio cpyHKiniio g Ha [— 7r,7r] TaK, HT06&1 

BbinOJIHHJIHCb yCJIOBHH! 

7T-£ 2 

— .g(ar)| dx < —— -, sup \g(x)\^M, g(-n) = g(n) 

Torfla 

ll/-.9l| 2 = - I' \!{x)-g{x)\ 2 dx = - r \f(x)-g(x)\-\f(x)-g(x)\ 

V J-n * J-K " . ' 

A\ 

\f(x)\ + \g(x)\ 
AN 
2M 

11/ -.911 < | 

^ajiee 3aMGTHM, hto nocKOJitKy dpyHKHHH g HenpeptiBHa Ha [— 7r, tt] h npHHHMaeT oflHHaKOBbie sna^ieHHH 
Ha KOHH,ax 3Toro OTpe3Ka, ee mojkho npoflOjiJKHTb pp HenpepbiBHOii 27r-nepHO r ii;H x iecKOH dpyHKHHH Ha 
bck) npaMyio R. Toiyja BOcnojn>30BaBHnicb TeopeMoii 19.4.81 mm cmojkkm noflo6paTb TpnroHOMeTpHHecKHH 
MHoroHjieH P TaK, ^toGm 

sup \g[x) - P(x)\ < — -= 

x£\-ir,-n] Z\J Z 



,I],jia: Hero mm nojiyHHM: 



| 5 -P|| 2 = - p \g(x)-P(x)\ 2 dx^- f ^ dx = ^ 

A 



4 

i*-ph<! 



BMecTe nojiynaeTCH: 

11/ - p\\ = IK/ - .9) + (9 - p)\\< EH ^ 11/ - ,g|| + lb - p\\ < \ + \ 



HepaBeHCTBO BeccejiH. 



□ 



JleMMa 11.1.6. Ilycmb a n ub n - KOdcpcfiwuuenmu Qypbe () 1 1 . 1 .22(1 (pyHKUjUU f G TZ(tt). Tozda hucaobou 
pud 

2 00 
n=l 

cxodumcR, npuueM ezo cyMMa ne npeeocxodum eeAuuumi (/, /) ; 

^ + £{a 2 +6 2 n } <</,/) = ! / f{x?dx (11.1.27) 
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Fjiasa 11. TPMrOHOMETPMHECKHE PHffbl 



/JoKa3ameAt>cmeo. 1. floicajKeM cjie^yiomyio cpopMyny: 

,2 



(/, Sjv) = (S N , S N ) = ^ + Y, + &»} (11.1.28) 



71=1 



,I],eHCTBHTejIbHO, C OflHOH CTOpOHBI, 

JV 



(/, S N ) = / /, — ■ 1 + ^2 { a k ■ cos fe + b k ■ sin fc | 
\ fc=i / 

iV 

= ? •(/a)+E{°*-(/' o ^>+ & *-(/» Bfa *)} = c™a = ? +£{<£+£} 



fc=i 

JV 9 JV 



fc=l 

A c Apyroft, 



(sw, s N ) = (s N , Y' 1 + J2 {° fc ' C0Sfe +bk ' sin,£ }^ 

JV 2 W 

= ^ • (SW, l) + {a* • (^JV, cos fc ) + b k ■ (s N ,sm k )} = (fTTXM = ^ + {< + b 2 n ) 



fc=i 

2. 06o3HaHiiM 

-Rjv = I — Sn 

H 3aMeTHM, HTO S^V H -RjV OpTOrOHajIBHBK 



;5jv,i?Ar) = (11.1.29) 

fleHCTBHTejIbHO , 

(SV, i?jv) = (Sjv, f-S N ) = (S N , f) - (SV, S N ) = (111. 1.281) = 
3. Tenepb flOKaaceM (popivryjiy 

( y f,f) = ( y S N ,S N ) + ( y R N ,R N ) (11.1.30) 

^eifcTBHTejibHO , 

/, /) = ( Sjv + Rn,Sn + Rn) = ^Sjv + Rn, Sn) + (^Sn + Rn,Rn . 

= (Sn,Sn) + (Rn,Sn) + (Sn,Rn) +(Rn,Rn) = (Sn,Sn) + (Rn,Rn , 



b cay Ill.l.^JI 

4. H3 (|11.1.30p cjiejiyeT: 



2 N 

f, f) = (111.1.3011 = (S N , S N ) + (Rn,Rn) > (S N ,S N ) + = (111.1.281) = ^ + ^ {a 2 n + J 



n=l 



V 




TO eCTB, 

JV 



2 

71= 1 



E{ a « + & »} < (/'/) (11.1.31) 



3to Bepno npii jiio6om N G N, nosTOMy pa/; ^ + X) i a n + f cxo^htch. Ilpii stom, aBTOMaTiinecKH 

71=1 

BBinojiHaeTca (|11.1.27|) : 

2 00 ( 1 N \ i fir 

^+j2{a 2 n +bi}=iun ^ mm < if J) = ~ m 2 dx 

71=1 \ n=l / ~' _ ' r 



□ 



§ 1. CxojijiMOCTb psiR& Oypbe b cpe^neM kb&^pclth^ihom 
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PaBeHCTBO IlapceBajiH. 

JleMMa 11.1.7. /Jaji bcmkou (fiyHKi^uu f £ 72.(7r) eunoAHfiemcjt cjiedywinee paeencmeo, na3ueaeMoe 
paeencmeoM Ilapceeajui: 

? + EK + 6 n} = (/J) = - / /W 2 dx (11.1.32) 
(sdecb a n u b n - Koacpcfjuyuenmu Oypbe (|11.1.22|) (^ywKuxiu f). 

/(oKasameJibcmeo. Ilo jieMMe fIl.1.61 pup, b jieBoii nacTH stoh cpopMynti ^ojukch cxo/niTbca. npiineM ero 
cyMMa, o6o3HaHHM ee C, He npeBoexo/niT BejiiraiiHM (/, /): 

2 00 
f + £{<£ + #} 

n=l 

Hania sa^ana - y6e^HTbCH, hto C ^ (/, /). 3a<piiKCiipyeM e > h no jieMMe [11.1.51 noa6epeM TpiiroHO- 
MeTpHHecKHii MHoronjieH P, ^jih KOToporo BbinojinaeTCH ()1 1 . 1 .26|) : 

\\f-P\\<e 

HycTb N - CTeneHb 3Toro TpiiroHOMeTpn^iecKoro MHoronjieHa. Tor,a,a: 

(/,/)- 1 -E {<* + » 2 } ™ ii/ - ^ii 2 ™ ii/ - p t < - 2 

n=l 

</,/>< £ 2 + ? + EK+^}^ 2 + y + EK+ b «} = f2 + c 

n— 1 n— 1 

(/,/) <£ 2 + C 

9to BepHO fljisi jiio6oro s > 0, 3HanHT (/, /) C. □ 
,HoKa3aTejii)CTBO ochobhoh TeopeMti. 

JleMMa 11.1.8. JJjisi ecjiKoti (pyHKi^uu / £ 7?.(7r) eunoAHnemcsi coomHomenue (jll.l.lOp . 

HZ-s^ll — ► o, 

iv — >oo 

e KomopoM Sn ~ MHozouAenu @ypbe (|11.1.7|) cfiynKi^uu f. 
/JoKa3ameAbcmeo. 

, . / 2 N 

|2 l|11.1.25( /Jr ^ / «0 , I .i , , - I 1 ,, 

N—hx 



\f-S N f^(fJ)-( a i + j:{al + bl} 



I 4- 



t + £{<»»+&»} 

ii m. 1.321 

</,/> 



□ 



JleMMa 11.1.9. Ilycmb a n u b n - dee nocAedoeameAbHocmu uuceA u 

N 
n=l 

- nocAedoeameAbHocmb uacmuunux cyMM coomeemcmeywuifizo um mpmoHOMempuuecKozo pada c no- 
AynepuodoM 7r. Ecau cfjyHKV i uu Sn cxodsimcsi e cpedneM KeadpamuuHOM k neKomopou AOKaAbno imme- 
zpupyeMou 2ti -nepuoduuecKou (fiynKVAiu f, 

\\f-S N \\ — > 0, 

N— »oo 

mo uucjia a n u b n rqjikwtxick Koa^^ui^ueHmaMu Qyp'be (111.1.60 ^ynnv^uu f . 
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/JoKa3ameMbcmeo. JXflH BCHKOro k G N 

H/-SVH > TeopoMapXU (S N , COS k ) > (/, COSfc) => a k = (f, COSfc) 

W— ¥00 •- i N— >oo 

II 

II 

npii N fe 

h tohho TaKJKe, 3aMeHHH cosfe Ha sinfe nnal, mm nojiynaeM paBeHCTBa 

6 fe = </,sin fc ), a = (/,l). 

□ 

§ 2 IloTOHeHHaH h paBHOMepHaa cxo,h,hmocti> pa^a <3>ypbe 

TeopeMa 111. 1.11 o pa3jicc«eHHH b pafl Oypte jioicajiBHO HHTerpiipyeMoft 27r-nepHO [ n;H x iccKOH (pyHKHim / 
HHnero He roBopHT o tom, 6ya;eT jih stot pjm cxo^HTbca k cpyHKHHH / noToneHHO, to ecTb, mojkho jih 
yTBep>KflaTb, hto pjm BCHKOro i£l BbinojiHaeTCH coothohichhc 



N 

— + > s a n cos nx + 6 n sin nx \ — > f(x) 

2 ^ — ' I J N^oo 



(rpp a ra h 6 ra - KOScpepHinieHTti cpypte (| 11 . 1 dpyHKiniH /). Cjie/ryioiHHH sjieMeHTapHbiii npHMep noKa- 
3biBaeT, hto 3to He Bceiyja BepHO. 



o 11.2.1. PaccMOTpHM cpyHKinaio 

'«-{£} 

(B3HTne flpo6Hoii nacra ot ^-). OHa jiorcajitHO hh- 
TcrpnpyeMa h HMeeT nepHOfl 27r. Bmhhcjihm ee ko- 
3(p(pHii,HeHTbi Oypte: 



b n = — [ ( } • sin no; d : 

7T J L 27T J 



2tt 



7T ,/n 27T 



• sin nx d : 



27r 2 n Jo 



x d cos nx 



a 



2TT 2 n 



1 



2W X x 2 x = 2 ^ 

7T ./ 27T 47T^ a:=0 



= 1 



x • cos nx 

II 

2;r 
1 



2-k I 



27r 2 n J 



2tt 



cos nx d x = 



1 



Tin 27r 2 n 2 



sin nx 



2-7T 





1 

7177 



2jt 



7T ./n ^27rJ 



7T Jo 27T 
r-27r 



• cos nx d x = 



27r 2 n Jo 



1 



27r 2 n 



x • sin nx 



27r 2. 
~2 



Ph,h, <I>ypi>e nojiynaeTCH TaKoii: 

1 ^ 1 
- — > — • sn 

2 ^— ' 7rn 

n=l 

1 r w • 

— ^— / smnx d x — h b tohkc x = oh cxo/hitch He k 3Ha*3CHHio /(0): 
7f 71 Jo 



x d sin nx 



sin nx 



27r 2 n 2 



cos nx 



271 



1 w 1 
--T- 

t-^t -7T7 



1 



= 



sinO A —j. -^0 = /(0) 
2 7rn Af->oo 2 

n=l 



§ 2. TIotohghhclr ii pcLBHOMepHELH cxofliiMOCTb px^a <Pypbe 
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Yace H3 3Toro npHMepa bh^ho, hto ecjui mbi xothm, hto6bi pa^ Oypte cxo/hijich k (pyHKinin / 
noTO^eHHO, to HyjKHO KaK-TO cy3HTb Kjiacc H3yHaeMbix (pyHKHiiii, nepeii^H ot Kjiacca 1Z(tt) (jiOKajiBHO 
HHTerpHpyeMbix cpyHKHHH c nojiynepiioflOM 7r) k kjikhm-to ero noflKjiaccaM. B stom naparpacpe mm 
paccMOTpiiM /i,Ba TaKHx no^Kjiacca, fljra kotopbix noTOHeHHaa cxo/himoctb pHfla cpypte coxpanaeTCH, xoth 
h b pa3Ht>rx CMbicjiax: sto KjiaccBi KycoHHO-HenpcpBiBHBix h KycoHHO-rjiaflKHx (pyHKiniii c nojiynepnoflOM 
7r. ITonyTHO mbi ccpopMyjinpyeM pjis. hex TeopeMBi o paBHOMepHoii cxo^hmocth pafla 3>ypBe. 

(a) KycoHHO-HenpepfaiBHi>ie h KycoHHO-rjia,zi,KHe cpyHKUHH Ha R 

• OyHKiriifl / Ha npaMoii K na3BiBaeTCH 

KycoHHO-Henpepuenou (Ha R) , ecjin OHa KycoHHO HenpepBiBHa na jiio6om OTpesKe 1 [a, b] C 
R; 3to 03HanaeT BBinojiHeHHe flByx ycjiOBHfi: 

(1) Ha jho6om OTpe3Ke [a, b] OHa HenpepBiBHa bo Bcex TOHKax, KpoMe, bo3mojkho, KOHen- 
Horo Ha6opa; 

(2) b KajK,n,OH TOHKe pa3pBiBa c 6 R (pyHKinia / HMeeT KOHenHBie jieBBiii h npaBBiit npe- 



flejiBi 



/(c-0)= lim /(x), /(c + 0)= lim /(as) (11.2.33) 

>-c— >c+U 



KycoHHO-ZAadKou (Ha R), ecjin OHa KycoHHO rjia^Kaa Ha jho6om OTpe3Ke 2 [a, b] C R; sto 
03HanaeT BBinojraeHHe cjie,zryioiHHx ycjiOBHii: 

(1) Ha jho6om OTpe3Ke [a, b] OHa /nicpcpepeHinipyeMa bo Bcex TO^Kax, KpoMe, bo3mojkho, 
KOHenHoro na6opa; 

(2) b Ka>K^,oii TOHKe c € R, r^e / flHcpcpepeHinipyeMa, ee npoH3BO,n;HaH HenpepBiBHa. 

/'(c) = lim f'(x) (11.2.34) 

X— >c 

(3) b KajK,n,OH TOHKe c € R, iyje / He /niepcpepeHinipyeMa, OHa o6jia,i],aeT cjie,n;yiOHi,HMH 

CBOHCTBaMH: 

(i) / HMeeT KOHenHBie jieBBifi h npaBBiii npe^ejiBi 

/(c-0)= lim /(a), /(c + 0)= limf(x) (11.2.35) 

cc— >c— U a;— J-c+u 

(ii) / HMeeT KOHe^Hbie jieByio h npaByio nponsBO^Hbie 

f (c) = lim /;(c) = l im /W-/^ + 0) (11 . 2 . 36 ) 

V ' X-C +W z-S-c+O X - C 

(iii) npn hph6jihjkchhh apryMeHTa x k c cnpaBa hjih cjieBa, 3Ha^eHHe /'(x) CTpeMHTCH 

COOTBeTCTBCHHO K (c) HJIH /I (c) \ 

f_(c)= lim /'(x), /|(c) = lim /'(x) (11.2.37) 

cc— fc— u x^fc+u 

H3 TeopeMBi 16.2. 161 cjiejyeT 
TeopeMa 11.2.1. JIw6an KycouHO-HenpepuenaM <fiyHKV ) UM f Ma R AOKaAbHO uwmezpupyeMa. 



> 11.2.1. QyHKiniH HMeiomaH rpacpHK 



/(x) = sgnsinx 



1 HanoMHHM, hto onpeflejieHHe KycoHHO-HenpepMBHoii 4>vhkhhh Ha OTpe3Ke 6mjio flam BMHj,e Ha c. 13061 

2r\ -j, HBJiaeTCH ZTr-nqpjMHariecKOH h KyclTTHO-rjiaJiKOH. 

UnpeflejieHHe KycoHHO-rjia^KOH cpyHKHHH Ha OTpe3Ke npHBO^iijiocb bmhig Ha*c. T5ugT J ^ 
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> 11.2.2. OyH Knwa 

f(x) = arcsin since 

c rpacpHKOM 



Ynasa. 11. TPMrOHOMETPMHECKHE PHffbl 
c rpacpHKOM 



TO»ce 27T-nepHO/i,HHecKaa: h KycoHHO-rjiaflKaa. 
o 11.2.2. A cpyHKipiH 



xoth h 27r-nepHO [ n;H x iecKafl, ho He KycoHHO-rjia/nma, 

nOTOMy HTO B TOHKfi X € 7rZ He HMeeT OflHOCTOpOH- 
HHX npOHSBOflHMX. 



f(x) = VI sina;| 



• ToBopHT, hto KycoHHO-HenpepbiBHaa cpyHKHiiH / Ha npHMOft K ynpBjieTBOpaeT mootcdecmey 
JIe6eza, ecjni b Kaaf^ofi TOHKe c £ R ee 3HaneHHe /(c) paBHO cpe^HeMy apncpMeTHnecKOMy 
jieBoro h npaBoro npe^ejiOB b stoh tohkc: 



/(x) = ^-°) + ^ + °), x e 



(11.2.38) 



OneBHflHO, 3TO paBeHCTBO aBTOMaTHHeCKH BBinOJIHHeTCH B TOHKaX HenpepblBHOCTH. TaK KaK B 

3tom cjiynae f{x — 0) = f(x) = f(x + 0), h SHa^niT 



f(x - 0) + f(x + 0) _ f(x) + f(x) 



= /(*) 



2 2 

IIoSTOMy TO>K^,eCTBO P1.2.38P HyjKHO npOBepHTb TOJIBKO B TOHKaX pa3pbIBa (pyHKHHH /. 



O 11.2.3. QyHKHHH 



0, x < 
/(•'■) = {h ^ = 

1, x > 



c rpacpHKOM 



o 11.2.4. A Hao6opoT. cpyHKinia 
/(*) 

c rpacpHKOM 



0, x < 

1, x > 



oneBHflHO, yflOBjieTBopaeT TOJKflecTBy Jle6era. 



He yflOBjieTBopaeT TOJKflecTBy JIe6era. 



(b) CyMMHpoBaHHe psma Oypfae o6l>ihhi>im cnoco6oM 

TeopeMa 11.2.2 (o noToneHHOH h paBHOMepHofi cxo^hmocth pHA a ^yP te )- fljm bcmkou KycouHO- 
ZAadnou 2t: -nepuoduuecKou cj}yHKii,uu f na npnMou M ee pud <Pypbe c ncuiynepuodoM 7r cxodumcsi e Kamc- 
doil moHKe x € R K cpedneMy apurfuuemuuecKOMy ee neeozo u npaeozo npedejioe e 9mou mouKe: 



f(x-0) + f(x + 0) a Q 



+ |a„ cos nx + b n sinnx j, 



x G 



(11.2.39) 



§ 2. TIotohghhclr ii pcLBHOMepHELH cxo^iiMOCTb px^a <Pypbe 
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B uacmHocmu, ecAU f ydoejiemeopsiem mootcdecmey JIe6eza (|11.2.38p . mo ona sieAfiemcsi nomoueHHOu 
cyMMoil ceoezo psida (Pypbe: 



f(x) = + I a n cos nx + b n sin nx | , a; € 



(11.2.40) 



KpoMe mozo, 



(i) ecAU / - Henpepuenan (u no-npeotcneMy, KycoHHO-ZAadKasi u 2tt -nepuoduuecKan) aiyuKv^ua na 
M, mo pad (|11.2.40p cxodumca k neu na npsiMoii R paenoMepno: 3 



N 

f(x) ^ — |a„ cosnx + b n sin nxj 



N- 



(11.2.41) 



(ii) ecAU f - 6ecK0HeuH0 ZAadtzasi (u no-npecncneMy, 2n-nepuoduHecKaji) (fiynKuuti na K, mo pjid 
(jll.2.40p cxodumcsi k neu na npfiMou R paenoMepno no npouaeodnuM. 



N 

f(x) ^ — |a n cosnx + b n sin nxj 



(m) 



N- 



(11.2.42) 



^OKa3aTejibCTBO 3Toro dpaKTa mm pa3o6teM Ha hcckojibko jigmm, h hocbhthm eMy 0CTaBHiyioc.H nacTt 
STOro nyHKTa. 

JTeMMa PniviaHa. 

JleMMa 11.2.1. Ecau aiymtuufi W unmezpupyeMa na ompeatce [a, b], mo 



W(x) ■ cosp x dx — !• 0, 

p— f+oo 



W(x) ■ sinp x dx — > 

p— f+oo 



(11.2.43) 



/J,oKa3ameAbcmeo. 3th cooTHOineHHa flOKa3BiBaiOTCH oflnnaKOBO, nosTOMy mm ^OKajKeM tojibko BTopoe 
(b ,n,eHCTBHTejii>HOCTH, TOJibKO oho HcnojiB3yeTCH npn ,i],0Ka3aTejibCTBe TeopeMM 111. 2. 21) . 

1. IlpejKfle Bcero, HyjKHO 3aM6THTB, ito ecjin cpyHKHiia W nocTOHHHa, to yTBepjKfleHHe 6yfleT o^e- 
bh,h;ho: 

^ ■ ^ cos pa — cos p 6^ 
II 

|x = b 

— ^ • cos pa; 
II 



/ W(:c) 

./ a 



sinpx dx 



C ■ sinpx d £ 



\C\ 
P 



cosp a — cosp b 
\C\ 



•+oo 



< — ■ f| cosp a| + | cosp 61 W — • 2 - 
p \ 1 p p- 

2. H3 3Toro cjie^yeT, hto ecjin cpyHKHiiH W KycoHHO-nocTOHHHa, 

W(x) = Ci, X £ (Xi-i,Xi) 

to cooTHonieHHe TaiQKe BepHo: 

pb c-Xi 

I W(x) ■ sinpx d x = N / Ci ■ sinpx d x — > 

3. Tenepb ecjin W - npoH3BOjibHaa HHTerpnpyeMaH dpyHKLi^HH, to ajih BcaKoro e > mojkho no 
TeopeMe 19 . 4 . 1 1 Bbi6paTb KycoHHO-nocToaHHyio (pyHKn,Hio g Ha [a,b] TaK, HTo6bi Bbinojnrajiocb 



\W(x)-g(x)\ dx < 



3 HopMa 6Bijia onpe/],ejieHa <popMyjioi4 119. 2.41 1. 

11 (m 

We 



4 HopMa H'llg 1, 6bma onpe^ejieHa cpopMyjioft 19.3.451. 
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rjiaBa 11. TPMrOHOMETPMHECKHE PHffbl 



Toiyja, no y>Ke flOKa3aHHOMy, f g(x) ■ cos pec d x — > 0, n 3hrhht mojkho Bbi6paTb P Tax, hto6m 



Vp> P 



B pe3yjii>TaTe, pjin BCHKOro p > P mm nojiyniiM: 



g(x) • cospx d x 



£ 

<2' 



• sin pa; d a; 



^VF(a;) — g(x)j ■ sin pa; dx + / g{x) ■ sin pa; da; 



W(x) — g{x)j ■ sin pa; dx 



g(x) ■ sin pa; d x 



A\ 

\W(x) - g(x)\ • | sinpx\ dx 

A\ 

f*\W(x) -g(x)\ dx 
A 



£ £ 

<2 + 2 =£ 



9to flOKa3biBaeT BTopoe cooTHOineHiie b (|11.2.43p . 

5I^po ,HHpHXJie. 

• HdpoM JJupuxAe Ha3biBaeTca dpyHKinia 



1 N 
D N (t) + E 



cos 



□ 



(11.2.44) 



CBOHCTBa aflpa JJ^ipuxjie: 

1°. Hdpo Rupuxjie Dn nejinemcsi uemHou Henpepuenou 2tt -nepuoduuecKoti cjjyHKi^ueu Ha 

D N (-*) = D N (t) , D N (t + 2tt) = D N (t) 
2°. HnmespaA no nepuody om ndpa JJupuxjie paeen ir: 



/7T /■TT 
Djv(t) dt = 2 D N (t) dt = TT 
-TT JO 



3° . Hdpo ffupuxjie ydoeAemeopfiem mootcdecmey: 



N+l, t€2-irZ 



Z 



2 sin 4 3 



(11.2.45) 



(11.2.46) 



/J,oKa3ameAt>cmeo. Cbohctbo 1° BbiTexaeT H3 onpeflejiemia Dn cpopMyjioii (|11.2.44p . a cpopMyjia (|11.2.45|l 
,n;0Ka3i>iBaeTca npsMtiM BBiHiicjieinieM. TaacflecTBO (|11.2.46|) fljia TO^ieK Bii,n,a t — 2nk ,n,OKa3biBaeTCfl 

BHHHCJieHHCM: 



D 



N 



1 N 1 N 1 

( 27r fc) = - + £ cos(27rnfc) = - + ^ 1 = - 



•JV 



n=l 



a ajih ToneK t ^ 27rfc - yMHO»ceHHeM Ha 2 sin | : 



-sin j n - i j r + sin fn + i ) / | = 



( — + cos • 2 sin - = sin - + 2 cos nt ■ sin - = sin - + 
V2 / -^/2 2 ^ 2 2 

n=l 

...+ f -sin(jV- -)i + sin(jV + ~) 



t t it 

sin _ + _ sm _ + sm _ 



. 3f .5* 

sin h sm — 

2 2 



t 



J t 



t t t 



sin ( JV + - ]t 



□ 



§ 2. TIotohghhclr 11 pcLBHOMepHELH cxo^iiMOCTb px^a <Pypbe 
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HHTerpajiBi ^Hpnxjie. 

JleMMa 11.2.2. JJ^ak bckkou 2it -nepuoduuecnou AOKaAwo unmezpupyeMou tfiyHKi^uu f ee MHOzonAen 
<Pypbe Sjy c nonynepuodoM tt eupacucaemcji uepe3 sidpo /fupuxAe Djq cf) opM yAdMU 

S N (x) = - [ f(x + t) ■ D N (t) dt, i£l (11.2.47) 

T J-TT 

Sn(x) = ^J^ [f(x + t) + f(x-t) | -D N (t) dt, itl (11.2.48) 

• HHTerpajibi b npaBtix nacTtix cpopMyn (jll.2.47p h (|11.2.48p Ha3biBaK>TCH unmezpaAaMU J^u- 
puxAe. 

/^OKaaameAbcmeo. Cna^iajia (|11.2.47p : 

AT 

Sn{x) = + ^2 cos ^ x + bk sinfcx j = (|11.1.6|) = 

fe=i 

IP* N ( 1 P n 1 P n 1 

- / f(y) dy + ^2 \ coskx- / f(y) cos ky d y + sin kx- / f(y) sinky d y > = 



1 1 

2 



i r (i N } i r (i N } 

— f{y){ — I" / cos kx ■ cos ky + sin kx ■ sin ky > d y = — / f(y) < — h 7 cos k(y — x) > d y = 
7r - / -« I 2 ti J 7r " / - I 2 tl J 



/(y) ■ (y -x) dy 



y — x = t, y = x + t, dy = dt 

y € [—It, 71"] i € [ — 7T — £, 7T — X 



— TT — X 



f(x + t) ■ D(t) dt = 

HHTerpaji ot nepnoflHiecKon \ | r n 

faymsjqm no nepno^y paueH j = — / /(ir + £) ■ Dj\[(t) 6 t 

MHTerpajiy no "c^BHHyTOMy nepno^y'y 7T J _ n 



Ilocjie SToro (|11.2.47|) cjieflyeT (|11.2.48)) : 



i r .. .If ., ,- I 



S N (x) = - f(x + t)-D N (t) dt = - / f{x + t)-D N (t) dt+- / f[x + t)-D N {t) dt 



b nepBOM HHTerpajie\ 1 /*0 j 



flejiacM 3aMeny = / J(x — s) • Dn{—s) d S H / /(x + i) ■ D]y(t) dt = 

*=-« / ""A 7r7 

(BCnOMHHHCM, 4TO D pf\ \ 1 Z* 71 ^ 
- leraaa cpyHKmin: ] = / /(a; — s) • Djy(s) d S H / /(^ + f) • Djv(t) d t = 

b nepBOM HHTerpajic \ | Z" 77 | Z" 77 

ncpeBopaiHBaeM J = — / J(x — s) • Djv(s) d S H / /(x + t) ■ Djy(t) dt = 

npe^ejiBi HHTerpHpoBaHHHy 7T Jq TTjq 

(b nepBOM HHTerpajieX [ /"^ j /"^ 
flejiaeM saMeHy )= — / f{x — t)-Dpf{t)dt-\ / f (x + t) ■ D (t) d t — 
s = t J ^ Jo * JO 

= \f {f{x+t)+f(x-t)yD N (t)dt 

□ 

IIoTOHeMHaH cxo/piMOCTb P«A a 3>ypte. Mbi MO»ceM Tenept flOKa3aTb Ty nacTB TeopeMBi lll.2.21 r^e 

pent HfleT o noTOHeHHOH cxo/pimocth: 

JleMMa 11.2.3. ^Z?yi^ ectiKou KycouHO-ZAadKou 2tt -nepuoduuecKou cfiynKv i uu f na npnMou K ee Qypbe 
c noAynepuodoM 7r cxodumcn e Kamcdou mouKe x € K k cpedneMy apucj).MemuHecKOMy ee yieeozo m npaeozo 
npedeAoe e smoix mouKe: 



f(x-0) + f(x + 0) _ a Q 



+ |a„ cos + &„ sin nx| , x € 
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/JoKa3ameMbcmeo. ITycTt / - KycoHHO-rjia/ptaH 27T-nepHO [ n;H x iecKaH (pyHKHHfl. PaccMOTpHM (pyHKiniH 



A(t) 



J( 35+t) -/(x+0) ) te(0>7r] 

/i(0), t = 



, B(t) 



/i(o), t = o 



Ohh flOjiJKHbi 6biTb KycoHHO-HenpepbiBHbi Ha OTpe3Ke [0, k], noTOMy hto b tohke t = ohh HenpeptiBHti, 
a npH t G (0, 7r] ohh nojiynaiOTCfl yMHOJKemieM KycoHHO-HenpeptiBHtix (pyHKHiiii g(t) = f(x + t) — f(x + 0) 
h h{t) = f(x — t) — f(x — 0) Ha HenpepBiBHyio cpyHKHino j. 
KpoMe Toro, ecjin paccMOTpeTt cpyHKinno 



C(t) 



2^Tf *e(0,7T] 

1, i = 



to OHa 6ya,eT HenpeptiBHa Ha OTpe3Ke [0,7r]. 

Ife STOrO MOJKHO CflejiaTb BBIBOfl, HTO CpyHKHHH 



W(t) = {,!(*) -B(t)}.tf(t) 



KycoHHO-HenpepbiBHa Ha OTpe3Ke [0, 7r] 

paCCMOTpHM pa3HOC 

f(x + 0) + f(x-0) 



Tenepfa paccMOTpHM pa3HOCTb Me»yry f( x +°)+f( x °) H ^i&cthhhoh cyMMoit Sn(%) P»A& ^ypte: 



S N (x) 



f(x + o) + f(x-o) 2 r 



D N {t) dt 



II Hll.2.481 

Sn(x) 



II 1 111.2.451 



= {f(x + t) + f{x-t)yD N {t)At-^l {/(a: + 0) + /(a;-0)}-I> J v(t)dt = 

= ^ {/(* + *) + f( X ~ f ) ~ /( X + 0) - /(* - °)} ' D !t(t) d ' = 

= \f {[/(*+ *)-/(* + <>)] + [f(x-t)-f(x-0)]}-D N (t) dt = 
mZM = ~ {[f(x + t)-f(x + 0)] + [f(x-t)- f(x-0)]} 



sin (N+i)t 



2 sin § 



1 T ( f(x + t)- f(x + 0) f( x -t)-f(x-0)\ t 



A(t) 



J(t) 



2 sin I 



C(t) 



• sin [ N 



t dt = 



W(t) 



W{t) ■ sin [N + - )t d t 



Mh nojiy^HjiH HyjKHoe cooTHOHieHne: 

S N (x) 



f(x + 0) + f(x-0) 



N- 



□ 



,HHCpcpepeHii;HpoBaHHe pH,a;a <J>ypte. Ecjih / - HenpepbiBHaa KycoHHO-rjiaflKaa 27r-nepHOflHHecKaa: 
cpyHKH,HH Ha R, to ee npoH3BOflHaa /' mojket 6biTb onpe,n,ejieHa He BCK>/]y Ha R (noTOMy hto b HeKOTopbix 
TOHKax Ha R cpyHKinifl / MoaceT 6bitb He/nicpcpepeHHiipyeMa) . TeM He MeHee, KaK Mbi iiomhhm, no TeopeMe 
16.2.181 6yzryT o,n,H03HaHHO onpeflejieHM HHTerpajibi BH,a,a 



g(x)-f(x) dx= ^ g(x) df(x) 

J — 7T J —TV 
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iyi,e g - npoH3BOjibHaa KycoHHO-HenpepbiBHaa cpyHKi^iiH. B nacTHOCTii, nosTOMy ^jih /' mojkho onpefle- 
jihtb K03(p<pHD;HCHTi>i psfla <J}ypbc: 

i r i r i r 

a = — f'{x) dec, OL n = — i f'{x)-cosnx dx, j3 n = — / / (x) ■ sin nx dx, (11.2.49) 



7T 



— 7T 



TaKHM o6pa30M, /' Toace nopojK^aeT KaKoii-TO pafl Oypbe (c KOScpcpiiniiCHTaMH a„, f3 n ). 0Ka3biBaeTca, 
hto pim Qypbe fljia /' nojiynaeTCH H3 pafla Oypte pjisl f noHjieHHbiM fliidpcpepeHniipoBaHHeM. Bot KaK 
tohho BbirjiH/i,HT 3TO y TBepjKfleHiie : 

JleMMa 11.2.4. Ilycmb f - Henpepuenasi KycoHno-zjiadnasi 2tt -nepuoduuecKan (fiymci^uji na R. Tozda 
KoacfkfjuVtUeHmu (Pypbe (|11.2.49p npou3eodnou f cesi3aHU c K03(f)(p'uv > ueHmaMU Qypbe (??) (pynKi^uu f 
cjjopMyAaMU 

ao = 0, a n — n-b n , /3 n = —n-a n , n€N (11.2.50) 

! 11.2.1. 06i»hchhm, noneMy sto HHTcpnpeTiipyeTCfl, KaK bo3mojkhoctb noHjiemro /n^cpcpepenniipoBaTb 
pa^, Oypbe. 06o3HaHHM ciiMBOjiaMii Sjv[/] h SatI/'] cooTBeTCTBeHHO nacTHHHbie cyMMbi psflOB Oypbe 
(pyHKipift / h /' 

JV AT 

SjvL/K 2 ) = + J]] | a n cosnx + 6„ sin nxj, Sisr[f'](x) — + |a n cosnx + /3 n sin nxj 

n— 1 n— 1 

Toiyja H3 jieMMbi 111.2.41 cjie^yeT, hto SV [/'] nojiynaeTCH H3 Sjv [/] ^HqSdpepeHniipoBaHHeM: 



S N [f] = {SnU}) (11.2.51) 

^eiicTBHTejibHO , 

i ( N \ ' N 

ySff[f\j (x) = f ^ + |a„ cosnx + b n sin nxj J = | — n • a n sinna; + n ■ b„ cos nxj = 

\ n=l / n=l 

JV JV 

= (|11.2.50[) = + |/3„ sinnx + a„ cos nxj = + |a n cosnx + /?„ sin nxj = Sn[I']{x) 

— ' n— 1 n— 1 

II 


/J,OKa3ameAt>cmeo. J\hk ao mh ncnojib3yeM cpopMyjiy (??): 

i r i r i 

a = - f(x)dx = - df(x) = (??) = -• f(x) 
A ,h,jih a n h /3 n 3to ,noKa3biBaeTca HHTcrpupoBaimeM no HacTHM (c npHMeHemieM TeopeMbi I6.2.20p : 

a n = — f (x) - cosnx dx= — cosnx df(x) = (|6.2.94D = 

= — ■ cosnx ■ f(x) / f(x) d cosnx = n ■ — I f(x) ■ sinnx dx = n ■ b n 

7T x = -n 7T J_ 7r 7T J _ x 

V 

II 

0, 

noTOMy MTO COS^ H / — 
27r-nepHo f HH t iecKHe 

4>yHKI^HH 



1 |" 1 

— / / (x) • sinnx dx = — sinna; d fix) = (|6.2.94p 



1 



7T 



x=7r 1 /"^ 1 

sinnx-/(a;) / f(x) ds'mnx — —n-— I fix) -cosnx dx — —n-a 

x=—-K 7T ./__ 7T 



II 

o, 

noTOMy ^ito sin„ h / — 
27r-nepHOflHHecKHe 

Cpy HKI^HH 



□ 
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PaBHOMepHaa cxo^HMOCTb pa^a Oypte HenpeptiBHofi KycoHHO-rjia^Koii cpyHKn,HH. Tenepb 
mm mojkbm /i,OKa3aTb nacTB (i) TeopeMbi ??, to ecTb cjie/iyiomee yTBepjKfleHHe: 

JleMMa 11.2.5. Henpepuenan Kyconno-ZAadnasi 2ir -nepuoduuecKasi ^yHKVAin f nejisiemcn paeHOMepnou 
ci/mmou ceoezo psida 0ypbe (|11.2.40|) . 

/^oKaaamejibcmeo. 3aMeTHM, hto, nocKOjibKy cpyHKipifl: /' HHTerpiipyeMa Ha [— 7r, 7r], no jieMMe [11.1.61 
pafl H3 KBaflpaTOB ee KOsepcpninieHTOB Oypbe flOJiJKeH cxo/hitbch: 

oo 

Tl=l 

OTCio/ja cjie/i,yeT Taxaa n,enoHKa: 

0<(|/3„|-i) 2 = ^-^ + ^ ^(K|-i) 2 =o^-^ + ^ 

2JM < «2 , J_ 2^ < 2 , J_ 



4 

OO ^ CO CO ^ 

E {w + im} < 2 ' £ H + + E ^ < 00 

n— 1 n— 1 n— 1 

oo oo oo 

E ||anCOsna; + & n sinn:£|| xeB ^ E { H a ™ cos na; LeR + II 6 " sinnx LeR } = E {l a "l + l &n l} < 00 

n— 1 n— 1 n— 1 

•I)- TeopeMa BeficpiiiTpacca lO.2.51 

oo 

pafl |a„ cos nx + b n sin nx| cxo/hitch paBHOMcpHO Ha R 

71=1 

Mbi nojiynnjin, hto psm <J>ypBe cpyHKnim / cxo^,htch paBHOMepHO k neKOTOpoii cpyHKnrni S. Ho c ^pyroii 
CTopoHBi, no jieMMe ?? stot pup, flOjoKeH noTonenHO cxo/niTbCH k (pyHKirnn /. 3HannT, S = /, H psm 
Qypbe 3toh (pyHKinni cxo/i,htch k hch paBHOMepHO. □ 

PaBHOMepHan no npoH3BO^HbiM cxoflHMOdb pHA a 4*ypi»e HenpepbiBHofi KycoHHO-rjia^Koii 
cpyHKn,HH. Tenepb mbi mojkbm flOKa3aTB nacTb (ii) TeopeMbi ??, to ecTb cjieflyrom;ee yTBepjKflenne: 

JleMMa 11.2.6. EecKoneuno znadnasi 2n-nepuoduHecKaji QiynKuuti f neJiKemcsi paeHOMepnou no npou.3- 
eodnuM cyMMoii ceoezo psida Oypte (jll.2.40p . 

/JoKa3ameAbcmeo. J\jisi bchkoto k € Z + paccMOTpnM npon3B0/nryio nopa/pca k (pyHKinin /. n nycTb 
SnI/^} o6o3HanaeT MHoronjieH Oypbe cpyHKinm f^: 

(k) N 

S N [f^}(x) = + E { a n ] cosnx + b n ] sinnx}, 

<4 k) =- / f {k) {x) dx, a^ = - f f {k \x) -cosnx dx, ^ = - f fW(x) ■ sinnx dx. 

OopMyjia (lll.2.5ip . npnivieHHTejibHO k cpyHKniin 03HanaeT, hto SnII^^] nojiynaeTCJi H3 Sn[J^] 
,n,H(p(pepeHLi;HpoBaHHeM: 

s N [f ik+1) } = (s N [fW})' 

OTCio^a no HHflyKii^HH mojkho 3aKjnonnTb, hto SnIJ^] ecTb npocTO npoH3BO/i,Haa nopa/pca k H3 Sj^lf] 
(nacTHnHOii cyMMbi pa,na Oypbe hcxo/i,hoh (pyHKn;HH /): 



S 



N[f {k) ]=(s N [f]) {k) (H.2.52) 
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Tenept 3aMeTiiM, hto KajK^aa cpyHKinin HBjiaeTCH rjiaflKoii h 27r-nepHO [ zni x iecKOH, noaTOMy no jieMMe 
111.2.51 ee pH,a, Oypbe ^ojiJKeH cxo/niTbca k Heft paBHOMepHO Ha K, to ecTb 



/ (fe) -M/ (fe) : 



R AT-S-oo 



B CHjiy (|11.2.52|) sto mo>kho HHTepnpeTHpoBaTb, KaK paBHOMepnoe CTpeMjieHHe k Hyjno npoH3BO,n;Hoft 
nopaflKa k ot pa3HOCTH / — Sn[/]- 



(f-s N [f]) ik) = f {k) -(s N [f]) 



imi= f ik) ~s N [f^} 



OTCio/ja fljia BCHKoro to G Z + nojiynaeM HyjKHoe Hail cooTHOineHHe: 



fe=0 



(A') 



AT- 



□ 



(c) CyMMHpoBaHHe pa,o,a Oypte MeTOflOM apHcpMeTH^ecKHx cpeflHHx 

Ecjih 27r-nepno,ii;HHecKaH cpyHKHHH / He sbjihctch KycoHHO-rjiaflKoft, a, cxajKeM, tojibko KyconHO-Hcnpc- 
pbiBHOit h yapBjieTBopHioiHCH TOJKflecTBy JIe6era (|11.2.38p , to h3 TeopeMbi 111.2.21 He cjie^yeT, hto OHa 
^ojiJKHa 6biTb noTOHeHHOft cyMMOii CBoero pH,n,a Oypbe. 3to He cjiynaftHo: KaK 0Ka3biBaeTCH, cymecTBy- 
k)t TaKHe KycoHHO-HenpepbiBHbie, h flaxe HenpepbiBHbie, cpyHKHini, y kotopmx pa/; Oypte He cxo/hitch 
b HeKOToptix TOHKax. HecMOTpa Ha 3to, KycoHHO-HenpepbiBHyio 27r-nepHOflHHecKyio (pyHKHHio /, yup- 
BjieTBopHiomyio TOJK/jecTBy Jle6era, Bcer,n,a mojkho CHHTaTb noTOHeHHOft cyMMOft CBoero ps^a Oypbe, ho 
b HecKOJibKO HeojKHflaHHOM CMbicjie: fljia: 3Toro Hysmo / noHHMaTb KaK npe^eji He MHoroHjienoB Oy- 
pbe Sn, a hx apnepMETHHecKHx cpeflHHx. 3to opnrHHajibHoe Ha6jno,a,eHHe npHHafljiejKHT BeHrepcKOMy 
MaTeMaTHKy JlnnoTy Oeftepy, h b stom nyHKTe mh noroBopHM o ero pe3yjibTaTax. 

• IlycTb Sn — nacTHHHbie cyMMbi pa^a Oypbe c nojiynepnoflOM tt pjin (pyHKHiin /: 

N 



(KOScpepHHiieHTbi BbiHHCjiaiOTca no cpopMyjiaM ([11.1. 6p l. ApncpMeTHnecKHe cpeflHHe stoh no- 
cjieflOBaTejibHOCTH, to ecTb (pyHKHiin 

1 N ^ 

<Jn(x) = — S n (x) (11.2.53) 

Ha3biBaiOTCa: mhosohachqmu <Peuepa (pyHKiniH /. 

TeopeMa 11.2.3 (Oefiep). /Jam bcmkou KycoHHO-Henpepuenou 2ti -nepuoduuecKoil aiymttiALU f na npM- 
mou R ee mhozohachu Qeuepa er/v cxodMmcM e Kaotcdou mOHKe x € R k cpedneMy apuqiMemuuecKOMy ee 
Aeeozo u npaeozo npedeAoe e amou mouKe: 

/(x- Q) + / (a; + 0) = ^ x e R _ 

2 N^-oo 

B uacmnocmu, ecAU f ydoeAemeopjiem mootcdecmey JIe6eza (jll.2.38p . mo ona sieAsiemcsi nomoueHHUM 
npedeAOM ceoeu nocAedoeameAtHocmu MHOzouAenoe <Peuepa: 

f(x) = lim <j n (x), (11.2.55) 

N— fCXD 

KpoMe mozo, 

(i) ecAU f - nenpepuGHasi (u, no-npeatcHeMy, 2tt -nepuoduuecKasi) (f>yHKii,uji Ha R, mo mo mhozo- 
HAenu (Peilepa cxodsimcsi k neii Ha npsuviou R paenoMepno: 5 

\\.f(x)-VN(x)\\ xeR — > 0; (11.2.56) 



^Hopivia \\-\\ E Stijia onpe^ejieHa 4>opMyjiOH 119. 2.41 1, 
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(ii) ecAU f - 6ecK0neHH0 ZAadnaK (u no-npeotcneMy, 2-K-nepuoduuecKan) aiyHKyusi na R, mo mho- 
goHAenu Oeuepa cxodsimcH k neu na npjiMoil K paenoMepno no npou3eodHUM: e 



(m) 

KaK 11 b cjiynae c TeopeMoii 111.2.21 flOKa3aTejii>CTBO SToro cpaicra mm pa3o6beM Ha HecKOjibKO jigmm. 



VmGZ+ \\f(x)-a N (x)\\^ — ► 0. (11.2.57) 



5Iflpo <J>eiiepa. 

• HdpoM Oeuepa Ha3MBaeTCH apncpMeTHHecKoe cpe/niee Hflep ^Hpnxjie 



x N-l N-l / n \ 

^( < ) = ^E^»( X ) = ^E 2+E cosA; M (11.2.58) 

n=0 n=0 \ k=l I 



3Ta (pyHKu,HH o6jia,a,aeT CBOiicTBaMH, iioxojkhmh Ha CBOiicTBa smpa ^Hpnxjie, ho rjiaBHaa pa3HHna 
saKjiro^aeTCH b tom, hto flflpo Oeitepa OKa3biBaeTCH HeoTpHu,aTejibHOH cpyHKinieii (hto OKa3biBaeTCH 
oneHb nojie3HO pjm flajibHCHinux bbibo^ob). 

CBOiicTBa Hflpa Oefiepa: 

1°. Hdpo 0eilepa <&n neAfiemcH nenpepuenoil, Hemnou, 2ir ■ -nepuoduuecKou u Heompuufime.A'bnou 
(pyHK'nueu na R: 

<P N (-t)=<P N (t), $ N (t + 2ir)=$jr(t), <P N (t)^0 ((el) 
2°. MnmezpaA no nepuody om sidpa Qeuepa paeen tt: 

/7T />7T 
$ N (t)dt = 2 >P N (t)dt = Tr (11.2.59) 
-it Jo 

3°. Hdpo Oetiepa ydoeAemeopjiem mootcdecmey: 



te 2ttZ 



f- 

I 2N sin 2 4 ' 1 " ^ 



4° . JJ^asi 6CMK08O S > paenoMepnan nopMa (pyHK'nuu <P na ompe3Ke [5, n] cmpeMumcM k nyAio 
npu N — > go: 

||<Mt)|| te[M = max $ N (t) — > (11.2.61) 

1 ' ' te[S,TT\ iV— S-OO 

/JoKa3ameAbcmeo. CBOiicTBa 1° h 2° BtiTeKaiOT cpa3y xe H3 cbohctb H/i,pa ^npnxjie Ha c !4561 3a hckjiio- 
HCHHeM HCOTpHn,aTejibHOCTH KOTopaa, b cboio onepeflb, aBjiaeTCH cjie/i,CTBHeM TOJK/i,ecTBa (jll.2.60p . 
IIosTOMy fljia /;0Ka3aTejibCTBa 1°, 2° h 3° floCTaTOHHO npoBepHTb (jll.2.60p . Ajih tohbk t = 2irk mm 
nojiy^aeM: 

.N-l, , N , AT-1 TV 1 AT 



iV ^ N ^ \ 21 N ^ 2N 2 2 2 

n— n— n— 1 

II 111.2.461 ■> v ' 

n + 5 II iQ.3.120t 

(JV-l)-iV 
2 

A ^jih i ^ 27r/c nojiynaeM: 

* 1 N ^ t N ^ ( 1\ t 

<P N (t)-2Nsm 2 - = — Y^ D n (x) •2^sin 2 - = 2^sin n+-h-sin- = 



2 N 

■ ■ ■■■ n=0 
II 1111.2.461 



n(»+i)t II ll3X80l 

2 sin ^ ^ ^ cos — cos(n + 1)^ 



N-l 



( cos nt — cos(n + l)t) = ( cos^O — cosi ) + ( cost — cos^2t ) +... + ( cos(A^ — l)t — cos TVt) 



H t t t t t t 



Hopiua H'llg 6bma onpe^ejieHa (popMyJioft 119. 3. 4511 . 
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1 - cos Nt = (|3.1.69|) = siir 



N + 1 



-t 



IIo,a,ejiHB 3to Ha 2 N sin | , mbi nojiyniiM hhjkhkxeo CTpomcy b (|11.2.60|) . 

ITocjie Toro, KaK ([11.2. 60p ,n,OKa3aHO, cbohctbo (|11.2.6ip CTaHOBiiTCH ero cjieflCTBHeivi: 



l<M*)ll 



te[<5,-n-] 



max 

te[S,n] 



max 

te[5,ir] 



sin 2 ft 



27V • sin 



2 t 



max t g[g !7r ] sin -jt _ 1 
2N ■ mm t< = [s ,ir} sin 2 § ~ 2N • sin 2 § 



N- 



□ 



HHTerpaji Oefiepa. 

JleMMa 11.2.7. fl^jisi bcjikou 2ti -nepuoduuecKou AOKdA&HO unmezpupyeMou <p"ynKU,uu f ee mhozohach 
<PeiLepa un eupaotcaemcji uepe.3 Jidpo Oeuepa <Pn (fiopMyjiaMU 

i r 

a N (x) = - f(x + t)-$ N (t) dt, i£l (11.2.62) 

* J-tv 

a N (x) = -^J {f(x + t) + f(x-t)y$ N (t)dt, iGl (11.2.63) 
• HHTerpajibi cnpaBa b (popivryjiax ([11.2. 62p n (|11.2.63p Ha3biBaiOTCH unmezpaAaMu Oeilepa. 
floKaaameAtcmeo. 3to cjie,nyeT 113 cpopMyji pjm HHTerpajia JUnpnxjie (|11.2.47|) h (|11.2.48|) : BO-nepBbix, 

Snip) 

ii GTjpa 



(*) = jv 53 ^ = aF E - / /(» + *) •■D n (*)dt = 

= -/ /(*+<)• luE^w d< 



Cat 



f{x + i)-<P N {t) dt, 



II 111.2.581 

*w(f) 



H, BO-BTOpbIX, 



II (11.2.481 



JV-1 



cat 



0=) = ji E = ^ E - / + + f( x *)} • D »w d * = 
= -J o {f(x+t)+f(x-t)j- j^J2 D ^ dt = Kj {/(*+*) +/(*-*)} dt - 



II Hll.2.581 

0jv(t) 



□ 



IIoTOHeMHaH cxo^HMOCTb MHoroMJieHOB Oenepa. Mh mojkcm Tenept ,z],OKa3aTB Ty nacTt TeopeMti 
111.2.31 iyje pent n^eT o noToneHHOii cxo^hmocth: 

JleMMa 11.2.8. JJaji bckkou KycoHHO-Henpepuenou 2tt -nepuoduuecKou tfiynKunu f na npsiMou R ee 
mhozouachu (Peilepa cxodsimcsi e Kacucdou mouKe x G M re cpedneMy apucpMemuuecKOMy ee yieeo20 u 
npaeozo npedeAoe e smou mouKe: 



f(x-0) + f(x + Q) 



N 



lim (Tjv(a;), a; € 
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/JoKa3ameAbcmeo. IlocKOjibKy / KycoHHO-HenpepBiBHa h ncpiioflHHHa, OHa orpaHiiHeira Ha R. 06o3HaHHM 
6yKBOft M orpaHHHHBaiomyK) ee KOHCTaHTy: 

sup|/(x)| =Jlf (M e R). 

3acpHKCHpyeM TOHKy H3 KycoHHOft HenpeptiBHOCTH / cjiepyei TamKe, hto cymecTByiOT npeflejibi 

f(x + 0) = t lim f{x + t), fix - 0) = t Um /(as - t) 

IIosTOMy ecjiii 3a(pnKCiipoBaTB e > 0, to HaitfleTCH <5 > TaKoe, hto 

Vie (0,5) \fix + t)- fix + 0)\ <e k \fix-t)- fix-0)\ <e 
IIofl6epeM TaKoe Nq £ N, hto6bi pjin Bcex AT > Nq BbinojiHHjiocb HepaBencTBO 



max $ N (t) < — 
te[s,w] 4M 

(sto Bcer^a mojkho c^ejiaTb, b CHjiy Q11.2.61|) ). Tor^a pjin Bcex N > Nq mm nojiyniiM: 



(11.2.64) 



f(x + t)-f(x + 0) -0 N (t) At = 

<5 /-7T 

/(as + 1) - /(z + 0) •<Z> A r(*)di + / fix + t) - fix + 0) .#jv(t)dt< 

y , J5 v 



AN 



|/(x + t)| +|/(x + 0)| 
A\ 
2M 

<e- / <M*)di +2M- / *^(t)d* <^ + ^ = ^-e 

J0 i<5 * * 



A\ 

f0 N (t) At 



II 111.2.591 



AN 

(7r — 5) • max *w(t) 

te[5,7r] 

A illl.2.64t 

AN 



TaKHM o6pa30M, 



V7V > 7V - 



/(as + t) - fix + 0) .# w (t) di<e 



Tohho Tax jkc flOKa3tiBaeTCH, hto 
VA^ > iV 



rp /(x+0)+/(x-0) ^ .. 

lenept oueHHM pa3HOCTb MejK^y — '-^ '- h MHoronjieHOM Qenepa: 



(11.2.65) 



1 r 

-•/ f{x-t)- f{x-Q) -$ N {t)6t<e (11.2.66) 
Jo 



(Tjv(x) 



/(a: + 0) + /(a; - 0) 



{/(a + *) + /(* -<)}•**(<) At- 



fix + o) + fix - o) 2 r 



Djv(f) dt 



II dll.2.63t 

o-jv(x) 



II 111.2.591 

1 



[f(x + t)+f(x-t)}-* If {t)dt-^J {fix + 0) + fix -())}■ <P N it) 



At 



1 

7T 



/(ss + t)-/(a; + 0) • <P N it) A t + / f( x -t)-f(x-Q) -$ N (t)dt 

L J 



§ 2. IIoTOHeHHafi 11 paBHOuepHaa cxo^hmoctb px^a <Pypbe 
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1 

^ - 

7T 



f(x + t)-f(x + 0) ■•P N (t)dt + -- / f( x -t)-f(x-0) -<P N (t)dt<2e 

TT 



A Hll.2.651 



A Hll.2.661 



Mm nojiyniijiH, hto fljia npoH3BOjibHoii totkh x S K h jiioSoro e > mojkho noflo6paTb Taxoe iVo G N, 
hto fljia jiio6oro iV > A^o BbinojimieTCH cooTHOineHiie: 



cr N (x) - 

BtO 3KBHBajieHTHO TOMy, HTO Hail HyjKHO: 



/(a; + 0) + f(x - 0) 



Vx € K <jn{x) 



< 2e 



f{x + 0) + /(x - 0) 



N- 



□ 



PaBHOMepHaa cxo^hmoctb MHoronjieHOB <3>eiiepa. 

JleMMa 11.2.9. Henpepuenan 2tt -nepuoduuecKasi cfynK'nuM f jieAJiemcM paeHOMepnou cyMMoii ceoeu 
nocJiedoeameAbHocmu mhozohachog Oeuepa (|11.2.53|) . 

/J,OKa3ameAbcmeo. IlycTb / - HenpepBiBHaa 27T-nepHO [ n;H x iecKaH cpyHKHHH Ha R. IIocKOjibKy / nenpepbiB- 

Ha Ha [— 7T,7r], ^OJEKHa 6bITb KOHCHHOH BCJIHHHHa 



M = sup|/(aO|= sup \f(x)\ 

xGR i£[- 7r,Tr] 

3a<pHKcnpyeM hhcjio e > h Bbi6epeM TaKoe S > 0, HTo6bi 

Va;e[-7r,7r] Vte(-S,6) f(x)-f(x+t) 



< 



(11.2.67) 



(11.2.68) 



(nocKOjibKy / nenpepBiBHa, h 3HanHT, paBHOMepHO HenpepbiBHa Ha [— 7r, 7r], sto Bcer^a mojkho cflejiaTb). 
Ilocjie SToro HaiifleM Nq TaKoe, hto 



VN>N \\<p N ( t )\\ te[SM < — 
Torfla fljiH BcaKoro N > Nq mm nojiyniiM: 



(11.2.69) 



f(x) - a N (x) 



fix) 



<P N (t) At- - I f(x + t)-$ N {t) dt 

TT 



II 111.2.591 



II 111.2.621 

<tn(x) 



\ f (f(x)-f(x+t)y$ N (t) dt 



-S 



— TV 

6 



f(x)-f(x + t) -$ N (t) dt 



f{x) - f{x + 1) .$ N (t) dt + - fix) - fix + t) -$ N (t) d t+ 



A\ 

|/(z)| + |/ (x + t)| 
A\ 111.2.671 
2 M 



1 



A 111.2.681 

3 



fix)- fix + t) -$ N it) dt^ 



A\ 

|/(x)| + |/ ( a + t)| 
A\ Ul. 2.671 
2Af 



2M r 5 e f s 2M f 7 * 
< / <P N it)dt+— $ N it)dt+ / $ N (t)dt 

77 J—* 6TT J -5 7T J S 



466 



Tjia.ua, 11. TPMrOHOMETPMHECKHE PHffbl 



3tt 



4M 



AM tie e 2e 



= T" / $N(t)dt + / <P N {t) At < — -tt + 7T7=o+^- =£ 



3?r 



tt 6M 3 3 



A\ 

II 1111.2.591 



A 111.2.691 

A 



0TCK3,n,a 

VjV>jV ||/(a:) - <tn(x)\\ x 

3to flOKa3biBaeT (|11.2.56p . 



em ~= SU P 



/(x) - ctjv(x) 



s£ e 



□ 



PaBHOMepHan no npoH3BO,a;HBiM cxo/jhmoctb MHoronjieHOB Oefiepa. 



JleMMa 11.2.10. BecKoneHHO zjiadnati lix -nepuoduHecKasi (fiyHKi^uji f sienfiemcsi paeHOMepnou no npo- 
u3eodnuM cyMMou ceoeu nocjiedoeamejiwocmu MHozouJienoe Oeuepa (jll.2.53)) . 

/JoKa3ameAbcmeo. 3to mojkho BMBecTii KaK cjieflCTBne nyiiKTa (ii) TeopeMbi lll.2.21 113 coothoihchiih 



V7neZ+ \\f-S N \ 



(m) 



JV- 



cjieflyeT, hto npH cpiiKCiipoBaHHbix m G Z + h £ > cymecTByeT No Taxoe, hto npn N > Nq BbinojiHaeTCH 

11/ _ "SWHm™ < e 



OTCK),n,a cjieflyeT, hto npH N > Nq 6yn,eT BbinojiHHTbCH 



\f-<r N \ 



(m) 



JV-1 



n=0 



(m) 



JV-1 



JV-1 



(m) 



V 53 / jvE S " 

n=0 n=0 
JV-1 O) , , 



JV-1 



JV-1 



n=0 ]R n=0 

IIocKOjibKy to G Z + h e > Bbi6iipajiHCb npoii3BOjii>HO, nojiy^aeM 



Vto G Z + \\f-cr N \ 



(m) 



0. 



□ 



§ 3 rTpHMGpbl STOro Hy>KHO npocTO bbihhcjihtb KOScpdpiiiTH- 

eHTbi Oypte: 

HaM ocTaeTCH npoirajnocTpiipoBaTb pe3yjibTaTbi 

3toh rjiaBbi KomcpeTHbiMH BMHHCJieHiiHMH. Hac 6y- If 1 f 

j\ei HHTepecoBaTb noToneHHaa cxojriiMOCTb, noaTO- ao = — sgnsinx d x — — / (—1) dx+ 
My npiiBOfliiMbie 3flecb npiiMepbi 6y/jyT iijijiiocTpa- 
rpiHMH k TeopeMe lll.2.21 

+ -/ ldx = -- + -= 



Pa3Jio»ceHHe OypBe npoH3BOJiBHOH 27r- 

nepHOflHieCKOH CpyHKITHH. 

o 11.3.1. HaftfleM pasjiojKemie Oypbe dayman™ a n = — I sgnsina; • cosnx dx 



7T 

— 7T 



1, x G (27m, tt + 2im) o 

If,, 1 



/(x) = sgnsinx = ^ 0, x = 7m = - / (-1) ■ cosnx d x + - / 1 • cosnx d x 

■1, x G (— 7r + 27m, 27rn) 



7T 







§ 3. IIpHMephi 
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o 



1 



rosnxdxH — J cosra di 
o 

1 x=0 i 



= sin nx 

nn 



■ sin nx 



X = -TT nn 



x=0 



+ = 



u 



l r 

• cos nx d x H — / 1 • cos nx dx 

7T 7 

o 

1 

= — sin nx 

nn x=o 



= 



b n = — I sgn sin x ■ sin nx dx 

7T 



1 



TT 



x) ■ sinnx d x 



sin nx d x H — / 1 • sin nx dx = 

71" 7 

o 



= i/(-l).si 

— 7T 



= / sin nx d x H / sin nx d x = 

7T J 7T 7 





TT 

— / • sin nx d x H — / 1 • sin nx d x 

TT J IT J 

-7T 



1 



■ cos nx 



nn 



X — 7T ~\ 

= (cos(7m) — 1} = 

rr=0 nn 



■ cos nx 



Tin 



x=0 



cos nx 



x=-tt nn 



X—TT 
X = 



Bbibo^i,: 



— {1 — cos(— nn)} — {cos(7rn) — 1} = 

nn nn 

= JL{1 _ cos(Trn)} = — {1 - (-1)"} 
nn nn 



oo 

/w = o + E-u -(-in- 



2 ' — ' nn 

n=l 



sin 



Bbibo^i,: 



sgn sin x 



= E -a -<-i)T- 



sin nx 



n=l 



❖ 11.3.2. Bbihhcjihm pa3jiojKeHHe 27r- 
nepno/i,HHecKOH dpyHKiniH /, ynpBjieTBOpiHomeH 
TO>K^,ecTBy JIe6era h 3a,u;aHHOH Ha HHTepBajie 
(— 7r,7r) dpopMyjioii 



o 11.3.3. Bmhhcjihm pa3jio»ceHHe 27r-nepHO,zniHCC- 
KOii (pyHKHira /, ynpBjieTBOpiHOineH TCOKflecTBy Jle- 
6era n 3a,a,aHHOH Ha HHTepBajie (— n, n) cpopMyjiOH 

'l, xe(0,f) 
f(x) = U, ^e{0,f} 

0, xe (-7r,0)u(f,7r) 



/(*) = < 



1, XG(0,7t) 

§, x = 

(o, xe(-7r,o) 



Bbihhcjihcm KoacJx^Hi^HeHTbi Qypte: 
a = - f(x) dx = 



Bbihhcjihcm KOScpepHHiieHTti Oypbe: 

1 



a 






2 










dx4 


- iy i dn 


-- /0dx = ^ 






7TJ 7T 


— 7T 




2" 


TT 







/(x) d x = 

IT 

= 1 /0dx + i/ 
7T 7 n J 



1 dx = - = 1 

7T 



a n = ^ J f(x) 

— TT 

TT 



cos nx d x = 



1 • cos nx d x = — sin nx 
nn 



x =k sin • 



7rn 



7T 



f(x) • cosnx d x = 



TT 

-II 



f(x) • sinnx di = 
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1 /\ . , 1 

— / 1 ■ sm nx ax = cos nx 

tt / 7rn 



o 

f(—t) sin(— nt) d(— t)+ — / /(x) sinnx d x = 



2 * ii gmj 

1 TT 1 7T /(*) 

= {cos 7m) - cos -} = — {cos-- (-1 } 

TT71 2 7T71 2 ^ " _^ " 

Bmbo/j, - =— / /(*) sin nt dt+— / /(x) sinnx d x = 



/(x) = - + > <^ — • cos nx+ 

4 ^ I TTU 

n=l 

^7m^ C ° S 2 ^ ^ ^ sinnx| Jokr^kcm cbopMVjibi (| 11 .3 . 72[) : BO-nepBbix. 

» 11.3.1. Pa3jio?KHTe b pflfl Oypte 27r- „. 
nepno^HHecKHe dpy hkhhh , 3aflaHHbie Ha HHTepBajie ^ _ 1_ j ^r x \ ^ x _ 
(— 7r,7r) dpopMyjiaMH: 7r 7 

1) /(x) = e* 

{. , 77 

X, x G (0, 7r) l /■ 1 /■ 

0, xeU'o) =-//(x)dx + -//(x)dx 

O) J \X J ■ — < 3aM6Ha: x — —t 

7T 

- / /(-«) d(-t) + - / /(x) dx = 

w II Jll.3.70b 

/(*) 

7T 7T 

Pa3Jio«;eHHe Oypte Heratix h HeneTHbix 27r- _ _J_ j ju\ <j£_|-_ j fr x \ <jx = — f f( x \ ^ x 
nepHO^HiecKHX dpymcipiH. 77 J 77 J 77 J 

TT 

\ ✓ 

IIpe/i;jio>KeHHe 11.3.1. Ecau Itt -nepuoduneazasi 



II 

-A J f(t) sin nt d t 







fx, 


X G (0, 7r) 


\o, 


x G (— 7T,0) 


jo, 


x G (0, 7r) 


[x, 


X G (-7T,0) 


fx, 


x G (0,7r) 


l f : 


x = 




X G (-7T,0) 



II 

cjjyHKUiiH f uemna A //(t) dt 

o 

/(-x) = /(x) (11.3.70) 

* ' \ H, BO-BTOpbIX. 

mo e ee pj*(?e <Pypt>e omcymcmeymm cnazaeMue c 

cunycaMu: 1 

a, 



/(x) = y + J]a n cosnx (11.3.71) 

™ =1 i r , j 



a KOStfitfiui^ueHmu ao, a„ mochcho euHucjurnit no 
(popMyjiaM 



— I f(x) COS 71X d X = 
— 7T 

7T 

— / fix) cos 77.x d x H — / /(x)cosnxdx 

TT 7 TT 7 



3aMCHa: x — — t 




ao = | / /(«) dx, = - / /(-t) cos(-nt) d(-t)+ 



7T 

2 /" 

a n — — / /(x) cos nx d x 

71" 7 



7T _ 

(11-3-72) tt H j 113 70 t 

/(*) 



(i H — / /(x) cosnx dx 



TT 



/^OKa3ameAbcmeo. KoscpcpiiiiiieHTbi 6„ o6HyjiaK>T- o 

cs: o 

If.,, 1 



b n = — I f(x) sin nx d x = 



f(i) cosnt d t +— / /(x) cosnx d x 

7T / 7T 



TT 

7r A/ /(t) cos nt dt 





I 



— / /(x) sin nx d x +— / /(x)sinnxdx 

7T 7 TT 7 



— TT 



b = — I f (x) cos nx dx 

7T 



3aMeHa: a: — — t 



§ 3. IIpHMephi 
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□ 



IIpe/i;jio»ceHHe 11.3.2. Ecau 2ti -nepuoduuecKasi 
(pyHKVjUn f Heuemna 

f(-x) = -f(x) (11.3.73) 

mo e ee pside (Pypbe omcymcmeymm ceo6odnoe CAa- 
zaeMoe u uiazaeMue c nocunycaMu: 

oo 

f(x) = ^6„sinnx (11.3.74) 



a KOScfiifiui^ueHmu b n modkho euHUCMtmb no 

MyACLM 



7T 

— / f(t) cosnt d t +— / f(x)cosnx dx = 

7T 7 T 7 

■n 



II 



-if /(*) cos «* d 4 



floKajKBM dpopMyjiy (jll.3.75D : 



7T 

b n = — / /(a;) sinnx d a; = 

— 7T 

7T 
1 / . If 

= — f{%) sinnx d x H — / /(x) sinnx dx 

7T 7 7T 7 



b n = — / /(x) sinnx dx 

7T 7 

o 



(11.3.75) 



3aMeHa: x — —t 




/(-*) sin(-nt) d(-i)+ 



/(oKasameJibcmeo. Jinn KOScpdpiiinieHTa ao nojiy- 
imm: 



a = - f(x) dx 



TT 

\ J f(x) dx+i j f(x) dx 

-TT 



3aMeHa: x — — t 




~ / /(-*) d(-i) + ~ J f(x) dx = 

T ii in.3.73l 

-/(*) 

7T 

= - //(<) dt+- / /(x) dx = 

TT 7 7T 7 

7T 



II 



-iff(t) it 

o 

a pjin KOsdpcpiiinieHTOB a n , 



II 111.3.731 

-fit) 



H — / /(x) sinnx d x = 







11 



If. If 

— / / (t) sin nt d t H — / /(x)sinnxdx 
7r 7 7T 7 

7T 



II 



i j f(t) sin nt dt 



7T 

= — / /(x)sinnxdx 

TT 7 



□ 

o 11.3.4. HafifleM pa3jio:steHiie Hemon 27r- 
ncpHOflHHecKOH dpyHKUini /, ynpBjieTBOpsioiHeH 
TO»mecTBy Jle6era h 3a,n,aHHOH Ha HHTepBajie (0, it) 
cpopMyjioii 

f{x) = X 

flcHO, ito rpadpiiK HMeeT Bim 



a rl = — / /"(x)cosnx dx 

7T 



U 7T 
1 f I f 

— I f(x) cos nx d x H — / /(x)cosnxdx 

TT 7 I" 7 



3aMeHa: x — —t 




/(-*) cos(-nt) d(-*)+ 



II 1111.3.731 

-/(*) 



1 



H — / /(x)cosnxdx = 

7T 7 

' 1 



IIoCKOJIbKy / HeTHa, HySCHO BBIHIlCJIIITb TOJIBKO Oo 

h a„ : 



2 /" 2 x 2 

a = - / x d x = - • — 

7T 7 7T 2 





7T 



2 f A 2 [ A ■ 

a n = — / x • cos nx d x = — / x a sin nx = 
7T 7 7rn 7 

o o 
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x ■ sin nx 



mi 



sin nx d x 



2 r A costo "I 2 . 

— < H > = — r {cos mi — l\ = 

7rn L n o J 7rn^ 



-^{(-1)"-1) 



Bbibo^,: 



7T 2 



cos nx 



o 11.3.5. Haii^,eM pa3jiojKeHne HeneTHOH 27r- 
ncpHOflinecKOH cpyHKiniH /, ynpBjieTBopHioiHeH 
TO>K^,ecTBy JIe6era h 3aflaHHOft Ha HHTepBajie (0, n) 
(popMyjiofl: 

f(x) = x 
TpacpHK 3flecb hmcbt bh^ 



n 



2 f , , 2 x 3 
r da; = - • — 

7T 3 



2^2 
3 



a n = — f x 2 ■ cos nx d x = — / x 2 d sin nx = 



x • sin nx 



-'{ 



—2 / x • sinnx d x > = 



II 
o 

4 

7rn 2 



d cos nx = 



{ 



x ■ cos /?.); 



cos nx d x 



} 



4 r 1 *■ i 

— r ■ <^ 7r • (-1)" -sinnx } = 4 

7TO I n o J 



(-1)" 



IIocKOjibKy / HeneTHa, HyjKHO bbihiicjihtb tojibko 



2 f 2 f 

b n = — / x • sin nx d x = / x d cos nx 

n J mi J 

o o 



BHBOfl: 
/(*) = 



x • cos nx 



— / cos nx d x > = 



o 



2 f sin nx 

< 7r • cos mi 

7rn ^ n 

: -A{ 7r .(-r)-o} = 



„ ^(-i)" 
y + 4 -z^^^- cosna; 

n— 1 



(11.3.76) 



! 11.3.1. H3 TOJK,n,ecTBa (|11.3.76|) . Meac^y npoHHM, 
cjieflyeT cpopMyna (|8.0.ip . KOTopyio mm o6emajiii 
,n,OKa3aTb b Hanajie rjiaBbi|SJ ecjin nanojKHTb x = n, 
to mbi nojiyniiM paBeHCTBO 



^ 2 = t+ 4 -E 



i-iy 



(— 1)" KOTopoe nocjie ynpomeHHii KaK pa3 flaeT (18.0. ip 



BbiBO,n,: 



2(-l) n 

• sin nx 



7T" 

~6~ 



^ 2 ' 



o 11.3.6. Pa3Jio>KHM b psifl Oypte HeTHyio 2-7T- 
ncpiioflinccKyio dpyHKHino, saflaHHyio Ha HHTepBa- 
jie ( — 7T, 7r) (pOpMyjIOH 

/(x) = x 2 

TpacpHK HMeeT Biifl 



Pa3yMeeTca, sto Ha6jnofleHHe He ,n,aeT HHKaKoro 
cnoco6a HaxojKfleHHH cyMM ph/i,ob (HanpHMep, pa- 
,0,0b ^Hpnxjie H3 npHMepa 18.2. 2j) , Ha KOTopbiii hh- 
TaTejib Mor HafleaTbca nocjie ,n,aHHoro HaMH o6e:ma- 
hhh flOKaaaTb cpopMyny (|8.0.1|l . TaKoro ajiropHTMa 
MaTeMaTHKH He HamjiH, ojXHaKO b yTenieHne HHTa- 
Tejno Mbi CKajKeM, ito b |§ 3| cneayioiHeH raaBbi mbi 
onnnieM ajiropHTMbi b HexoTopoM CMBicjie npH6jiH- 
jKeHHoro HaxojKfleHHH cyMM pa^OB (a TaioKe toh- 
Horo HaxojKflenHa KOHeiHbix cyMM) pjia HeKOTopbix 

KJiaCCOB pHflOB. 



IloCKOJIbKy / HCTHa, HyjKHO BbnHCJIHTb TOJIbKO Oq 



» 11.3.2. Pa3jio>KHTe b pafl Oypbe 27r- 
ncpHOflHHecKHe dpy hkhhh , 3a,n,aHHbie Ha HHTepBajie 
(0, 7r), paccMOTpeB OT/i,ejibHO cjiynait Kor,n,a f Heraa 

H HC^CTHa: 



§ 3. IIpHMephi 
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1, a; £ (0, ^) (ii) ecAU f Henemnasi, mo 




f(x-0) + f(x + 0) nnx 
= 2_^K sin 



2 z—i n t ' 

71=1 



7' 



2 / 7TTIX 

K=j, J f{x)sm-^- dx 
o 

floK03amejvbcmeo. 3aMeH0ft nepeMCHHOH 
PHflti Oypte (pyHKij;iifi c npoH3BOJi&HBiM ne- 

Ty 

pHOflOM. 7T 

TeopeMa 11.3.1. ecnKou KycoHHO-zjiadKou 4)yHKE,iiH / npeBpamaeTCH b (J)yHKi];Hio c nojiynepH- 

(fiyHKv,uu f c no/iynepuodoM T na npsiMouM., ee pud oppM it. Ilocjie stoto npHMenaeTCH TeopeMa 111.2.21 
0ypbe ( c K03(f>(p'uii > ueHmaMU (|11.0.2p ) cxodumcsi e h npefljiojKeHHH 111.3.11 h 111.3.21 □ 

namcdou moune k cpedneMy aputfiMemunecKOMy ee 

jieeozo u npaeozo npedejioe >t> 11,3.3. p a3 jiojKHTe b pafl Oypte 2T- 

0) + f ( + 0) nepiiofliiHecKiie cpyHKinin, 3aflaHHbie Ha nojiyne- 

— — = pHO^e (0,T), paccMOTpeB OTfl&jitHO cjiynaii Kor,n,a 

fix) Heraa 11 HeneTHa: 

a o ( nnx , • nnx} .„„ „ „. 

= y + 2l{ a " cos — + & « sm — } (11-3-77) l) /(z) = z, T = 4 

2) /(z) = 3-x, T = 3 

npusmoM r Q are (0,1) 

(%) ec/iu (pyHKi^ufi f uemnaR, mo 3) /(#) = < -, a; = 1 , T = 2 

fix — 0) + /(a; + 0) ao nnx 



1 16(1,2) 



cos ■ 



t [2 -a: are (1,2) 







'j' 



% //(z)cos^ dx 6) /( ;r ) = / :E ' 16(0,11 , r = 2 

n 11 *e(l,2) 



rjiaBa 12 

ACHMIITOTHHECKHE METO^bl 



IIoBe^eHHe (pyHKiniH npH apryMeHTe, CTpeMHineMCH k HeKOTopoit BejnrqHHe, sBjisieicsi npe^MeTOM roy^ie- 
Hia cnein-iajibHoro pa3jj,ejia MaTeMaTHnecKoro aHajiH3a, Ha3MBaeMoro acuMnmomuHecKUMu MemodaMu. 
IIo H,n,eojiorHH stoh HayKH, cbohctbo cpyHKiniH / hmctb (hjih He hmctb) npefleji npii x — > a - TOjibKO 
caMoe nepBoe, noBepxHOCTHoe Ha6jno,n,eHHe, 3a KOTopbiM CKpbiBaeTCH ropa3jxo 6ojiee cjioJKHaa h MHoro- 
njiaHOBaa KapTima, H3ynaH KOTopyio mojkho hsbjichb Mnoro nojie3Hoii nncpopMainiH jijih peineHHH 3&p,aH, 
rjj,e BajKHO, KaK Be,n,eT ce6a / npn x — > a. 



o 12.0.7. Hto6m 6mjio iiohhtho, o neM HjreT penb, 

BCnOMHHM CHOBa O TOM, KaK MM BMHHCJIHJIH npe- 

flejibi. Ilocjie Bcex ycHjiHii, hto mm noTpaTiuiii Ha 
H3yneHHe 3Toro Bonpoca b |§ S|[c) rjiaBM [3J a 3aTeM 
b |§ 4| raaBbi SI flJia HHTaTejia mojkgt 6biTb hcojkh- 
flaHHOCTbio, hto BCTpenaiOTCH Bee »ce npejrejiM, Ha- 
xo»c^,eHHe KOTopbix H3BecTHbiMH HaM ceii^ac Me- 
TOflaMi OKa3biBaeTca 3aTpyzniHTejibHMM hjih, jia- 
ace, HeB03MOJKHbiM. B KanecTBe y np a jkhchhh mojk- 
ho nonpo6oBaTb Haflra cjiejryioiHHH, npocToii Ha 



nepBbiH B3rjiHjj,, npejxeji: 



lim 

x->0 



ln(l + sin a;) — sinln(l + a;) 



(12.0.1) 



3/i;ecb, ecjiH nojib30BaTbCH npaBHjiOM JIomrrajiH, 
to ero npH,n,eTCH npHMCHSTb 4 pa3a, npHneM B03- 

HHKaiOIHIlG npH JJ,H(p(pepeHH,HpOBaHHH BbipajKeHHH 
CTOJIb rpOM03flKH, HTO y o6bIKHOBeHHOrO nejiOBeKa 

TepneHne HCTomaeTCs: yxe nocjie nepBbix flByx nia- 
tob. 



AcHMnTOTHnecKHe MeTOflbi npefljiaraiOT ocTpoyMHbiii cnoco6 ynpocTHTb noflo6Hbie 3aflanH, a6cTpa- 
rnpoBaBHiHCb ot HecymecTBeHHbix cbohctb cpyHKHHH, BxojjHiinix b BbipajKenne no/i, npe,n,ejiOM h ocTaBHB 

TOJIbKO TO, HTO Ba>KHO. IIpH 3TOM 0Ka3bIBaeTCH, HTO HCIIOJIb3yeMMH npHCM npHMCHHM H b pa3Hbix jjpyrax 

CHTyainiax, HanpHMep, npii HCCjieflOBaHHH Ha cxo/niMOCTb Heco6cTBeHHbix HHTerpajiOB h phjtob. B stoh 
rjiaBe mm no3HaKOMHM HHTaTejra c ochobhmmh iiohhthsmh stoh nayKH h npocTeftiimMH ee npnjiojKeHH- 
hmh (a KOHKpeTHbifi npejreji (|12.0.1[) mm bmhhcjihm Ha c. 1492)) . 

§ 1 AcHMIITOTHHeCKHe OTHOIIieHHH H (J)OpMyjII>I 
(a) AcHMnTOTHHecKHe OTHomeHHa 

AcHMnToraiecKaa aKBHBajieHTHOCTb cpyHKi^nfi (chmboji ~) IlycTb /i h f% - ppe cpyHKinin, 
npuneM 

AW , 1 

f 2 (x) x^a 

Torfla roBopHT, hto cfjyHKV i UM f\ 9KeueajienmHa (f>yHKii,uu f 2 npu x — ¥ a h 3anHCMBaiOT 3to TaK 

h{x) ~ f 2 {x) 

x—¥a 
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'< 1. AciiAinTOTimecKHe OTHOineHHfi a cpopuyjibi 
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B KanecTBe npiiMepoB bbiiihhicm hcckojibko /(oKa3ameAbcmeo. Bee sth cooTHOineHHH floica- 

3biBaiOTCH o^hhm h TeM »ce cnoco6oM - npOCTbIM 
BHHHCjieHHeM, HanpiiMep, c noMombio npaBHjia 
JIonHTajia. B Ka^iecTBe npHMepa Mbi paccMOTpiiM 
(|12.1.8|) : no onpeflejiemno CHMBOjia ~, 



Ba>KHBIX 3KBIIBa,lCIITIIOCTCII. 



sin x ~ x 

x^O 



tg X ~ X 

X — 5-0 



1 — COS X 



X 



ln(l + x) ~ a; 

z-s-0 

lo go (l + x) ~ 

k-^o In a 



e 

a 
x)' 
arcsm x 



1 - x 



1 ~ x - In a 
1 ~ a • x 

x->0 



z->0 

arctg x ^ x 

x— ^0 



(12.1.2 
(12.1.3 

(12.1.4 
(12.1.5 

(12.1.6 
(12.1.7 
(12.1.8 
(12.1.9 
(12.1.10 
(12.1.11 



a x - 1 

1 r~j x In a 43- — > 

x->o x In a x->o 



IIocjieflHee cooTHonieHne ,n,OKa3biBaeTCfl c no- 
Mombio npaBHjia JIonHTajia: 



1 



lim - 

x^a xina 



(JIonnTajib) 



a^lna ,. 
= lim — = lim a = 1 

iB->o In a z-s-o 



□ 



CBOHCTBa aCHMIITOTHHeCKoii 3KBHBajieHTHOCTH: 

1°. CuMMempuuHocmb: 

/i(x) ~ / 2 (x) / 2 (x) ~ A(x) 

a:— fa re— fa 

2° . TpaH3umu6Hocmb: 

h(x) ~ / 2 (x) & / 2 (x) ~ / 3 (x) /i(x) ~ / 3 (x) 

fa x— fa fa 

3° . MyAbmunAUKamuGHocm'b: 

/i(x) ~ / 2 (x) & 5l (x) ~ ff2 (x) =s> fi(x)>gi{x) ~ fMMx) & ^44 ~ 

x— >a x— >a x— s-a <7l(,XJ s-a 92\ x ) 

IIoHHTHe acHMnTOTH^iecKon SKBHBajieHTHOCTH nojie3HO npn BtnncjieHHH cjiojkhbix npeflejiOB, koto- 
ptie cjihhikom yTOMHTejibHO Haxo/niTb c noMom>io npaBHjia JIonHTajia. JXjih 3Toro iicnojib3yeTca cjie^y- 
romas: 

TeopeMa 12.1.1 (06 SKBHBajieHTHOH 3aMeHe). Ecjiu /i(x) ~ / 2 (x) u g\{x) ~ <? 2 (x), mo 

x— fa a:— fa 

lim ^4 = lim ^rr lim h( x ) ' 0i( x ) = lim M x ) ' f 2 (x) 

x— >a gi (x) x-+a g2{X) x— >a x— >a 



/JoKaaameAbcmeo. 



lim £M AM liM , t ( \ tr \ 

Ez^ =lim ^ =lim A(4 = I = 1 ^ lim /iM = lim ^M 

li m J 2 ^) x-ya Ma !E->a 9iW 1 x->a (Mx) <7 2 (x) 
j;^ a S2(a:) g 2 (x) g 2 (x) 



n aHajiornHHO, 



Hm/i(x)-£i(x) jt x \ g r x \ 

T- ~ t , \ TT = lim TT\ ' — T\ = 1 ' 1 = 1 => lim • 31 (x) = lim / 2 (x) • fif 2 (x) 

lim / 2 (X) • S- 2 (X) ^o/ 2 (XJ 32 (X) Z-NJ 



□ 
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Diana 12. ACMMIITOTM^IECKME METO/fbl 



o 12.1.1. IIpHBCflCM HjijnocTpairnio: 



lim 

x^o 2 X - 1 



2" - 1 



x • In 2 



o 12.1.2. 

1 — COS X 



lim 

z^o ln z (l +x) 



1 — COS X 

ln(l + x) 



1 



lim — - — 

x^o x -\n2 21n2 



lim 



B 6ojiee cjiojkhbix npnMepax cjie/ryeT nojib30BaTBCH em,e o,ii,hob; TeopeMoii: 
TeopeMa 12.1.2 (o 3anieHe nepeMeHHofi nofl 3HaKOM SKBHBajieHTHOCTH). i?c,/m /i(y) ~ f2{y) 

y-tb 

u ot(x) — > b, npuncM a(x) ^ b npu x ^ a, mo fi(a(x)) ~ f2(a(x)). 
/JoKasameAbcmeo. 

as-Kt ; 2 (a(l)) \yTtbnpnxjtal V^ b Ml/) x ~> a 

□ 



o 12.1.3. PaccMOTpHM npe^eji nocnojKHee: 
arctg jx 



lim 

x^o e 



1 



Hto6m ero bbihhcjihtb, 3aMeTiiM, hto 113 cpopMyjibi 
(|12.1.1ip . arctg y ~ mojkho 3aMeHofl y = ?a; 

y-s-0 

(y — > 0) nojiyHHTb cpopMyny arctg , X ^ a X. 

x— a;— >-0 

Tohho Tax jkc. H3 cpopMyjibi (|12.1.7p . e 2 — 1 
3aMeHoii z — —2x (z — > 0) nojiy^iaeTca e 

a:— ^0 

1 — 2x. OTCiofla 

a;->0 



-4-0 
-2s 



lim 

x->o e 



arctg |x 



arctg y ~ y 
y—>0 



arctg ^x 
e- 2 * - 1 ' 



-2x 
7 

lim — — = lim 

x^O —2x x-+Q —2 



12.1.4. 

1 — cos 5x 



lim 

x-yO tgx z 



1 — cos 5x 
tgx 2 



(5*) 2 

lim — 5- 

a:->0 x z 



lim 



25x 2 
6 2x 2 



25 
T 



o 12.1.5. 



ln(l + 3 X ) 
x^-oo ln(l + 2 X ) 



lim 



ln(l + 3 x ) 
ln(l + 2") 



lim — 

:— > — 00 2 X 



lim [- 



o 12.1.6. 



lim 

z->0 



sin(vl + x — 1) 



10* - 1 



x - 1) - 

10 1 - 1 



VI + x - 1 
x In 10 

= lim 



1 



>o x In 10 2 In 10 



» 12.1.1. Haii^,HTe npeflejibi 

1. lim a 

2. lim. 



1. lim^o ^±?rpL 



L x ->-0 l a (l + 2x) 



3. lim x ^ 



rctg(e 



-1) 



10 arcsln x -l 

4. lim^o 4~ c ° sx 



^1+^-1 



AcHMnTOTHHecKoe cpaBHeHHe cpyHKijHH (chmbojibi <C h o) h niKajia GecKOHeMHOCTeii IlycTb 
fug- flfie cpyHKiriiH, npnneM 

gr(a;) x }q 

Torfla roBopHT, mo <fjyHKV > UM f 6ecKoneHHO MaJia no cpaeneHum c ifiyHKi^ueu g npu x — > a h 3anHCbiBaiOT 
9TO TaK 

f(x) < g{x) 

x—ta 

HJIH TaK 

/(x) - o (g(x)) 



'< 1. AcHMnTOTii^iecKiie OTHOineHiifi 11 dpopMyjibi 
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o 12.1.7. IToKajKeM, hto 

x 2 < X 
x->0 

HJIH, B flpjTHX oGoSHcl^ieHHHX, 

x 2 = o (x) 



JTencTBHTejibHO, — = x — > 0. 

^ ' x x^O 



o 12.1.8. y6e,n;HMCH, hto 



x <C x 

X— ¥ OO 



hjih, b flpyrnx o6o3hrhghhhx, 
.x = o (x 2 ) 

x— >oo 

^encTBHTejibHO, = - — ^ 0. 



CBoficTBa acHMnTOTHiecKoro cpaBHeraa 

1° TpaH3umu6Hocmt>: 

fi{x) « f 2 (x) & f 2 (x) « f 3 (x) « / 3 (x) 



TeopeMa 12.1.3 (o cpaBHeHHH CTeneHHBix 
cpyHKij,HH) . Cnpaeedjiueu coomnouieHUM 



To ecTb, a 21 <C (a + e) x . Hao6opoT, 

x— >+oo 



(a + e) 2 





x a+e < i a 




x^O 


(£>0) 


(£>0) 



OO, 



h 3to 03HanaeT, hto (a + e) 2 " <C a x . 



□ 



uyiu, e dpyzux o6o3HaneHUHX, npu a < (i, 



x a = o (x* 3 ) , x 15 = o (x a ) . 

2?— >00 X— ^0 



TeopeMa 12.1.5 (o niKajie 6ecKOHeHHOCTefi). 

Cnpaeedjiueu coomnouienusi 



^OKa3ameAbcmeo. 



1 < log a x < x a < a 21 

x— s-+oo ( a >l) x^+oo (a>0) x— 5-+oo (a>l) 



1 



^.a+e ^6 x— >co 

h 3to 03HanaeT, hto x q <C x a+e . Hao6opoT, 

x— >oo 

= x e — ► 

l" x^O 

H 3TO 03HaHaeT, hto x a+£ <C x a . 

x->0 







□ 



TeopeMa 12.1.4 (o cpaBHeHHH noKa3aTejiB- 
hbix cpyHKHirii). Cnpaeedjiueu coonmouieHUfi 



(12.1.12) 

ujiu, e dpyzux o6o3HaHtHusix, 

1 = o (log x) , ecjiu a > 1, 

x— >+oo 

log a x = o (x a ) , ecAua>l,a>0 

x— >+oo 

x Q = o (a 21 ) , ecjiu a > 0, a > 1 

x— f+oo 

/JoKasameAbcmeo. HepBoe cooTHOHiCHne oneBHjj,- 

HO, nOTOMy HTO 

1 



lim 



1 



a x < (a + e) x , 

x— >-+oo 


(a + e) x < a 2 

a;— ^ — oo 


(£>0) 


(e>0) 



>+oo log Q X \00 

,HoKa>KeM BTopoe: 



= 



lim 

x^+co x u 



paBHjio 
onHTajia J 



uau, e dpyzux o6o3HaneHUMX, npu < a < b, 



a x = o (b x ) , b x = o (a x 

x— >-\-oo x — y — OO 



lim Um SES 



= lim 



+00 (x Q )' x-5-+oo Q; • X Q 1 

1 



• lim — = 



+oo a In a • x • x a 1 a In a x^+cx> x 



/JoKa3ameA-bcmeo. 



(a + e) x \(a + e) 



( _5_ V _^ 

V (a + e) / x^+c 



A Tenept TpeTte: 



li m — = ( n P aBHJI ° ^ 



\ a > y 

■ u » ^= 

x^+cx) (a 2 ")' 
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rjia B a 12. ACIlMnTOTMHECKBE METOffbl 



y / ccjih a — 1 > 0, 

x^oo CL X In a _ y npHMCHHCM npaBt 

a • (a — 



to em,e pa3 A 
aBHJio JlonHTajin / 



lim 



( ccjih a — 2 > 0, to eme pa3 \ 

I npHMeHaeM npaBHJio JIonHTajiii J 



a x (lna) 2 



lim 

:— >-+oo 



a - (a~ 1) ■ (a -2) 
a x (ln a) 3 



lim 



npuMCHHeM npaBHJio JIonHTajm 
#0 Tex nop, noKa b HHCJiHTejie I = 
He nojiyMHTCH x a ~ n , ryje a — n < J 

a ■ (a — 1) • (a — 2) • ... ■ (a — n + 1) • x Q 



a x (In a) 71 

(nocicojiBKy a — n < 0. 
K a_n » 



- =0 



□ 



IIpHHrpin Bti^ejieHHH rjiaBHoro cjiaraeMoro Chmbojim <C h o, oniicamibie b npeflbmymeM na- 
parpacpe, 6biBaiOT nojie3HBi b pasjiiiHHbix ciiTyanpax npii bbihhcjichhh npeflejic-B. CaMoe npocToe hx 
npHMeHeHHe oniicbiBaeTCH b cjieflyiomeii TeopeMe. 

Teopeivra 12.1.6 (o BfemejieHHH rjiaBHoro cjiaraeMoro) . Ilycmb danu necnojibKo $ynKuuu 

A (x),Ai(x), ...,A n (x), 

npuueM npu x — > a (p"yHKii t uM Aq(x) 6ecK0HeuH0 eeAUKa no cpaeneHum c ak>6ou dpyzou cjiynKuueu' U3 
smozo cnucKa: 

Ai(x) < Ao(x), A 2 (x) < Aq(x), A n {x) < A (x) (12.1.13) 

x— ¥a x^ra x— >a 

Tozda cyMMa amux cjjynKuuu SKeueajiewmHa Aq(x) npu x — > a: 

A (x)+Ai(x)+A 2 (x) + ... + A n (x) ~ Aq(x) (12.1.14) 

x—>a 

/foKa3ameA'bcm60. H3 (|12.1.13p cjie^yeT, ^ito 

M{x) | Q A 2 (x) | Q A n (x) Q 

nosTOMy 

J 4 (i)+Ai(i) + >l 2 (a:) + - + 4(a;) _ 1 ^Qe) A n (x) ^ 1 + + 0H +0 = 1 

A (ic) A (ic) A (x) A (a;) »-+a 

to ecTb, BbinojinaeTCH (|12.1.14p . □ 

• OyHKUTiH Ao(x), ajih KOTopoii BbinojiHaiOTCH cooTHOineHHH (|12.1.13p . Ha3biBaeTCH zjiaenuM 
cAasaeMUM b cyMMe Aq(x) + A\(x) + A 2 {x) + ... + A n (x). 

TeopeMa 112.1.61 npiiMeiraeTCg b cjie/iyiomeH ciiTyairiiii. HycTb HaM Heo6xoflHMO BbraiwiiiTb npefleji 

r A (x) + M{x) + A 2 {x) + ... + A n {x) 
B (x) + Bi{x) + B 2 {x) + ... + B n (x) 

npn^iCM H3BGCTHO, hto Aq (x) HBjiHeTCH rjiaBHbiM cjiaraeMbiM b cyMMe Aq (x) + Ai (x) + A 2 (x) + . . . + A n (x) , 
a Bq(x) HBjiaeTCH rjiaBHbiM cjiaraeMbiM b cyMMe Bq(x) + B\{x) + B 2 (x) + ... + B n (x): 

Ai(x) < Ao(x), A 2 (x) < Aq(x), ... A n (x) < A (x) 

x— va x—>a x—*a 

Bx{x) < B (x), B 2 {x) < B (x), ... B n (x) < B (x) 



Tor^a 



h nosTOMy 



Aq (x) + Ax (x) + A 2 (x) + ... + An (x) - A (x) 

x—>a 

B (x)+Bx(x)+B 2 (x) + ... + B n (x) - B (x) 



A (x) + Ax(x) + A 2 (x) + ... + A n {x) A (x) 
lim — , . — , . — , : „ , . = lim 



>a B (x) + B x (x) +B 2 (x) + ... + B n (x) «a B (x) 
TaKiiM o6pa30M, cnpaBefljiiiB cjieflyiomiiii BajKHbiii npiiHii,Hn. 
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TeopeMa 12.1.7 (npuHLjun BbmejieHHH rjiaBHoro cjiaraeivroro). Buhucamm npedeA 

Y A (x) + Ajjx) + A 2 (x) + ... + A n {x) 
x^a B (x) + Bx{x) + B 2 {x) + ... + B n (x) ' 

CAedyem eudeAurrib e HUCAumeAe u 3HaMeHameAe ZAaenue CAasaeMue, a ece ocmaAtnue - "emopocme- 
newHue" - npocmo 3auepKHyrm>: 

,. A (x) + Atix) + A 2 (x) + ... + Mx) ,. Mx)+A^c) + A 2 S fe) + ... + A r ^x) Aq(x) 

lim = lim — — — = lini 

x^a B (x) + B 2 (x) + ... + B n (x) B (z) + B$) + B 2 Yx) + ... + B^x) x ~> a B °( x ) 



PaccMOTpHM npHMepti. 



o 12.1.9. 



lim 



x 



In x 



a;->+oo x z + sm x 



/ no TeopcMC 1 12.1.51 \ 
(o niKajie Scckohcmhoctgh) , \ 
In x <C x , 

X-t + OO 

KpoMe Toro, 
KaK jierKO nposepHTb, 
sin x <C x 2 



x + In x 



= lim ■ 

x— f+oo 



sin a; 



= lim — = 

a;— >-0 X 



o 12.1.10. B cne/ryioineM npiiMepe CHOBa ncnojib- 
3yeTca nncajia 6ecKOHenHOCTeH (TeopeMa ll2.1.5[) : 



2^i + 2 log. x + 5 
lim 

Z-S.+00 COS X 



= lim 

X— f+OG 



fx- 1 
2Vi+21og^a; 4 



= lim ^ = 2 

a;->+oo y'a; 



o 12.1.11. 3aecb Hcnojib3veTCg TeopeMa II 2. Ol (o 
cpaBHeHHii CTeneHHbix cpyHKUTift): nocKOjibKy a; — >• 
oo, rjiaBHMMii cjiaraeMbiMii 6y^yT MaKCHMajibHbie 
CTeneHH y x: 



lim 

x— ¥oo x - 



5a; + 3^/x — 2a 



3a; 4 + 8yfx 

+ 3)(/x - 2x 5 



lim 

x— f oo 



3x 4 + 



lim ■ 

x— f oo 



lim ■ 

x— >oo 



-2x 5 
^3o? 

■2x 



oo 



o 12.1.12. 3^ecb ,npo6b Ta xe, hto h b npe^ti- 
/rymeM npiiMepe, ho, nocKOjibKy a; — > 0, rjiaBHbiMH 
cjiaraeMbiMH, no toh a:e TeopeMe ll2.1.31 6ynyr Ha- 
o6opoT, MHHHMajibHbie CTeneHH y x: 



lim 



5x + 3yfx - 2x 5 



x->o x - 3aj 4 + 8*/x 

+ 3^- ^ 5 



lim 

x^O 



- 8^i 8 ^ 



lim 



o 12.1.13. 3,n,ecb Hcnojib3yeTCH TeopeMa 112.1.41 (o 
cpaBHeHHH noKa3aTejiBHBix cjayHKinrn): nocKOjibKy 



x — > +oo, rjiaBHBiMH cjiaraeMbiMH 6yzryT CTeneHH c 
HaH6ojibniHM ocHOBanneM: 



~)X — 1 



3X + 1 



lim 



i • 2 X - 3 • 3 X 
lim - 



x^+oo 2 X+1 + S^^ 1 x-^+oc 2 -2 X + ± - 3 X 



hw - 3 • 3 

lim — ^ 

x->+oo 2 y 2 ^ 



1 . "}a; 
3 13 



—3 • 3 X 
lim ^ 

aj^+oo A . 3a: 



o 12.1.14. 3,a,ecb ppo6b Ta »ce, hto h b npe/nj/ry- 
meM npHMepe, ho, nocKOjibKy x — ¥ — 00, rjiaBHbiMn 
cjiaraeMbiMH, no toh ace TeopeMe ll2.1.4l 6y^yT Ha- 
o6opoT, CTeneHH c HaiiMeHbiiiHM ocHOBaHHeM: 



ja;+l 



lim 



2 X+1 



I . o x 
lim 2 



3 • 3 2 



-00 2 • 2 2 



1 . Qa 

3 ^ 



I • 2 X - 3 Y3 X i. 2 
= um T7 — = nm " 2 r~^" 

x— > — 00 2 2^ _j_ 1 V?a: a;— > — oo 2 • 2^ 4 



1 



o 12.1.15. B cjie,nyioiHeM npHMepe mi>i CHanajia 
Bbi^ejiaeM rjiaBHoe cjiaraeMoe, a 3aTeM npHMeHHeM 
TeopeMv 1 1 2 . 1 . 21 06 SKBHBajieHTHOii 3aM6He: 



lim 



5x 2 + 3x 



10 



lim 



•■ 2x 5 + 7sinx 2 x->o ^/,; 
5x 2 



= lim 



c-K) 7 sin 
» 12.1.2. 



a; 2 ( 



sm a; ~ x 



I- 7 sin x 2 

,. 5a; 2 5 

= lim —7 = - 

a-^o 7a; 2 7 



Um 2"+a: 5 

2 x +a: 5 
>+oo a, 2 +5^ 




lim T 



6. lim^;- 

7. lim^;- 

8. lim^;- 
0. limj,- 

10. lim K _ 



-1 

x+^/x 



+ 00 


e^-l 


-r 




X 5 




+00 










— 00 


a; 2 +x 3 


+■00 


a:+sin x 


x+cos a; 
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3KBHBajieHTHOCTt Mopyjieik, CTeneHefi h jiorapiicpMOB 
TeopeMa 12.1.8. Ylycmb danu dee SKeueajiewmHue (pyuKi^uu npu x — > a: 

fi(x) ~ f 2 (x) 

Tozda 

(i) Mody/iu 9mux $yHKv,uu mocuce aKeueaAewrriHu: 

~ \f2{x)\ 
x—>a 

(ii) cmenenu smux ^ynni^uu (c npou360JihHUM nonasamejieM) mowce SKeueaAeHmnu: 

h(x) a ~ f 2 (x) a , «el 

x— >a 

(in) ec/iu edo6aeoK f 2 (x) cmpeMumcn k 6cckohchhoctyiu uau k nyAto 

f 2 (x) — > +oo (uau +0) 

x— >a 

mo AosapucpMU smux c/jyHKi^uu (c npouseoAWUM ocHoeanueM,) SKeueaAenmHu: 



/JoKa3ameAbcmeo. 

1. fi(x) ~ f 2 (x) 

2. fi(x) ~ f 2 (x) 

x—t-a 

3. fi(x) ~ f 2 (x) 



I +oo 

| +0 



log a fi(x) ~ log a f 2 (x), < a ^ 1 

x—ta 



H{x) ) 1 ^ l/i(x)| 

/2(a) I/2 (a;) | 

l/i (^)l ^ I/2WI => 

a;— 

AW , 1 h(x) a 



h(x) 



f2(x) 

fi(x) 



h(x) x^a 

h(x) a ~ h{x) a 



h(x) a \h(x) 



log a / 2 (a;) 



log a h (x) 



lQg a /2W+l0g a ^gj 
l0g a h (X) 



1 



log a / 2 (a;) 



+ OO HJII1 + 



lo ga 


hi?) 




h{x) 



□ 

H3 3toh TeopeMbi cjie^yeT, hto npn BtiHHCjieHHH npe/jejiOB c MOjjyjiHMH, CTeneHHMH hjih jiorapncp- 
mrmii TaK»ce M05KHO Bbi^ejisTb raaBHtie cjiaraeMbie, ho Hyotcno moAbKO cAedumb, nmo6u apzyMenmu y 
AoaapucpMoe cmpeMUAUcb k +00 uau k +0. HanpiiMep, 



Um \A (x) + Ai{x) + A 2 (x) + ... + A n (x)\ 
*-+ a {B {x) + B^x) + B 2 {x) + ... + B n (x)f 



= lim 



A (x) + A 1 fx) + A 2 )k) + ... + Ajx) 



>a (Bo(x) + B$) + B$) + ... + B^) 



lim 



\M*)\ 

aB Q {xf 



Hjih, ecjin Bq(x) — > +00 (hjih +0), 
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lim {MX) + M{X) + MX) + - + An{x))a 
In (B (a;) + B^x) + B 2 (x) + ... + B n (x)) 



U (x) + + A 2 ){x) + ... + AX) ) A r x y 
lim — —. -A—. -A—. , , . = lim 



In (B (x) + B$) + B 2 ^x) + ... + B r ^x) ) ln M*) 

H b TaKOM Ayxe. PaccMOTpnM HecKOjibKO npHMepoB. 



o 12.1.16. 



lim 



\^+3x-2x 2 
+°° Va; + a: 2 + a; 4 



= lim • 

X— >+OG 



2a; 2 



|-2a; 2 | ,. 2x 2 „ 
lim - = lim — = 2 



x— >+oo x 



o 12.1.17. 



lim 



/ a 7 + 3x - 2x 2 
x^+O yjx + x 2 + x 4 

= lim ■ 

x^O 



x + 



o 12.1.18. 



= lim — — = lim x 6 = oo 

X^O y/X x^a 

\n(x 2 +x) ,. ln(a: 2 +V) 
lim -—7 »r = lim -A— = 

c^+oo ln(a; + x A ) x^+00 m ^ 5 + \M 



lna; 2 , 21na; 2 
= lim - = lim — = - 

n+=o Inr ^+00 5mi 5 



o 12.1.19. 



ln(a; 2 +a;) 
lim - — — — = lim 



+ x) 



>+oln(x 5 +x 3 ) ^+o ln (V 5 +2 .3) 



lna; ,. lna; 1 
= lim r = lim — = - 

x-t+oinx 6 x->+o31na; 3 



o 12.1.20. 



31na; + x-2 

" m i — ft 5 o — r = 

x^+<xi In 1 5 + x A — e ix \ 

3 \vfcx + x 
= lim — 

x^+oo j 



= lim 



„2x 



lim 



+00 ln |— e 2x \ x^+ca 2x 2 

» 12.1.3. BbraicjiHTe npeflejibi, o6paiHaH bhhm&- 
mie Ha 3HaHemie, k KOTopoMy CTpeMHTca apryMeHT 
x: 

.. In \x — 2 ln x — 3\/x\ 

1 . lim . ' 1 

x— Hoc \/lnx+2x^x-x 2 
.. In x— 21nx— 3-*/x 

2. lim ' 

x^O i/\nx+2x^/x-x 2 
ln(l+v^+^) 

3. lim —7 T-ZZ TTZTT 

x^+oo ln(l+iJ/x+;J/x) 

4 lim Ml±y^±M 

' X ^Q ln(l+^+^S) 
fi lim '"(1+3 X ) 

7 lim ln(1+3X) 



(b) AcHMnTOTHHecKHe cbopMyjii>i 

B MaTeMaTHHecKOM aHajiH3e HMeeTCH cneiniajitHtiH sbbik acuMnmomuuecKux cfiopMyji, no3BOjiaioiHHH 
onncBiBaTb pa3jiHHHbie cbh3h Meyngy (pyHKiniaMH c noMOimsio chmbojiob o. JIjir ero noHHMaHna ppci&- 
tohho npocTO 3HaTb, hto ecjm b KaKofi-TO cpopMyne BCTpenaeTCH chmboji o(^f(x)j , to sto osHa^aeT, hto 
Ha 3tom MecTe ctoht HeKOTopaa (HeraBecTHaa) (pyHKinia a(x), pjisi KOTopoii cnpaBC,u;jiHBO coothohichhg 
a(x) = o(f(x)y 

x^a 

KaK h Bee Ha CBeTe, sto jiynine noHHMaTb Ha npHMepax. 



o 12.1.21. CxajKeM, acHMnTOTHHecKaa (popMyjia 03HaHaeT, hto 



sin x = x + o(x) 

x^O 



sina; = x + a(x), rp,e a(x) — o(x) 

x^O 
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Ee HeTpy/i,HO ,n,OKa3aTb: 

sin a; = x + o(x) sin a; — x — o{x) 

a:->0 x^O 



sin x — x 



x 







smx 

^> 1 — > O 

X z->0 



1 



X a;-vO 



IIocjieflHee cooTHOineHne BepHO, nocKOJitKy npe/i,- 
CTaBjiaeT co6oii nepBtiii saMeHaTejibHbiii npe^eji. 

o 12.1.22. Hjih bot Taxaa acnMnTOTHnecKaa cpop- 
Myjia: 

x 2 

cosx = 1 h o(x 2 ) 

2 aj-i-0 

OHa 03HaHaeT, ^ito 
x 2 

cosx = 1 — + a(x), r^e a(x) = o(x 2 ) 

n flOKasaTb ee TaKsce HeTpy/nro: 

,•2 



cos x = 1 — — + o(x z ) = 



C 2 ) 



cosx - 1 + — = o(x 2 ) 
2 



cos x — 1 + \ 



cos x — 1 1 



2 z^o 



<S> 



— > <S> 

cos x — 1 1 

a; 2 k^o 2 



tgx = x + o(x) (12.1.16) 

X 2 

cosx = 1 - — +o(x 2 ) (12.1.17) 
2 x ^o 

ln(l + x) = x + o(x) (12.1.18) 

log a (l+x) = -^+o(x) (12.1.19) 
In a 

e x = l + x + o(x) (12.1.20) 

x^O 

a x = l + x-lna + o(x) (12.1.21) 

(l + x) a = l+ax + o(x) (12.1.22) 

x^O 

arcsinx = x + o(x) (12.1.23) 

x->0 

arctgx = x + o(x) (12.1.24) 

x->0 



/JoKasameJibcmeo. Bee 3th (popMyjibi jierxo bbibo- 
/yiTca H3 (|12.1.2p - (|12.1.1ip . B KanecTBe npimepa 
paccMOTpnM (|12.1.2ip : 



cpopMyjia 1112. 1.211 



a x = 1 + x • In a + o(x) 

a x - 1 - x • In a = o(x) 

a 31 — 1 — x • In a 
<S> > <S> 



x 



IIocjie/i,Hee cooTHOineHiie ,u;0Ka3BiBaeTCH HanpaMyio: 

COSX 1 / npaBHjio \ n . Sin X 

hm = (jlonKTa^J = lim 



a a - 1 , 
In a — > 

X x->0 



x-yO 





a x - 1 



x-yO x 



/cHOBa npaBHjio\ i. 

V JIonHTajiH J - J™ 2 



2x 

COSX 1 

= ~2 



X x-yO 



In a <^> 



a x - 1 

— ^ ► 1 a T - 1 ~ x • In a 

X • ma a;-K) a:->0 



BbinnnieM hcckojibko BajKHtix acHMnTOTHne- 
ckhx (popivryji: 



cpopinyjia 112.1.81 



sinx = x + o(x) 

x-yO 



(12.1.15) 



□ 



Cbh3b> Mex/iy acHMnTOTHiecKofi skbhbcUighthoctbio 

h acHMnToraiecKHM cpaBHeHHeM Cbh3h MejKfly (popMyjiaMH (|12. 1 . 15[) - Q12.1.24p n (|12.1.2p - 
(|12.1.1ip OTpa»caiOT BajKHyio o6myio 3aBHCHMOCTb Mempy CHMBOjiaMH ~ h o: 

TeopeMa 12.1.9 (o CBH3H mempy chmbojismh ~ h o). CAedywmue ymeepMcdenusi 3Keueajienmnu: 
(i) f(x) ~ g(x); 

x—>a 

(it) /(x) = g(x) + o (g{x)); 
(it) g(x) = f(x) + o (/(x)). 

x— >a 

/^oKaaameAbcmeo. ^OKasceM, ^to (i«) <=> («): 



(ii) & f(x) = g(x) + o (g(x)) f(x)-g(x)= o (g(x)) <S> 
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f(x)-g{x) n fix) 1 „ fix) 

g(x) a;^a gr(x) g(x) x^a 



A Tenepb - hto (m) <^=> (i): 



(***) «• ff(aO = /O) + o (/(a:)) «• - /(x) = o (/(x)) <s> 



x— fa 



qix) — fix) „ ofx) „ g(x) 

/(x) 3-><« / (x) x^a f (x) x^a 

* ^ -> 1 ^ /(*) ~ ^ (i) 



CBoficTBa CHMBOJia o h ynpoiu,eHHe acHMnTOTHiecKHX cpopiviyji IlepeHHCJiHM HeKOToptie 

06m,He CBoficTBa CHMBOJia o 

1° C- o (f(xj)= o (c-f(x))= o (/(x)), C^O; 

2° o (f(x)) ± o (/(x)) = o (/(*)); 

3° fix) ~ ,g(x) => o (/(£)) - o ( fl (x)); 

4° o (fix)) - o (g(x))= o (f{x)-g(x))=f(x)- o (g{xj); 

x— >a \ / x— va \ / x— >a \ J x— >a \ / 

5° o ( o (fix))) = o (fix)). 

x^a \x— >a \ J J x—ta \ J 

6° o ifix)) = fix) ■ o (1); 

x— va x—ta 

7° o (1) — ► 0; 

x— >a x—>a 

8° [f[x) + x o a (fix))Y = fixy + x o a {fixy), ^0. 

3th cpopMyjiM HaflO nomiMaTb bot KaK. Ecjih Bbi Bii/niTe rfle-HnGyflb, HanpnMep, BbipajKCHne 

C- o ifix)), 

X—HL 

to, no (J)opMyjie 1°, Bbi MO^KeTe 3aivieHHTb ero Ha 

o (C-/(x)), 

HJIH Ha 

o (/(*))■ 

x—>-a 

Hjih, CKaxceM, BbipaxceHne 

o (fix)) + o (/(a;)) 

a— fa \ / x— >a \ / 

mojkho, nojii>3yacb (popMyjioii 2°, 3aMeHHTb Ha BbipajKeHne 



□ 



o (fix)). 



/JoKa3ameAbcmeo. 1. C o,h,hoh CTOpoHbi, a(x) = C ■ o ifix)) — o ifix)) — ^ 

a;— >a ^ x^a ' J\ x ) x^a 

^ r'f'rli — a(x) = o (C • fix)). C flpyroft CTopoHbi, a(x) = o (C • /(a;)) <^=> 
c^) -> ^ 7© ~? ^ = ° 

a(x) = O (/(*)) JtM a(«)i<IW _ a(x) , n / x , o, x _ 

/(») r^a U 



/3(x)= o (/(x)) 
o (fix)). 

c— fa \ / 
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3. HycTB fix) ~ g(x), to ec Tb — > 1. Tor A a a(x) = o (/(x)) «■ 2g _, ^ fgl = 

sisi. m. o-i = o 



7T7T ^7T — a^^^)). 

!a = o ( fix)] { ^ > 

i^oV / _v J /( x ) x^a * a(x)-ff(x) _ . gfe) > n , . o( \ 

f> = x O a {g{x)) \ fg} ^ - ^ ^ ^ a W ^ 

_o_(/(a;)-<7(a!)).H,BO-BT(>pfiix,a(x)=_o (f(x)-g(x)) => /( °ff (a!) — » => ^ — > = 



,7.'— 7 a 



5. <DopMyjia a(x) = o ( o ( f(x) ) ) osna^iaeT, hto a = o (/3(x)) fljia HexoToporo /3(x) = o (/(x)). 

x— >a \x— >a V / / a:— fa x— >a \ / 

Tor fl a:fi^0 & ffi = ■ =► a( X ) = ^(/(x)) . 

6. a(x) = o (/(a:)) «*• — ^ ^ ^ ffg = o (1) ^ a(x) = 

a;— fa ■> \ > 2;— fa x— fa J ^ ; 2;— fa 

/(*) ■ o (1). 

a;— fa 

7. a(x) = o (1) a{x) = 2M _> . 

2;— fa 2;— fa 

8. a(x) = (/(x) + o (/(as)))" =* a(x)* = f(x) + o (f(x)) => a(x)i - f(x) = o (f(x)) =*- 

V 2;— fa \ / / x-^-a \ J x —fa \ / 

x^a /W x-^a fW" x^a f( x >" J x^a W J W 

o (/(a?)") =4. a(s) = /(x)" + o (/(x^Y □ 

a:— ya V / x— fa V / 

K CBoitcTBaM 1° — 8° nojie3HO floGaBHTt eme TpH, othochihhxch cneiniajibHO k cjiy^aio, Kor^a x — > 

CBOHCTBa CHMBOJia o npH x — > 
1°°. a < /? x* 3 = o fx"); 

a-— >0 V / 

2°°. a < (3 =*> O o (x Q )+x^= ° ( xa )' 

3°°. a<P o (x a ) + o (x^) = o (x a ); 

/JoKa3ameAbcmeo. 1. Ecjih a < /3, to no TeopeMe 112.1.31 x@ <C x a , to ecTt> x^ = o (x a ). 

a;->0 x->0\ / 

2. OTCiofla cjie^yeT, hto ecjiH a < /3, to o ^a; Q ^ + — ° ( xa ) + ° ( xa ) = ° 



3. Ecjih a < 



(3, to o (x qN )+ o (V 5 ") = o (xA+x 13 - 01 - o (x a ) = o (x a )+ o flV o (x a ) 
o (x a ) + o f 1 ■ x a ) = o (x a ) + o fx"") = o (x a ) 



□ 



IloKa»ceM, KaK c noMomtio cbohctb 1° — 8° h i 00 _3 00 mohcho ynpomaTb acHMnTOTHnecKHe cpopMyjrti. 



o 12.1.23. 



x + x 2 + o (x 2 ) + o (x + x 2 + o (x 2 )) 

x-yO x^oV x^O / 

= (cBOHCTBo3°) — X + X 2 + O (X 2 ) + 

x— >-0 



o x 

x-J-CP 



o 

x-j-0. 



x + x 2 + o (x 2 ) + o (x) = ( 
x->0 x-j-0 



CBOHCTBO t 



= x + x 2 + o (k 2 )+ o (x)=x + x 2 + o (x) 

= (cBoitcTBO 2°°) = X + 3T+ O (x) = X + O (x) 
/\ x— >0 x— >0 

o 12.1.24. 



(x + x 2 +k O o (x 2 )) 2 = 

= (x + x 2 + ;c O o (x 2 )).(x + x 2 + :c O o (x 2 )) = 

— x 2 + x 4 + ( o (x 2 ) ] + 2x 3 + x o (x 2 ) + x 2 o (x 2 ) 
Vaj->o y x->o x->o 

= x 2 +x 4 + o (x 4 )+2x 3 + o fx sN )+ o 

x-s-OV / x-s-OV / x-s-0 

= (cBOIlCTBO 3°°) = 

= x 2 +x 4 + o j^ 4 V2x 3 + o (x 3 )+ o 

x-s.oY\ / x-i-OV / x^O 

= X 2 + X 4 + 2X 3 + O^ 3 ) = (CB0HCTB0 2°°) 



2 i A/4 i 0^3 



2x' 5 + o I x J ) = x 2 + 2x 3 



- o (x ; 

x-s-OV 
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IIocjieflHHH npiiMep oco6chho BajKeH, h nosTOMy 6ya;eT nojie3HO Haft™ 6ojiee skohomhmh cnoco6 
ynpomaTb nojj,o6Hbie BbipajKeHHH. IIpeflCTaBHM ce6e, hto Hail HyjKHO ynpocTHTb acHMnTOTH^ecKoe bbi- 
pajKeHne 

(a x 1 + A lX l+1 + ... + A k x l+k + x O Q (^ +fe )) • (B a x m + A lX m+1 + ... + A n x m+n + ^ (>+")) 

(12.1.25) 

fljisi SToro mojkho nojib30BaTbCH anejjyioiHHM ajiropiiTMOM. 

AjirOpHTM SKOHOMHOrO paCKpblTHH CK060K 

npH ynpoin,eHHH acHMnTOTHHecKHXBtipa>KeHHH: 

1. MbicjieHHO pacKpbiBaeM cko6kh, h HaxoflHM CHanajia MunuMajibHym cmeneub M nepeMCHHoil x, 
Komopasi MOMcem noAyHumtCH nod cumbojiom o. B HaineM cjiynae, ecjiii A$ ^ 0, Bq ^ 0, nojiynaeTCH 

M = min{Z + m + n, I + k + to}. 

9to 6yneT 03HaHaTt, hto nocjie ynpomeHHH Haine BbipajKeHne jjpjijkho OKaH^iHBaTbca chmbojiom 

o (x M ) 

2. IIo CBOHCTBaM 2°° h 3°°, Bee cjiaraeMbie co CTenenaMH i > M npii ynpoiiieHHH "cteflaiOTCH" 
cjiaraeMbiM o ^ ^x M ^ : 

IIosTOMy, pacKpbiBaa cko6kh, Mbi /iojukhbi jinnib HcIhth K03<pcpHHHCHTi>i nepejj, CTeneHHMH x l , i ^ M. 
3to flejiaeTCH Tax }Ke, KaK npn oGbihhom yMHCOKCHiiii MHoronjieHOB. 

IIoKa>KeM, KaK stot ajiropiiTM fleitcTByeT Ha KOHKpeTHbix npHMepax. 



o 12.1.25. PaccMOTpiiM em,e pa3 BbipajKCHHe H3 
npHMepa 7.2: 



(x + x* + x oy)) = 
= (W + k o o (* 2 )).( 



X + X* + 



o (x 2 )) 

c-XT ' ) 



1. CHanajia 3aMenaeM, hto MHHHMajibHaa CTe- 
neHb nepeMeHHoft x, CTOHmas nofl chmbojiom o, ko- 
Topaa MOJKeT nojiyHHTbca npn paCKpblTHH cko6ok 
paBHa 3. 3to nojiynaeTca, KOiyja cjiaraeMoe x yMHO- 

jKaeTca Ha cjiaraeMoe o (x 2 ). 3HanHT, Hauie ynpo- 

x— »o 

HICHHOe BBipajKCHHG flOJBKHO OKaHHHBaTbCH Ha 

o (x 3 ) 

2. BbinncbiBaeM KOScpepnnneHTbi nepeji CTene- 
hhmh x % , i ^ 3, KOTopbie nojiynaiOTca npn pacKpbi- 
thh cko6ok: 



x°:0 
x 1 : 



x 2 :l 



npn pacKptiTHH ckoSok; 
CTcnenb x° Boo6me 
nojiy^HTtca He mo>kct 

CTeneHb x 1 \ 
Toace nojiyMHTbCH He mokct I 



( CTCnCHB x 2 MOXCT nojiy^HTtca 
V Koryja x yMHOJKaeTCH Ha 



'bCH,\ , 
X ) ' 



3 



x 3 : 1 + 1 = 2 



' CTeneHb x mcokct nojiy mhti>ch , 
Koiyja a: yMHCOKaeTCH Ha x 2 
h Kor^a Hao6opoT 

X 2 yMHOJKaCTCH Ha x 



3. BbinncbiBaeM pe3yjibTaT: 

(x + x 2 + o (x 2 )") =x 2 + 2x 3 + o (x 3 ) 

o 12.1.26. YnpocTHM BbipajKeHne, OTjinnaiomeeca 
ot 7.2 CTene-Hbio: 



( 



X + X 



- o(x 2 ) = 

x— >0 



= (x + .T 2 + O (.T 2 )] • (x + X 2 + O (X 2 ) 
V x ^0 / \ x ^0 

• fx + x 2 + o (x 2 )) 
V x^o 7 

1. CHanajia 3aMenaeM, hto MHHHMajibHaa CTe- 
neHb nepeMeHHOii x, CTOsnnaH noA chmbojiom o, ko- 
TopaH MO»ceT nojiyHHTbca npn pacKptiTHH cko6ok 
paBHa 4. 3to nojiy^iaeTCH, KOiyja flBa cjiaraeMbix x 
yMHOJKaiOTCH Ha cjiaraeMoe o (x 2 ) . 3HaiHT, Haine 

x— >0 

ynpoiiieHHoe BbipajKeHne j^ojijkho OKaHHHBaTbca Ha 



o (x 4 ) 

x^0\ / 



2. BbinncbiBaeM K03(p(pHii,HeHTbi nepe/i, CTene- 
hhmh x l , i ^ 4, KOTopbie nojiynaiOTCH npn pacKpbi- 

THH CK060K: 



x°:0 
x 1 : 



npn pacKpMTHH cko6ok\ 

CTeneHb a: Boo6me I 5 
nojiy i iHTbcsi He mcokct J 

I CTeneHb x 1 tojkc \ _ 
\ nojiyHHTt>ca He mcokct J ' 
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x 2 : 



x 3 : 1 



CTCnCHb X TO>KC 

ncxnyHHTbcsi He mcokct / ' 



( CTeneHb x mcokct nojiyMHTtcsi, 

Kor,z;a x yMHCOKaeTcsi 
\ Ha x h eme P a3 Ha x 



x 4 : 1 + 1 + 1 = 3 y 



CTCnCHb X MOMiCT > 

nojiyMHTbca b xpex cjiynaax, 
Koiyja b pa3Hbix sapnaHTax x 
yMHOJKaCTCH Ha x h Ha x 2 / 



3. BbiniiCbiaeM pe3yjibTaT: 

(x + x 2 + ° ( x2 )) 3 = £ 3 + 3x 4 + ° (^ 4 ) 
o 12.1.27. YnpocTHM Bbipa^ceHHe 

^_^ + i „ o(x » ) ).( 2l 3 + x5 + i „ o ( I « ) ) 

1. 3aMeHaeM, hto MHHHMajiBHaa CTeneHb nepe- 
MeHHOH x, CTOsnnaH no,n, chmbojiom o, KOTopaa MO- 
aceT nojiyHHTbca npii pacKptiTHH cko6ok paBHa 6. 
Bto nojiynaeTCH, KOiyja cjiaraeMoe o (a; 3 ) yMHO- 

x— >0 

xcaeTca Ha cjiaraeMoe 2x 3 . 3tiaHHT, Hanie ynpomeH- 

HOe BBipajKCHHC flOJCKHO OKaHHHBaTbCH Ha 



o I x 

a;->0 



2. BbinncbiBaeM KcecpepHHiieHTbi nepe,n CTene- 
hhmh x l , i ^ 6, KOTOpbie nojiynaiOTCa: npn pacicpbi- 
thh cko6ok: 



x°:0 

x 1 : 
x 2 : 
x 3 : 
x 4 : 



/ npn pacKp 
\ Boo6iu,e 



bithh cko6ok CTeneHb x 
nojiyiHTBCH He mokct 



(-"-) 
(-"-) 
(-"-) 

(-"-) 



x b : 2 



/ CTeneHb x 5 MO«eT nojiyHHTbca, 
I Kor,n;a x 2 yMHoacaeTca Ha 2x 3 

' CTeneHb x G MoaceT nojiyHHTbCH 
iKor^a — ^a; 3 yiviHo^KaeTCH Ha 2x 



■)■ 



3. BbinncbiBaeM pe3yjibTaT: 



(x 2 --x 3 + o (x 3 )Y(2x 3 + x 5 + o (x 6 )) 
\ 2 x->o J V x^o J 



2x 5 -x b + o (x b ) 

z-s-0 



t» 12.1.4. YnpocTHTe BbipajKeHna: 



c 2 + fx 3 + o (x 3 ) 



T? + |x 3 + o (x 3 ) 



3a; + ix 3 + o (x 4 ) 
5 x-K) 

3k + ix 3 + o (x 4 ) 
3k 2 + ix 3 + o (a; 3 ) 



-2x + x 2 + o (x 2 ) 



3a; + Jx 3 + o (a; 3 ) • -2a; + a; 2 + o (a; 3 ) 



3a: 2 + \x s + o (a; 4 ) • -2a: + x 2 + o (a: 3 ) 

4 x->0 ) \ x^O 

4a; + 3a; 2 - 2a; 3 + a; 4 + o 

x + x 2 + a; 3 — x 4 + o 



4a; + 3x 2 - 2a; 3 + a; 4 + o 
x + a; 2 + a; 3 - a; 4 + o 

4a; + 3a; 2 - 2a; 3 + a; 4 + o 

x — H) 

a; + a; 2 + a; 3 - a; 4 + o (a; 5 ) 



BbiHHCJieHHe npe,a,ejioB c noMOiiBbio acHMnTOTHiecKHX cpopMyji OStHCHHM Tenept, 3aneM Hy>K- 
hbi acHMnTOTH^ecKne (popMyjibi. PaccMOTpHM npe^eji 

lim x6 - arCts4 " + Sin5sintS " 2 (12.1.26) 
a;->o x 2 ■ sin x + In cos 3x 5 

P^jiiL ero BtiHHCjieHHa He noflxoflHT TeopeMa 06 SKBHBajieHTHOii 3aMeHe 112.1.21 hjih npHHinin Bbi^ejicHHH 
rjiaBHoro cjiaraeMoro 112.1.71 (hc roBopa y»ce o npaBHjie JIonHTajia 14.4.11 KOTopoe npninjiocb 6bi 3/i,ecb 
npHMeHHTb 10 pa3). 

TaK bot, b STOfl; CHTyau,HH Kax pa3 6biBaiOT nojie3Hbi acHMnTOTHiecKHe cpopMyjibi. BMecTe c flOKa3aH- 
HbiMH b npeflbiflym,eM naparpacpe CBOHCTBaMH 1° — 11°, ohh no3BOjiHK)T bbihhcjihtb TaKHe "cjiosKHbie" 
npeflejibi. noKa:sceM KaK sto ,n,ejiaeTca, HanHHaa c 6ojiee npocTbix 3a^,an. 

o 12.1.28. x + °S X )~ °S X ) x + °S X ) 



1 ■ x— x— >Q t x— )-0 

lim — = lim 



arcsin Ix sinaj /Hcnojib3yeM cpopiv 

x + in(i + 3x) ~ V traa » en 



pMyjit>i 



x->0 Ax + O (x) a;->0 4x + O (x) 



x->0 a;->0 



xA"o x + ln(l + 3x) Vli2^»li2^y 1 + o (1) . . 

lim 1 + 1 

2x+ o^(2x)-(x+ O n (x)) 

lim 

a;->0 



2x+ o (2a:)- x+ o (x) ^o4+ o (1) 4 + 4 

a;— >0 V x— >0 / a;— >0 



^3x + x O o (3x)) 
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o 12.1.29. 



ln(cOS x) / ncnojii,3yeM 45opMyjiL>A 

i™ 2 x2 - i _ v Gunzj h H2.1.20I J 



In 



= lim 



O (5 

V J x->0 



lim x ^ i-x.(2+ o (1)+ o (1) ] 

o V a:— >0 a;— !-0 J 



e lim I ,„^ i O i (l) +i O o (l) j = e2+0+0 = g2 



o 12.1.31. BepHeMca Tenept k npHMepy (|12. 1.261) : 



x^o x 2 ■ In 2 + o (x 2 ) 

x^O 

/ nocKojifcKV — ^ — h o (a: 2 ) > 0. 

' ^2 no 1 ' x->0 

mojkho cflejiaTb 3aMeHy 
h Torfla nojiyiiiTCH, mto y > 0, 

a;— >-0 

ii no cpopMyjic fl!2. 1. 18t mm 6y,a;cM HMeTt 

ln ( 1 "^ + -o ( " 2) ) = 
= ln(l + y) = y + o (ji) = 
y— >0 



lim 



a: - arctg x + sin sin tg x 



+0 a; 2 . sin 8 x + In cos 3a: 5 



lim < a: 6 - ( x + o (a:) ] + ( sin tg a 2 + o (sin tg x 2 ) ] > 
x->0 [ \ x-K) J \ x-K) / J 

x 2 • fx + ° (x)") + In M - ^ + O q ((3x 5 ) 2 



: lim ■ 

x->0 



lim ■ 

x->0 



V= -v + ^ (- 2 ) + x o o (-v + . E o (- 2 )jy 



+ tgx + o (tgx ) + o I tga + o (tgx ) 



x->0 



x^ • ( x" + _o„(x°) ) + ln | 1 - — + a O o (fix 1 



x 2 ■ In 2 + o (a; 2 ) 



x->0 



/ ncnojib3yeM 

\ CBOHCTBO 3°° 



f 1 

»0 \ 



- lim ^ x 10 + _O o (x 10 ) + (tgx 2 + o^ltgl 2 )^ I 
9a 1 " 



x->0 



a->0 



x lu + o (a 1 ")- — + o (9x^) + 

x — ¥0 2 x—*0 



9a- 1 



x 2 ■ In 2 + o (a: 2 ) 



x->0 



lim • 

a->0 



-4+ o (x 2 ) + o f-^f) 

2 x^Q v 7 x-»0 V 2 / 

a; 2 • In 2 + o (x 2 ) 

x^0 



+ o h o 9a 

x->o \ 2 x^o V 



lim < x + o (a ) + 

x — >o x— >o 



+ ( x + o(a)+ o I x + o(a 



/ IIClIOJIb3VCM \ i ■ 

^CBOHCTBO 1^ - J™ 



+ o (a; 2 ) + o (a; 2 

2 x^O x^O v 

a; 2 • In 2 + o (x 2 ) 

x^0 

-4+ o (a; 2 ) 

HcnojibsyeM 2°) ~ J™ x 2 . \ n 2 + O (a: 2 ) ~ 

x-^0 

^+a; 2 o (1) 

2 x->0 



10 , / 10\ 9a / 1 

x + o (x ) — h o x 

ai->0 2 x->0 V 



a 10 + o (x 10 ) + x 2 + o (a 2 ) 



— lim 



— lim 



+ o (a 10 ) +x 10 + o (x 10 ) 



7^10 



+ o (x 10 ) 



/ nocjie 3Toro\ 
\ cbohctbo 6°y , 1J ^n ^.2 



^-5o a; 2 • In 2 + x 2 o (1) 

a— >0 



2x 10 + o (x 10 ) 



— lim 



x Ao _7xl0 



— lim 



2+ o (1) 

x^0 



/ flejiHM Bee 
\ Ha x 2 



-2+ ° (!) 

,. 2 x^0 

lim 1 — ^ 77T 

x-s-o In 2 + o (1) 

x— >0 



+ o (x 10 ) o (1) 

x-*-0 x^0 



2 + 4 
-5+0 ~ _ 7 



(npHMeHseM\ 2 ^ _ ' 

cbohctbo 7° J - ln2 + o " ~2m2 



o 12.1.30. 



o 12.1.32. 



,. -i?fx + 3^i- 2sinx 
lim 



2: ^ 1 — cos a; + vx 2 



lim (x + e x ) * = lim e 

x— s-0 x— >0 



ln((a+e x ) x ) 



o lim a ._ >0 i-lnCx+e 1 ) _ lim x^o i-Mx+l+x+^o q (x)) 

lim x ^ i-ln(l+2x+ o (x)) 
= e x-»o — 



linix^o i- ( 2x+ o (a)+ o (2a+ o (x)) ) 
limx^oi-(2x+ o (a)+ o (2a+ o (2x)| 

g x \ x->0 x-^Oy x-+0 J 

limx-^o 2x+ o (x)+ o (2x) J 

g Y x > (J a: >■ (} J 

limx^o ( 2x+ o (x)+ o (x) ) 
_ g V x^O x— J _ 



/ npHMCHaeM opopMyjibA 

~ I 112.1.151 h 112.1.171 J ~ 

4x3 + 3a;3 — 2(a; + o (x)) 
]• x— >o 
lim 5 

\x 2 + oJl 2 )+I» 




lim <A o (x 4 ) 

x->0 L a-i-0 



3x 4 - 



-2( o o ( o (x< 

x— !-0 x— >-0 x— s-0 

(i o (xh+ o ( o (x?))+xH 
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( npHMCHaeM 

\ CBOHCTBO 6° § 







lim 

a->0 



4 o (x4 ) + 3x4 — 2( o (x4 ) + o (a;*)) 

a:— s*0 a— s*0 a— >-0 



lim 

a; -5-0 



npiIMGHflCM 

, CBoiicTBa 1° h 2° §7 



o (x4) +3x4 - 2( o (14)) 

a— x— 7-0 

/ 2~" 2 
O (X7 J + 17 

x— >0 



npHMCHHCM 
10 



lim 



( c --.i>: I " n ;>'' i j 

o (x3) + 3x4 — o (xi) 



x->0 



x^rO 



O (XT ) + X? 

x— 

o (xi) + 3x3 

a-s-CT y _ 

>U O (X7 J + 17 

a;— s>0 

X4 • O (1) + 3x3 



lim 



lim — - 

a-s-O x - 



£C->0 



o n (l) + 3 

x— >0 



■ 17 



lim 

a-s-0 • o (1) + xA 



'no CBOHCTBy §7 



o 12.1.33. 

A^/x + 3<Vx - 2sinx 



+ 3 
0-0 + 



lim 



1 — cos x + v x 2 

,. 4x3 + 3x4 
= lim 

x— f oo 



2 sin x 



1 — cos x + X 7 



lim 



I xi = o (xi) \ 

in x — o (a; 3 ) 

x 00 2 
3S a: — o (a; 7 ) 

y 1 = ^0^(3;?) j 

4x3+3 o (xi) — 2 o (xi 



O (X7)— O (X7)+X7 
x— foo a— >oo 

4x^ + o (xs) 

lim 



lim 

x— fOO j-f 



O (X 7 ) + X 7 

a: — ^OO 

4x3 + xi ■ o (1) 



lim 



O (1) + X7 

x — 

4X2T + X2T • O (1) 



o (1) + 1 

x—^-oo 

(no cBoficTBy 8° §7\ 
x oJl) ,-+0 ) = 



lim x 5 

x— >oo 



O (1) 



O (1)+1 



DC 



4 + 
+ 1 



» 12.1.5. BBmiicjiirre npeflejiti: 
1. 



l- 1-cosa 
ln(l+tg2 x) 



lim 

ai-s-O 



ln(l+a+a 2 )+arcsin 3a — 5a; 3 
sin 2a+tg 2 x + {e x — l) 5 



lim (cos x + arete; 2 x) arcsin;i : 

a,->0 v y 



oo 



§ 2 <E>opMyjibi IleaHO h acHMirroTHKa 
(a) OopMyjit.1 IleaHO 



<I>opMyjia Tefijiopa-IIeaHO. AciiMiiTOTHiecKHe cpopMynti (|12.1.15p - ([12.1. 24D . 0Ka3biBaeTCH, hbjih- 
iotcs nacTHbiMH cjiy^aaMH oflHoii o6m,eH cpopMyjibi, KOTopaa oniictiBaeTCH cjie/ryiomeH TeopeMoii: 

TeopeMa 12.2.1 (Tefijiopa-IIeaHo). Ilycmb cfjyHKV t uji f onpedejiena u ducficfiepeHi^upyeMa nopndna n 
na unmepeaAe (a,b). Tozda djisi bcmkou tuohku xq € (a,b) cnpaeedfiuea cAedywu^asi acuMnmomuuecKasi 
(popMyjia: 



m = £ 



/ (fc) (*o) 



fc=0 



fc! 



(x-x ) fc + o ((x-xo)") 

a— 8-a \ I 



(12.2.27) 



• 3Ta (popiviyjia Ha3biBaeTCH tfiopMyjioiL Teunopa c ocmamouHUM hachom e ifiopMe Heano nopjidKa 
n fljia (pyHKu;HH / b tohkc Xq. 

/JoKaaameA&cmeo meoveMu \12.2. ft PaccMOTpiiM MHoro^jieH Teiijiopa 

T n (x) = f(x )-\ — -(x-x )H (x-xo) +--.H (x-x ) =2^ — ^ (a;-a;oJ 

fc=0 



§ 2. OopMyjihi IleaHO h aciiunTOTHKa 
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H 3RMGTHM, HTO 



T n (x ) = f{xo), Z(xo) = f'(x ), T^(x ) = f"(x ), ... (x ) = f {n) (x ) (12.2.28) 

^eiicTBHTejibHO , 



T n {x ) = f(x ) H 7j (s - s ) H 2i (s - s ) + ... H ^ [x - x ) 



1! 



/0r o ) + + + ... + = /(z ) 



3aTeM, 



h nosTOMy 



r>) = + ^a + ^.2(x-,o) + ... + ^-n(x-, r- 1 



^(zo) - /'(so) + • 2 (^o - so) + ... + ■ n(x - so)- 1 = + + ... + = f'(x ) 



2! v u uy n\ 
H Tax flajiee. ,Hjih nocjieflHeii npoH3BO,n;Hoii mm nojiy^HM 



1! 



I< n »(i) = + + ... + /( " )( . Xo) • nl = / (n) (so) 



h nosTOMy 



Tt\x ) = / (n) (s ) 
OopMyjibi (|12.2.28p iio3bojihiot bbimhcjihtb cjie^yiomHH npe^eji: 



lim 



/(ar) - T n (x) 



x->x (x — Xq) 71 



HTaK, mbi nojiy^nuiii 



(no nepBoft (poptviyjie J12.2.28t \ £f { \ rnl ( \ 

nojiynaeM neonpe/jejieHHocTb ^, j y J \p&) -^nW 

n03TOMy M05KHO npHMGHIITI) ' 
npaBHJio JlonHTajia 

/ no BTopofi cpopiviyjic ( 112.2.281) 
/ nojiy^aeM Heonpe^ejieHHOCTt 
no3TOMy onflTt npHMeimeM 
npaBHJio JlonnTajia 



x->x n(x — Xo) n 1 

f»(x)-T%(x) 



lim 



(no cpopMyjiaM fl!2.2.28t 
Bcer^a 6yjj;eT HeonpeflejieHHocTB ^, 
no3TOMy npaBHJio JIonHTajm 
npHMeHflCTCH n pa3 



x^-xq n(n — l)(x — Xo) n 2 

fM(x)-Ti n \x) 



lim 

X—>Xq 



(npMMCHHCM nocjic,HHioio\ 
cpopMyjiy 112.2.281 J 



f(x)-T n (x) _^ 

(x — Xq) 71 x^-xo 







HJIH 



f(x)-T n (x)= o ((x-x ) n ) 

X—>Xq 



f(x)=T n (x)+ o ((x-x ) n ) 



a 3to Kax pa3 h cctb cpopMyna (|12.2.27p . 



□ 



7T / 7T 

o 12.2.1. BwnimieM (popMyjiy Tefijiopa ^jia (pyHK- _ airi 7[ ^ cos g ^ _ 7r ^ ^ — sin^ g 

D,HH /(x) = SmX B TO^IKe Xq = ? C TOHHOCTBK) 

ra = 2: // 7T\ 2 \ V2 



. 7T cos 7 / 7T\ -sin^ / Try 

m — • x H r- 2 — ■ s 

4 1! V 4/ 2! V 4/ 

(-1)- 



s — , 

47 / 2 2 



sinx = f{x) = f(x ) + ^ ■ (s - * )+ " X ' ( X ' J)' + « °f (( X " I 

/"(so) 



2| ' ^o) x _^ x (i x x °) ) Ecjih y6paTb BBiKjia^KH, nojiy^iaeTca cjieflyiomHii 
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pe3yjn>TaT: 



SIM 



y/2 V2 



7T 



V2 
4 



o 



7T 

7T 



Mojkho yBejiHHHTb tohhoctb, HanpHMep, pp n = 3, 
h TOiyja nojiy^HTCH 



sinx = f(x) = f(x ) + f X ° ■ (x - x )+ 



2! 



(a - -t ) 2 + 



1! 

/"'(so) 
3! 

7T COS 4 



(as - x ) 3 + 



\<U ■ 71 C0S 4 f 7T \ 

x oJ(x-x ))=s 1 n~ + — .[x-~) 



sin(f) 
2! 



7T 



.==(i>. (l _iy 

T + T 

3 



(-5) 



\/2 / 7r\ 2 v2 / vrx 
x a; + o 

4 I 4/ 12 V 4/ 

a 6e3 BbiKjia^OK sto 6yjj,eT BbirjumeTt TaK: 



7T 

X "4 



SIM 



y/2 V2 

T + ~ 

12 



V2 
4 



7T 



7T 

X "4 



o 12.2.2. BbiniiniCM (popMyjiy Teiijiopa jj,jih cpyHK- 
uhh fix) = lniB tohkc xq — 1 c tohhoctbio n = 3: 

Ins = /(x) = f(x ) + Ar 2 ^ ' (* ~ 



2! 



(X - X ) 2 + 



1! 

/"'(so) 
3! 



(x-x ) 3 + 



o (( x - XQ ) 3 ) = \nl + ^^-(x-l)+ 



2! 



\3n 



3! 



(x-l) 3 + 



+ o ((x-iy) = (x-i)---(x-iy+ 

+ \-(x-lf+ o ((x-1) 3 ) 

Ecjih y6paTb BtiKjia/jKH, nojiynaeTCH cjieiiyioiiniH 
pe3yjn>TaT: 

ln* = (x-1 )-*— ^ — + ~+ ° ((x-1) 3 ) 

Z x^io 



OopivryjiBi MaKJiopeHa-IIeaHO. 

• IlpH xq = cpopMyjia Teftjiopa Ha3biBaeTCH ifiopMyAou MaKAopena: 

fc=0 

HeKOTopBie npHMepBi cpopMyji MaxjiopeHa hsm ysce 3HaKOMBi: 

OopMyjiBi MaKJiopeHa c tohhoctbio n = 1 hjih n = 2. 

HeTpyinio 3aMeTHTi>, hto acuMnmomuuecKue (fiopMyAU (|12.1.15p - (|12.1.24|) neAsimmcsi uacrrmuMu 
cAynaMMu cfiopMyjiu MaKAopena. HanpHMep, cpopMyjia (|12.1.15p nojiynaeTCs, ecjin no;i,CTaBHTb f(x) = 
sin a; n n = 1. 

f (0) 

sinx = /(a;) = /(0) + :L \ 1 ■ x + o (x) = + x + o (x) 

1! x— >0 x—>0 

A 4>opMyjia (|12.1.16|) - ecjin f(x) = cosx h n = 2. 

cosx = /(x) = /(0) + ^.x+^.x 2 + o (x 2 ) = l + 0-^+ o (x 2 ) 

1! Z! ie— >0 Z x— >0 

OopMyjibi MaKJiopeHa c tohhoctbio n = 3 

fljia Tex »ce cpyHKiniii, hto h b (|12.1.15[) - (|12.1.24|) HeTpyinio BbinncaTb cooTBeTCTByiomHe cpopMyjibi 
c 6ojiee bbicokoh tohhoctbio, HanpHMep, n — 3 hjih n — 4: 

x 3 

sinx^x- — + o (x 3 ) (12.2.30) 
6 x->o 
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tgx = x+%- + o (x 3 ) (12.2.31) 
x 2 

cosx =1 + o (a; 3 ) (12.2.32) 

2 x-yo 

ln(l +x) = x- — + — + o (x 3 ) (12.2.33) 
2 3 z->o 

2 3 

log Q (l + x) = ^- - ^— + ^— + o (x 3 ) (12.2.34) 

QV ' In a 21na 31na x^o y 1 y ' 

2 3 

e x = l + x + %- + %r+ o (x 3 ) (12.2.35) 
2 6 z-s-o 

x 2 • In 2 a x 3 • In 3 a . o, . „ . 

a x = 1 + x ■ In a + + + o x 3 ) (12.2.36 

2 6 k->o 

, <,„ , a(a — l)x 2 afa — l)(a — 2)x 3 , a,„„„^ 

l|i° = l + m+ v - ; + — ^ — + o x 3 12.2.37 

arcsin x = x + — + o (x 3 ) (12.2.38) 
6 .t^o 

arctgx = x - %■ + o (x 3 ) (12.2.39) 

OopMyjiti MaKJiopeHa c npon3BOJibHOH tohhoctbio 

HeKOToptie H3 cpopMyji MaKJiopeHa (|12.2.30p - (|12.2.39p mojkho o6o6iniiTb Ha cjiynaii npoii3BOjii>HOH 
tohhocth: 



S ( - 1) ''(2TTT)i + -2„( l2 ' + ') < 12 - 2 - 40 ) 



i=l 



2i 



C °- - 1 - 2! + 4! - - + ^ ' (21)1 + *°>y k) = ' M! + ^ ( 12 - 2 - 41 ) 



,2 „,3 



A- 



ln(l + x) = x - X - + X - + ... + (-1)*" 1 ■ X - + x O Q (x k ) = ^(-l)- 1 ■ j + x O Q (x k ) (12.2.42) 

2—1 



„2 _fc 



A' 



e - = l + x+| r + ... + | r + o (x fe )=]T^+ o (x fc ) (12.2.43) 
2 fc! x— >o * — ' a— >o 

i=0 

(1 + x)" = 1 + a • x + a(a - 1) • 2_ + ... + a (a - l)...(a - k + 1) • + o(x k ) = 

2! fc! x _> 

' x* 



= 1 + Vafa- l)...(a-i + l) • — + o (x fc ) (12.2.44) 

* — ' i\ x->0 

i=l 

= 1 - x + x 2 + ... + (-l) fe • x fc + o(x' £ ) = y"(-l) fe ■ x 4 + o (x fc ) (12.2.45) 

1 * 
= l + x + x 2 + ... + x fe +o(x fe ) = Vi'+ o (x fc ) (12.2.46) 

1 — X „_^n Z — ' x-tO 



x 2fc+1 



arctgx = x - T + - - ... + (-1)* • _ + o(x*) = ■ ^ + (12-2.47) 

BbiHHCJieHHe npe,a;ejiOB b noMomtio cpopivryji MaKJiopeHa-IIeaHO. <DopMyjibi MaKJiopeHa nc>3- 

BOJIHIOT BblHHCJIHTb npeflejlbl, KOTOpbie HCB03MOJKHO BBIHHCJIHTb C nOMOLLLblO aCHMnTOTHHCCKHX (pOpMyjI 

(|12.1.15p - (|12.1.24p . IIpaBHjia, KOTopue cjie^ryeT hmctb b Bn^y b Tarax cjiynaax, coctoht b cjie/ryioineM. 



IIpaBHJia BtiMHCJieHHH npe/i,ejioB c noMoiu,bio cpopMyji MaKJiopeHa: 
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(A) IIpu ucnoAb306anuu aiopMyA MaKAopena Mowcem ne noAyuumtcfi omeema, ecAU eo3HUKHem 
HeonpedeAeHHoem'b. 

(B) Ecau eo3HUKaem neonpedeAennocmb, mo smo osnauaem, umo nyaK.no yeeAuuumb mouHocmb 
cfiopMyA MaKAopena. 

( C) Ecau omeem noAyuen, mo daAbneumee yeeAuuenue mounocmu aiopMyA MaKAopena ne MOJfcem 
npueecmu k usMenenuw omeema. 



Mto6h noHHTb cmmcji 3thx cjiob, paccMOTpiiM HecKOJibKO npHMepoB. 



o 12.2.3. 



lim 



\/TT2tgx - e x + x z 



x-yO arcsm x — sin x 
061.HCHHM CHanajia, noneMy 3jj,ecb Hysaibi cpop- 
Myjibi MaxjiopeHa. Ecjih stot npe^eji bmhiicjistij c 
noMOiirbio npaBiijia JIonHTajiH, to Bbi yBH/riiTe, hto 
,i];H(p(pepeHD;HpoBaTb npiifleTCH 3 pa3a, a nocKOjibKy 
(pyHKiniH b HHCjiHTejie h 3HaMeHaTejie He cjihihkom 
npocTbi, 3to 6yfleT aobojibho yTOMHTejibHO. IIoKa- 
:sceM, c jrpyroii CToponbi, hto h acHMnTOTHHeciaie 
cpopMyjibi (112. 1 . 15(1 - (|12.1.24|) 3,a,ecb Toxce He no- 
MoraiOT: 



.. Jl + 2tgx-e x + x z 

lim : : 

x->0 arcsin x — sin x 



/ OpilHCIIMCM CpopMyjibi 

~ 1 112.1.221 . 1112.1.201 . 112.1. 231 . 1 112. 1.151 

1 + i2tgK + ^o o (2tga:) - (1 + x + o (as)) + x 2 
X + o (x) — (x 4- o (x)) 

tgx + o (2 tea;) — x— o (x) + x 2 

.T^O X^O 



lim - 

a;— >0 



lim 

z->0 



npHMCHHCM CBOHCTBaA 



1 U ,3 U 



= lim 

x-tO 



tgx+ o (tgx) — x— o (x) + x 2 

x— ^0 x— >-0 _ 

o (x) 

X— !-0 

( npiiMeHseMj 

_ V ( 5 2 ) J ~ 

x + o (x) + o (x + o (a;)) — x — o (x) + x 2 



— lim 



o (x) 
( TcnepiA 

' i° ) ■ 



V 4 " 



x + o (x) + o (.1) — x — o (x) + x 2 

i- a:— ^0 a;— >-0 



o (a?) 

X— >0 

/ Tencpt>\ y x—^0 / Tcnept 

l2°,3°J = l™ ^T"l 1° 

x^O 

X ■ o (1) + x 2 O (1) + X 

: lim — = lim 



>0 X- O (1) ^0 o (1) 



/ Tcnepb 

-| 8° 



+ 




=? 



TeM He MeHee, CHTyainia He 6e3Bbixo,irHa. IIoKa- 
xeM KaK 3tot npe/i,eji mojkho bbihhcjihtb c noMO- 
mj>K> cpopMyn MaKjiopeHa. 3aM6THM TOjibKO cpa3y, 



hto (|12.1.15p - (|12. 1 .24(1 yxe npe,n,CTaBjiHiOT co6oii 
cpopMyjibi MaKjiopena c tohhoctbio n — 1, a to, hto 
c ex noMombio He y^ajiocb HaiiTH otbct ecTb hjijiio- 
CTpan,Ha cepopMyjinpoBaHHOro HaMH Bbiine npaBHjia 
(A). Ecjih »ce hx 3aM6HHTb Ha flpyrne cpopMyjibi c 
6ojibineH TOHHOCTbio, to Hy^ecHbiM o6pa30M npn- 
Mep CTaHOBHTCH peniaeMbiM. 

^eiiCTBHTejibHO, nonpo6yeM npHMeHHTb cpop- 
Myjibi (|12.2.30p - P2.2.39P (to ecTb cpopMyjibi Ma- 
KjiopeHa C TOHHOCTbK) 71 = 3), H y6ejTHMCfl, ^ito no- 

cjie SToro cpa6oTaeT npaBHjio (B). J\nsi stoto CHa- 
najia BbinHineM OTjj,ejibHO xopenb b nncjiHTejie: 



/ no 4>opMyjic 112.2.371 , 
y/l + 2tgX= _ = 



y- v - + h + v ° (y i ) / 



l + tgx-^— + + o(tg 3 x) 

Z A x— >0 

= (npHMeHaeM (|12.2.31l0 = 



= l+[x+ — + o (x 6 ) 
\ 3 x^o y 

(x + i + x Oy)) 2 (x + i +x O o (x^ 



x->o V 3 x->0 1 



ynpomaeM 
c noMomtio 
CBOHCTB 1° - 8° §7 

X 2 5x 3 



1+X- — + + o > 3 ) 

2 x-yQ 



Tenepb mojkho Bbi^incjiHTb npefleji: 
.. ^/T+~2tgx - e x +x 2 

lim ; ; = 

x->o arcsin x — s'mx 



lim 

z-s.0 



l + x - %■ + 2|- + o (x 3 ) 



x-*Q 



arcsm x — sin x 

npHMeHHCM cpopMyjibi 
112.2.351 . 112.2.381 . 112.2.391 



lim < 1 +x 1 h o (x 3 )- 

x^o ] 2 6 x->o y ' 



-[l + x + Y + - +x O o (x<)) + x 2 



X+ Y + x%0^ 



x -^ + x%y\ 
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= lim 



2|1+ o (x 3 ) 2|l+x 3 - o (1) 

6 x-s-0 



= lim 



x-s-0 



^ + o (x 3 ) »->0 ^+x3. o (!) 
d x-s-0 d x^O 

= lim * , - = | = 2 

Hhcjio 2 6yfler otbgtom. 

Tenept nojie3HO y6e#HTB>CH b cnpaBe^jiHBOCTH 
npaBiuia (C). IIpoBcpHM, hto ecjiH yBejiiiniiTb toh- 
hoctb (popMyji MaKjiopeHa, to otbct ot SToro He 
H3MeHHTCH. 3to mojkho c^ejiaTb, HanpHMep, bbiiih- 
caB 6ojiee no,zrpo6Hoe pa3jio:sceHHe SKcnoHeHTbi: 



v / l + 2tgx - e x + x 2 



lim 

x-s-o arcsm x — sin x 
T ^ 6 



l + x- ^- + ^- + o (a; 3 ) - + x 2 



lim ■ 

x-i-Q 



x-s-0 



arcsm x — sm a; 

npHMCHHCM cpopMyjiM 
112.2.381, 112.2.391 
m 112.2.431 c fc = 4 



lim < 1 + x 

x-yo 2 



2 3 4 

X X X / a \ \ i 

1 + X+ 21 + 31 + V + X °>0 {X) } +X 



X^ { x^ 

x + — + O n {x 3 )-(x- — + ojx 3 ) 



6 x-s-o 



x-s-0 



lim ■ 

x-s-0 



H-+ o ( 2 ; 3 ) + f ? + o (x 4 ) 



4f + O (x 3 ) 
d x^O 



lim ■ 

x-s-0 



2|_ +x 3. ( 1) + x +x 4. Q (1) 

3 x-^0 24 x-s-0 



lim 

x->0 



^ + - 3 'x^ 



l+o+o+o n 
- — 1 = 2 

i +0 



lim<l+(x + o (x) ] + o (x + o (x) ) 

x-s-0 V x^O / x-s-0 V x^O / 



-\ 1 - x + x ^ x )j ■ 2 



= lim 



o (x) + 



x- o (1) 



x-s-0 



= lim 

o o (x) x-s-0 X • o (1) 

x— s-0 x— s-0 



° (!) 



x-s-0 



lim 



+ 




=? 



Bbi MOJKeTe npoBepiiTb caMOCTOHTejn>HO, hto ,na}KC 
ecjiH yBejiHHHTb tohhoctb cpopMyji MaKjiopeHa flo 
n = 2, 3to Bee paBHO He noMO»ceT. 

Ho ecjiH BOcnojib30BaTbCH (popMyjiaMH MaK- 
jiopena c tohhoctbio n — 3 (to ecTb cpopMyjiaMH 
(|12.2.30p - (I12.2.39p ). to stot npe^,eji yzjaeTCH co- 
CHiiTaTb. TojibKO, KaK ii b npeflbiflymeM npiiMepe, 
nepefl BbiHiicjieHiiaMii 3,n,eci> cjie/iyeT BbinncaTb ot- 
^ejibHO aciiMnTOTinecKoe npeflCTaBjieniie hckoto- 
pbix (pparMeHTOB: 



1 + X 

In = ln(l + x) — ln(l — x) 



1 - x 



= (irpiiMeHHeM (|12.2.33p ) = 

,y»2 '3 

X X , Q. 

^-y-y + x^) 



2x+ ^- + o (x 3 ) 

3 x^CT 



= arctgx 



(npHMeHaeM (|12.2.35p ) 



1 + arctg x 



arctg 2 x arctg 3 x 



To me caMoe nojiyniiTCH, ecjm noMeHHTb cpopMy- 
jiy MaKjiopena na 6ojiee TO^myio b jiio6om /i,pyroM 
MecTe (iijiii b HecKOjibKiix MecTax). 

o 12.2.4. 

^arctgx 1 I x 2 

,. e 1-x ' 2 

lim rn 

x^o In i±£ _ 2x 

1— X 

y6cflHMca, hto, KaK ii b npeflbi/rymeM cjiynae, 
3tot npeppji He BbiHHCjiHeTCH c noMom>io cpopMyji 
(|12.1.15p - (|12.1.24p . to ecTb c noMOiimio cpopMyJ 1 
MaKjiopeHa c tohhoctbio n = 1: 



o (arctg x) = (npHMeHaeM (112.2.39P ') = 

x-s-0 



1+ (x- — + o (x 3 ) 



( 



x — + o (x 3 ) 

d x->0 



(-* + x^ 3 )) : 



x^0 \ V 3 x-s-0 . 



Q arctg x 



1-x 



lim , 

x^o In i±£ - 2x 



+ — 



— lim 



1 + arctg x -f- o (arctg x) — (1 — x) 1 + 
ln(l + x) - ln(l - x) - 2x 



(ynpoiiiaeM 
c nOMOUIbK) 
CBOHCTB 1° - 8° 57 



XX / q . 



492 



rjia B a 12. ACMMIITOTM^IECKME METOffH 



H, HaKOHen, 
1 



1-x 



= (1 - X) 1 = (npHMGHHGM (|12.2.37|l ) 

1 + (-l)(-x) + ^ A 2 A ^ + 
(-l)(-2)(-3)(-*£ 3 



3 X 3x 

77^ ~ TT + -T7T + O (x 3 ) - 

2 8 48 ; ' 



6 



+ 



x I 3a: 
8 48 



+ O (x 3 ) 



1 + x + x 2 + x 3 + o (a; 3 ) 

X-yO y ' 



Tenepi. BbrrocjiaeM npe^eji: 

-arctga; 1 i a; 2 

1-z 2 



3 X 3x . a . 

o I I -x 1 1- o (x ) 

x->o \ \ 2 8 48 x^o v 1 



lim . — 

x^q l n 1±2L _ 2s 

1 — X 

= lim <^ I 1 + x H — — h o (x 3 ) 

x-j-o V 2 6 x->o v 



(l + .x + x 2 + , 3 + K O o (x 3 )) + ^|: 
2x + ^ +i O o (. 3 ))-2x} = 



lim 

a;->0 



Una 



ynponjaeM \ 
c noMomtK) J = 
1° - 9° §7 / 

Tencpi. BbiHHCjiaeM npe^eji: 



x h o (x ) 

6 x^o y ' 



lim 

x-»0 



ln (x + \f\ + x 2 ) - x + 2L. 
x — arcsin a; 

InoflCTaBjineM tojibko *ito HaftfleHHoe\ 
pa3jio>KeHHe ln (^x + Vl + a: 2 ^ J 
a TaKjKe cpopMyjiy 1112.2.381 / 



lim 



-¥+ °> 3 ) 



(*-t^° (* 3 ))-* +; £ 



a; — [x + ^ + o (a; 3 ) 



x-yO 



x-yO 



= lim 



o (a; 3 ) 



x-yO 



= lim 



a; 3 - o (1) 



x-yO 



' "-x-^ 3 ) ' ■' t ojl) 



2|i +x 3 . ( X 



lim 



a;->0 



ie— »0 



z->o | + o (1) 4 



a;->0 



o 12.2.5. 



lim 



ln (a; + \/I + a; 2 ) - x + ^ 



x->o x — arcsin x 

3,n,ecb mm cpa3y npHMeraM (popMyjibi MaKjiopeHa 
c tohhoctbio n = 3. BbinnineM OT,n;ejii>HO aciiMn- 
TOTHHecKoe npeflCTaBjieHne HeKOTopbix cpparMeH- 
tob: 



o 12.2.6. BcnoMHHM TenepB o npe^ejie (|12.0.1[) . ko- 
TopbiM Mbi HaHHHajm 3Ty rjiaBy: 

ln(l + sinx) — sinln(l + x) 
lim 

a-^0 x 4 

Kax yace roBopmiocb, bbihhcjihtb ero c noMom>io 
npaBHjia JIoniiTajiH cjihiiikom THJKe.no. C flpyroii 
CTopoHbi, npHMenaTb TeopeMy 06 SKBHBajieHTHOii 
3aMene hjih BbmejiflTb rjiaBHoe cjiaraeMoe TyT to- 
>Ke 6ecnojie3HO. E[onpo6yeM npnMeHHTb aciiMnTO- 
THiecKiie (popMyjibi (|12.1.15[) - (|12.1.24|) (to ecTb 
(popMyjibi MaKjiopeHa c TOHHOCTbio n = 1): 



ln 



(x + v/l + x 2 ) = ln + (1 + x 2 )^ 



V G 



HMeH5ieM\ 



2.2.371 J 



hi 



X + 1 + -X+ 2 2 „ ' 



lim 

a;->0 



HI-i)(^-2)- 3 



2 2 

+ o (x 3 ) 

x— >0 



H-\)- 2 , H-^)(-l)- 3 



In 1 + -x + 

I 2 2 



npHMCHHeM\ 
112.2.331 I 



ln(l + sinx) — sinln(l + x) 



npHMGHHCM CpOpMyjIBI 

112.1.181 , 1 112.1.151 . 1 112. 1.241 



lim < sinx+ o (sinx)- 

x-yO x-yO 



(ln(l + x) + ^O o (ln(l + x))) I : x 4 



(" 



pHMCHaeM 4>opMyjLbi dl2.1.18t , lll2.1.15l i 

H CBOHCTBO 1°° 57 



lim < ( x + o (x) ) + o ( x + o (x) 

cc->0 V a;->0 / x^O V a:-)-0 



((x + x O o (x))+ x O o ( X + x O o tx)))\:x* 
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( yn 
V c 



CBOMCTli 



l0 _ 9 o §7 j - lim ^ - - {xA) 



x->0 



o (1) o (1) 

lim ; = lim — =1 — 1=1' 

>- 4 x-to x^ V 



x^O X 4 



Bbi BHflHTe, hto HH^iero xoponiero He nojiynaeTCH. 
B cooTBeTCTBHH c npaBHjiOM (B), 3to osHanaeT, ito 
HyjKHO yBejiHHHTb TOHHOCTb cpopMyji MaKjiopena. 
Bo3bMeM n — 3 (to ecTt BOcnojib3yeMCH (popMyjia- 
mi (|12.2.30|) - H12.2.39|> ). Tor^a mm nojiy^HM: 



Myji MaKjiopeHa (corjiacHO npaBHjiy (B)). Bo3b- 
MeM n — 4 (to ecTt BOcnojn>3yeMCH cpopMyjiaMH 
(112.2.401) ii (|12.2.42ll , nojio»CHB n = 4) : 



sinx = x r+ o (a; 4 ) 

3! x-kt 



X^ 

ln(l + x) = x - — + — - — + o (x 4 ) 
2 3 4 x->0 



sin 2 x sin 3 a; 



ln(l + sin a:) = sin a; — 



+ o (sin 3 a;) = ( x h o (x 3 ) 

z^o v ' \ 6 

a; h o (a; 3 ) + 

2 I 6 x^o y 1 



o a; 1- o (a; 3 ) 



X X . q . 

2 O x-X) 



Toiyja nojiyniiM 

ln(l + sin a;) = sin a: 



• 2 -3 -4 

sm x sm a; sm a; 



o Ism's] = (£——-+ o (a: 4 ) 
z^o v y V 3! x-xr 



- ( x - ^ + o (a; 4 ) I + 
4 I 3! x^o y ' 1 



o I I x - — + o (a; 4 ) 
x-xj \ \ 3! s-xr 



2 3 4 

X 1 h o (x 4 ) 

2 6 12 ; 



(ln(l + x)) E 



(i 



,2 „.3 



sinln(l + x) = ln(l + x) — 

+ K Q ((ln(l + x)) 3 ) = ^-^ + ^ + 

(*-* + * + Jio 



o x 

2^0 V 



sinln(l + x) = ln(l + x) - Mi±^lL + 



■ o ((ln(l + x))' 



2 3 4 



x 1 h o (x 3 ) 

2 6 ^o v y 



n nosTOMy 

ln(l + sin a;) — sinln(l + x) 



lim 

X-»0 



lim ^ (x 1 h o (x 3 ) 



x ~Y + Y + xZo ixi)l >: i " 



o (x 3 ) X 3 • O (1) 
lim 3 = lim ; 

x^O X 4 



x^O X 4 

lim 

x->0 x 



=? 



- I x - — + — + o (x 4 ) I + 

6 V 2 3 4 *^o v y ' 



fi X X X f A 

° x - "7T + H T+ ° \ x 

x-X) \\ 2 3 4 x-X) v 



2 3 

= ... = x-^ + ^+0+ o (x 4 ) 
2 6 x-X) 

Tenept mojkho, HaKOHen,, bbihhcjihtb Ham npe^eji: 
ln(l + sinx) — sinln(l + x) 

x->0 



x^rO 





X 4 




x 2 


(- 


2 


o 


X 3 


y + 


y 



lim ■ 

x->0 



-fa+ o (x 4 ) -fj +x 4 - o (1) 
j = Una -. 

X 4 x-tO X 4 



OnaTb nojiyHHjiacb HeonpeflejieHHOCTb. OHa CHOBa 
osna^aeT, hto HyjKHO yBejiHHHTb tohhoctb (pop- 



lim I h o (1) | = — - 

>o V 12 x^o v ' 12 
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o 12.2.7. 

ct x 3 

lim (cos(xe x ) — ln(l — x) — x)° sx 

x— >0 

3flecb mbi He 6yn,eM ytomjihtb HHTaTejia npeflBapn- 
tcjibkbimh npHKHflKaMH, a cpa3y npHMeHHM (pop- 
Myjibi MaKjiopena c "HyjKHOft" tohhoctbhx Ilpn 
9TOM, b pa3Hbix MecTax tohhoctb mm 6yn,eM 6paTB 
pa3Hoii, ho BajKHO noHHMaTb, corjiacHO HaniHM npa- 
BHjiaM, hto ecjiH Tbi He 3HaeniB KaKoft ^ojiJKHa 6bitb 
tohhoctb, to mojkho 6paTB Hayra/i, jiK)6yio, a 3aTeM 
yjKe, ecjiH nojryHHTCH HeonpeflejieHHOCTB (a sto ca- 
Moe CTpaniHoe, hto mojket nojiyHHTBCa) - noBBi- 
inaTB nopaflOK tohhocth ,n,o Tex nop, noxa He no- 
jiyHHTCH onpe^ejieHHOCTb. H, KpoMe Toro, cjiepyei 
HMeTB b BH/i,y, hto ecjiH Ha KaKOM-TO mare otbct 
yjKe nojiyneH, a tbi Bee paBHO npo^ojuKaeniB bbi- 
HHCjieHHH, yBejiHHHBaa nopa^OK tohhocth, to tbi 
He CMOJKeniB nanynnTB flpyroit otbct (ecjiH, kohch- 
ho He flejiaeniB apncpMeTH^iecKHx ohih6ok). 
BBinHHieM nojiyHaioinnecH BBipajKeHHa: 



cos(xe x ) — cos lx ■ 1 1 + x + o (x) I I = 



x-s-O 



= cos (x + x 2 + o^(x 2 )j = 

1 / \ 2 

= l--(x + x 2 +x O o (x 2 )) + 

+ x >o(( X + x2+ x°>O^Y) = 



1 x z - x A + o (x d ) 

2 x-s-o 



cos(xe x ) — ln(l — x) — x 
1 



= [ 1 - -x z - x A + o (x a ) 
2 x^o 



X X , n , i 

- x -Y-Y + x% {x 



2x 3 , 

= 1 --o"+ ° * 

6 x— s-O 



ctsx — 



1 



tg a; 3 x 3 + o (x 3 ) 

x— >0 



TenepB bbihhcjihcm npefleji: 



lim (cos(xe x ) — ln(l — x) — x) 

X— 7-0 



2x 3 



Ctg X 



lim I 1- — + o (a; 3 ) 1 

x->0 V 3 x-s-0 



In 



= lim e 
x-s-0 



- + o (x 3 ) 



K 1 



lim e 

x->0 



lim e 

a; -5-0 



= lim e = lim e 



„(!) 



x-s-0 



x->0 



1+ °,„ (1) 



= lim e 

x-s-0 

» 12.2.1. HaiiflHTe npeflejiBi: 

1. lim Mi±£^£ 

x^O 11 

2. lim 

x-s-0 21 

3. lim S2E£zlz± 

x-s-0 21 
^ lj™ arctg x — arcsin a: 

5. Km M£^L 

x— s-0 s" 1 ^- 21 
g ij arctg a; — arcsin a; 

tgx-sinx 

7 lim - arcs * n x — arcsin 2x 



e !+ 



e 3 



8. lim t 



\/T+2^-l 



9. lim i+scoBT-yi+to 

In cos a: 

3 cos a?+arcsin a; — 3 y^l+^ 
ln(l-a: 2 ) 

ln(l+a: 3 ) — 2 sin x-\-2x cos a: 2 

arctg a; 3 
a:-y/l+sin a:— ^ ln(l+a; 2 )— a; 



10. 


lim 




a;->-0 


11. 


lim 




x->0 


12. 


lim 




x-s-0 


13. 


lim 




X-5-0 


14. 


lim 




x->0 


15. 


lim 




x->0 


1G. 


lim 




x^Q 


17. 


lim 




x->0 


18. 


lim 




x-fQ 


19. 


lim 




x-S-2 


20. 


lim 




x->0 


21. 


lim 




x-S-0 


22. 


lim 




X-5-0 


23. 


lim 




x-5-0 



e 3in3! -yi+: 



x^ — x cos x 



ln 3 (l-x) 



- vT+ix+x-fx 2 



18. lim (cos(sinx) + \ arcsin 2 x) ^(Vttsz-i) 
(V3~~x + lnx2) ^(--2) 
f I 1 1 

y sin x arctg x tg x arcsin x / 

e slna: — 1— sin(e x — 1) 
arctg 4 x 

sin x 3 

In cos x— cos ln(l+x) + l 

sin((l+x)°-l)-(l+sinx)°+l 
tg 4 x 



(b) AcHMnTOTHKa 

OopMyjia Teftjiopa-lIeaHO (|12.2.27p . c KOTopofi mbi HannHajin stot naparpacp, aBjiaeTCH nacTHBiM cjiy- 
naeM cjieflyiomeii o6m;eH KOHCTpyKi^HH . 



§ 2. OopMyjihi IleaHO h acHMiiTOTHKa 
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IlycTb a - KaKoe-Hii6y,n,b hhcjio hjih chmboji 6ecKOHe x iHOCTH . 

• IIocjieflOBaTejibHOCTb cpyHKiniH {ip n } Ha3biBaeTCH acuMnmomuuecKou nocJiedoeameAbHocmbw 
npn x — > a, ecjiH 

VfceZ+ tp k {x) > <Pk+i{x) (12.2.48) 

x— >a 

hjih, 6ojiee HarjiHflHO, 

x— >a a;— >a a;— >a x-^ra x— >a 

• AcuMnmomuuecKUM pa3AootceHueM hjih acuMnmomuKou nopsflKa n (pyHKiniH / B,n,ojib acHMn- 
TOTHHecKofi nocjie^OBaTejibHOCTH {iy9„} npn x — > a, Ha3biBaeTCH BCHKaa acHMnTOTH^ecKaa cpop- 
Myjia BHfla 

n 

/(x) = ^A fe - ¥ p fe (a;)+ :c O a (^„(x)), At el (12.2.49) 

k=0 

(ecjiH OHa BepHa). H3 (112.2. 48[) cjie/jyeT, hto KOScpcpHHiieHTbi Xk £ R b cpopMyne (|12.2.49D 
onpeflejiaiOTca o^HOSHaHHO (nosTOMy He 6biBaeT AByx pa3HBix acHMnTOTHnecKHx pa3jiojKCHHH 
o^,Horo nopHflKa OTHOCHTejibno flaHHOft acHMnTOTH^ecKOH nocjie^OBaTejibHOCTn) . 



CieneHHaa nocne,fl;oBaTejiBHOCTB b Hyjie. 

OyHKHHH 

(p k (x) = x k , ke Z+ 

o6pa3yiOT acHMnTOTHHecKyio nocjie,n,OBaTejibHOCTb 
npn x — > 0, noTOMy hto 

1 = x° > x 1 > x 2 > ... > x k > ... 

x— >-0 x— a;— >-0 a;— >-0 a;— >0 
AjIH (pyHKHHH /, rjiaflKOH B OKpeCTHOCTH TOHKH 

pa3jio>KeHHH Bflojib TaKoii nocjieflOBaTejibHOCTH - 
3to npocTO (popMyjibi MaKjiopeHa (|12.2.29D . o ko- 
Topbix mbi y»ce roBopnjiH Bbiine: 



CflejiaeM 3aMeHy x — 4: 



^ k\ 

k=0 



x k + o (x n ) 



CTeneHHaa nocjie^oBaTejiBHOCTB Ha 6ecKO- 

HeiHOCTH. <J)yHKHHH 

<Pk{x) = -jf, k £ Z + 

o6pa3yiOT acHMnTOTHnecKyio nocjie,n,OBaTejibHOCTb 
npn x — ¥ oo, noTOMy *ito 

111 1 
1 = — > — > — >...> — > ... 

X ' a;— s-oo X a;— s-oo X z X-^OO X—KX) X x — ^oo 

AcHMnTOTH^ecKHe pa3jiosKeHHH Bflojib 3toh nocjie- 

^OBaTGJIBHOCTH o6bIHHO nOJiy^aiOTCH 3aMCHOH X = 

j c noane,n,yioiHHM npHMeHeHHeM (popMyji MaKjio- 
pena. 06'bhchhm sto Ha npHMepax. 

o 12.2.8. IlycTb HaM HyjKHO Haft™ acHMnTOTHne- 
CKoe pa3jiojKeHHe nopsflKa 3 npn x — > +00 B/ipjib 
CTeneHHOfi nocjieflOBaTejibHOCTH pjin (pyHKHHH 



Vx 2 +T = 



x = - 

t ->• +0 



< 2 + t 

= (112.2.441) = 

1 + I " * 2 + I " (I - 1) " ^ + t _P +0 ( f4 ) 



t 

11 1 i 3 , 
= i + 2-*-4-2! + t ^ ) = 



t = i 

a; — > +00 



1 1 

= X + o cTT + O . ., 

IX OX' 3 x-y+oo \ x a 



o 12.2.9. HaiifleM acHMnTOTHnecKoe pa3Jic»KeHHC 
nopa^Ka 1 npn x — > +00 B^ojib CTeneHHOit nocjie- 

,H,OBaTejIbHOCTH flJIH CpyHKI^HH 



f(x) = e V ^ T +^- x 
OnaTb ,n,ejiaeM 3aMeHy x = 4: 



3 v^aT^+aT— a: 



K = t 
f -> +0 



PV * — g t - 

= (112.2.441) = 

+ i'+H?- 1 )#+ t 4+o (t2) - 1 |-±+ o (t) 



l+. ° (*) 



° v = (112.2.431) = 



f{x) = Vx* + i 



' ■ ( 1 - - + o (t) + o f -- + o (t) 

8 t^+o v V 8 t^+o v ; 



/- / 1 

= Ve-T- + o - 

SCC a;->+oo V X 



,HpyrHe acHMnTOTHHecKHe nocjie^oBaTejiB- 
hocth. He Bcer/i,a ^aHHaa (pyHKHira / hm6- 
eT acHMnTOTHnecKoe pa3jK»KeHHe B/i,ojib ^aHHOii 
acHMnTOTHHecKoii nocjie/i,OBaTejibHOCTH {(p n }- 
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o 12.2.10. OopMyjia 

n 

\/x = V Afc • x k + o fa 

x^0\ 

He 6yfleT BepHa hi npn kekhx n > h Ao, A„ € 
E. 

/JoKasameJibcmeo. 3to ,n,ocTaTOHHO flOKaaaTB ^jih 
n = 1, noTOMy hto jno6yio cpopMyny 6ojiBHiero no- 
pa^Ka mojkho 3anHcaTb b BHfle 

n 

= \ + \i ■ x + ^2\ k ■ x k + o^x n 



k=2 



o I 

c->0\ ) 



h ecjiH 3Ta cpopMyjia BepHa, to 6yfleT BepHa h <pop- 
Myjia nepBoro nopHiiKa: 

^fx = A + Ai-x+ o (12.2.50) 

Hto6bi y6e^HTtCH, hto 3Ta cpopMyjia HeBepHa, Hysc- 
ho c caMoro Hanajia 3aMeTHTB, hto h3 Hee cjieiiyeT, 
hto Ao flOjiJKHO 6bitb HyjieBbiM, noTOMy hto npn 
x — > nojiynaeM: 



fx = An + Ai • x + o (x) 
^ <■ — „ — ' x->oV / 



IloACTaBHM A = b (112.2.50P : 

\fx = Ai • x + o (a; ) 
IloflejiHB Bee Ha x, npn .t — > mm nojryHHM coot- 

HOHieHHC 



-^ = X 1 + o (l) 



KOTopoe ne waxen 6bitb BepHO hh npn KaKOM 
Ai. □ 



npHBefleHHbiii npHMep 112.2.101 HMeeT nejiBio 
noflroTOBHTB HHTaTejia k mbicjih, hto acuMnmomu- 
uecnyw nocAedoeameAtHocmh {<p n }) edcuib Komo- 
poii mu co6upaeMCH pacKAadueamt dannyw cfjyHK- 
v,uk> f , 6ueaem ydo6no eu6upamb omdejibno, e 3a- 
eucuMocmu om euda (pyHKVfliu f. 

o 12.2.11. AcHMnTOTHnecKoe pa3jio»ceHHe cpyHK- 

ITHH 

f(x) = \J x + x 2 



npn x — ¥ 6eccMbicjieHHO hckbtb b,h,ojib CTaHflapT- 
hoh CTeneHHOH nocjie,n,OBaTejiBHOCTH 

ip k (x) = x k 

noTOMy hto 3,n,ecb B03HHKaeT tot xe scpcpeKT, hto b 
npHMepe 112.2.101 HHKaicas cpopMyjia BH,n;a (|12.2.49p 
He 6yn,eT BepHa, ecjin n > 0. 

O^HaKO ecjin b3htb nocjieflOBaTejibHOCTB 



x 3 >• x >• x 



5fc+l 

» ... » I 3 > 

x— x— fO x— >-0 



to 3tot 3(p<peKT Hcne3aeT, h pa3Jio»ceHHe HaxojiHT- 
ch oneHb npocTo: 



X + X 1 



x i . (l + x %)i = (112.2.441) 

5 \ 2 



1 5 1 

= £3 . 1 + - • a' + - 
3 3 





(-») 








(!-) 




- + .( 




)') 




2! 







1 X3 X 3 / 10 \ 

l +T -_+o(».) 



x 

y 



x->0 
li 

X 3 



9 



O (x " j 



(o,H,HOBpCMCHHO H3 3THX BBIHHCJieHHH CTaHOBHT- 

ch noHHTHO, OTKy^a 6epeTCH nocjieflOBaTejiBHOCTb 

. . 5fc+l . 

<Pfc(x) = X 3 ). 

o 12.2.12. I±onpo6yeM HaiiTH pa3jiojKeHHe toh jkc 

CpyHKHHH 

f(x) — yx + x 2 
npn x — > oo. Kax h b npeflbiflymnx cjiynaax, Kor^a 

HmeTCH aCHMnTOTHKa Ha 6eCKOHeHHOCTH, HanHeM c 

3aMeHBi x = t- 



yx + x 2 - 
-- (112.2.441) 

2 

= 



1 , 1 _ (1+*)* 
i t 2 ft 

l + |-*+l"(|-l)-^ + o(t 2 ) 



t3 

y 



*3 

y 

X3 + 



*3 

fo(t*) = 

1 1 



t = i 



x — > oo 



3 • is 9 • x 3 



V I3 



H3 BBIHHCJieHHH BHflHO, HTO pa3JIOJKeHHe B 3TOM 

cjiynae yfloSHO HCKaTB b^ojib acHMnTOTHHecKoii no- 

CJieflOBaTejIBHOCTH 



13 ^> X 

x— > 00 



» ... » IS " » 



§ 3. AcHMnTOTHKa HHTerpajiOB 11 cjmm c nepeuenHbiu npegejiOM 
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§ 3 AcHMnTOTHKa HHTerpajiOB h cyMM c nepeMeHHbiM npe^ejioM 
(a) AcHMnTOTHKa HHTerpajiOB 

AcHMIITOTHMeCKaa SKBHBajieHTHOCTB HHTerpajiOB 

Teopeivra 12.3.1 (npH3HaK SKBHBajieHTHOCTH Heco6cTBeHHtix HHTerpajiOB). Ilycm-b qiywKuuu f 
u g o6jiadamm CAedymuiALMU ceoticmeaMu: 

a) fug nenpepuenu na noAyunmepeaAe [a;cj; 

b) f(x) ~ g(x); 

x—tc—O 

c) g(x) > 0, Vxe(a;c). 

Coomeemcmeywuifisi 3aeucuMocmb Meatcdy Heco6cmeeHHUMu UHmeepcuiaMU KopomKo sanucueaemcji 
(popMyAou: 



f(x) dx~ g{x) Ax 

c J a 

Tozda cxoduMocmb uwmezpaJia f(x) dx BKeueaAenmna cxoduMocmu unmezpaAa g(x) dx: 

/ f(x) dx cxodumcM / g(x) dx cxodumcH, (12.3.51) 

J a J a 

Hpu 3mOM, 

(i) ecAU 3mu uwmezpaAU cxodfimcH, mo cnpaeednueo CAedywuifie coomHomenue, noKasueamu^ee, 
urno CKopocmt) ux cxoduMocmu 6ydem odunaKoeou: 



T 



f{x)dx ~ / g(x)dx (12.3.52) 



(ii) ecAU smu unmezpaAU pacxodsimcsi, mo cnpaeednueo CAedywmpe coomnomenue, noKa3ueam- 
mpe, nmo CKopocmb ux pacxoduMocmu 6ydem odunaKoeou: 

T pT 

f(x)dx T ~ g{x)dx (12.3.53) 



! 12.3.1. Ecjih HHTerpajibi (|12.3.5ip pacxo^HTCH, 
to (popMyjia (|12.3.52p yTpannBaeT cmhji, h noaTO- 
My nepecTaeT 6biTB BcpHofl. A ecjiii HHTerpajiw 
(|12.3.5ip cxo^htch, to (popMyjia (|12.3.53p . xoth h 
coxpaHseT cmbicji, ho TaioKe nepecTaeT pa6oTaTb. 
HanpHMep, 

x-l 



1 



O^HaKO 



x - 1 



:t"' 



d x 



X J x^t+co x 



~o T I ci ' 

i \x z x° 



1 1 

X + 2^ 

1 



+ 1 



1 


1 






2 T^+oo 


1 


1 


T 


f ~ 


X 


1 


= J 


( h dx 



To ecTb 



I X ~ 1 A J f 1 A 

I — dx ^ — dx 

I I X A T^+ooJl X Z 



Bojiee Toro, mojkho 3aMeTHTb, hto ecjin oflHa H3 
dpyHKinifi hc npeBoexoflHT flpyryio Ha HHTepBajic 
HHTerpHpoBaHHH, HanpHMep, 

f(x) ^ g(x), x € [a,c) 



to cooTHonieHHe (|12.3.53p pjw cxo/ynnHxcH hhtc- 
rpajiOB bosmojkho TOjibKO, ecjin noflbiHTerpajibHbie 
dpyHKH,HH coBnaflaiOT. ,H,eiicTBHTejn>HO, H3 HepaBen- 
CTBa g(x) > cjieflyeT, hto HHTerpaji ot g He MOJKeT 

6bITb HyjieBbIM, 



/ q(x) dx= lim / q(x) dx 7^ 







IlosTOMy cooTHonieHHe (|12.3.53p . ecjni oho Bbinoji- 
HaeTCH, 03HanaeT npocTO paBeHCTBO npeflejiOB: 



OTCio/ja 



lim / f(x) d x = lim / q(x) dx 





A\ 



T T 



T ]im_ o / (g(x) - f(x)J dx = 
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lim 



g(x) d x 



lim 



f(x) dx = 



a- 

f(x) = g(x), x e [o,c) 



^jih ^,OKa3aTejii>CTBa TeopeMbi 112.3.11 HaM noHa,n,o6HTCH cjie/ryioiHaH 

JleMMa 12.3.1. Ylycmb cfiyHKi^uM f nenpepuena na noAyunmepeaAe [a; c) u nycmb b £ [a;c). Tozda 
cxoduMocmb Heco6cmeeHHOzo unmezpaAa om f na npoMeotcymKe [a; c) aKeueaAemriHa cxoduMocmu na 
npoMeofcyrriKe [b; c) : 

/ f(x) dx cxodumcsi <^=> / f(x) dx cxodumcsi 
J a Jb 

/(oKasameJibcmeo. 3to cne/ryeT H3 Toro, hto HHTerpajibi no npoMCJKyTKaM [a; c) h [b; c) OTjinnaiOTCH 
APyr ot Apyra Ha KOHCTaHTy 

J f(x) d x = lim J f(x) dx — lim ^ J f{x) dx + J f(x) dij = 

= \ /(x)dz + lim / f{x)dx= / f(x)dx+ / f{x) dx 

J a t ^ c Jb J a Jb 

□ 

/JoKa3ameAt>cmeo meoveMU \12.3.1\ . 1. CHanajia ^OKajKeM (|12.3.5ip . YcjiOBHe (b) 03HanaeT, ito 

/(*) , 1 



g(x) x^tc—a 

g(x) c \21 2 



(12.3.54) 



IIo onpejxejieHHio npe^ejia Koihh fc ll64l) . cymecTByeT b £ [a;c) TaKoe hto Vx € [6;c) ^py € (|; f), to 



r. , l /(») 3 

v * e ^ 2<^y<2 

IloCKOJIbKy g{x) 0, MOJKHO yMHOJKHTb 3T0 flBOHHOe HCpaBCHCTBO Ha g{x), H npH 3TOM 3HaKH HepaBCH- 

CTBa He H3MenaTca: 

1 3 

Vss € [6; c) -g(x) < f(x) < -g{x) 

IlepenHHieM sto HHane: 

'g(x) < 2/(1) 

Oiciojia nojiynaiOTCH ppe uenoHKH cjiejTCTBHii. Bo-nepBbix, 



y xe[b;c) / 3 A ; (12-3.55) 



HHTerpaji / f(x) d a; cxo^htch, to 

J a 

JJ- (npHMeHaeM jieMMv ll2.3.H 

HHTerpaji / /(a;) d a; cxojjhtch 

Jb 

HHTerpaji / 2f(x) d a; cxojthtch 

I ( BcnoMHHaeM nepsoe HepaBCHCTBO 

V \ b 1112. 3. 551 

HHTerpaji / g(x) dx cxo^htch 
Jb 

Jj- (npHMeHaeM jieMMy [l2.3.1| > 

HHTerpaji / g(x) dx cxo^htch 

J a 



§ 3. Achmiitothkcl HHxerpajiOB ii cyMM c nepeMeHHMM npegejiOM 
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H, BO-BTOpbIX. 



HHTerpaji / g(x) dx cxo,n,HTca, to 

J a 

-IJ- (npHMeHHeM jieMMv ll2.3.1t 

HHTerpaji / .9(2;) dx cxojthtch 

Jb 

HHTerpaji / 7:5(2;) dx cxojthtch 
Jb 2 



BCIIOMHHaCM BTOpOC HCpaBCllCTBO 

b J12.3.55t 11 TeopcMv l7.2.2l 



HHTerpaji / f(x) d x cxojthtch 

Jb 

-IJ- (npHMeHHeM jieMMv ll2.3.1t 

HHTerpaji / f(x) d x cxojthtch 

J a 



Mm ,noKa3ajiH (|12.3.51[) . 

2. OcTaeTca npKa3aTi> (|12.3.52p h (|12.3.53p . 06e sth dpopMyjibi jrpKa3biBaiOTCH c noMombio npaBHjia 
JIonHTajia. CHanajia npennojiojKHM, hto 06a HHTerpajia cxojthtch, h o6o3HanHM 

pc />c />T />c pc />T 

F{T) = / f(x)dx = / f(x)dx- / f(x)dx, G(T)= / g(x)dx = / g(x) dx- / g(x) dx 

JT Ja J a JT Ja Ja 

Torjia 

F'(T) = -f(T), G'(T) = -g(T) (t G (a, c)) 

h noaTOMy 

j*g{ X ) dx \0j -g(T) T->c-0 g{T) 

Hao6opoT, npe/],nojio>KHM, hto 06a HHTerpajia pacxonHTCH. h o6o3HanHM 

F(T) = f f{x) d x, G(T) = f g(x) d x 

J a J a 

'(T) = /(T), G'(T)=g(T) (t G (a,c)) 
Dm £M^ = (2£) = eMII= lim ^ = C IX51 = 1 

£ g( X )dx V 00 7 T ^ c -° CH 



Torjia 



h nosTOMy 



□ 



o 12.3.1. HToSbi noHHTb, cxojthtch jih HHTerpaji cth 6ojiee npocToro HHTerpajia: 



+°° Vx~ T TT 

n — dx 



1 



3aM6THM, hto nojTfciHTerpajitHaH dpyHKUHH nojio- 
jKHTejibHa, h nojr&cpeM k Hen SKBHBajieHTHyio: 



+°° v^tt r +o ° 1 

5 — di ~ / — dx = 

X z x^+oc L X 



\Jx 2 + 1 2; 1 



In x 



+ 00 



X .T->+00 X Z X 

Tencpt no TeopeMe 112.3.11 nojiynaeM, hto cxojih- IlocKOjibKy BTopoii HHTerpaji pacxo/niTCH, Mbi no- 
moctb Haniero HHTerpajia SKBHBajiCHTHa cxojihmo- jiynaeM, hto Ham HCxojiHbiH HHTerpaji tojkc pacxo- 
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/HITCH: 



+00 



vV+T 



d x = 



II X* 

H3 dpOpMyjIM (|12.3.53P IHOaCHO BblBeCTH CKOpOCTb 
paCXOJTHMOCTH : 



d x 



1 



x z t->+oo j 1 x 

o 12.3.2. PaccMOTpiiM HHTerpaji 



d x = In T 



sin 



d x 







3^;ecb oco6oh tohkoh (a; = 0) 6yn,eT hhjkhhh rpaHii- 
u,a HHTerpiipoBaHHH, ho TeopeMa 112.3.11 npHMOHHMa 
11 k 3TOMy cjrynaio, b oneBHiTHBiM o6pa30M nepc- 
dpopMyjinpoBaHHOM BHfle. OnflTB noflbiHTerpajibHaa 
dpyHKE,HH nojio>KHTejibHa. IIojj;6epeM k hch skbh- 
BajieHTHyro cpyHKHino npii ctpgmjighhii x k oco6ofi 
TOHKe: _ _ 

sin Jx Jx 1 



e x — 1 x-yO X \JX 

Mbi nojiy^iaeM no TeopeMe 112.3.11 hto cxojthmoctb 
Hcxo/nroro HHTerpajia SKBHBajieHTHa cxojthmocth 
6ojiee npocToro HHTerpajia 



sin \jx 

e*-l 



1 



d a; = 2Vx 



BTopoii HHTerpaji cxo/hitch, 3HanHT, Hani hcxo/htbih 
HHTerpaji tojkg cxojthtch. Ero CKopocTb cxojthmo- 
cth onncbiBaeTCH cpopiviyjiOH (|12.3.52|) : 

f T sin \fx , f T 1 „ /= 

/ ^-dx - / -^dx = 2VT. 

Jo e2: - 1 T ^+° 7o V* 

o 12.3.3. Te }Ke caMbie paccyscjreHHH pjm HHTe- 
rpajia 



1 — cos x 
ln(l + x 3 ) 



d x 



3anHincM Kopone: 



1 — cos x 



o ln(l+x 3 ) 



1 x± 

d x ~ / da; 



d a; = In x 



+00 



x + sin x 



vi + x 6 



a;— y+00 



+00 



d x 



+00 



+00 



-^r dx = I — dx = 

x J x z x 



1 



IIocjieflHHH HHTerpaji cxojthtch, 3HanHT, Hani hc- 

XO/THBIH HHTerpaji TOJKE CXOflHTCH. CKOpOCTb cxo- 
flHMOCTH: 



+00 



x + sin x 



d x 



T-f+oo 



+00 



1 



d x 



1 

T 



o 12.3.5. Eme o/hih HHTerpaji no 6ecKOHeHHOMy 
npoMejKyTKy: 



+00 



x + sin x 
VTTx 3 



d x 



re— >-+oo 
+00 



+00 



d x = 2-\/x 



+00 



IIocjiejj,HHH HHTerpaji pacxo^HTca, 3HanHT, narn hc- 
xojthbih HHTerpaji tojkc pacxojjHTCH. CKopocTb pac- 
xojthmcoth: 



x + sin x 



1 VI + x 3 



d x ~ 

T 

-- 2^x~ 



1 



d x 



x 

2VT-2 



T->+oo 



2VT 



» 12.3.1. HccjieflyiiTe Ha cxoahmoctb HHTerpajiti 

H OH,eHHTe CKOpOCTb CXOJTHMOCTH H paCXOflHMOCTH: 



BTopoii HHTerpaji pacxo/niTca, 3HanHT, Ham hcxoji- 
hbih HHTerpaji TOJKe pacxo/niTCH. Ckopoctb pacxo- 
jthmocth onncBiBaeTca dpopMyjioii 



1 1 — cos x 
. ln(l + x 3 ) 



1 

2 



1 



d x = - In T 



o 12.3.4. CHOBa HHTerpaji no 6ecKOHeHHOMy npo- 
Me»cyTKy: 



1 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 



r+°° 1 dx- 
r+°° 1 dx- 

r 2 dx- 

f 1 arctg x 1 
JO UX ' 

r+00 arctg z , 
Jl a;^ aX ' 

fl arctsa; 1 

io ^7§- dx ' 
Jo^dx; 
f 1 1 dx- 

Jo ,/x-l ' 
fn d x: 

JO e -cos x " 

rl ln(l+^) , 
JO o.* — 1 UX ' 

+ 

+00 ln(l+^+a;) 



X 



1+ln x+sin x 
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AcuMiiTOTHHecKoe cpaBHeHHe HHTerpajiOB 

TeopeMa 12.3.2 (acHMnTOTHiecKHH npH3HaK cpaBHeHHa). Tlycmb (fyuKu^uu fug o6Aadawm 
cjiedytoiu,UMU ceoilcmeaMu: 

a) fug Henpepuenu na nojiyuHmepecuie [a;c); 

b) f(x) < g(x) (mo ecmb f(x) = o (g(x))); 

x— >c— x— >c— 

c) g(x) > 0, Vxe(a;c). 

• B03HHKaK>maH 3aBHCHM0CTb MeJKfly HeC06cTBeHHBIMH HHTerpajiaMH KOpOTKO 3anHCbIBaeTCH 

(popMyjioii 



f(x) d x -C / d a;. 

.7 a c J a 

Tozda 

(i) U3 cxoduMocmu 6oJibiueao uHmezpajia J° g{x) Ax cjiedyem cxoduMocmb Menbuiezo unmezpajia 
/ f(x) d x cxodumcH -4= / g(x) d x cxodumcsi, (12.3.56) 

J a J a 

npuucM CKopocmu cxoduMocmu oufinueawmcsi coomHouienueM 

fix) Ax < / g(x)dx; (12.3.57) 

(ii) u3 pacxoduMocmu Mewbuiezo uwrnezpana f(x) dx cjiedyem pacxoduMocmt> 6oAt>uiezo uwme- 
zpajia f° g(x) d x: 



f{x) dx pacxodumcsi =>■ / g(x) dx pacxodumcsi (12.3.58) 

J a 

npuueM CKopocmu pacxoduMocmu oufinueawmcn coomHouienueM 



f{x)dx T <^^J g{x)dx- (12.3.59) 

/JoKa3ameAt>cmeo. 1. 3a6yn,eM Ha BpeMH o cbopMynax (| 1 2 . 3 . 5 T[ ) h (I12.3.59| . OcTaBinHeca b ycjiOBHax (i) 
h (ii) yTBep>K^,eHHH (|12.3.56p h (|12.3.58p SKBHBajieHTHbi, nosTOMy H3 hex floCTaTOHHO /i,OKa3aTb KaKoe- 
HH6yn,b opfLO, HanpiiMep, nepBoe. YcjiOBHe (b) 03HaHaeT, hto 



44 0. (12.3.60) 

g(x) x->c-a 

g(x) c V 2 ' T 2 



Ilo onpeflejieHHio npe,n,ejia Kohih fc !164l) . cym,ecTByeT b € [a; c) Taxoe hto Vx € [6; c) G (— i; 



Vxe[b;c) - 1 -<-M<+ 1 - 
2 2 

IIocKOjibKy g(x) > 0, mojkho yMHOJKHTb 3to flBOHHoe HepaBencTBO Ha g(x), h npn 3tom 3HaKH HepaBen- 
CTBa He H3MeHHTca: 

Va; G [6; c) - - ff (a?) < f(x) < - g(x) 

IlepenHHieM sto HHane: 

Vxe[6;c) < ~ g(x) (12.3.61) 

OTCio/ja nojiynaeTCH cjieflyiomaa uenoHKa cjieflCTBHfi: 

HHTerpaji / g(x) d x cxoahtch 

J a 

ij- JTCMMa ll2.3. II 



HHTerpaji / g(x) d x cxo^htch 

Jb 
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HHTerpaji / — g(x) dx cxo,h,htch 
Jb 2 

JJ- HepaBeHCTBO ]12.3.6l1 ii TeopeMa l7.2.2l 

HHTerpaji / |/(x)| d x cxojthtch 

Jb 

JJ. TeopeMa l7.2.4l 

HHTerpaji / /(x) d a; cxojthtch 

2. Tenept bciiomhhm o dpopivryjiax (|12.3.57|) h (|12.3.59| ) . Ohii ,n,OKa3biBaeTCH TeM see npiieMOM (c 
noMOinbio npaBiijia JIoniiTajia), hto h cpopMyjiti (|12.3.52ll - (|12.3.53p Bbiine. CHanajia npeflnojiojKiiM, hto 
o6a HHTerpajia cxoahtch, h o6o3Ha x iHM 

PC re pT PC PC pT 

F(T)= / f(x)dx= / f(x)dx- / /Wdx, G(T)= / g(x)dx= / ^Jdi- / g{x) dx 

JT Ja Ja JT Ja Ja 

Toiyja 

F'(T) = —f(T), G'(T) = -g(T) (t € (a, c)) 

h noaTOMy 

J°f(x)dx fo\ u _ -fir) „_ /(T) 



lim ^4 ' ■ = - = (14X581) = lim = lim = (112.3.6011 = 

Hao6opoT, npeflnojiojKiiM, hto o6a HHTerpajia pacxoflHTCH, h o6o3HaHHM 

F(T)= [ f(x)dx, G(T)= [ g(x)dx 



Tor^a 



h nosTOMy 



F 



'(T) = /(T), G'(T)=g(T) (t e (a,c)) 



lim ^ /(g)dg = (~) = g3im = lim 4^ = d» = 



□ 



o 12.3.6. HTo6bi HCCjiejj,OBaTb na cxojthmoctb hjih, ecjin ynpocTHTt, 

Heco6cTBeHHbiH HHTerpaji 

+oo in • f +oo x 10 smx _t 

^ x LU smx , / dec < e 2 

; da; J T e x t^+oo 

3aMeTHM, HTO IlpHMeHHH on,eHKy 

x 10 sinx 1 x 

< — = e ^ x 10 < e £X (e > 0), 

II03TOMy 



x—t+oo 



+°° a; 10 sin a; /"+ 00 - - +°° 



mojkho ^,OKa3aTb 6ojiee TOHHyio cpopMyny: 



/ ar sini , T 



di < / e 2 dx — — 2e 2 

c " +°° Jo 

IIocKOjibKy 6ojibHHiii HHTerpaji (cnpaBa ot -c) cxo- 
jthtch, MeHbHiHii (to ecTb Ham HCxojxHbiH) HHTerpaji 

TO>Ke flOJIJKeH CXOJTHTBCfl. ErO CKOpOCTb CXOJTHMOCTH 

j_ - A t n o 1-^ HecoocTBeHHbiH HHTerpaji 

OH,eHHBaeTca cpopMyjiOH ([12.3. 57|l : 



+00 ^10 

di < o T (a < e). 



o 12.3.7. MTo6bi HCCjieflOBaTb Ha cxojthmoctb 



/ x u smx , /_■£,„ _£ I e , 

/ dx < / e 2 dx = 2e 2 / — r^dx 

/t t^+oo 7 T 7i x lu 
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33.MGTHM, HTO 



OlI,eHKOH 



X iu X-S-+00 



IIosTOMy 



r 



.,10 



dx > 



+oo 



: 2 dx = 2e 2 



1 



IIocKOjibKy MeHbniHH HHTerpaji pacxo/niTCH, 6ojib- 
ihhh TOJKe flOjBKeH pacxofliiTbca. Ckopoctb pacxo- 
,u;hmocth ou,eHHBaeTca (popMyjiofl: 



,.10 



dx > 

T->+oo 



e 2 dx 



2e 2 



h, ecjin ynpocTHTb, 



IIpHMeHaH on,eHKy 



10 



dx > e 2 



x 10 < e ea; 

a;— >+oo 

mojkho ^,OKa3aTb dpopMyjiy 



(e > 0), 



i; 



X 



10 



dx > a 1 



(a < e) 



o 12.3.8. 

nl lnx 



a; ->■ +0 O 1/ -*■ +: 



f 1 1 1 f 1 —3 

J+oo y y J+co y 



= 9 /' 

j+oo y 



-!>/ ^dy« 

y J +oo 



« -9 / dy = -9 / — dy = - 

+°° Ji y A Ji y 1 y 



l 



IIocjie/i,HHH HHTerpaji cxo^HTca, 3HanHT MCHbiniiH 
(hcxo/hibih) HHTerpaji TCOKe cxo^htcs. J\jir cko- 
pocTb cxoflHMOCTH c noMomtio toh »ce oi^chkh no- 
jiynaeTCH cpopMyjia: 



lny < y £ 



M05KHO ^,o6HTbCH CpOpMyjIM 



(e>0) 



Jo 



i^dx « r- 

v'X T^+0 



(a < 2). 



o 12.3.9. 



dx 



a; — > +0 <J4> y — >■ +oo 
x = 1 4» y = 1 



/' 

JO 

j+Qo y j+oo y J\ y 

» / 



+oo +00 

1 dy = y 



IIocjieflHHH HHTerpaji pacxo^HTca, 3Ha*iHT 6ojib- 

HIHH (hCXO/THBIh) HHTerpaji TOJKE paCXCflHTCH. ,ZIjIH 

ckopocth pacxoflHMOCTH nojrynaeM c noMombio toh 
jkb on,eHKH dpopMyjiy: 



/; 



— y, x — — 

x = T <s> j/ = i 



e y d- > 

y T^+0 



/ — dy = y 

Ji y 2 

IIpHMeHaH dpopMyjiy 



T^+0 . 



T _ 1 1 

i ~~ T ~ t~+o T 



e v > y £ 

y-t+oo 

MOJKHO ^,o6HTbCH OH6HKH 



(e>0) 



i 1 

ei dx > — (neff) 



V, x=-g 



Jo 

=- 9 r^ d y « - 9 fl d ,= 



x — > +0 ^> y — > +oo 



= 9T 



>[> 12.3.2. HccjieflyiiTe Ha cxo,h;hmoctij Heco6cTBeH- 
Hbie HHTerpajibi h HaiiflHTe oi^eHKH cxo^,hmocth h 
pacxoflHMOCTH: 

1) j\ei dx; 

2) Jo# d ^ 

3) ,r : -d.r: 

41 f5 dx . 

JO a; 3 lnx ' 



CoKpaui,aa KOHCTaHTy 9, nojiynaeM: 



1+x+x 2 

Mi+|+^j 



d x: 



lnx , m 
17= dx < T 

V/X 



ln(l+:r+v^) 

7) /r M1+T r + F } d 
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HHTerpHpoBaHHe acHMmoTHiecKHX cpopMyji H3 TeopeMbi 112.3.21 cpa3v cjiejxyeT 

TeopeMa 12.3.3. Ilycmb (f>yHKV,uu f , g u h o6Aadawm cjiedywiu,UMU ceoticmeaMu: 

a) f,guh nenpepuenu na noAyunmepeaAe [a;c); 

b) f,guh ydoeAemeopfiwm acuMnmomuuecKOMy coomHomeHum 

f(x)=g(x) + o (h(x)) 

x— }c— 

c) h(x) > 0, Vx € (a;c). 
Tozda 

(i) ecjiu Heco6cmeeHHue unmezpaAU f° f{x) dx, g(x) d x u J° h(x) dx cxodnmcsi, mo cnpa- 
eedAuea acuMnmomuuecKcui cfiopMyAa 



f(t) d t = J g(t) d t + x _o_ o (J f(t) d t\ (12.3.62) 

(ii) ecAU Heco6cmeeHHUU unmezpaA f^h(x) dx pacxodumcn, mo cnpaeedAuea acuMnmomuuecKati 
(fiopMyAa 

J f(t)dt = J 9(t)<*t + x j> c _ Q U f(t)dt\ (12.3.63) 



H3 TeopeMbi 112.3.31 TyT *;e cjie/ryeT MeTO,n, Ha- 

XO>K^,eHHH aCHMIITOTHKH HHTerpajIOB 



F(x) 



f(t) dt, F(x) 



/(f) dt 



- flJIH 3TOTO HyjKHO HaHTH aCHMnTOTHKy JIJIS 

noflMHTerpajibHoii (py hkuhh , a 3aTeM npoiiHTerpii- 
poBaTb ee. IIoKajKeM, KaK sto ^ejiaeTca Ha npHMe- 
pax. 

o 12.3.10. HanixeM aCHMnTOTHKy HHTerpajia 

/a> 
\/t 2 + 1 dt, x -> +00 

OroBopHMCH cpa3y, hto stot HHTerpaji mojkho bm- 
hhcjihtb hbho (mm flajKe npejijiarajin sto HHTaTejno 
b vnpaatHeHHH [5Tl~4"]) . h xax cjie^CTBHe, ero acHMn- 
TOTiiKy moscho BbiBecTH no aHajioriin c npHMepa- 
mh § 2j[b) (bmhhcjihb F(x), h, nocjie npeo6pa30- 



BaHHH, pa3jiojKHB nojiyneHHoe BbipajKeHiie c noMO- 
mbio dpopMyji IleaHo). O^HaKO 3flecb Haina nejib - 
oG'bHCHHTb, KaK Haxo^HTCH aciiMiiTOTiiKa nopfl6wbix 
HHTerpajiOB 6e3 hx hbhoto bmhucjighhh . Mm bh- 
6pajm stot npHMep TOJibKO hto6m He ycjiojKHHTb 
BbiHiicjieHHH. HnTaTejHO >Ke Mbi npejijiaraeM caMO- 
CToaTejibHO HaHTH aCHMnTOTHKy TaK, KaK Mbi onn- 
cajiH, a 3aTeM cpaBHHTb otbctm, nojiynenHbie pa3- 
hmmh MeTo^aMH. 

BcnoMHHM, hto b npHMepe 1 1 2 . 2 . 8 1 mbi ysce HCKa- 
jih aCHMnTOTHKy noflbiHTerpajibHoro BbipajKeHHH, h 
(c TOHHOCTbio flp 3aMeHbi nepeMeHHOii) mh nojiynn- 
jth TaKoii otbct: 



1 



y/t 2 + 1 = t + — o 



(12.3.64) 



K 3TOH CpOpMyjie, OiTHaKO, HeB03MO}KHO npHMeHHTb 

nacTb (ii) TeopeMbi 112.3.31 KaK HaM 6 m xoTejiocb, 



noTOMy hto nojiynaiomHHCa HHTerpaji no/i, chmbo- 
jiom o cxo^htch. Ho ecjiH orpy6nTb 3Ty dpopMyjiy 
PA dpopMyjibi 



Vt 2 



l=t 



1 

2f 



1 

o 



TO HHTerpaji UOJ\ O CTaHOBHTCH paCXO/I,aHl,HMCH, H 

TeopeMa 1 12. 3. 31 (ii) CTaHOBHTCH npHMeHHMa: 



J Vt 2 + l dt 



t +Yt ) dt 



o 

t— >+oo 



id* 



t 2 1 , 

Y + 2' lnt 



t—X 

+ o I In t 

t=l t-^+oo 



t — X 

1=1 



X Z 1 1 

— + — -lnx— — + o (In a;) 

2 2 2 t^+oo v ' 



o (In a:) 

x 2 1 

— + — • In x + o (In x) 

2 2 t— >-\-oo 



Mm nojiynnjiH acHMnTOTHnecKyio dpopMyjiy: 

f x i x 2 1 

/ V t 2 + 1 d t = 1 In x + o (In 

Ji 2 2 t— i-+oo 



x) 



Mojkho 6mjio 6m nocTynHTb HHane: bmccto to- 
ro, nTo6bi orpy6jiHTb qSopMyjiy (|12.3.64[) nepe^i, TeM 
KaK ee HHTerpnpoBaTb, mojkho nepenncaTb ee TaK, 
hto6m 6bijia npHMeHHMa nacTb (i) TeopeMbi 112.3.31 

3^ecb npaBaa nacTb 6ecKOHenHO Majia no cpaB- 
hchhk) c dpyHKnHeii HHTerpaji ot KOTopoii Ha 
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[1, +oo) cxojjhtch. IIosTOMy no TeopeMe ll2.3.21 ih- 
Terpaji ot jieBoii Hacrii TO»ce ppjuneii cxo/niTbca: 

£°(^TT-t-I) dt = A S R 



Tenept, npHMeHHH k (|12.3.65|) TeopeMv 112.3.31 (i), 
nojiynaeivi: 



(v^-'-s) 



dt 



8t 3 t^+oo 



16t 2 



t — OQ 



o 



I , i->+oo \ 2t 2 

1 /J_ 

16s 2 + t^+oo ^2x 2 

1 



1 

j oo 

t=x 



dt = 



VOX 1 t-»+oo \ X 



1 



OTCK>;ia cjie/ryeT: 



f (VPTT-.-i)d 



t = 



= A 



16x 2 



° -o 

t->+oo \ x z 



/ a v^TIdt = ^(v^TI-t-i) dt + 



^ + l.l nx _l 



1 



o 



1 



16x 2 t->+cxj yx 2 

x 2 1 . 1.1 / 1 

1 In x h A H - + o — 

2 2 2 16x 2 t^+oo 1 x 2 



Mm nojiyHHjiH acHMnTOTHnecKoe pa3jio»ceHHe Ha- 
inero HHTerpajia nopa/nta 2 bjxojib CTeneHHoit no- 
cjieflOBaTejibHOCTH Ha 6ecKOHe x mocTH: 



J Vt 2 + l dt 



1 



£_ I -I 

2 + 2 nX 2 + ' 16x 2 ' t-v+oo \x 2 



o 



rfle 



.4 



3aMeTHM, HaKOHen,, hto, BBiniiCMBaH 6ojiee toh- 
Hyio acHMnTOTHKy fljia noflbiHTerpajibHOH cpyHK- 
hhh (to ecTb 3aMGHH5i cpopMyjry (|12.3.64p Ha 6ojiee 
TOHHyio) , momo no STOMy ajiropnTMy nojiynaTB h 
acHMnTOTHKy HHTerpajia HyscHoii tohhocth. 



HaxoacfleHHe acHMnTOTHKH HHTerpHpoBatmeM no nacTHM OnHcaHHbiii b npeflbiiryineM nyHKTe 
cnoco6 HaxojKjj,eHHH acHMnTOTHKH HHTerpajia He Bcer,a,a pa6oTaeT. HanpHMep, acHMnTOTHKy HHTerpajiOB 

y — dt, y t 2 -e'dt (x^+oo) 

HeBO3MOJKH0 nojiyHHTb, pacKjiajj,biBaa noflbiHTerpajibHyio cpyHKinno b acHMnTOTHiecKyio cpopMyny, a 
3aTeM HHTerpupya ee (noTOMy hto acHMnTOTHKy jijia nojxbiHTerpajibHOH cpyHKiniH 3,n,eci> TpyflHO npH/ry- 
MaTb). B TaKHx cjiynaax nojie3HO flep»caTb b rojiOBe jrpyroii MeTOJi - HHTerpnpoBaHHe no nacTHM. 3;xecb 
Mbi paccMOTpHM HecKOJibKO npHMepoB Ha 3Ty TeMy. 



o 12.3.11. Haftjj,eM acHMnTOTHKy HHTerpajia 



i x sin t , 
F(x)= j — dt 



(12.3.66) 



npe?Kjj,e Bcero 3aMeTHM, hto cymecTByeT KOHenHbiii 
npejreji 

. . / sin i 

A = lim F(x) = / dt 

- nocKOjibKy HHTerpaji d t cxojthtch a6co- 

jiiotho: 



sint 



r 2 



i 



d*< l T2 *t = -~ t 



= i 



3anoMHHM 3to hhcjio A. Tor^a, HHTerpnpya no na- 
cthm oji,hh pa3, nojiyHHM: 



f Mint dt 

i ^ 
II 



= A- 



t 2 
d cost 



sint 



. rX sin I , , 

F( X )= j — dt=A - I — dt 



= A- 



cost 



t 2 



-2 



cost 



dt = 
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COS X 

A — +2 



cost 



dt 



Mm nojiynaeM: 



F(x) = x a ■ e x -e + o (F(x)) 

X— >- + oo 



= A + 



o 

S.+00 V a; 



3to nepBoe acnMnTOTHHecKoe pa3jiojK6HHe. Ecjih 
npoiiHTerpiipoBaTb no nacTHM /nm pa3a, nojiymTca 
6ojiee TOHHaa: cpopMyjia: 



F(x) 



x sint 
i ~ 



o (F(x)) 



F{x) = x a ■ e x + o (F(x)) 

x— >-+oo 



F(x) = / t a ■ e* d * ~ x Q • 

a;— >-+oo 



dt = ... = 



a- 



A- 

: i4 



COS X 

A 2 



cos X 
A = 2 



cos a; 2 sint 



cost 



t 3 

00 dsint 



dt 



t 3 



a; 2 t 3 
cos x 2 sin x 



° sint 
sint 



dt 



-i (*) *_& (£) 



= A- 



cos a; 



o 

x— s.+oo \ x z 



H Tax flajiee. YBejinmBaH hhcjio HHTerpnpoBaHHn 
no nacTHM, mbi 6yn,eM noBMinaTb tohhoctb acHMn- 

TOTHieCKOrO pa3JIOJKeHHS. 



o 12.3.12. Haft/jeM acHMnTOTHKy HHTerpajia 

t a ■ e* d t, x -» +oo 
HHTerpnpyH no nacTHM, nojiynaeM: 

t Q • e* d t = 



/ t"-e* dt = x a -e x + o (x Q • e x ) (12.3.68) 

x— v+oo 

3to nepBoe acnMnTOTHHecKoe pa3jio>KeHHe. H3 
Hero mojkho BbiBOflHTb acHMnTOTHKH 6ojiee BblCO- 
Koro nopHflxa. 3aMCHHB b (|12.3.68p a Ha a — 1, mm 
nojiy^HM n;enoHKy: 



t a - x ■ e * dt = x a ~ x ■ e x + o • e x ) 

x— >+oo ' 

(12.3.69) 



j*t a -e* dt= (111 = 
= x a -e x -e-a- t"" 1 • e* d t = (ll2.H.6»l) 



F(x) = ^ 



x Q •e I -Q^"- 1 •e fl, -e + o (^■e I ) = 



X— >- + oo 



F(x) 



t a -e* 



t—x 

t=l 



t a de* 



e* dt" 



.y t"" 1 -e* dt (12.3.67) 



IIorjiH^HM BHHMaTejibHO Ha nocjieflHHit HHTerpaji: 
t 01 - 1 ■ e* < t Q • e* 

t— >+oo 

112.3.591 



t"" 1 • e* dt < 



t" • e* dt = F(x) 



= x Q -e a; -a-x Q - 1 -e :E + o (i^-e 1 ) 

X-S- + 00 v ' 

riojiy^aeTCH pa3Jio»:eHHe: 

t Q -e* dt = x a -e x -a-x a ~ 1 -e x + o (/-^e 1 ) 

x-s.+oo v 7 

(12.3.70) 

3/i;eci> TaKsce mojkho 3aMeHHTb a Ha a — 1 h no- 
cjie 3Toro no^CTaBHTb nojiy^iCHHyio dpopMyjiy b 
(|12.3.67|) - Tor,a,a hohbhtch acHMnTOTHKa 6ojiee bbi- 
coKoro nopHflKa, h TaK^ajiee. IloHaTHO, hto aciiMn- 
TOTHiecKaH nocjieflOBaTejibHOCTb 3,a;ecb 6epeTCH Ta- 
KaH: 



x a ■ e x > x a 1 • e x > x a 2 ■ e x > 



x— y-\-oo 



x— >-+oo 
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(b) AcHMIITOTHKa CyMM 

AcHMnTOTHieCKaH SKBHBajieHTHOCTb pHflOB. 

TeopeMa 12.3.4 (npn3HaK SKBHBaneHTHOCTH ph/i,ob). IIycmt> 

a n > 0, b n ^ 0, an ~ b n (12.3.71) 



n— >oo 



• KopoTKO 3th Tpii ycjiOBHH 3anHCbiBaiOTCH (popMyjioii 

oo oo 

E a " ~ E bn 

n—1 n—1 

oo oo 

Tozda cxoduMocnih puda ^ a n BKeueajieHrrma cxoduMOcmu pnda ^ &„ : 

n—1 n—1 



^ a n cxodumcM <^=^ ^ 6„ cxodumcM 



n—1 n—1 

(i) ecAU smu psidu cxodsimcsi, mo cnpaeedAueo CAedymiu,ee coomtiomenue, noKa3ueaiom i ee 7 umo 
CKopocmb ux cxoduMOcmu 6ydem odunaKoeou: 



E a « v ~ E fo « ( 12 - 3 - 72 ) 



TV— >oo 
n=JV n=N 

(ii) ecAU smu psidu pacxod.nmc.H, mo cnpaeedAueo CAedymu^ee coomnouieHue, noKa3ueamui,ee, umo 
CKopocmb ux pacxoduMOcmu 6ydem odunaKoeou: 

N N 

Va„ ~ V&„ (12.3.73) 

N — ^oo 
n—1 n—1 

,n,OKa3aTejii>CTBa Hail noHa,n,o6HTCfl cjie^yiomaa 

JleMMa 12.3.2 (jieMMa 06 ocTaTKe). Ilycmb Y^=i a n ~ uucaobou pud, u M e N - npou3eoAbnoe 
hucao. Tozda 

oo oo / oo \ 

fwjd a„ cxodumcM <==^> cxodumcsi psid a„ ( H03ueaeMuii ocmamnoM psida a„ ] 

n=l n=M \ n=l / 

JIoKasameA-bcmeo. 06o3HaHHM *iepe3 5 at h i?jy nacTHHHbie cyMMbi caMoro pa^a h ero ocTaTKa: 

AT AT 
Sn — ^ On, Rn = ^ 

OneBHflHO, npn N ^ M 



Or: 

n=l n=M 



JV M-l iV 

Sjv = ^ a n — ^ a„ + ^ a„ = C + i?iv, 



n—1 n—1 n—M 

^M-l 



r^e C = J2 n =i a « ~~ KOHCTaHTa, He 3aBHCHmas: ot N. Tenepb nojiynaeM cjie,n,yioinyio JioriiHecKyio n,e- 
noiKy: 



psm a n cxo,h,htch 



n=l 



cymecTByeT KOHeHHtifi npe^eji lim Sn 

N->-oo 



t 
Hbl] 

t 
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cymecTByeT kohchhbih npe/i,eji lim Rn 



OCTaTOK a n CXOflHTCH 

n=M 

□ 

/J,oKa3ameAt>cmeo meopeMu \12.3. 4] 3acpiiKCHpyeM CHanajia KaKoe-HH6yflb e € (0, 1) ii 3aMeTiiM Taicyio 
jiorHnecKyio u,enoHKy: 

n— f oo 

On ^ 1 

6 n n->oo 

3L Vn^L ^ e [1 - e; 1 + e] 



a- 

3L Vn^ L (1 - e) ■ b n < a n < (1 + e) • &„ 
4 



^ (1 - e) ■ 6„ < ^ a„ < ^ (1 + e) • b n (12.3.74) 

n—L n—L n—L 

(nocjieflHee flBoiiHoe HepaBeHCTBO nomiMaeTCH KaK nonjieHHoe cpaBHeHiie pHflOB, onpeflejieimoe (popivry- 
jioh (|8.2.13p ). 

oo oo 

1. IIoKa^eM Tenept, hto cxo^hmoctb pH,n,a ^ a n 3KBHBajieHTHa cxo^hmocth ps^a ^ 6 n . C o^hoh 

n— 1 n— 1 

CTopoHbi, cnpaBCfljiHBa Taicas n,enoHKa: 

oo 

a n CXO^HTCH 

n=l 

JJ- (npHMeHaeM jieMMy 06 ocTaTKe |12.3.2l 

00 

a n CXO^HTCH 

00 

y^ (1 — e) • 6 n CXO^HTCiT 



npHMCHflCM HepaBeHCTBO fl!2.3.74t \ 
h npn3Ha,K cpaBHeHHH l8.231 y 



n—L 

4J- (npHMeHaeM cbohctbo 1°, §2) 

00 

y^ 6 n CX0,ZB3TCH 
n—L 

JJ- (npHMeHaeM JieMMy 06 ocTaTKc |12.3.2t 

00 

fr n CXO^HTCM 

n=l 

A, c ^pyrofi CTOpOHti, cnpaBe^jiHBa n;enoHKa b o6paTHOM HanpaB jieHiin ; 

00 

y^ fr n CXOAHTCa 
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JJ- (npHMeHfleM JieMMy 06 ocTaTKc |12.3.2t 

00 

b n cxo^htch 

n—L 

4J- (npHMeHneM cbohctbo 1°, §2) 

00 

(1 + S) • b n CXO^HTCH 

71— L 

00 

a n CXO^HTCH 

n—L 

•JJ- (npHMeHaeM JieMMy 06 ocTaTKc |12.3.2l 



npiiMCHHCM HepaBCHCTBO fl!2.3.74t \ 
11 npii3HaK cpaBHeHiiH |8.2?3] J 



a n cxo^htch 



2. Tenepb npe^nojio^HM, hto 06a pa^a cxo^htch h ^OKa^ceivi 4>opMyjiy (|12.3.72|) . H3 f) 1 2 . 3 . 74|) nojiy- 
naeM: 

OO OO OO * v 

3flecb y>Ke a„ a 6„ - ™ana J 



-N n=N n=N 



E a« 

£ I 3,nect> e £ (0; 1) c caMoro Haiajia Bi>i6npajiocb npon3BOJibHbiM 1 

E 

n=iV 



E «n 



Ve g (0, 1) 3L G N ViV > L 1 - e < ^ — < 1 + e 

E &n 



E «n 

oo 

E K 

n=N 



> 1 

JV-s-oo 



to ecTb cnpaBe/i,jiHBO (|12.3.72|) . 

3. HaM ocTaeTca ,a,0Ka3aTb (|12.3.73p b npeflnojiojKeHiiii, hto o6a pa/ja pacxo^HTCH. 3^ect npiiivieHHeTCH 
TeopeMa IIlTQjrbiia ll.2.81 H3 ycjiOBiia (|12.3.7ip cjie/ryeT, hto HaHHHaa c neKOToporo HOMepa M Bee Hiicjia 
b n HeHyjieBbie, h nosTOMy nojiojKHTejiBHti: 

Vn > M b„ > (12.3.75) 

3a<pHKcnpyeM 3to M h o6o3HaHHM 

N N 



n=M n=M 

H3 (|12.3.75p cjie/ryeT, hto nocjieflOBaTejitHOCTb (AT M) CTporo B03pacTaeT: 



Bm < Bm+i < ■■■ < Bn < 
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C flpyrofi CTopoHbi. OHa ctpcmhtcs k 6ecKOHeHHOCTii, nocKOjibKy mm npe^nojiaraeM pafl En=i bn pac- 
xo/jhihhmch: 



JV 



B N = 6„ — > oo 



n=Af 



IlosTOMy no TeopeMe 11.2.81 



,. An An — An-i 

lim = lim 



lim 



a N 



N-foc Bn N^oo Bn — BjV-1 N^oo 6/v 



Ecjih Tenepb o6o3HaHHTB 



to mh nojiy hum : 



M-l 



M-l 



AT 

E a * 

i • n— 1 

lim — 

E 

n=l 



= lim 







E a n ~ 


1- E °" 


71=1 


7l=M _ 


M-l 


JV 


E 6n- 


h E *>« 


n=l 


n=M 



lim = lim 










1 


/ 


/ 


A 








Bn 


+ 


Bn 





iV 



To ecTb cnpaBe/i,jiHBO (|12.3.73|) . 



□ 



o 12.3.13. 



o 12.3.15. 



OO 

E — 

n 2 

n=l 



1 00 1 

i y — 

- n — 1 ^— ' ?i 2 



( n ) E/ T1 ( 



BbiBOfl: pafl E n 2 + 1 „_ 1 cxoflHTca. 

n— 1 

B COOTBGTCTBHH C TeOPeMOH 1 1 2 . 3 . 4l MOJKHO flaTb 

acHMnTOTinecKyio oneHKy ckopocth cxo/i,hmocth 
STOro pH/i,a: 



w 1 

V t , 

^ n 2 + n— 1 at- 

n— 1 



N 1 
E ^ 



n=l 



o/niaKO 3to 6ya,eT Majio HHcpopiviaTHBHO , noTOMy 
hto TeopeM 112.3.61 h 112.3.71 mm He cmojkbm bh- 
pajKaTb aciiMiiTOTiiKy paflOB nepe3 CTaH^apTHMe 
cpyHKn,HH. 



o 12.3.14. 



OO 



1 + y/n 



71=1 



OO 

E 1 



n 
n=l 

paCXOflHTCH 



OO 

BbiBOfl: pafl E ^,^271 P acx0 A HT ca. 



uo a 

BbiBOfl: pa/i, E ( sm ) cxo/hitch npn a > 1. 



71=1 



o 12.3.16. 



E 



E — 



CXOflHTCfl 

npH a + 1 > 1 
to ecTb npH a > 



BbiBOfl: pflfl 2^ — raa cxoflHTca npii a > U. 



71=1 



» 12.3.3. HccjieflyftTe Ha cxoahmoctb paflbi: 

oo / N 2 

1) E^-fe ; 

n=l x 7 

oo 

2) T 1 

; ^ 1 /n(n+l)(n+2)' 

3) E " ' (aAT+I - V^ -- !) ; 

71=1 



4) E 4- - In 



71=1 



v ^ ln(n+Vn+lnn+l) _ 
/ 3n— In 7i+arctg 7i— 1 ' 

71=1 
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7i—l \ v / n—1 K J 

7 ) En-(e»-lJ ; 10) E \_ cos l ■ 

n—1 x ' n—1 71 

°° 1 

8 ) E fi. 8i "i\°; 



AcHMnToraiecKoe cpaBHerae pa^OB. 

TeopeMa 12.3.5 (acHMnTomiecKHH npn3HaK cpaBHeHHH ph^ob). Ilycmb nocAedoeamejibHocmu 
{a n } u {b n } o6jiadamm CAedywiyuMU ceoucmeaMu: 

(1) a„ <C b n (mo ecmb a n = o (b n )); 

n—too n— >oo 

(2) b n > 0, Vne N. 

• KopoTKO 3th flBa ycjiOBHa 3anHCbiBaiOTca cpopMynoii: 

oo oo 

y^<l>n < ^ ^n 
n—1 n—1 

oo oo 

(%) U3 exoduMoemu 6oAbiuezo pnda E ^n CAedyem exoduMoemt Mtwbuiezo psida E a n ; 

n—1 n—1 



^ a n cxodumcsi <= ^ 6„ cxodumcsi (12.3.76) 



n—1 n—1 

npuue.M cKopocmu exoduMoemu ov^eHueammcH coomHomenueM 



J2 an « 51 6 ™' (12.3.77) 



W^oo 
n=N n=N 

oo oo 

(n,) U3 paexoduMoemu Mtwbuiezo psida E °n CAedyem pacxoduMOcmb 6oAbmezo psida E &n ; 

n—1 n—1 



^ a„ pacxodumcM => ^ 6„ pacxodumcsi (12.3.78) 



n—1 n—1 

npuucM CKopocmu paexoduMoemu oyenueawmcfi coomnouieHueM 

N N 



J2 a " < (12.3.79) 



n—1 n—1 

JJoKaaameAbcmeo. 3acpiiKCHpyeM CHanajia KaKoe-HH6y,n;i> e > h 3aM6TiiM Taxyio jioriiHecKyio upnoHKy: 

a n <C &„ 

n— >oo 

£ -> 

b n n->oo 

M _^ o 

O n n— ¥oo 

On 
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3L Vn ^ L \a n \ < e ■ b n 

oo oo 

X>„ I (12.3.80) 

n—L n—L 

(nocjieflHee HepaBeHCTBO noHHMaeTCH KaK noHjiemioe cpaBHeHiie paflOB). 
1. JUpK&yneM (|12.3.76p h (I12.3.78|l . 3aMenaeM Taxyio u,enoHKy: 



pflfl b n CXOflHTCH 



71=1 

JJ- (npHMeHHeM jieMMy 06 ocTaTKe 1 12.3. 2 1 

oo 

pafl b n CXOflHTCH 

OO 

pHfl £ • 6 n CXO^HTCSI 

n—L 

II / BcnoMHHaeM HepaBeHCTBO 112.3.80l l\ 

* I H npiI3HaK CpaBHeHH5I ph.iiob [8.2.3I / 

OO 

ps^ |a n | cxo^htch 

n—L 

4J- (npHMeHaeM jieMMy 06 ocTaTKe 1 12.3.21 

00 

ps,n, \a n \ cxo^htch 

n=l 

00 

pHfl a n CXO^HTCH 

n=l 

3to ^OKa3biBaeT yTBep^^eHne f|12.3.76p . Ero mo>kho nepe4)opMyjnrpoBaTb Tax: 

00 00 
Heeo3MoatcHa cumyaVjUH, nozda a n pacxodumcn. a b n cxodumcn 

n— 1 n— 1 

00 00 

h OTCiofla cjie/iyeT, hto ecjiH ft n pacxo^Hrcs, to ^ 6 n TO^ce ^oji^ceH pacxo^HTbCH. To ecxb bbiiioji- 

n— 1 n— 1 

HaeTCH h (|12.3.78|) . 

2. Tenept npe,n,nojiO}KHM, hto 06a psfla cxo,h;htch h ^OKajKeM cpopMyny (|12.3.77p . H3 (|12.3.80p nojiy- 
naeM: 

00 00 / \ 

6„ I s^ecb yjKe a„ h fe„ - HHCjia J 

n—N n=N ^ 

4 



■i = iV n = iV 



E Kl 

3/jecB e > c caMoro Hanajia Bbi6iipa.nocb npoii3BOJibHbiM J 

E K 



-N 



E K 



Ve > 3L e N V7V ^ L ^ < e 

E K 

n=N 
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E K 

n=N 
oo 

E K 

n=N 



N- 



a- 



E a n 

n=N 
oo 

E b r 



to ecTb cnpaBe^jiHBO (112.3. 77) 1 . 

3. HaM ocTaeTCH ,a,0Ka3aTb (|12.3.79p b npeflnojiojKeHHH, hto o6a pa,a,a pacxo^HTCH. 3^ecb npiiMeHHeTca 
TeopeMa UlTOjibua 11.2.81 H3 ycnoBira a n <C b n cjie^yeT, hto nemm&a c HeKOToporo HOMepa M Bee 

HHCjia b n HeHyjieBbie, h noaTOMy nojiojKHTejibHbi: 



3a<piiKCiipyeM 3to M h o6o3HaHHM 



\/n> M b n >0 



N N 



(12.3.81) 



An — a„, fljy — ^ 



n=M 



n=M 



H3 (I12.3.8ip cjie/ryeT, ^ito nocjieflOBaTejibHOCTb Bn (N ^ M) CTporo B03pacTaeT: 

Bm < Bm+i < ■■■ < Bn < •■• 

C flpyrofi CTopoHbi, OHa CTpeMiiTca k Gcckohchhocth, nocKOjibKy mm npe^nojiaraeM pibn, En°=i pac- 
xo/i^ihiimch: 

N 



B N = b n — > 00 



IlosTOMy no TeopeMe 11.2.81 



n=Af 



,. An ,. Ajv — A/v-i 
lim = lim 



lim -r— = 



N-tao Bn iV->oo fljy — Bn—I N^too bN 



Ecjih Tenepb o6o3HaHHTb 



to Mbi nojiyniiM: 



M-l 



M-l 



n=l 



lim 

AT->o< 



Z^n=l a " 



N- 



X- M - 1 h +T N h N^ooB + B 



A' 



= lim 













/ 


/ 


A 








Bn 


+ 







fl 



A 



= 



To ecTb cnpaBefljiHBO (|12.3.79l) . 



□ 
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AciIMIITOTHHeCKHH npiI3HaK CpaBHeHHH pa,H,OB 

yn,o6HO npiiMeHHTB, nepcnncaB h flonojiHHB /rjia 
flHCKpeTHoro apryMeHTa niKajiy 6ecKOHeHHOCTeft 
(|12.1.12p cjie^yioin,HM o6pa30M: 



1 < log Q n 

n ^°° (o>l) 



n-~ too 



(a>0) 



n— >oo 



< a n < n! < n r ' 

n— foo (o>l) n— foo n— foo 



(12.3.82) 



o 12.3.17. 

oo 

E1I1 74 x -s It t x - 1 



CXOflHTCa, 

b CHjiy npiiMcpa l8.2.2l 

Bojibhihh pa,i]; cxo,zniTca, SHa^iiiT h mchbihhh pa/i, 

CXO,H,HTCa. 

oo 

BbiBOjj,: pajj, ^ cxo^niTca. 

n=l ™ 

B COOTBGTCTBHH C TBOPeMOH 1 1 2 ■ 3 . 5l MOJKHO flaTb 

acHMnTOTHnecKyio oneHKy ckopocth cxo/himocth 
3Toro pafla: 



N 



N 

V 



Elnn 
T) 2 

n=l 



1 



3 ' 
11! 



ho KaK h b npHMepax, iijijnocTpiipoBaBHiiix Teope- 

MV I12.3.41 3TO MajIO HTO o6t>HCHHT, nOCKOJIBKy, KaK 

Mbi yste roBopnjiH, flo TeopeM 112.3.61 h 112.3.71 mm 
He CMoaceM BbipajKaTb acHMnTOTHKy pa^OB Hepe3 
CTaHflapTHbie (pyHKinoi. 

o 12.3.18. 



' Inn 

n=2 



> 



E 1 



pacxofliiTCH. 
b CHJiy npHMcpa |8.2. l| 



MCHbHIHH pH/I, paCXO^HTCS, 3HaHHT h 6ojibniHH pa^ 

pacxo^HTCH. 

oo 

Bbiboa: pafl £ pacxoAHTca. 

n=2 

» 12.3.4. HccjieflyiiTe Ha cxo/niMOCTb paflbi: 



1) E It; 

oo 

2) E (-i) n £; 
j 



4) E „ioo i 



n=2 
oo 



n=2 

3) £ sinn ln 



5) E 

n=2 



n=2 



Cbh3b c Heco6cTBeHHtiMH HHTerpajiaMH h cpopMyjia cyMMHpoBaHHH 3fijiepa. CBa3b Me*;/ry 
pa^,aMH h Heco6cTBeHHbiMH HHTerpajiaMH, ycneBinaa k HacToameMy BpeMeHH npoaBHTb ce6a b HHTerpajib- 
hom npH3HaKe cxo^hmocth (TeopeMa 18.2. 2[) , no3BOjiaeT b neKOTopbix cjiynaax Bt.ipa3HTb acHMnTOTHKy 
nacTHHHbix cyMM pa/i,a b CTaHflapTHbix cpyHKHiiax. IlepBbiH pe3yjibTaT Ha 3Ty TeMy - oneBH/nioe cjie^- 
CTBne TeopeMBi 18.2.21 

TeopeMa 12.3.6. Tlycm-b f - Heompui^ameA-bHasi u Heeospacmawuiflsi tfiyHKv,usi na nojiyunmepeajie 
[l;+oo). Tozda 

N „N 

Y.fin)^ f(x) dx + C+ o (1) (12.3.83) 

zde C - nocmosmnasi 9uAepa psida E^Li f( n )- Ecjiu edo6aeoK pad E^Li f( n ) pacxodumcsi, mo 

N . N 

J2f(n) ~ / f(x) dx 
/J,oKa3ameAt>cmeo. OopMyjia (|12.3.83p - npocTO no-^pyroMy nepenncaHHoe cooTHOineHHe (|8.2.7p : 

N N 

^/(n)- / f(x) dx — > C 
Ecjth pafl E^Li f( n ) pacxoflHTca, to ecTt 

N 

^ °°> 

* — ' N— foo 

n=l 



(12.3.84) 
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to, mm nojiyniiM: 



N->oo \n, = l J 

II 

Y,f{n)= f{x) dx+ C + o (1)= / f(x) dx+ o 



II 

N 

o ( E /(n) 



a 3to SKBHBajienTHO (popMyjie (|12.3.83[) no TeopeMe 112.1.91 □ 



o 12.3.19. MacTHHHbie cyMMti rapMOHnnecKoro 
pa^a 

E 1 

n— 1 

no TeopeMe 112.3.61 vnoBjieTBOpgiOT (popMyjie 
N 1 

V-= In N +C+ o (1) (12.3.85) 



iyje C - nocTOHHnaa Slijiepa (I8.2.10[) . Mh otm&- 
najin b npnMepe 18.2. 1[ n sto bh,h,ho H3 cpopMy- 
jibi (|12.3.85p . hto 3tot pa/; pacxoflHTCH. QopMyna 
(|12.3.84p pjisi Hero npnHHMaeT bh^: 



N 1 

E 1 



n iv->oo 



IniV. 



o 12.3.20. MacTHHHBie cyMMM pa^a ^npnxjie 

oo 

V — 



KOTopbift mbi paccMaTpHBajin b npnMepe 18.2.21 npn 
< a ^ 1 ^ojbkhbi no TeopeMe 112.3.61 yflOBjieTBO- 



pHTb cpopMyne 

V- = — 

^ n a 1 



1 — a i 

+C a + o (1) (12.3.86) 

- a jv-s-oo 



ii 



J a:" 



r^e C a - nocTOHHHbie 3ftjiepa (|8.2.12[) . Ilpn < 
a < 1 3tot pa,n, pacxoflHTCH, nosTOMy BBinojiHaeTCH 
cooTHOineHne (|12.3.84|) 



N 1 

Y- 



N 



- 1 



n a N-yoa 1 — a 
n—i 

Ero MOJKHO HCMHOrO ynpocTHTb, BOCnOJIB30BaB- 

nincb TeopeMon ll2.1.9l 



N 1 



1 



N 



l-a 



1 iV 1 "" 
1 — a 1 — a jv->oo 1 — a ' 



4- 

oo 



II 

o (1) 



n b pe3yjibTaTe mbi nojryHHM 



A' 



1 



E- 



N 



l-a 



1l a N-*oa 1 — a 



(0 < a < 1). 



TeopeMa 12.3.7. J^ah ak>6ou zjiadKoti (fiyHKi^uu f na ompe3Ke [1,N], JVeN, cnpaeedAuea cfiopMyAa: 

V;/(n) = /(l)+ / f(x) dx + {x}-f(x)dx (12.3.87) 

n=l 71 Jl 

(3dect> {x} - dpo6naH uacmb x). 

• 3Ta cpopMyna Ha3BiBaeTCH tfiopMyAou cyMMupoeanuji SilAepa. 

! 12.3.2. IloHHTHO, hto BBi6op e/niHnnBi b KanecTBe nnjKHero npe/jejia cyMMnpoBaHna 3flecB Hecyme- 
CTBeHeH - c/i,BHroM apryMeHTa H3 (|12.3.87p BBiBOflHTca, HanpnMep, hto ^jih jiio6oh rjia^Koii cpyHKn^nn / 
Ha 0Tpe3Ke [0, N] cnpaBe^jinBa (popMyjia 

N n pN 



E /(») = /(°) + / /(*) d 1 + / m • /' (*) d : 
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floKa3ameM>cmeo. PaccMOTpiiM (pyHKinno 

[x] 

F(x) = /(«) + {x} ■ f{x) 

71=1 

(3jj,ecb [x] - uejiaa nacTb x). 

1. 3aMeTiiM, hto cpyHKHHH F KycoiHO-rjiaflKaa. ^eftcTBHTejibHO, npn x G (fc, fc + 1), fc G N, Bbinoji- 
HHeTCH paBGHCTBO [x] = fc, nosTOMy {a;} = x — [x] — x — fc, h 3HaHHT 

M fc 
*X*) = E + M ' = E + ~ fc ) " /(*) (12.3.88) 

n—1 n—1 

OTCK>jj,a BHflHO, hto Ha HHTepBajie (fc, fc + 1) cpyHKinia F rjiaflKaa h HMeeT KOHenHbie o/hioctopohhhc 
npoH3Bo;iHbie Ha KOHnax. 

2. 3aMeTHM flajiee (h sto Heco-KHflaHHo), ito cpyHKiniH F HenpepbiBHa. Mm yxe noKa3ajiH, hto Ha 
KasKflOM HHTepBajie (fc, fc + 1), k € N, OHa 6y^eT rjiajjKoft, nosTOMy ee HenpepbiBHOCTb Hysoio npoBepHTb 
TOjibKO b uejibix TOHKax. 3acpHKCHpyeM KaKyio-HH6yfli> TOHKy fc € N h bbihhcjihm b Heft 3HaneHHe F h 

3HaHeHHH ee OflHOCTOpOHHHX npe,a,ejiOB: 

[fc] k 
F(k) = J^f(n)+{k] ■/(*) = £/(*) 

n—1 ' v n—1 

II 



[a;] fc-1 fc 

lim F(z) = lim { £ /(«) + M ' /(*) } = E /(») + 1 ' /(*) = E /(») 

n—1 n—1 n—1 

[x] k k 

lim F^) = lim { E /W + {*} ■ fix)} = E /(") + • = E 

>fc+0 a:— ffc+0 I * — ' J ' — ' ' — ' 

n—1 n—1 n—1 

Bhjxho, hto 3th Tpn BejiHHHHbi coBna/jaiOT MejKfly co6oft, 3HanHT F HenpcpbiBHa b fc. 

3. 3aMeTHM, hto h3 (popMyjibi (|12.3.88p cjie^yeT, hto Ha KcDk^om HHTepBajie (fc, fc + 1), fc G N, npora- 
BOjxHaa (pyHKHHH F HMeeT bh/j,: 



F' 



» = ^(E/H + (^- fc )-/W) = ^((^WW) = i-/(z) + (*-*0-.f» = /(*)+{*}•/'(*) 

n—1 

Tenepb no cpopMyne nepeMemeHHH HenpepbiBHOft KycoHHO-rjiajxKoft cpyHKHHH (|6.2.93|) nojiynaeM: 

/(i) 
II 



II 

£ /(«) +{!}•/(!) 
II 



pN pN pN 

F(N)-F(1)= J F'(x) d x = J f(x) dx + J {x}-f(x) dx 



E i /(«) + 



£ /(«) 



a- 

N r N P N 



E /(n)-/(l)= / /(as) da;+ / {.t} • /' (x) dx 

n=l Jl Jl 

OcTaeTCH nepeHecTH / (1) b npaByio nacTb, h nojiyHHTCH cpopivryjia (|12.3.87p . □ 
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OopMyjia cyMMiipoBaHHH 3iijiepa cboaht HaxojK,n;cHHe aciiMnTOTHKii cyMMbi k aciiMiiTOTiiKe HHTerpa- 
jia. MTo6bi o6 r bHCHHTb j KaK ee npiiMCHHTb, HaM noHa,n,o6HTCH HeKoe HOBoe noHHTiie: 

• @yHKv t uMMu 9ujiepa Ha3biBaiOTCH cpyHKniin, onpe/i,ejieHHbie HH/ryKTHBHbiM npaBiijiOM 

E (x) = {x} (12.3.89) 

E k (x) = f Bfe_i(t) dt-x- f E k -i(t) dt, (12.3.90) 
Jo Jo 

HHTerpajibi 

e k = I E k {t) dt (12.3.91) 
Jo 

Ha3biBaiOTCH hucaclmu duAepa, hchx noMombio cpopMyna (|12.3.90p 3aniicbiBaeTCH b Bii^e; 



E k {x)= / E k -i{t) dt-e k -i-x 
Jo 



(12.3.92) 



IIpe/i,Jio>KeHHe 12.3.1. Kaofcdan (fiynKVALSi dujiepa E k 

— KycoHHO-ZAadKa, a ecAU k > 0, mo u nenpepuena, 
nepuodunna c nepuodoM 1, 

E k (x + l) = E k (x), xeR 

— ozpaHuuena na M, 

— paena nyjiw e v,ejiux moHKax: 

E k (n)=0, neZ (12.3.93) 

— UMeem npouaeodnyK) e neufiAux moHKax: 

E' k (x) = E k -!(x) - e k -!, x^Z (12.3.94) 

/JoKaaameAtcmeo. KycoHHaa rjiaflKOCTb h HenpepbiBHOCTb npii k > cjie^yeT H3 TeopeMbi 16.2.21 Ilepii- 
o/thihoctb flOKa3biBaeTCH no HH/ry kithh : pflsi Eq(x) — {x} sto BepHO, a earn E k ^\(x + 1) = E k -i(x), 

TO 

E k (x + 1) -E k (x) = J E k -i(t) dt-efc_i-(x + l)- (J Ek-iQt) dt-e fc _i-x^ = 

px+1 pi 

= / £?fc_i(t) dt-e k - 1 = / E k -i(t) dt-e k - 

Jx Jo 



0. 



Ilocjie SToro orpamiHCHHOCTb CTaHOBiiTca cjieflCTBiieM HenpepbiBHOCTii h nepiio/THHHOCTH. A paBCHCTBO 
Hyjiio b uejibix TOHKax cjie^yeT 113 paBencTBa nyjiio b Hyjie: 



E k (0)= f E k -x(t) dt-e k _i-0 = 0. 
Jo 



□ 



,Hjrfl npmiojKeHHH 6yflCT nojie3HO BbiHiicniiTb HecKOjibKO nepBbix HHceji 3fijiepa h (pyHKHiift 3iijiepa 
Ha nepiio,n,e [0, 1). 

IIpe/i,Jio>KeHHe 12.3.2. IJpu x £ [0, 1) cnpaeedAueu cfiopMyAu: 

E (x) =x, e = ^ (12.3.95) 

E2(l) = i"7 + i2' 62 = (12 ' 3 - 97) 
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/JoKa3ameAbcmeo. Ilpn x G [0, 1) nojiynaeM uenoHKy: 

E (x) = {x} = x 



/ E (t) dt= [ t dt = \ 
Jo Jo z 



r r x 

E x {x)= I E (t) dt - £ • x = / tdt-- 
Jo Jo 



xxx 
2 ~ 2 



2 *~U 4 



1 11 

6 ~ 4 ~~ ~12 



£2 



^(x) = / Ex(t) dt-ex-x 
Jo 

f E 2 (t) dt= f 
Jo Jo 



4 

x / t 2 t . , 

- - - di+ — 



2 2 



3 2 

cc a; a? a; 



12 6 4 12 



1 ^ 3 i 2 t 



, £ 4 t 3 i 2 
6 4 ' 12 ; V 24 12 24 



1 1 1 

24 ~ 12 + 24 



= 



Tenept nepeiifleM k elchmiitothkcLm cyMM. 



□ 



o 12.3.21. B npHMCpe 112.3.191 mm Hainjiii aciiivin- 
TOTHHecKyio (popMyjiy pjisi hrcthhhoh cyMMM rap- 
MOHH^ecKoro pa^a: 



N 



i 



ln7V + C+ o (1) 



n=l 



112.3.851 



(C - nocTOHHHaa: 3fijiepa (|8.2.10[) ). 

IIoKa»ceM Tenepb, KaK c noMombio cpopMyjibi 
3iijicpa (|12.3.87p mojkho 3Ty aciiMiiTOTHKy yTOH- 
HHTb. B3hb f(x) — mm no dpopMyjie 3iijiepa no- 
jiyHHM: 



N 1 

E 1 

^ n 

n—l 



= 1 



d x 



} X J -\ X 

N 



M 

.2 



= l + ]nN- ±-£ dx. (12.3.98) 
Ji x 

TaKHM o6pa30M, Haxo»c^,eHHe acuMiiTOTiiKH cyMMbi 
CBejiocb k HaxojKfleHHio acHMnTOTiiKii HHTerpajia 

I{N)= ["Q dt= [ N Ml it (12.3.99) 



i t 2 



Oh OTjiiiHaeTCH ot H3yHaBinerocH y»ce HaMi hhtc- 
rpajia (|12.3.66|) 



sini 
I 2 



df 



TeM, hto CHHyc sint b noflbiHTerpajibHOM Bbipa>Ke- 
hhh 3aMeHeH flpo6Hoii HacTbio {t}, a BepxHHH npc- 



fleji CTaji flHCKpeTHbiM. MeTqn, naxojKfleHHa acHMn- 
tothkh fljia (|12.3.99p npeflCTaBjiaeT co6oii mo^h- 
<pHKaE,Hio MeTOfla ajih (|12.3.66| . 

KopoTKO Hfleio mojkho ccpopMynnpoBaTb Tax: 
sdecb moatce nyatcHO unmezpupoeamb no nacmjiM, 
no cnauaAa HyoK.no do6ueambcsi, umo6u e ducfjcfje- 
pen'nuaAe cmosiAa (p"yHKV,uji 9uAepa c nodxodsiwAiM 
undencoM. A sto /jocTiiraeTCH flo6aBjieHHeM h bm- 
HHTaHHeM HHceji 3ftjiepa b nepHOflHHecKoft nacTH 
noflbiHTerpajibHoro BbipajKCHna. 

UpcmeMOHCTpiipyeM sto Ha HHTerpajie 
(|12.3.99p . Upexyie Bcero 3aMenaeM, hto cymecTBy- 
eT kohghhbih npe^eji 



E (t) 



dt 



A = lim I(N) = [ 

W-s-oo Ji t 2 

nocKOJiBKy HHTerpaji E °p d t cxo/hitch a6co- 
iotho: 

E (t) 



t; 2 



dt < 



1 

t 2 



dt= — 



= 1 



3anoMHHM 3to hhcjio A. Tor/ia: 



I(N) = 



N 



Ep(t) 
t 2 

Ep(t) 
t 2 



dt 



dt- 



N 



Ep(t) 
t 2 



dt 



ii 

A 
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= A 
A- eq 

112.3.951 II 



= A 
A - 



e +E (t) -s 



N 

oo 



t 2 



dt 



N 



E (t)-e 



N 





oo 
N 




r°° i 


~2N~j 


N t 2 


1 Exit) 


2N t 2 


1 Ex(N) 


2N 


N 2 



N 



E[(t) 
t 2 



t 2 



dt = 



dt 



= 2 ex 

112.3.961 II 



JV 



Ei(t) 
t 3 



dt 



2 rex + Ex(t) + sx dt 
Jn 



t 3 



oo 



A 



1 , „ r°°Ex(t)-ex , 
— dt + 2 I — l ±L d/ 



N 



t 3 



dEx(t) = (16.2.941) 

Ex(t) 



1 



2-12 t 2 



N 



N 



-2 



1 112.3.941 II 



t 3 

Ex{t) 
° (-k) 



dt = 
dt = 



1 



2E 2 (t) 



dE 2 {t) = 
E 2 (t) 



12N 2 t 3 
1 2E 2 {N) 



6 



A 



12iV 2 N 3 

1 112. 3. 941 



A * 

E 2 (t) 
t 4 



dt = 
dt 



N 



2iV + iv °oo I AT 



IIo^,CTaBiiM 3to b (|12.3.98|1 : 

N 1 /-JV r l 

Vl = l + lniV-/ Md 



12iV 2 n- 
IIo^,CTaBiiB 3to b (|12.3.10ip . nojiyHHM 



I / 1 

iV 2 



l + lnAT-A+ — + o | — 
2N n^oo I iV 



w , l r» 

y_=ln7V + C*+ — + 2 / 



Ei(t) 
t 3 



lniV + C + — 



1 



dt = 
1 

N 2 



CpaBHHB c (112.3. 85p . mm bh,h,hm Tenept, hto nocTO- 
HHHas A CBH3aHa c iioctohhhoh 3iijiepa C paBeH- 
ctbom 

1-A = C 

h nosTOMy nojiyneHHyio aciiMiiTOTiiKy mojkho nepe- 
niicaTb Tax: 

- 1 1 ( 1 \ 

V- = liiiV + C + + o — . (12.3.100) 

2N n^oo\N V ; 

n— 1 v 7 

3to yTOMHseT aciiMnTOTHHecKyio 4>opMyjiy 
(112.3.851) . 

Ee mojkho ii flajibine yTOHHSTb. J\jik SToro Hy>K- 

HO 3aMeTHTb, HTO, BMHHCJIHH aCHMIITOTIlKy flJIH 

I(N), mm nonyTHO BbiBejiii dpopMyjiy 

I(N) = A- J--2 dt 
^ 2N J N t 3 

IloflCTaBHM ee b (|12.3.98D : 



27V 12iV 2 at 
Mh nojiyiiijiii yTOHneHiie ^jih dpopMyjiM (|12.3.100|) 

1 



N 



1 , *r ^ 1 1 

> - = In iV + C H 1 ^ + o . 

2iV 127V 2 Ar^ooliV 2 

n— 1 v 

(12.3.102) 

H TaK ^ajiee. IIpHMeHHH dpyHKniiii 3fijiepa Hy>K- 
Hoe hhcjio pa3, mojkho flo6iiTi>ca jiio6oii tohhocth 

aCHMnTOTHHeCKOrO pa3JIOJKeHHH. 

o 12.3.22. Hafi^eM aciiMnTOTiiKy cyMMH 

AT 



Vi = l + lniV-/ Md, 

n—l 



= l + lnN-A+ — + 2 d/ 



2iV 1 ~J N t 3 

= lnAf + C+ — + 2/ dt (12.3.101) 

2N J N t 3 

OT^ejibHO HaftfleM aciiMnTOTiiKy nocjie/i,Hero hhtc- 
rpajia: 



E ln - 



IIo dpopMyjie 3ftjiepa (|12.3.87p nojiy^aeM: 



N - In AT - (AT - 1) 

II 

I jv « 
a; - In a: — J a; d In x 



y^lnn = Inl + / lni ds+ / — d 

n=l Jl Jl X 

= A^-lniV-iV+l+ / ^ di = 
Ji x 

^•lniV-iV+l+ [ dx 



= iV-hiiV-iV + l + 



A? 



e a + E (x) - e 



d x = 
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+ £o 

112.3.951 II 



--N-lnN - N + 1+ 
N dx + f N E (x) - eg 

l X J i X 



d x = 



ToHHOe BblHHCJieHHe CyMM. HcO>KHflaHHOC 

cjieflCTBHe dpopMyjibi 3iijiepa coctoht b tom. hto, 
ecjm nofl 3HaKOM cyMMbi ctoht MHoronjieH, to mm 

MOXeM B TOHHOCTH COCHHTaTb HaCTH^HyiO cyMMy 

pjifla. 



1 Ei (r) N 
N-\nN-N + l + -lnN+ 

2 x 



= N -InN - N +l + \\a.N + f AEl — d x = ° 12 - 3 - 23 - B ™ e fl eM 4>opMyjry rjir cyMMbi 

N 

E- 2 

n=l 

IIo cpopMyjie 3fijiepa nojiy^aeM: 

N „N i-N 

^n 2 = l + y x 2 dx + 2 j {x} ■ x d : 



II 

a — i — 

112.3.941 II 



El^il dx = N -InN - N + l + -lnN- 
x 2 - 2 



N 



+ 2 J (e + E (x) - £ ) • x d x 



Tenepb 3aM6TiiM, hto nocKOjibKy dpyHKn;Hfl E\ 
orpaHH^eHa Ha R, cxo^htch a6cojiiOTHO HHTerpaji 



iV 3 - 1 



iV 3 - 1 
= 1 + +2 £ 

112.3.951 II 



x d x+ 



E^x) 



, M 

dx ^ I — dx < oo 



/■N 

+ 2 {E Q (x) -e j di 



= 1 + 



iV 3 - 1 iV 2 - 1 



OSoaHa^HM 6yKBofi A ero SHa^ieHiie: 

E x {x) 



2 J x dE x {x) 



A 



N 3 - 1 N 2 - 1 
1 + + 



d x 



+ 2x-E 1 (x) 



2 

N 



Tor,ii;a 



n r" 

-2 / Ei(x) dx 
K Ji 



ii 



ii 



N 1 
2jlnn = iV-lnJV-iV + l + -lnJV- 



A' 



Ex{x) 



1 



d x = N ■ \nN - N + 1 + - \nN 



E x {x) 



d x 



2 

Ex{x) 



2 N-E 1 (N )-2-E 1 (l) (N -l)tfEi(x) dx 
lll2.3.94t II ^ ;Jo || U ' 

{N — 1) ■ €l 

1112.3.961 II 

_ N - 1 

12 

N 3 - 1 iV 2 - 1 N - 1 



N v ^ 



2 6 

TV 3 iV 2 AT 



Bbibo^,: 



N 



II 

° (1) 



9 N 3 N 2 N 

n— 1 



(12.3.103) 



H b KanecTBe OTBeTa nojiy^aeM: 



N l^n=l 

y plnn = N-laN-N+-]nN + l-A+ o (1) o) V w 



> 12.3.2. Haft/niTe dpopMyjibi fljia cyMM: 
1) ELi" 3 , 



JV 4 



(A onpeflejieHO Bbiine). IIohhtho. ito siy aciiMn- 

TOTHKy MffiKHO yTOHHHTb. 

> 12.3.1. YTOHHHTe acHMnTOTHnecKyio cpopMyny 
(|12.3.86p /jjih HacTHHHbix cyMM pa^,a ^iipiixjie: 



DO ^ 

E^> °< a ^ 1 



§ 4 <E>opMyjia CTHpjiHHra 

3 aKOHHHTb pa3roBop 06 acHMnTOTH^ecKHx MeTO^ax 
6y^,eT noy^HTejibHO 3HaMeHHTOft cfiopMyjioii Cmup- 
Auma, onHCbiBammefi acHMnTOTH^ecKoe noBeppmie 
dpaKTopnajia: 



'2nn 



(12.4.104) 



§4. OopMyjia CrHpjiHHra 
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fljia ee /i,OKa3aTejibCTBa hblm noHaflo6iiTCH ein,e o,n- 
ho cooTHOineHne, Ha3BiBaeMoe cfiopMyAoiL Bajuiuca: 



H3 MaKjiopeHOBCKoro pa3jiojKeHHa pjisi jiorapiicpMa 
(|10.3.96p nojiy^aeM Taxyio n,enoHKy: 



1 / (2fc)!! 



2k + 1 \(2k - 1)!! / fc^oo 2 



(12.4.105) 



ln(l + x)= VC-l)" 1 - 1 -— , as e (0,1) 
* — ' m 



m—l 



/(oKasameJibcmeo tpopMyAu BaAAuca. 3^ecb npii- 
MeHHeTca (popMyjia (|6.2.75p . 06o3HaHiiM 



Xk 



( (2fc)H 



V(2fc - 1) 



Toiyja: 

sin 2fc+1 x < sin 2fe X < sin 2fe_1 x, 



x S 



sin 2fc+1 x Ax < I sin 2fc 1 di< 
(i Jo 



< I sin 2fc l x Ax 



J| 16.2.751 

(2fc)H ^ (2fc- 1)!! 7T (2A-2)!! 



(2fc+ 1)!! (2*)!! 2 (2k- 1)!! 
I ( (2fc)H ^ 2 7T J f (2fc)H 1 " 



2fc + l V^- 1 )!!/ 2 2fc V( 2/c - 1 ) !! 



Xk 7T x fc 



2/c+l 2 2fc 

2fc 7T 2k Xk Xk 7T 



< 



< 



2k + 1 2 2fc + 1 2fc + 1 2 

v 



2fc 7T II- 

< 



< 



2fc + l 2 2fc + l 2 

4- 
1 



Xk 



2k + 1 k^oo 2 



1 + x 

In = ln(l + x) - ln(l - sc) 



l-x 



E ( _ 1)TO -i . j 



m—l 



X 

rn 



■2k 



2x ■ V — > 2x ■ 1 = 2x 

^ 2k + 1 '-v-' 

' k=0 



v fc=0> , 

V 




-1)- noflCTaHOBKa: a: ■ 
1 



2u 1 > 2 



2n + 1 
1 



hi j 1 + = ln- 

nj 1-5^ 2 «+l n+i 



In 1 



: =i « + i).ln(l + I| I 



1 

1 + - 

n 



> e 



nl-e , -■ , 1 

x n = ^TT = (n + l) n+1 +2 

X n+1 (n+l)!-e"+i ( n + l). n n+h . e 



(n+l) 



1 (n + l)"+3 _ 1 / 1\ 
e n™ + 5 e V n / 



> 1 



Mbi nojiynnjiH, hto {x n } - y6biBaiomaH 11 orpaHH- 
leHHaa CHH3y HyjieM nocjieflOBaTejitHOCTt. SHaniiT, 
y Hee HMeercH npe^eji: 



.1 7 , 



n 



71+3 n— too 



a 



3to cooTHOineHne mojkho noHiiMaTb KaK 3KBiiBa- 

JICHTHOCTb 



n— f 00 



(12.4.106) 



□ 



b KOTopoii a € M - noxa Heii3BecTHoe hhcjio. ^jih 
SToro h HyjKHa flOKa3aHHaa: Bbiine (popMyjia Baji- 
jinca (|12.4.105|) : 



1 



/^OKaaameAtcmeo (fiopMyAU CmupAuma. O60- 

3HaHHM 

n! • e™ 



(2fc)! 



2 oo^fe 2fc + l V( 2fc - !) !! 
1 /(2fc)H-(2fe-2)H 



2fc + l V (2Jfe-l) 



= (10.3.1231) = 
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Diana 12. ACHMIITOTH*iECKHE METOfibl 



t. fc! . 2 ^i.(fc-l)!\ 2 _2^_ a 2 ■ k 4k + 2 _ 2 4k a 2 ■ k 4k + 2 

2k + 1 ' \, (2k - 1)! J = ~ "2^ ' (2/c) 4fc+1 ~ "2T ' 2 4fe +! • fc 4 ^ 1 



1 (2 k ■ k\ ■ 2 k ■ k\ 



2k + 1 \2k-{2k-l)\ 

2 ik (/.•!) 1 J 12 ■>-,-.. ^ 

2fc + 1 x ,\ 2 fc-»oo 



((2A)l)' 



2 4 fe I'-V^j 2 4, Q 4 



fc >-x; 2/c / (2fc) 2fe+^\ 2 2fc „2.(JM)1 



2tt = ft" 
•\/27r = a 

3to npeBpam;aeT (|12.4.106p b (|12.4.104p . □ 



